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1. Introduction

In the first part of the paper, a general model of adhesion with friction
and generalized unilateral contact conditions was developed for two deforma-
ble bodies, within the range of small deformations. Such a model applies to
not necessarily linear elastic bodies. However, having in mind application to
orthopaedic biomechanics, only linear elastic solids have been considered.

In the second part of the paper we develop a numerical implementation
for unilateral contact problems with friction and adhesion, see Sections 2-4.
Particularly, in Section 2 a general form of finite element equations is given.
Section 3 is concerned with regularization of contact constraints. Numerical
contact algorithm is elaborated in Section 4. In Section 5 we first test the
developed numerical algorithm and next, perform the analysis of proximal
tibia after total knee replacement (TKR). The last section deals with wear in
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joints after arthroplasty. Currently used phenomenological models of wear are
also discussed.

2. Finite element equations

Introducing space discretization of displacements

u(t,x) =N (x)a(t) (2.1)

to the set of differential equations from Part I (Rojek and Telega, 2001) and
applying the standard finite element procedure based on the Galerkin method,
cf Zienkiewicz and Taylor (1998), we obtain the following set of semi-discrete
equations of motions

Mä = F ext + F c − F int (2.2)

which are the basis of the explicit dynamic formulation. In the above equations
N is the matrix of interpolation functions, a and ä are the vectors of nodal
displacements and accelerations, respectively, M is the mass matrix, F ext,
F int and F c are the vectors of external loads, internal and contact forces,
respectively. The vectors and matrices in Eq. (2.2) are defined as follows

M =

∫

Ω

ρN⊤N dΩ

F ext =

∫

Ω

N
⊤f dΩ +

∫

Γ1

N
⊤g dΓ (2.3)

F int =

∫

Ω

B
⊤σ dΩ

where σ is the Cauchy stress tensor, B is the strain-displacement operator
matrix, g is the vector of prescribed traction, f is the vector of given body
forces. Calculation of nodal contact forces F c will be explained later on.
Equations (2.2) are integrated in time using an explicit scheme, in which

the displacements ak+1 at time tk+1 are obtained from the equations for the
known configuration at time tk

äk =M−1D

(
F kext + F

k
c − F

k
int

)
MD = diagM

ȧk+1/2 = ȧk−1/2 + äk∆tk+1/2 ∆tk+1/2 =
1

2
(∆tk +∆tk+1)

ak+1 = ak + ȧk+1/2∆tk+1

(2.4)
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Now the superscript k denotes that a variable is taken at instant tk. The
effectiveness of the explicit dynamic formulation is based on the use of a dia-
gonal mass matrix MD, so there is no need to solve a system of equations.
The main disadvantage is the limitation of the time step size ∆t due to the
conditional stability of the integration scheme.
The new contact formulation has been implemented within the dynamic

explicit formulation in the finite element program Simpact (Rojek et al., 1998).
Because of its efficiency in the analysis of large-scale systems the dynamic
explicit approach has become very popular in many applications, cf Rojek et
al. (1998), Chenot and Bay (1998).
The explicit dynamic codes are best suited to carry out simulation of dy-

namic processes, nevertheless they can be applied to quasi-static simulation
as well. We can obtain approximate solutions of linear and non-linear quasi-
static problems introducing adequate damping which would damp out the
oscillations. Adding the damping term to Eq. (2.2) we have

Mä+ Cȧ = F ext + F c − F int (2.5)

where C is the damping matrix and ȧ is the vector of nodal velocities.
Usually it is sufficient to damp out the lowest vibration modes. This can

be achieved by applying global viscous damping close to the critical value for
the lowest frequencies. The loading velocity should correspond to the dynamic
properties of the system as well, and it should be introduced for a time suf-
ficiently long in comparison to the period of vibrations in the lowest natural
mode. Using this methodology we have performed the analysis of total knee
replacement subjected to quasi-static loading, presented in Section 5.
Dynamic relaxation, a methodology elaborated to analyse quasi-static pro-

blems with dynamic model is presented by Underwood (1983). For survey pa-
pers on finite element method in biomechanics the reader is referred to Mac-
kerle (1998) and Prendergast (1997), cf also Joshi et al. (2000), Rakotomanana
(2000).

