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This paper presents a theoretical study of the propagation behaviour of surface Love waves in nonhomo-
geneous functionally graded elastic materials, which is a vital problem in acoustics. The elastic properties
(shear modulus) of a semi-infinite elastic half-space vary monotonically with the depth (distance from
the surface of the material). Two Love wave waveguide structures are analyzed: 1) a nonhomogeneous
elastic surface layer deposited on a homogeneous elastic substrate, and 2) a semi-infinite nonhomogeneous
elastic half-space. The Direct Sturm-Liouville Problem that describes the propagation of Love waves in
nonhomogeneous elastic functionally graded materials is formulated and solved 1) analytically in the case
of the step profile, exponential profile and 1cosh2 type profile, and 2) numerically in the case of the power
type profiles (i.e. linear and quadratic), by using two numerical methods: i.e. a) Finite Difference Method,
and b) Haskell-Thompson Transfer Matrix Method.
The dispersion curves of phase and group velocity of surface Love waves in inhomogeneous elastic

graded materials are evaluated. The integral formula for the group velocity of Love waves in nonhomoge-
neous elastic graded materials has been established. The results obtained in this paper can give a deeper
insight into the nature of Love waves propagation in elastic nonhomogeneous functionally graded mate-
rials.

Keywords: surface Love waves, group velocity, phase velocity, functionally graded materials, profiles of
elastic constants, direct Sturm-Liouville problem.

1. Introduction

In microelectronics and other modern branches of
industry (e.g. automotive, aviation and aerospace) lay-
ered and heterogeneous materials are applied. An ex-
ample of these materials are Functionally Graded Ma-
terials (FGM), wherein the elastic properties change
continuously with increasing distance from the treated
surface of the material. Determination of the distri-
bution of elastic parameters in heterogeneous Graded
Materials is of great practical importance.
For the measurement of physical parameters

of materials, ultrasonic methods have been used
recently (Krautkramer, Krautkramer, 1983;
Kiełczyński et al., 1998; 2002; Rostocki et al.,
2011).
Love waves are SH (Shear Horizontal) surface

acoustic waves that can propagate in layered me-
dia and heterogeneous elastic half-space (Achenbach,

1973; Kiełczyński, 1981; Auld, 1991; Urbanczyk,
Jakubik, 1997). Love wave energy is concentrated
near the surface of the waveguide. For this reason, all
the disturbances of the material properties in the sub-
surface region, have considerable influence on the dis-
persion characteristics of the Love wave (i.e. velocity
and attenuation as a function of frequency). Love wave
penetration depth depends on the frequency. There-
fore, Love waves are particularly suitable to the study
of the physical properties of heterogeneous graded ma-
terials.
Sensors based on SH (Shear Horizontal) surface

acoustic waves (e.g. Love waves), due to their high sen-
sitivity, are used for measuring physical properties of
the liquid (e.g. viscosity and density) (Kiełczyński
et al., 2011a; 2012a, 2012b; 2014) as well as biosen-
sors and chemosensors (Wang et al., 2008). More-
over, these sensors can be used to investigate thin
films (Kiełczyński, 1981;Kiełczyński, Szalewski,
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2011b) and layers produced in the surface region of the
substrate as a result of various technological processes
(diffusion, implantation, carburizing, nitriding, shot
peening, laser treatment, etc.) (Hirao et al., 1981),
and also for testing of composites (Wang, Zhao,
2013). The use of layered Love waves waveguides with
a nonhomogeneous distribution of physical properties
can significantly improve performance (e.g. sensitivity
and selectivity) of bio and chemosensors that employ
the inhomogeneous elastic waveguides (Water, Chen,
2009).
Aim of this paper is to develop a theoretical model

of the propagation of SH (Shear Horizontal) surface
Love waves in Functionally Graded Materials with
a monotonic variation of elastic properties with the
depth (distance from the treated surface of the mate-
rial).
The following profiles of the shear modulus changes

were analyzed: 1)linear, 2) quadratic, 3) step, 4) expo-
nential, and 5) profile of the 1/cosh2 type. The problem
of Love wave propagation in heterogeneous graded ma-
terials has been formulated as a Direct Sturm-Liouville
Problem. Solving the Direct Sturm-Liouville Problem,
the phase velocity dispersion curves and the distribu-
tion of the mechanical displacement (into the bulk of
material) of Love wave were determined for known
elastic parameters of the medium in which the Love
wave propagates. The integral dependence linking the
group velocity, phase velocity and the distribution of
the mechanical displacement of the Love wave was de-
rived.
For profiles: step, exponential and 1/cosh2 type,

