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Świȩtokrzyska 21, 00-049 Warsaw, Poland
e-mail: mekiel@ippt.gov.pl

Mathematical structure of the linearized Boltzmann equation is outlined. Physical interpretation
of the assumed relativistic cross-sections is discussed.

1. Introduction

The relativistic Boltzmann equation, one of the basic equations used by statisti-
cal physicists, is currently a subject of interest also for mathematicians. In particular,
asymptotic stability of the relativistic Maxwellian [1] and existence of global solutions
to the relativistic Boltzmann equation with near-vacuum data [2] have been recently
proved. Therefore in this paper some basic properties of the linearized relativistic Boltz-
mann equation are outlined, valid for a wide class of physically meaningful interactions
between the relativistic particles.

Some time ago, in the theory of relativistic hydrodynamics a deep confusion ap-
peared, due to various formulations of the basic postulates and, consequently, various
sets of both the hydrodynamical variables and equations. Among the best known ap-
proaches, one should mention Eckart [3], Landau [4], Israel [5], Israel and Stew-

art [6–8], Müller [9] and van Kampen [10] versions of relativistic hydrodynamics.
There is still no definite experimental evidence in favour of any of these hydrody-

namical theories. On the other hand, certain relativistic hydrodynamical equations are
needed to be applied both for a description of the quark plasma formed in heavy ion
collisions [11–15] and in many models used in astrophysics [16].

To choose the adequate equations in a mathematically rigorous justification of rel-
ativistic hydrodynamics on the ground of microscopic theory is of great importance.
However, microscopic theory of relativistic gases and fluids has not been formulated in a
satisfactory way because of the well-known conceptual difficulties [17]. Although the rel-
ativistic Boltzmann equation has been extensively investigated and applied [16, 19–21],
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but even for this well-known microscopic equation the complete mathematical theory
has not been constructed.

Thus in this paper we shall give an outline of our mathematical analysis of the lin-
earized relativistic Boltzmann equation [22, 23], based on the well-known non-relativistic
procedure [24–27]. If the connection between the long time asymptotics of the Boltz-
mann equation and the hydrodynamical description of the system is assumed to hold
in the relativistic theory as well as it holds in the non-relativistic one, then our ap-
proach gives a possibility to choose one of the existing formulations of the relativistic
hydrodynamics.

Apart from this physical motivation, mathematical structure of the relativistic Boltz-
mann equation is interesting by itself. As we shall show, the linearized relativistic Boltz-
mann equation has a unique, global in time, non-increasing in norm, causal solution in
L2(r,p) for a wide class of collisional cross-sections.

2. Assumptions

We consider one-component classical relativistic gas of massive, uncharged particles
in the flat space-time. We assume that before collisions, there are no particle correlations
and thus we use a one-particle distribution function and the Boltzmann equation to
determine the state of the system. Moreover, the gas is close to the global equilibrium,
thus its evolution is described by the linearized relativistic Boltzmann equation, which
for an arbitrary inertial observer has the form:
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where

(2.2) f0 =
n exp (−pµUµ/kBT )

4πm2ckBTK2 (mc2/kBT )

is the Jüttner relativistic equilibrium distribution function and f
1/2
0 f is the linearized

distribution function.
In Eq. (2.1), the collision between particles with momenta: p and p1 before the

collision, and p′, p′

1 after the collision is described in c.m. frame by:
the total energy:

(2.3) cs1/2 := c |pµ
1 + pµ| ,

the relative momentum:

(2.4) 2g := |pµ
1 − pµ| ,
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the angle of scattering:

(2.5) cos θ := 1 − 2 (pµ − p1µ) (pµ − p ′µ)
(

4m2c2 − s
)−1

,

and the differential scattering cross-section σ(g, θ).
In Eq. (2.2) K2 is the Bessel function of the second kind of index two; n, T and U µ are

respectively: density, temperature and velocity of the system in the global equilibrium
state.

In the following we perform the analysis of the linearized relativistic Boltzmann
equation (2.1), called LRBE, in the Hilbert space L2 (r,p) of real-valued functions with
the scalar product given by:

(2.6) (f |g) :=

∫

d3r d3p fg.

Functions from this space have a simple physical interpretation as describing systems
with finite entropy1).

We assume that there exist constants α, β, γ, B and B′ such that the scattering
cross-section σ (g, θ) obeys the condition:

(2.7) σ (g, θ) 6
(

Bgβ + B′g−α
)

sinγ θ,

with γ > −2, 0 < α < min (4, 4 + γ) and 0 6 β < γ + 2.
As it will be discussed below, the class of functions σ (g, θ) defined by (2.7) seems

to be broad enough to contain all those physically reasonable cross-sections, for which
the Boltzmann equation may be applicable.