3. Regularization of contact constraints

The complete set of contact conditions that must be taken into account
consists of the conditions for normal contact with adhesion, cf Rojek and
Telega (2001)

un  0 −Ren + knunβ
2  0 (−Ren + knunβ

2)un = 0 (3.1)
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relations for tangential contact with adhesion and friction

ReT = kTuTβ
2

φ ¬ 0 λ  0 φλ = 0 (3.2)

u̇T + λR
i
T = 0

where
φ = ‖RiT ‖ − µ|Rn − knunβ

2| (3.3)

as well as the evolution law for the adhesion intensity β given by relations

β̇ = −
{
−
1

b
[w − (knu

2
n + kT ‖uT ‖

2)β]−
}1/p

if β ∈ [0, 1[

β̇ ¬ −
{
−
1

b
[w − (knu

2
n + kT ‖uT ‖

2)]−
}1/p

if β = 1

(3.4)

Regularization of contact constraints simplifies the variational formulation
of the contact problem. Here we shall apply the penalty method to enforce the
constraints for normal and tangential constraints.
The regularization of the normal contact conditions (3.1) is accomplished

by introducing the penalty coefficient k−n . The impenetrability condition is
enforced by

R−n = k
−

n u
−

n (3.5)

where R−n and u
−
n stand for the negative parts of Rn and un, respectively

(zero irreversible normal traction is taken into account here). The relation
(3.5) applies to compression only, the relations for adhesive traction

Rn = knunβ
2 if un > 0 (3.6)

remains unchanged. For consistency in notation, however, we shall rewrite it as

R+n = k
+
n u
+
n β
2 (3.7)

where R+n and u
+
n stand for the nonnegative parts of Rn and un, respectively.

The above modifications should be taken into account in Eq. (3.6), which
now takes the form

φ = ‖RiT ‖ − µ|R
−

n | (3.8)

The regularization of frictional constraints is carried out by introducing into
Eq. (3.2)3 the friction tangential penalty coefficient εT

u̇T + λR
i
T =

1

εT
Ṙ
i
T (3.9)
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where Ṙ
i
T is the time derivative of R

i
T . For large displacement formula-

tion the Lie derivative should be used here, cf Laursen and Simo (1993). The
regularization becomes exact as εT →∞.

Penalization of normal and tangential contact constraints is equivalent to
specifying additional constitutive relations on the interface. Thus the elastic
behaviour has been introduced here for compression in normal contact, and
the frictional contact has been reformulated as a problem analogous to that
of elastoplasticity, the elastic component of tangential velocity being specified

by (1/εT )Ṙ
i
T .

Regularized contact conditions constitute the basis of the numerical algo-
rithm for the calculation of contact interaction forces.

4. Numerical contact algorithm

At every step of the time integration the contact algorithm performs two
basic tasks:

• contact search to establish the contact area,

• evaluation of contact forces.

Fig. 1. Discretized contact surfaces

The contact search in the implemented finite element algorithm is carried
out by checking the location of the points discretizing one of the two surfaces,
called ”slave”, with respect to the other one, called ”master” (see Fig. 1). In the
standard contact algorithm (without adhesion), contact is established for the
slave nodes penetrating through the master surface (un < 0). In the present
algorithm the contact search has been modified to include the possibility of
adhesive contact (un > 0).
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Once the contact is established between a certain slave node S and a
master segment defined with nodes 1 through 4 (Fig. 1) at time tk, the relative
displacements ukn and u

k
T , the tangential relative velocity u̇

k
T are obtained.

Given these variables and interface constitutive parameters, k−n , k
+
n , kT , w, µ,

b and p, the contact interactions Rkn and R
k
T , and intensity of adhesion β

k

are calculated. Previous values of irreversible tangential force (RiT )
k−1 and

intensity of adhesion βk−1 are required to calculate new state at the contact
interface.
The contact force applied to the node S is obtained by integrating the

contact traction Rkn and R
k
T over a part of the boundary ΓS associated with

the node S (see Fig. 1)

(F kc )S = (R
k
nn+R

k
T )|ΓS | (4.1)

|ΓS | – surface measure of ΓS .
The reaction applied to the master surface is next replaced by equivalent

forces applied to the master segment nodes 1 through 4

(F kc )i = −Ni(F
k
c )S i = 1, . . . , 4 (4.2)

where Ni is the shape function corresponding to the ith node at the projection
of the slave node S on the master segment.
The numerical algorithm used to calculate the state of the contact interface

is summarized below as follows:

1. Evolution of intensity of adhesion

If βk−1 > 0 (if adhesion bonds exist), a trial value of β̇k is calculated
using relation (3.4)1