Direct Sturm-Liouville Problem has been solved an-
alytically. For these profiles, analytical formulas for
the group velocity have been derived. For power-law
type profiles the Direct Sturm -Liouville Problem was
solved numerically using the Finite Difference Method
and the Transfer Matrix Method. Group velocity for
these profiles was determined using a derived integral
formula that links the group velocity, phase velocity
and the mechanical displacement of the Love wave.
The results obtained in this work will constitute

the basis of the inverse procedure to determine profiles
(as a function of depth) of the mechanical properties
of inhomogeneous FGM resulting from the application
of various technological processes of surface treatment.
The results of this study also provide a more complete
description (than those published in the scientific liter-
ature) of the propagation of Love waves in graded ma-
terials with various profiles of changes in elastic prop-
erties, e.g. in layered inhomogeneous microstructures
used in MEMS (Micro Electro Mechanical Systems)
and other microelectronic devices, in photonics and in
acoustoelectronics (Kuznetsov, 2010;Tasinkevych,
Danicki, 2011; Zhang et al., 2013).
The results of this study can also find application

in geophysics, earthquake engineering (Kuznetsov,

Nafasov, 2011) and seismology to investigate the in-
ternal structure of the Earth. Moreover, they can be
very helpful in exploration of natural resources (e.g.
natural gas and petroleum) (Gupta et al., 2013).
Due to the similarity of the mathematical descrip-

tion of the phenomenon of propagation of Love waves
in elastic inhomogeneous media and a description of
the propagation of light waves in inhomogeneous pla-
nar optical waveguides, established in this work the
theory of Love waves in elastic inhomogeneous media
(FGM) can also be used to analyze performance of in-
homogeneous optical planar waveguides (Ciplys et al.,
1995).
The results obtained in this paper are fundamen-

tal and can give more profound insight into the nature
of Love wave propagation in the elastic nonhomoge-
neous media (e.g. in functionally graded materials and
composites).

2. Direct Sturm-Liouville Problem

for Love waves

Love wave propagation in inhomogeneous elastic
media can be described in terms of the Sturm-Liouville
Direct Problem. Determination of the phase velocity
and mechanical displacement distribution with depth
of the SH surface Love wave from a knowledge of elas-
tic parameters of a non-homogeneous half-space con-
stitutes a Direct Sturm-Liouville Problem.

2.1. Formulation of the problem

Consider the Love wave that propagates in a non-
homogeneous elastic half-space as shown in Fig. 1. The
elastic properties of inhomogeneous half-space vary
monotonically with depth (distance from the surface).

Fig. 1. Love wave waveguide structure (inhomo-
geneous elastic half-space) and coordinate sys-
tem. Love wave propagates along the free sur-
face (x = 0). The y axis is directed perpendic-
ularly to the plane of the figure and forms with
the axes x and z a right-handed Cartesian co-

ordinate system.
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Mechanical vibrations of the SH surface Love wave
are performed along the y axis perpendicularly to the
direction of propagation z and parallel to the propa-
gation surface. The x axis is normal to the waveguide
surface (x = 0).
Mathematical description of the propagation of sur-

face shear Love waves in graded media involves the use
of continuum mechanics formalism to describe the mo-
tion of inhomogeneous elastic half-space.
SH surface wave of the Love type which propagates

in a nonhomogeneous waveguide structure of Fig. 1
may be represented in the following form: v(x, z, t) =
f(x) · exp j(βz − ωt), where: f(x) is the distribution
of the mechanical displacement of the Love wave with
the depth, β is the wave propagation constant, j =
(−1)1/2, x is the distance from the surface (depth),
z is the direction of wave propagation and ω is the
angular frequency.

