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This paper examines how prerelaxation effects the development of the mechanics
of a nanoindentation simulation. In particular, the force-depth relation, indenta-
tion stress-strain curves, hardness and elastic modulus, are investigated through
molecular statics simulations of a nanoindentation process, starting from initial
relaxation by: (i) molecular dynamics and (ii) molecular statics. It is found that
initial relaxation conditions change the quantitative response of the system, but
not the qualitative response of the system. This has a significant impact on the
computational time and quality of the residual mechanical behaviour of the system.
Additionally, the method of determining of the elastic modulus is examined for the
spherical and planar indenter; and the numerical results are compared. An overview
of the relationship between the grain size and hardness of polycrystalline copper is
examined and conclusions are drawn.
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1. Introduction

The object of the paper is to examine the influence of the method of prepa-
ration of an atomistic model, to be subject to nanoindentation by considering
two standard types of prerelaxation. After prerelaxation, the sample is taken
into a nanoindentation process governed by molecular statics (MS), that drives
the atomistic structure away from equilibrium (see [17]). The nanoindentation
process, because of its importance as a measuring technique, is a good ground on
which we can perform computational optimisation tests. Numerical simulation of
the nanoindentation process helps to explain the mechanisms responsible for de-
formations, which are not available for direct observation and in particular, show
a lack of continuity in the force-depth curves for the load-unload cycle. These
phenomena are inextricably linked to the atomistic structure of the material and
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manifest themselves in the form of structural dislocations. The resultant physi-
cal properties following the mechanical forces are investigated: hardness, elastic
modulus, the force-indentation depth, and the indentation stress-strain curves
(in the context visited in this work, see also [6, 12, 32]).

This investigation determines whether prerelaxation via molecular dynamics
(MD) is necessary for a computable atomistic-scale sample, and whether an in-
stantaneous relaxation through MS is sufficient to describe the same process. In
fact, due to the limitations of MD, e.g. time scales, spatial scales, very high strain
rates, the lack of conservation of energy during the simulation, the problem of ar-
tificial reflected waves, its use is often questioned. It is peculiar that MS [5, 11, 17]
is used much less frequently than MD [16, 28, 33] as a prerelaxation tool, since
MS does not suffer this kind of drawbacks. Furthermore, MS is often used as a
method of “hard” verification for checking whether the solution obtained by MD
is “correct” and as a method to simulate molecular phenomena, where MD can
not be used because of its limitations. Following the conclusions of [32], it is noted
that awareness of the reliability of MS/MD as a general problem is paramount
to successful simulation of materials and that no holistic solution exists. It is
rather the case that numerical experimentation is required for each specific case
under investigation. For an exploration and comparative monologue of the fea-
tures of MD and MS, differences between the two methods, and proposed areas of
applicability, the Reader is referred to The Handbook of Materials Modelling [34].

Continuing this line of thought, while there is no doubt that MD has its own
merits, one is led to the question; “Is there a need for the MD prerelaxation
for this kind of simulation?”. To probe that question with the nanoindentation
simulation in mind, two methods of prerelaxation are investigated utilising the
Tight-Binding (TB) inter-atomic potential. These are:

1. MD is used to prerelax an atomic mesh prior to nanoindentation simulation
with aNV T -type thermostat [30] i.e. constant particle numberN , constant
volume V , and cooling temperature, to minimise the energy of kinetic
vibrations in the range, from Tstart = 300 K to Tend = 1 K.

2. MS is used to allow the atoms to settle in their equilibrium positions as
a initial step of the nanoindentation simulation. This is equivalent to start-
ing of the nanoindentation with a not relaxed atomic mesh, and allowing
the system to relax itself at the moment when nanoindentation begins.

As sketched above, the prescribed MS scheme does not require a separate model
for prerelaxation, which turns out to be a significant practical advantage. To
distinguish between that and the former method of prerelaxation by MD, this
(MS) is to be referred to as an instantaneous relaxation scheme in remainder of
this paper.