β̇ktrial = −
{
−
1

b

[
w −
(
k+n (u

(+)k
n )

2
+ kT ‖u

k
T ‖
2
)
βk−1

]}1/p
(4.3)

Normal contact force contribution is taken into account in Eq. (4.3) for
tensile interface traction only. If β̇ktrial < 0, we have a decohesion process
and a new value of the intensity of adhesion is calculated using forward
Euler scheme

βk = βk−1 + β̇ktrial∆t
k (4.4)

otherwise we set
βk = βk−1 (4.5)
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2. Normal contact force

If ukn ¬ 0 the compressive traction is calculated from Eq. (3.5)

Rkn = k
−

n u
k
n (4.6)

otherwise the tensile traction due to adhesion is calculated from Eq. (3.7)

Rkn = k
+
n u
k
n(β
k)2 if βk > 0 (4.7)

or Rkn is set to zero

Rkn = 0 if βk = 0 (4.8)

3. Adhesive tangential contact force

Adhesive tangential contact traction is calculated from Eq. (3.2)1

(ReT )
k = kTu

k
T (β
k)2 if βk > 0 (4.9)

or (ReT )
k is set to zero, if adhesion is absent

(ReT )
k = 0 if βk = 0 (4.10)

4. Frictional tangential contact force

For tensile normal contact traction (Rn > 0) the friction force is set to
zero

(RiT )
k = 0 (4.11)

If the normal contact traction is compressive, the friction contact trac-
tion is calculated using the radial return algorithm analogous to that
used in elastoplasticity. First we calculate a trial state employing Eqs.
(3.9)

(RiT )
k
trial = (R

i
T )
k−1 + εT u̇

k
T∆t

k (4.12)

and check the slip condition (3.8)

φtrial = ‖(R
i
T )
k
trial‖ − µ|R

k
n| (4.13)

If φtrial ¬ 0, we have the case of stick contact and the frictional traction
is assigned the trial value

(RiT )
k = (RiT )

k
trial (4.14)

otherwise (slip contact) we perform a return map

(RiT )
k = µ|Rkn|

(RiT )
k
trial

‖(RiT )
k
trial‖

(4.15)
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Thus we have the state of the contact interface completely defined. The
above algorithm takes into account all possible loading, unloading and relo-
ading conditions which will be demonstrated in an example in the next section.
The intensity of adhesion in the present formulations tends to zero (β → 0)
as the process of decohesion continues, but never achieves zero. For practical
handling of cases with adhesive bonds broken we have introduced a small limit
value βmin, below which we assume that the adhesion disappears, and then
we set β = 0.

5. Numerical examples

The aim of this section is twofold. First, we will test only the elaborated
numerical algorithm for contact problem with adhesion and friction. Second,
the discretized interface model will be applied to the analysis of proximal tibia
after TKR.

5.1. Study of a contact interface under different loading conditions

We analyze a contact interface in 2D with different properties and under
different loading conditions. Using the developed routines we calculate the
contact forces under prescribed relative displacements. In the first case we
analyze the normal behaviour of a contact interface with adhesion with the
following properties: kn = 20 kPa/mm, w = 2kJ/mm

2, p = 1. The loading
was imposed by the constant velocity u̇n = 2mm/s, t ∈ [0, 0.2] s. We have
analyzed the interface for different viscosity: b = 1 · 10−4, 1 · 10−2, 5 · 10−2

and 1 · 10−1 kN·s/mm. We start from the total adhesion (β = 1) and zero
displacement (uT = un = 0). Figure 2 depicts the normal force history obta-
ined for these conditions. We can see that until the elasticity energy is smaller
than the limit of adhesion energy, the force increases linearly. After passing
this limit adhesion starts to decrease, although for higher values of viscosity
the adhesion force can be higher than the limit resulting from the limit of ad-
hesion energy. The higher the value of viscosity b, the longer will be the delay
in the adhesion force decrease. Finally the interfacial force decreases nearly to
zero, what means that the adhesion bonds are nearly broken.

The same interface was loaded with prescribed velocity u̇n = 2mm/s for
t ∈ [0, 0.1] s, then unloaded −u̇n = −2mm/s for t ∈ [0.1, 0.15] s, and loaded
−u̇n = 2mm/s for t ∈ [0.15, 0.3] s. The problem was studied for two values
of viscosity: b = 1 · 10−4 and 1 · 10−1 kN·s/mm. The results in the form
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Fig. 2. Adhesion force for different viscosity

Fig. 3. Adhesion force for different viscosity under loading and unloading
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Fig. 4. Tangential force for adhesion with friction

Fig. 5. Tangential force for adhesion with friction under loading and unloading
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of relation adhesion force vs. relative displacement are shown in Fig. 3. We
can see the unloading for the stiffness of the adhesion decreased. We can also
see the viscous effect in unloading for higher value of the viscosity. It is thus
shown that the adhesive bonds can keep breaking even during unloading if the
viscosity is present.