2.2. Boundary conditions

Mechanical field generated by Love waves propa-
gating in an inhomogeneous elastic graded medium
satisfies the following boundary conditions:

a) on a free surface (x = 0), the transverse shear stress

τyx = c44(0) ·
df(0)
dx

· exp{j(βz − ωt)}

is equal to zero, hence
df(0)
dx

= 0,

b) at each interface between two layers the condition of
continuity of mechanical displacement v and trans-
verse shear stress τyx is fulfilled,

c) at large distances (x→∞) from the surface (x = 0)
the mechanical displacement of the Love wave
should tend to zero, i.e. f(∞) = 0.

2.3. Governing equations

The equation of motion (along with the appropriate
boundary conditions) for Love waves propagating in an
inhomogeneous elastic medium (isotropic and in some
specified directions in media of regular and hexagonal
symmetry) is represented by the following Differential
Problem:

d
dx

(
c44(x)

df(x)
dx

)
+ ρω2f(x) = c44(x)β

2
f(x), (1)

d
dx

f(0) = 0, f(∞) = 0, (2)

where f(x) is the mechanical displacement distribution
of the Love wave with the depth x, c44(x) is the elastic
shear modulus that depends on the depth, β2 is an
eigenvalue determining the phase velocity of the Love
wave, ρ is the density of the medium, and ω is the
angular frequency. Differential Problem (1–2) is called

a generalized Sturm-Liouville Problem for Love waves
propagating in elastic graded materials.
Using the substitution z(x) = (c44(x))

1/2f(x)
and assuming small changes in the elastic modu-
lus c44(x), the terms involving derivatives of c44(x),

i.e. 1
2c44

[
d2c44
dx2 − 3

2

(
dc44
dx

)2 1
c244

]
, may be neglected. In

this way, we obtain the following Differential Problem
(Adams, 1981):

d2z
dx2

+ ρω2s44(x)z = β2z, (3)

dz(0)
dx

= 0, z(∞) = 0, (4)

where s44(x) = 1/c44(x) is the shear compliance.
Differential Problem (3) and (4) is called a Di-

rect Sturm-Liouville Problem for Love waves. The
Sturm-Liouville Differential Problem (3–4) constitutes
a mathematical model that describes the propagation
of SH surface Love waves in the considered in this pa-
per nonhomogeneous elastic graded materials.
The authors verified numerically the above men-

tioned approximation. For all considered types of pro-
files of the s44(x) = 1/c44(x) coefficient, the authors
solved numerically the Direct Sturm-Liouville Problem
for the full (Eq. (1)) and simplified (Eq. (3)) equation
for the same set of material parameters of nonhomoge-
neous elastic medium. It was found that the results of
calculations obtained from the solution of full and sim-
plified equation differ insignificantly, e.g. the phase ve-
locity of the Love wave for the linear profile (Eq. (7)1)
derived from the solution of full and simplified equa-
tion differed only in sixth significant place.
The solution of this Direct Sturm-Liouville Prob-

lem is a set of pairs {β2
i , zi(x)}; wherein i is the i-

th eigenvalue, i = 1, 2, . . . , n1, n1 is the number of
modes of Love waves propagating in considered waveg-
uide and zi(x) is the eigenvector corresponding to this
eigenvalue. The eigenvalue corresponds to the phase
velocity of the SH surface wave, while the eigenvector
describes the distribution of the mechanical displace-
ment of the corresponding mode of the SH surface wave
as a function of depth.
In the present paper, we restricted our analysis of

the propagation of Love waves in graded materials to
the fundamental (i = 1) mode of Love waves. The
constant density of the considered graded materials
ρ = ρ0 = const was assumed throughout the paper.