For small momentum g, the scattering cross-section σ (g, θ) should of course describe
non-relativistic interactions. It is easy to notice that σ (g, θ) satisfying condition (2.7),
fulfills also the non-relativistic restriction on the scattering cross-section σ (g, θ) given
by Drange [25]:

(2.8) σ (V, θ) 6 V βΨ(θ),

where Ψ is a non-negative function defined on [0, π], bounded in [δ1, δ2] ∀ δ1, δ2 ∈ (0, π)
and satisfying the condition:

Ψ(θ) < Bθγ , when θ → 0,

Ψ(θ) < B(π − θ)γ , when θ → π,

with −4 < β < γ + 2 and γ > −2.
In the non-relativistic physics, the condition (2.7) (or 2.8) can be interpreted in

terms of a simplified intermolecular potential [24]:

(2.9) Φ =
κ

rn
.

The classical cross-section corresponding to (2.9) has the form:

(2.10) σ(V, θ) = V βΨ(θ),

1)Entropy for the linearised Boltzmann equation is to be understood as the linearised entropy [28],
i.e.

R

d 3r d 3p f2.
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with β = −4/n and Ψ(θ) having a non-integrable singularity for grazing collisions, i.e.
for θ → 0. However, the singularity is absent from the quantum treatment [29]. It can
be easily checked [29] that the condition (2.7) is satisfied by all interactions via the
quantum inverse power potential (2.9) with n > 2. However, for n 6 2 collective effects
in the system, making the Boltzmann equation inadequate, cannot be excluded [30, 31].
Thus for small momenta g, the class of adopted functions σ(g, θ) (2.7) seems to be wide
enough.

Equation (2.7) is a simple, but nontrivial generalization of (2.8) for large mo-
menta2)g. Physical interpretation of (2.7) in terms of any potential of course fails in
the relativistic regime. But according to the experimental data on the hadron-hadron
scattering, the elastic cross-section is slowly increasing for momenta g large enough [32].

Field theoretical analysis puts an upper bound (so-called Froissart’s restriction) [33]
on the large momentum behaviour of σ:

(2.11)

∫

dθ sin θ σ(g, θ) < C[log(g/g0)]
2

for g → ∞,

where C and g0 are constants.
Of course all cross-sections satisfying (2.11) fulfill also condition (2.7).
With all the above listed assumptions we are ready to analyse the LRBE (2.1).

3. Properties of the Equation

Under the assumptions made in the previous section, the LRBE (2.1) may be rewrit-
ten in the form [22]:

(3.1)
∂f

∂t
+
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·
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where ν(p) is the collision frequency:
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Similarly as in the non-relativistic theory [24, 25], to analyse the properties of
the LBRE (3.1) first we must examine the structure of the K operator and the be-
haviour of the collision frequency ν. The results are given in the following theorems:

2)Note that using the relativistic relative velocity 4cgs−1/2 instead of the relativistic relative mo-
mentum 2g to generalize (2.8), we would get a condition different than (2.7).
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Theorem 1

The K operator is compact in L2 (p).

Proof is given by us in Ref. [22].

Theorem 2A

Let us assume that ∃ γ > −2, 0 6 β < γ + 2, B > 0 and c0 > 0 so that

(3.4) σ(g, θ) > B
gβ+1

c0 + g
sinγ θ.

Then the collision frequency ν obeys:

(3.5) ν(p) > ν0[p0/mc]
β/2

.

Theorem 2B

Let us assume that ∃ γ > −2, 0 6 α < 4 and B′ > 0 so that

(3.6) σ(g, θ) < B′g−α sinγ θ.

Then:

(3.7) ν(p) < ν0[p0/mc]
−ǫ/2

6 ν0,

where

(3.8) ǫ =











α, for 0 < α < 3,

α − 2, for 3 < α < 4,

δ + 1, for α = 3, and 0 < δ < 1.

Proofs of theorems 2A and 2B are given in Ref. [22].
The analysis of the collision frequency ν(p) performed in Theorems 2A and 2B allows

to discriminate between relativistic soft and hard interactions, defined as satisfying
(3.6) or (3.4), respectively. The basic properties of the LRBE (such as existence and
uniqueness of solutions, provided by Theorem 3) can be obtained for the whole class
of adopted interactions (2.7). But from the physical point of view one expects that for
arbitrary initial values f(r,p) ∈ L2(r,p), the solution should decay in time in such a
way that asymptotically the hydrodynamical approximation holds. This property can
be proved (see Theorem 4) for hard interactions only [23].