We analyze the tangential behaviour of a contact interface with adhe-
sion and friction The interface has the following properties: k−n = kT =
20 kPa/mm, w = 2kJ/mm2, b = 1 · 10−1 kN·s/mm, p = 1, µ = 0.3. The
loading was imposed by the constant velocity u̇T = 2mm/s, t ∈ [0, 0.2] s.
Constant compression was applied by setting constant normal displacement
un = −0.5mm. Figure 4 presents the tangential force history obtained. We
can see that tangential force has the frictional component equal to the sliding
limit µRn. The tangential force after breaking adhesive bonds tends to the
sliding limit now.

The same interface was loaded with the imposed velocity according to the
following program: u̇n = 2mm/s for t ∈ [0, 0.1] s, u̇n = 0 for t ∈ [0.1, 0.11] s,
u̇n = −2mm/s for t ∈ [0.11, 0.16] s, u̇n = 2mm/s for t ∈ [0.16, 0.31] s.
Figure 5 represents the tangential force history obtained. We can see that when
the loading is constant, the adhesion keeps decreasing because of relaxation.
Under unloading conditions the adhesive and friction forces have opposite
orientation. Under reloading the sign of friction force is changed and again is
the same as that of the adhesion component. When adhesion disappears, the
tangential force is equal to the sliding limit.

The examples analyzed here demonstrate correctness of the formulation
and numerical algorithm. The friction and adhesion forces have been calculated
correctly under different complex loading. This verification allows us to use the
numerical algorithm for real problems of contact with adhesion and friction.

5.2. Analysis of adhesion in the total knee replacement

We apply the interface model with adhesion to an analysis of proximal tibia
after TKR. Fixation of prosthesis is one of the most important mechanical
aspects of the performance of the bone-implant system. As we already know,
loosening can be caused by variety of mechanical and biological phenomena,
cf Sections 2, 3 in Rojek and Telega (2001) and Section 6 which follows. In
the present analysis we shall study loosening of a cemented stem initiated
by debonding at the stem-cement interface, and we shall focus on the role of
adhesion in the fixation of implants.

The knee experiences an oscillating varus-valgus loading. Off-centered load
can cause tensile stresses on the knee implant interfaces (Fig. 6). Cement has
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poor tensile properties, therefore debonding can occur under tension. One of
the design objective of a knee implant is avoidance of the interface tension.

Fig. 6. Interface tension and compression in the knee implant under off-centred
loading

Fig. 7. Finite element model of tibia with implant

The proximal tibia with mounted tibial component of the condylar re-
placement has been discretized with tetrahedral finite elements (Fig. 7). The
tibial component of the endoprosthesis has a plastic bearing surface placed on
a metal tray with central cemented post. Isotropic elastic properties for the
materials in the model have been assumed as follows:

• cortical bone: Young’s modulus 1.7 · 1010 Pa, Poisson’s ratio 0.32,

• cement: Young’s modulus 2.27 · 109 Pa, Poisson’s ratio 0.335,
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• steel: Young’s modulus 2.14 · 1011 Pa, Poisson’s ratio 0.30,

• polyethylene: Young’s modulus 1 · 109 Pa, Poisson’s ratio 0.30.

Contact with adhesion and friction has been taken into account at the steel-
bone and steel-cement interfaces, while materials at other interfaces have been
considered to be fully bonded. The following properties have been assumed for
all the interfaces with adhesion:

• interface normal stiffness kn = k
−
n = 1 · 10

12 Pa/m,

• interface tangential stiffness kT = 1 · 10
11 Pa/m,

• energy of adhesion w = 0.36 J/m2,

• viscosity parameter b = 0,

• Coulomb friction coefficient µ = 0.1.

The above interface properties yield the limit tensile stress 0.6MPa at the
separation 0.6 · 10−3mm, and the limit shear interface strength 0.19MPa at
the tangential relative displacement 1.9 · 10−3mm (friction, however, raises
total tangential resistance). These properties correspond to a relatively weak
interface strength, weaker than that of real bonding. Such an assumption,
however, was necessary to allow the interface to debond.