3. Solution of the Direct Sturm-Liouville

Problem

The Direct Sturm Liouville Problem can be solved
analytically only for a few specific shapes of the elas-
tic compliance s44(x). In this work, the Direct Sturm
Liouville Problem (3–4) has been solved analytically
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for the case of the step profile, exponential profile, and
1/cosh2 type profile.
Solution of the Sturm-Liouville Direct Problem (3–

4) for arbitrary function s44(x) is possible only nu-
merically. Therefore, in the case of power type profiles
(linear and quadratic) of the elastic compliance s44(x),
the Direct Sturm-Liouville Problem was solved numer-
ically. To this end, we applied two numerical methods,
i.e. the Finite Difference Method and the Transfer Ma-
trix Method.
In the Finite Difference Method the Differential

Problem is transformed into the Difference Prob-
lem. Consequently, the solution of the Direct Sturm-
Liouville Problem (1–2) and/or (3–4) is sought in a
finite number of discrete points (Bakhvalov, 1977).
At each point xj of the discretized area, the derivative
of unknown function (f(x) and/or z(x)), is approxi-
mated by the difference operator. In this way, the first
and the second derivative of the function in point xj
is presented as a linear combination of the values of
this function at the point xj and in two neighboring
points. In this way, the considered Differential Sturm-
Liouville Problem transforms into a matrix Sturm-
Liouville Problem for eigenvalues and eigenvectors.
Solving this matrix Sturm-Liouville Problem we

obtain a set of pairs (eigenvalue, eigenvector). The
eigenvalue (β2) determines the phase velocity of the
Love wave (vp = ω/β), while the eigenvector (f(x)
and/or z(x)), determine the distribution of the me-
chanical displacement of the Love wave with depth.
In the Transfer Matrix Method the nonhomoge-

neous elastic waveguide is divided (along the verti-
cal x axis) into a finite number of homogeneous lay-
ers (Haskell, 1953; Thompson, 1950). In each ho-
mogeneous layer, an ordinary differential equation of
second order (Eq. (1)) occurring in the differential
Sturm-Liouville Problem is replaced by the system of
two ordinary differential equations of the first order.
Here, the mechanical displacement of the Love wave
and shear stress are the unknowns. Solving this set
of differential equations in a layer, from knowledge of
the mechanical displacement and shear stress on the
upper surface of the layer, we can determine the me-
chanical displacement and shear stress on the lower
surface of the layer. By performing this operation for
each layer we can link the mechanical displacement and
shear stress on the upper surface of the domain with
the mechanical displacement and shear stress on the
lower surface of the domain.
Imposing the appropriate boundary conditions on

this two boundary surfaces leads to the dispersion
equation for the Love wave. This equation is nonlin-
ear algebraic equation for the unknown β2, where β is
the wave number of the Love wave. Thus, the phase
velocity of the Love wave amounts to: vp = ω/β. The
set of pairs (vp, ω) determines the phase velocity dis-
persion curves of the Love wave.

4. Group velocity of Love waves

The group velocity of Love wave was calculated by
means of a method employed in the theory of planar
optical waveguides (Adams, 1981). A similar relation-
ship between the phase velocity and the group velocity
can be developed by using formulas for the potential
and kinetic energy of Love waves resulting from Ana-
lytical Mechanics (Achenbach, 1973).
The Differential Problem Eqs. (3), (4) can be for-

mulated in integral (variational) form in terms of the
Rayleigh quotient:

β2 =

∞∫

0

[
−
(
dz(x)
dx

)2

+ ρω2s44(x)z
2(x)

]
dx

∞∫

0

z2(x)dx

. (5)

By differentiating the Rayleigh quotient (Eq. (5)) with
respect to the angular frequency ω (Adams, 1981), we
arrive at the following formula:

vpvg
v20

=

∞∫

0

z2(x)dx

∞∫

0

s44(x)

s0
z2(x)dx

, (6)

where s0 is the shear elastic modulus in the substrate,
and v0 =

√
1/ρ0s0 is the phase velocity of bulk SH

waves in the substrate, (x→ ∞).
Equation (6) links vp and vg for Love waves prop-

agating in elastic graded materials. Knowing vp (for
given values of v0 and z(x)) one can calculate the group
velocity vg and vice versa.