In many fields of computational science, a method for speed-up, while not
sacrificing the accuracy of the simulation, is highly desirable. It is therefore not
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without significance that the time needed for a MD prerelaxation is comparable
with total time of a MS simulation of the nanoindentation process. Added to
that: nanoindentation simulations are by themselves time-consuming and where
a statistical approach is chosen, in which many simulations are performed with
slightly varying initial conditions as their only difference; a small significant
change in computational time becomes a large significant change in the simula-
tion as a whole.

The computational speed-up obtained in the case when instantaneous re-
laxation was applied (2 hours compared with 12 hours in the case of prerelax-
ation via MD), is a notable advantage for statistically-based investigations of
the nanoindentation process; but if and only if it can be demonstrated that
a particular model can produce comparable results for both prerelaxed models.
Thus, the prerelaxation and the instantaneous relaxation schemes are set side-
by-side in comparison of the indentation force-depth curve for loading-unloading
of mono- and polycrystalline structures. It is found that in this case, the MS
scheme is a sufficient framework to use as a prerelaxation tool for computational
mechanics, where non-equilibrium systems are to be simulated.

2. Numerical simulations

Four distinct copper samples are considered in this work: one monocrystal
and three polycrystals. As sketched above, each sample type is prerelaxed by MD
or instantaneously relaxed by MS and then indented with an indenter of radius
4 nm which, known through experience [17], is small enough to limit the influ-
ence of boundary constraints during indentation, and large enough to prevent
localisation of deformations.

As a starting point for the monocrystalline sample, a primitive cell of fcc
(face-centred cubic) copper is replicated 56 times in the xy-plane direction and
28 times in the z-direction, leading to a supercell size of 202.54×202.54×101.27 Å
with ∼ 0.4×106 atoms; see Fig. 1a). Generation of polycrystalline structure was
based on a Voronoi-type tessellation [13, 17, 20]. Seeds are randomly placed in
a supercell of dimension equal to that of the monocrystalline sample, with a crys-
tal lattice orientation determined by three Euler angles. A copy of the original
configuration is rotated around the seed, cut-out by a truncated octahedron
around the seed, and finally assembled together. Atoms which protrude beyond
the supercell boundaries are dismissed. In this manner, three superlattice sites
with different grain sizes 6.9, 4.4, and 3.2nm are created; see Fig. 1b–d, respec-
tively. Grain boundaries created in a geometrical way usually have a structure
that is less dense than those observed in real materials. In order to improve the
initial configuration and to move atoms at grain boundaries to their energetically
favourable positions, the complete structure is prerelaxed by one of the afore-
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a)                                                                      b)

c)                                                                     d)   

Fig. 1. Ball model illustration of the copper samples used in this work: a) monocrystal,
b) 6.9 nm, c) 4.4 nm, d) 3.2 nm grain size polycrystals. Colouring of balls is given by the
Ackland parameter [1, 26], Green balls denote atoms connected with the fcc phase of cop-
per (monocrystal), red, blue, and light-blue balls denote HCP, BCC, and Icosehedral phases

of copper, respectively. White balls are those with no clearly associated phase (other).

mentioned methods (cf. Section 1). For all cases (prerelaxation and indentation),
periodic boundary constraints are applied to side facets, whereas the base of the
sample is fixed and the upper surface is left free [30]. During the prerelaxation
process, the upper surface become rough due to coalescence on grain boundaries,
whereas the side walls and base remain regular; see Fig. 1b–d, respectively.

A relatively simple scheme for dealing with atomic structure in prerelaxation
and nanoindentation schemes, is the Second Moment Approximation (SMA) of
the TB potential [3, 17]. The so-called TB-SMA potential is parametrised for an
N -atom system with interatomic separation rij , in which the total energy of the
system E0 =

∑N
i Ei is the sum of the repulsive and attractive terms

(2.1) Ei =
∑

j

Ae
−p(

rij
r0

−1) −
(

∑

j

ξ2e
−2q(

rij
r0

−1)
)1/2

,

between the ith atom and its nearest jth neighbour. The parameters for equi-
librium fcc-copper crystal are: A = 0.0855 eV, ξ = 1.224 eV, p = 10.960,
q = 2.278 [3], and r0 = 2.556 Å. A cut-off parameter for the inter-atomic poten-
tial rc = 5.0Å was chosen and from that, the three independent elastic constants
for fcc copper were calculated to be in reasonable agreement with expectation;
namely, C11 = 168.76 GPa, C12 = 120.08 GPa, and C44 = 74.48 GPa [22].
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3. Nanoindentation