Fig. 8. Finite element model with loading condition

The tibia has been fixed distally at the base of the bone and the loading
has been applied non-symmetrically on the bearing surface (Fig. 8). The load
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condition approximated a tibio-femoral contact forces in one leg standing po-
sition. The compressive force of 400% BW (body weight) has been assumed.
For BW = 700N we have Rmax = 2600N. The force has been distributed
over the supposed contact area between tibial and femoral comoponents.

Quasi-static loading has been analyzed using dynamic relaxation method.
Loading has been growing linearly from 0 to the final value of 400% BW. The
quasi-static behaviour has been obtained by introducing adequate (close to
critical) damping. Distribution of stresses in the tibia with implant under the
loading of 320% BW is shown in Fig. 9b. Figure 9a shows the displacement
vectors for the same level of loading; it can be clearly seen that the side of the
tray opposite to the loading is raised. This causes tensile contact tractions.

Evolution of interface normal stresses on the tray and stem surfaces is
shown in Fig. 10. Evolution of tangential contact stresses is shown in Fig. 11.
The decohesion process can be analyzed studying the evolution of the intensity
of adhesion β, cf Fig. 12.

The results in Figs. 10-12 are presented for the bonded area only, the reduc-
tion of this area corresponds to the decohesion process. Initially we have bon-
ding at the whole surface. Until certain level of loading the bonding strength
is not reached and the bonding is not broken. As we can see in Fig. 12, the
bonded area up to 320% BW is practically not changed. For higher loads de-
cohesion takes place. We can see that once decohesion has started, increasing
loading leads quickly to to complete loosening of the prothesis.

6. Wear in implanted joints, wear models

Looking back, one should first mention ferrography, which was invented
in the early 1970’s and has gained use in the analysis of wear in machines,
cf Evans et al. (1980). The ferrographic technique is based on the magnetic
precipitation of particles from suspensions. In the papers by Evans (1983),
Evans et al. (1980, 1981,1982), Mears et al. (1978), possibilities of employing
the ferrography for the analysis of wear particles present in the synovial fluid
aspirated from surgical joint replacements and human arthritic joints were
examined.

Passing to recent results, a collection of papers contained in Dowson (1998)
presents a good survey of experimental results on the subject of friction and
wear of joint replacements and implant materials, cf also Saikko and Ahlroos
(2000). Sophisticated single station machine simulators capable of measuring
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both the wear and friction were also described, cf also Saikko (1993), Walker
et al. (1997).

6.1. Basic wear effects

In the context of joint prostheses, there are two main groups of wear ef-
fects. The first group of problems is related to wear phenomena in the artificial
joint and can be clasified as a mostly tribological problem when the contacting
bodies are traditional materials, usually metal or ceramic and ultra-high mole-
cular weight polyethylene (UHMWPE). However, even the implanted joint is
lubricated by the synovial fluid, though not so effectively as natural healthy jo-
ints, cf Wang et al. (1998). The second group of problems is related to contact
phenomena at bone-implant interfaces, cf the previous sections. In this case,
one of the contacting bodies is a living tissue, thus several non-mechanical
issues occur. The two tribological systems are strongly coupled, namely the
UHMWPE wear debris is commonly agreed to be a major cause of long term
failure of total joint replacement through aseptic loosening, cf Laffargue et al.
(1998), Revell et al. (1997). Aseptic loosening is a process of prosthesis loose-
ning due to bone loss in the absence of infection or mechanical failure. The
bone loss process is induced by the inflamatory response to UHMWPE wear
particles. A coupling effect in an opposite direction is also observed, namely
the bone cement and bone particles originating from the bone-prosthesis inter-
face may penetrate the joint and strongly accelerate the wear process due to
the third body abrasion. Extensive experimental studies on friction and wear
of ceramics were carried out by Sasaki (1992). However, a situation typical for
ceramic bone implants was not investigated.

For these reasons, the study of the two tribological systems and their re-
lative coupling is an important area of biomechanics. Many efforts have been
concentrated on experimental studies of wear performance of UHMWPE by
means of traditional pin-on-disk devices (Klapperich et al., 1999; Saikko and
Ahlroos, 2000), special joint simulators (Saikko, 1993) and analysis of explan-
ted joints after in vivo operation (Atkinson et al., 1985). Dowson (1998) and
Wang et al (1998) provide extensive reviews of the recent advances in the tribo-
logy of artificial joints. For instance, topics such as the major wear mechanisms
and lubrication regimes, effects of surface roughness and joint kinematics on
wear mechanisms are discussed in the paper by Wang et al. (1998).