5. Various elastic shear compliance profiles

in graded materials

Profiles of elastic properties of the surface lay-
ers in the graded materials are produced due to the
use of various technological processes such as rolling,
laser hardening (parabolic profile), shot peening, ni-
triding, carburizing (linear profile), boronizing. More-
over, the processes typical for the microelectronics
and integrated optics, such as ion implantation and
diffusion, lead to exponential and Gaussian profiles
(Kiełczyński, Pajewski, 1989).
In the present study the following profiles of elas-

tic properties (shear modulus s44(x)) in heterogeneous
graded materials were examined (see Fig. 2a,b).
1. Profiles of the power-law type (n is the exponent)
a) linear profile n = 1 (profile no 1 in Fig. 2a)

s44(x)/s0 = 1 + (∆s/s0)[1− x/D]

· [H(x−D)−H(x)], (7)1
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b) quadratic profile n = 2 (profile no 2 in Fig. 2a)

s44(x)/s0 = 1 + (∆s/s0)[1− (x/D)2]

· [H(x−D)−H(x)], (7)2

c) step profile n = ∞ (typical for classical Love
wave, profile no 3 in Fig. 2a)

s44(x)/s0 = 1+(∆s/s0)[H(x−D)−H(x)], (7)3

where H(x) is the Heaviside step function, D is
the depth of an inhomogeneous elastic layer.

2. Exponential profile (profile no 4 in Fig. 2b)

s44(x)/s0 = 1 + (∆s/s0) · exp(−2x/D). (7)4

3. Profile of the 1/cosh2(x) type – similar to the
Gaussian profile (profile no 5 in Fig. 2b)

s44(x)/s0 = 1 + (∆s/s0) · 1/cosh2(2x/D). (7)5

a)

b)

Fig. 2. Considered profiles of the elastic shear
compliance s44(x) of graded materials as a
function of depth x, a) profiles in a nonho-
mogeneous surface layer x ∈ [0, D], b) profiles
in a nonhomogeneous half-space x ∈ [0,∞].

6. Phase and group velocity of Love waves

for various graded profiles. Results

of numerical calculations and discussion

To study the propagation behaviour of Love waves
in non-homogeneous graded materials from Fig. 2a,b,
the following material parameters are assumed in the
numerical calculations:

s0 = 0.39 · 10−10 m2

N
, v0 = 1849 m/s,

ρ0 = 7.5 · 103 kg/m3, ∆s/s0 = 0.0966.

These parameters are typical for PZT-4 ceramics with
elastic properties perturbed in the vicinity of the
treated surface.
Applying the Transfer Matrix Method and the

Finite Difference Method the Direct Sturm-Liouville
Problem (3–4) was solved and consequently the dis-
persion curves of Love waves propagating in the graded
materials with profiles no 1 and 2 presented in Fig. 2a
were evaluated numerically.
The group velocity of Love waves for that profiles

has been evaluated by using the integral formula (6).
The dispersion curves of the phase and group veloc-

ity for Love waves propagating in an elastic waveguide
with profiles no 3, 4 and 5 in Fig. 2a,b were calculated
analytically.

6.1. Step Profile

The dispersion equation that characterizes the
propagation of Love waves in the layered waveguide
from Fig. 2a (profile no 3) is given by the formula
(Achenbach, 1973):

F (ω, β) = tan





√(

ω

vL

)2

− β2


D




−
(s0 +∆s)

(√
β2 −

(
ω
v0

)2
)

s0

(√(
ω
vL

)2
− β2

) = 0, (8)

where v2L = 1/((s0 + ∆s)ρ0) is the phase velocity of
bulk shear waves corresponding to the point x = 0,
β = ω

vp
is the propagation constant of the Love wave,

vp is the phase velocity of the Love wave.
Differentiating formula (8) with respect to β and

ω and employing the theorem for the derivative of an
implicit function we get the following formula for the
group velocity (Tournois, Lardat, 1973):
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vg =
dω
dβ

= −∂F/∂β
∂F/∂ω

=
1

vp

{
(s0+∆s)

s0a∗
+ tan(Db∗)

b∗ + D
cos2(Db∗)

}

{
(s0+∆s)
s0v2

0a
∗

+ tan(Db∗)
v2
Lb∗

+ D
v2
L cos2(Db∗)

} , (9)

where

a∗ =

√

β2 −
(
ω

v0

)2

,

b∗ =

√(
ω

vL

)2

− β2.