Theorem 3

Assume that σ(g, θ) satisfies (2.7).
Then the operator B = −▽p/p0 + L generates a strongly continuous contraction

semigroup on L2(r,p) given explicitly as:

(3.9) exp(tB)f(r,p) =
1

(2π)3/2

∫

d3k exp(ik · r) exp(Bkt) f(k · p),

where Bk = ik·p/p0+L is in general an unbounded operator on L2(p) with the domain:

(3.10) D(Bk) = {f(p) ∈ L2(p) : ν(p)f(p) ∈ L(p)}.
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Proof of this theorem is given in Ref. [22].
The Cauchy problem for the LBRE is then solved by the linear Boltzmann semi-

group as:

(3.11) f(t) = exp(tB) f(t=0).

We see immediately from Theorem 3 that f(t) is unique and that:

(3.12) ||f(t)||L2(r,p) 6 ||f(0)||L2(r,p).

As we have shown in [34, 35], the solution is causal.

Theorem 4

Assume that σ(g, θ) satisfies (2.7) and (3.4). Then there exist δ, β1, β2 > 0 such that

for any f ∈ D(Bk), the following properties are satisfied :

i) For any k, |k| 6 δ,

(3.13) exp[tBk]f =
5

∑

j=1

exp[tλj(k)]〈ej(−k)|f〉L2(p) ej(k)

+ exp [tAk] f + exp [−tβ1]Z1(k, t)f,

where λj and ej are eigenvalues and eigenvectors of Bk and for |k| < δ they have

analytical expansion in k as:

(3.14) λj(k) =

3
∑
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n
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(

|k|9
)

,
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3
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n
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9
)

,

aj,n are constants with aj,2 > 0, ej,n are functions of (k/|k|) and

(3.16) 〈ei(−k)|ej(k)〉L2(p) = δi,j i, j = 1, . . . , 5.

ii) For any k, |k| > δ,

(3.17) exp[tBk]f = exp[tAk]f + exp[−tβ2]Z2(k, t)f,

where

(3.18) Ak = −ν(p) + ikp/p0,

(3.19) Zj(k, t)f = lim
γ→∞

1

2π

iγ
∫

−iγ

exp(itγ) Z(−βj + iγ;k) f dγ,
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(3.20) Z(λ,k) = (λ − Ak)
−1 (

I − K(λ − Ak)−1
)−1

K(λ − Ak)
−1

and

(3.21) |Zj(k, t)f |L2(p) 6 C|f |L2(p), with C independent of k and t.

Proof is given in Ref. [23].
Theorem 4 has a very important physical interpretation. From (3.13) and (3.17) it is

clear that for long times, the solution of the Boltzmann equation is well approximated
by its “hydrodynamical part” given as:

(3.22) fH =

5
∑

j=1

exp [tλj(k)] 〈ej(−k)|f〉L2(p)ej(k).

For small k one can perform the perturbation expansion of (3.22) and then use it to
obtain a set of hydrodynamical equations [23].

4. Conclusions

After tedious estimations [22] the basic mathematical structure of the linearised rel-
ativistic Boltzmann equation turned out to be the same as that of the non-relativistic
one [24]. Namely, for a physically reasonable class of scattering cross-sections, the col-
lision operator was proved to have a form of the multiplication operator ν(p) plus the
compact in L2(p) perturbation K. However, the analysis of the collision frequency ν(p)
led to a discrimination between the relativistic soft and hard intermolecular interactions
different than in the non-relativistic case. Namely, there is a large class of functions σ,
which corresponds to scattering cross-sections for relativistic soft, but non-relativistic
hard interactions [22].

The basic structure of the collision operator was used to prove existence, uniqueness
and causality of the solution to the linearized relativistic Boltzmann equation in L2(r,p)
[22, 34, 35].

For the relativistic hard interactions the solution was proved to converge asymp-
totically in time to its hydrodynamical part [23], similarly as it had been done in the
non-relativistic theory [26, 27]. This gives a possibility to derive rigorously a set of
relativistic hydrodynamical equations from the microscopic equation, using the pertur-
bation expansion in small wave number k. Note that relativistic perturbation expansion
in small wave number k is analytical, unlike the non-relativistic one. This difference can
be easily understood, because the relativistic perturbation operator ikp/p0 is bounded
in p, contrary to its non-relativistic counterpart ikp.
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