Wear particles of different materials are found in the cells next to the
loosened artificial joint prostheses, but also in distant locations, such as liver,
spleen and kidney (Revell et al., 1997). The transport of particles by the
host defense mechanisms is affected by the particle material, size and shape,
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therefore it is not only the wear volume that is important, but also the size
and shape of wear particles generated at contact interfaces, cf Dowson (1998).
Clearly, with decreasing size the number of particles per unit wear volume
increases. In fact, the particle size may vary from 0.2 µm to 100µm, cf Ingham
and Fischer (1999), which may lead to a several orders of magnitude difference
in the number of particles for a fixed wear volume.

6.2. Models of plasticity-determined wear mechanisms

There are three main basic wear mechanisms occuring at artificial joint in-
terfaces, namely adhesive wear, abrasive wear and surface fatigue wear (Wang
et al., 1998). According to Lim and Ashby (1987), the adhesive and abrasive
(and also to some extent fatigue) wear mechanisms are plasticity-determined.
Adhesive wear is explained by welding at asperity contacts followed by remo-
val of shearing (due to sliding) of softer asperity fragments which can further
create wear particles, cf Archard (1953). Abrasive wear is caused by hard
asperities or particles (two- or three-body abrasive wear) ploughing the softer
surface. This is accompanied by severe plastic deformation of the subsurface
layer. In some cases (e.g. hard and sharp particles) ploughing can cause chip
cutting, thus leading to direct formation of wear particles but more often wear
results from repeated plastic deformation and micro-crack propagation.

Wear due to fatigue is caused by crack propagation caused by repeated
cyclic loading of the surface. This can occur on the macro-level, as in rolling
contact, or on micro-level due to multiple asperity contacts during sliding.
The latter case is often recalled when discussing adhesive or abrasive wear
mechanisms since wear rates resulting from assumption that every asperity
contact produces wear particle are several orders of magnitude higher than
those observed experimentally.

Despite the fundamental differences betwen the different wear mechanisms
(and respective friction mechanisms) they have the plastic deformation origin
in common. Since the microscopic plastic deformation in the subsurface layer
is a manifestation of the macroscopic phenomenon of friction, the correspon-
ding dissipation rates are directly related. Therefore, the plasticity-determined
wear mechanisms are well described by the Archard wear law, which predicts
the wear rate to be proportional to the frictional dissipation rate. Of course,
depending on the contact conditions (surface roughness, range of contact pres-
sures, lubrication regime, etc.) different friction and wear mechanisms may be
active for the same pair of contacting materials and each mechanism may be
characterized by a different proportionality factor of the wear law.

Below, the classical model of adhesive wear of Archard (1953) is outlined
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and the wear law is derived. Next, the delamination theory of wear is briefly
presented, as it seems much relevant for description of wear phenomena at the
contact interfaces in joint prostheses.

6.2.1. Archard law of adhesive wear

A simple model of adhesive wear has been proposed by Archard (1953).
Assuming that wear particles created at single asperity contacts have similar
shapes and their size is characterized by the diameter a of single real contact
areas, the volume of the wear particle is proportional to a3. Further, assuming
that the sliding distance over which the wear particle is formed equals the
contact area diameter a (after sliding this distance, the next asperity takes
the load) the volumetric wear rate W , i.e. the volume worn per unit sliding
length, is proportional to the real contact area A

W ∝ A

For moderate normal pressures a plastic contact of asperities occurs and the
real contact area is proportional to the ratio of the normal load FN and the
hardness H of the softer body

A =
FN
H

(6.1)

So the wear rate per unit sliding length can be expressed as

W =
KFN
H

(6.2)

where K is the wear coefficient expressing the probability of a single asperity
adhesive contact to form a wear particle. According to Archard’s theory, the
wear rate is proportional to the ratio of the normal force (or pressure) to the
hardness of the softer material. The Archard’s wear law is simple and turned
to be valid in a wide range of sliding conditions, not only those characterized
by asperity adhesion (see the following section).
In continuum mechanics it is more convenient to use rates with respect to

time rather than to the sliding length and to use local variables (as the contact
pressure pN ) rather than the global ones (as the normal force FN ). So the
Archard’s wear law (6.2) can be expressed in a local form

ẇ =
kpNv

H
(6.3)

where ẇ denotes the depth of wear in unit time and v is the relative sliding
velocity. Remind now that for the range of pressures for which the real area of
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contact is proportional to normal pressure, cf Eq. (6.1), similar proportionality
exists between the friction stress pT and normal pressure pN . The wear law
(6.3) can be further rewritten to yield

ẇ =
k̃Ḋ

H
(6.4)

where Ḋ = pT v is the frictional dissipation rate and k̃ = µk is the modified
wear coefficient (µ denotes the friction coefficient).