The variation of the phase and group velocity of the
Love wave that propagates in layered materials rep-
resented by profile no 3 in Fig. 2a versus normal-
ized depth D/L0 (normalized frequency) is plotted in
Fig. 3.

Fig. 3. Phase velocity vp and group velocity vg of Love
waves propagating in layered waveguide with step profile
(plot no 3 in Fig. 2a). D is the thickness of the surface
elastic layer, L0 is the wavelength of the shear bulk wave

in the substrate (x → ∞).

6.2. Power type profiles

6.2.1. Linear profile

Figure 4 shows the Love wave dispersion curves of
the phase and group velocity for linear profile.

6.2.2. Quadratic profile

Figure 5 demonstrates the plot of the dispersion
curves of the phase and group velocity of Love waves
for quadratic profile (profile no 2 in Fig. 2a).

Fig. 4. Love wave dispersion curves of phase velocity vp
and group velocity vg for linear profile n = 1 (plot no 1 in
Fig. 2a). D is the thickness of the nonhomogeneous graded

elastic layer.

Fig. 5. Love wave dispersion curves of phase velocity vp and
group velocity vg for quadratic profile n = 2 (plot no 2 in

Fig. 2a).

6.3. Exponential profile

Analytical solution of the Direct Sturm-Liouville
Problem (3–4) for the exponential profile (Eq. (7)4)
leads to the following formula for the dispersion equa-
tion (Tamir, 1975):

F1(ω, β) = β2 − ω2

v20
− p2(ω)

D2
= 0, (10)
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where value of parameter p(ω) is determined from
the equality d

dxJp (x)|x=V = 0, here variable V =

ωD
v0

√
∆s
s0
, and Jp(x) is the Bessel function of the or-

der p.
Differentiation of the formula (10) with respect to

ω and β gives the following formula for the group ve-
locity:

vg =
dω
dβ

= −∂F1/∂β

∂F1/∂ω
=
v20
vp

1{
1− v2

0p
ωD2 c∗

} , (11)

where

c∗ =
−p
V 2

(
dV
dω

)
Jp(V ) + p

V
d
dω (Jp(V ))− d

dω (Jp+1(V ))

1
V Jp(V ) + p

V
dJp(V )

dp − d
dp (Jp+1(V ))

.

Figure 6 displays the dispersion curves of phase ve-
locity vp and group velocity vg (calculated by using
Eqs. (10) and (11)) of the Love wave propagating in
the graded materials with exponential profile (plot no 4
in Fig. 2b).

Fig. 6. Love wave dispersion curves of phase vp and group
vg velocity for the shear compliance profile that follows the

exponential profile (plot no 4 in Fig. 2b).

6.4. Profile of the 1/cosh2 type

Analytical solution of the Direct Sturm-Liouvillle
Problem (3–4) for the case of 1/cosh2 type profile
gives rise to the following dispersion equation (Tamir,
1975):

F2(ω, β) = β2 − ω2

v20
− 4s2(ω)

D2
= 0, (12)

where s(ω) = 1
2

{√
1 + V 2 − 1

}
, and V = ωD

v0

√
∆s
s0
.

By differentiating the formula (12) with respect to
ω and β, we arrive at the following formula for the
group velocity in the case of 1/cosh2 type profile:

vg =
dω
dβ

= −∂F2/∂β

∂F2/∂ω

=
v20
vp

√
1 + ω2

v2
0

h2 ∆s
s0{(

1 + ∆s
s0

)√
1 + ω2

v2
0

h2 ∆s
s0

− ∆s
s0

} . (13)

The dispersion curves of the phase and group ve-
locity for the 1/cosh2 type profile, that were evaluated
by using Eqs. (12) and (13), are presented in Fig. 7.