6.2.2. Delamination theory of wear

It is easy to imagine material removal due to asperity shear-off or micro-
cutting by a ploughing asperity. However, in many contact conditions those
two mechanisms do not occur but the surfaces are still worn. The delamination
theory of wear, originally developed for metals, explains another mechanism
of material removal from contact surface during sliding, cf Suh (1973, 1977),
by assuming void and micro-crack nucleation at some characteristic distance
below the surface, as a result of plastic contact of single asperities, followed by
crack propagation parallel to the surface and delamination of flake-like wear
particles.
There are several facts justifying this mechanism. The mechanism of crack

nucleation and propagation at some characteristic depth below the surface is
explained by high compressive stresses which occur just below the contact re-
gions. This depth is usually of the order of asperity size. Plastic deformation
caused by a single pass of an asperity accumulates due to repeated action
during sliding. Thus the voids are created around inclusions or due to dislo-
cation pile-ups. Fracture mechanics analysis confirmed preferred direction of
crack propagation in the plane parallel to the surface. Finally, the flake-like
wear particles (with aspect ratio greatly different from unity) have been obse-
rved experimentally. An overview of the delamination theory of wear can be
found in Suh (1977).
In order to show that the delamination theory of wear leads also to the

wear law of the Archard’s type we shall adopt the model developed by Lim
and Ashby (1987). This model is quite simple and reflects the main ideas of
Suh’s model although it differs in some details.
Voids nucleate at inclusions at a characteristic depth X0 due to repeated

frictional traction on the sliding surface. The area fraction of voids fA on a
plane parallel to the sliding surface (at the depth X0) is

fA = (2riNv)(2ri)(2riγ) ≈ 2fvγ (6.5)



Contact problems with friction... 699

where ri is the inclusion radius, Nv is the number of inclusions per unit
volume, γ is the cumulative plastic shear strain and fv is the volume fraction
of the inclusions. A critical value of area fraction fA = f

∗

A is assumed to exist
at which fracture causes a flake-like wear particle to break off. The critical
shear strain associated with this fracture γ∗ is then

γ∗ =
f∗A
2fv

(6.6)

and the number of passes n∗ needed to build up γ∗ follows from the plastic
shear strain γ0 accumulated per pass

γ∗ = n∗γ0 (6.7)

The thickness of the wear flake that is created after n∗ passes is X0, so
the wear rate is

W =
X0An
n∗d

(6.8)

where An is the nominal area of contact and d is the asperity spacing. Using
Eqs (6.6) and (6.7), the wear rate can be expressed as

W =
2γ0fvX0
f∗Ara

FN
H

(6.9)

where the distance between asperity contacts d has been replaced by the
equation

ra
d
=
Ar
An
=
FN
H

(6.10)

Here ra is the radius of asperity contact, Ar and An denote real and nominal
contact areas, respectively, FN is the normal force and H is the hardness. No-
te that Eq. (6.10) is valid only for long wedge-like asperities (two-dimensional
asperity model), cf Lim and Ashby (1987).

Finally, assuming that X0 = ra, what expresses the fact that the characte-
ristic depth of crack nucleation and propagation is of the order of the asperity
radius, the wear rate can be rewritten in the final form of Archard’s law

W =
2γ0fv
f∗A

FN
H

(6.11)

where the wear coefficient has been predicted as K = 2γ0fv/f
∗

A.
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Remark 6.1. Strömberg et al. (1996a,b) developed a continuum thermody-
namic model for interfacial phenomena including unilateral contact, fric-
tion and wear, cf also Mróz and Stupkiewicz (1994), Johansson (1992),
Strömberg (1997). The model is confined to small displacements, imply-
ing small slip. A numerical model allowing for large slip was elaborated
by Agelet de Saracibar and Chiumenti (1999), cf also Agelet de Saraci-
bar (1997), Heegaard (1993), Heegaard and Curnier (1993), Laursen and
Simo (1993). Only the Archard’s law for adhesive wear was incorporated
into the model developed by Agelet de Saracibar and Chiumenti (1999).
A restricted class of initial-boundary value problems with friction and
wear was studied by using methods of variational inequalities in Garčıa
et al. (2000), Kuttler and Shillor (1998), Shiller and Sofonea (1999). We
observe that in none of the above approaches, the adhesion was included.

Remark 6.2. The study of contact problems in orthopaedic biomechanics re-
quires models incorporating friction, adhesion and wear. However, wear
debris are produced between different components of a prosthesis and
different from the bone-implant interface; for instance between the tibial
and femoral components of condylar TKR. In other words, one has to
take into account the transport of wear debris to the interface where ad-
hesion takes place. On such an interface a possible transport equation is

∂C(x, t)

∂t
= ∇ ·

[
a(x)∇C(x, t)− C(x, t)v(x, t)

]
+R
(
C(x, t)

)
(6.12)

Here C(x, t) denotes the concentration of wear debris on the interface
bone-implant, a is the matrix of diffusion coefficients, v is the (small)
velocity of wear debris, R denotes the reaction term and t denotes
time. Equation (6.12) has to be supplemented by the boundary and
initial conditions.

7. Final remarks

Longevity of prosthesis depends on the quality of bone-implant interface.
Though a lot of studies have been concerned with this subject, yet no general
biomechanical model is available. Such a model should incorporate adhesion,
friction and influence of wear debris. Then the density of adhesion would
depend on the debris concentration C(x, t), appearing in Eq. (6.12). We hope
to cope with this problem in the future.
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Bergmann and his coworkers developed experimental procedure for the
determination of forces and friction-induced temperature in implanted hip
joints, cf Bergmann et al. (1993, 1995, 1997, 1999), Graichen et al. (1999) and
the references therein. Similar procedures has not yet been applied to knee
joint after arthroplasty (G. Bergmann, private communication, 2000).

The review paper by Feeny et al. (1998), containing a comprehensive tho-
ugh not exhaustive list of references, provides an interesting historical overview
of structural and mechanical systems with friction, beginning from the anti-
quity. However, striving for understanding the friction phenomenon in human
and animal joints was overlooked.

Recently, a new idea of modelling friction was elaborated by Tworzydlo et
al. (1998). These authors proposed an approach for constructing constitutive
models of frictional interfaces, which provides a link between microscale pheno-
mena and macroscale phenomenological models at the interface. Tworzydlo et
al. (1998) claim that their micro-macro approach is based on statistical homo-
genisation. Unfortunately, this point remains unclear since no homogenisation
problem was formulated.

Hip and knee implants are partially in contact with cancellous bone, which
is a cellular solid, cf Gibson and Ashby (1988), Tokarzewski et al. (1999). For-
tes et al. (1999) investigated the static contact of a cellular solid with open
cells with a compact counter-surface. Such a model seems to be applicable
to cancellous bone of rather low density in contact with a prosthesis, though
obviously then the contact is much more complicated. Namely, according to
Maher and McCormack (1999), the mechanical interlock created at the ce-
ment/cancellous bone interface in cemented femoral reconstruction is crucial
to the longevity of the replacement. This interlock is created through fingers or
pedicles of bone cement which protrude through cancellous trabecular spaces.

Another interesting idea is due to Zhang and Tanaka (1997), cf also the
references therein. These authors studied the mechanisms of friction and wear
on the atomic scale through the investigation of a typical diamond-copper
sliding system with the aid of molecular dynamics analysis. However, one
still lacks a theory bridging the gap between atomic analysis and that using
continuum analysis. Sliding parts in a prosthesis usually consist of a pair made
of UHMWPE-metal or UHMWPE-ceramics. Then it seems more appropriate
to characterise the UHMWPE by its molecules.
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Zagadnienia kontaktowe z tarciem, adhezją i zużyciem w biomechanice

ortopedycznej. Część II – Implementacja numeryczna i zastosowanie do

stawów kolanowych po implementacji

Streszczenie

Niniejsza praca stanowi część drugą pracy, której autorami są Rojek i Telega
(2001). Do analizy interfazy kość-implant zastosowano alternatywny opis adhezji.
Opracowano algorytm numeryczny, który zastosowano do analizy stawu kolanowego
po endoprotezoplastyce. Zbadano wpływ produktów zużycia na analizowaną interfazę
oraz przedstawiono aktualnie stosowane modele zużycia.
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