Fig. 7. Love wave dispersion curves of phase velocity vp and
group velocity vg in the case of the profile of the 1/cosh2

type (plot no 5 in Fig. 2b).

As shown in Figs. 3–5 with the increase in the ex-
ponent n the phase velocity dispersion curves approach
the classical Love wave dispersion curve (n = ∞).
As follows from Figs. 3–7, Love wave phase veloc-

ity tends to a value of the phase velocity of the bulk
shear wave at (x = 0) with increasing D/L0 (i.e. with
the frequency increase). As can be seen from Figs. 6
and 7, the Love wave waveguide with the profile of the
1/cosh2 type has better waveguide properties (higher
slope of the dispersion curve in the region of the steep-
est descent) than the waveguide with the exponential
profile. This indicates higher sensitivity of phase veloc-
ity to changes in frequency. This is of great importance
in the design and construction of sensors of the physi-
cal parameters that use the Love wave.
The calculation of the phase velocity dispersion

curves were carried out by using two numerical meth-
ods, i.e. Finite Difference Method and Transfer Matrix
Method. From the numerical calculations of authors
follows that the results obtained using these two meth-
ods are identical (with accuracy of 5 decimal places).
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This indicates that these two numerical methods are
essentially equivalent in applications to describe the
propagation of Love waves in considered elastic graded
materials.
Numerical calculations have been performed by us-

ing the software package Scilab. In the numerical cal-
culations, we assumed the value of thickness D =
0.4 mm. In this case, the value of D/L0 = 1 corre-
sponds to frequency 4.626 MHz, and D/L0 = 10 corre-
sponds to frequency 46.26 MHz. Measurement of sur-
face waves velocity in the MHz frequency range are
usually performed in quantitative nondestructive eval-
uation experiments (QNDE). Hence, the results ob-
tained in this paper can be important to the inter-
pretation of experimental dispersion curves of surface
Love waves propagating in elastic graded materials.

7. Conclusions

In this paper the Direct Sturm-Liouville Problem
that describes the propagation of Love waves in non-
homogeneous elastic graded materials has been solved.
The integral relationship that relates the group veloc-
ity with phase velocity and the distribution of mechan-
ical displacement of the Love wave has been derived.
It was stated that the SH surface Love waves can

propagate in nonhomogeneous Functionally Graded
half-space, not only in elastic layered structures. It was
observed that the group velocity of Love waves is lower
than the corresponding phase velocity of Love waves.
The results of this study can be useful in the design and
construction of sensors of physical quantities as well as
in non-destructive testing (NDT) and in geophysics.
Solution of the Direct Sturm-Liouville Problem

may also provide a basis for formulating and solv-
ing the Inverse Sturm-Liouville Problem. This Inverse
Problem consists in determining the unknown material
coefficients of graded medium, for example the distri-
bution of elastic compliance s44(x) from a knowledge of
the wave dispersion curves of Love waves propagating
in an investigated graded material. Formulation and
solution of Inverse Problems forms the basis of math-
ematical methods employed in non-destructive testing
of materials (NDT).
The results of this work may also find application in

geophysics, seismology and underground acoustics to
investigate the internal structure of the Earth (crustal
and subcrustal region near the Earth surface). These
results can be also applied in exploration of natural
resources (e.g. mineral oils, natural gases and miner-
als) (Gupta et al., 2013). Moreover, Love waves may
also be used to investigate planar optical waveguides
(Ciplys et al., 1995), and layered sensors and res-
onators of the MEMS (Micro Electro Mechanical Sys-
tems) type (Kuznetsov, 2010; Zhang et al., 2013).
The results obtained in this paper are fundamental

and can give a deeper insight into the behavior of the

propagation of Love waves in inhomogeneous elastic
media (e.g. in functionally graded materials and com-
posites).
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