In nanoindentation, by experiment or simulation, the depth of penetration of
a nanoindenter is measured along with the prescribed load. The resulting load-
displacement response typically behaves as an elasto-plastic process at loading,
followed by elastic unloading. The elastic equations of contact are then used
in conjunction with the unloading data to determine the elastic modulus and
hardness of the specimen [7]. The energy of each particle (atom) interacting
with the spherical indenter is:

(3.1) E(r) = −K
3

(r −R)3,

where K = 3.0 eV/Å3 is an energy density constant [35, 36]. The radial force
F exerted by a spherical indenter, of radius R on an atom of distance r to the
centre of the indenter, can be determined by the energy derivative: dE/dr. The
force is repulsive and F (r) = 0 for r > R. In our case, the spherical indenter
impinges on the restrained sample with steps ∆h = 0.5 Å to a maximum depth
equal to 20 Å and then drawn back until the force acting on indenter vanishes.

Most theories dealing with spherical nanoindentation surround the Hertz
equation in the elastic region [18]. If it is assumed that at the initial stage of
indentation the model behaves as an elastic material (see Fig. 2), the effective
indentation modulus Eeff can be determined directly from the relation describing
the indentation force:

(3.2) F =
4

3
EeffR

1/2h3/2
e ,

and otherwise determined from the unloading curve, which is treated as purely
elastic. For the unloading elastic curve he = hmax − hr and, following [7, 10, 21,
25], the unloading elastic curve can then be approximated by:

(3.3) F = α(h− hr)
m,

where α and m are constants, and from which the contact stiffness S follows as
the first derivative of the indentation force

(3.4) S =
dF

dh
= αm(h− hr)

m−1.

The approximation of Eq. (3.3) to the unloading curve gives for monocrystalline
sample α = 628.36 and m = 2.2, see Fig. 2c). By Smax we denote contact
stiffness for the maximum applied force Fmax from which the contact depth can
be computed by:

(3.5) hc = hmax −
he

2
= hmax −

3

4

Fmax

Smax
.

From geometrical considerations, the projected contact area for the spherical
indenter and the contact point radius (see Fig. 2a) is
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Fig. 2. a) A schematic of the spherical indenter where bold lines denote a line-surface of the
indenter at two indentation depths. b) A schematic of the force-depth curve for the indentation
model where bold lines denote the loading-unloading curve (for further details see main text

and also [7]). c) The calculated force-depth curve for monocrystalline sample.

(3.6) Ac = πa2 = π(2Rhc − h2
c),

giving the indentation modulus Eeff for unloading as

(3.7) Eeff =
1

2

dF

dh

√

π

Ac
=

1

2
Smax

√

π

Ac
.

For the load path of the indentation curve, if the applied force Fh at some
arbitrary depth h is known, the contact depth can be readily determined by:

(3.8) hc ≈ h− he

2
= h− 3

4

Fh

Sh
.

In general, the contact stiffness Sh in Eq. (3.8) can be different for each indentation
step, but following the approach presented in [21], instead of the variable Sh we
use a fixed Smax appointed in Eq. (3.5). By combining that with relation (3.6) (see
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Fig. 2), the contact area during any point of elasto-plastic loading can be obtained.
It should be noted that for the purely elastic regime, hc = h/2 = he/2, whereas for
the most part in the plastic regime, h ≫ he/2 (see Eq. 3.8) and hence hc ≈ h; for
more details see [18]. Normalisation of the load by the projected contact area gives
the mean contact pressure known as the indentation stress, or “Meyer hardness”
[7, 23], which can be expressed in the elastic realm of deformation by:

(3.9)
F

Ac
=

4

3π
Eeff

(

a

R

)

,

where the expression in parentheses on the right-hand side represents the in-
dentation strain. Note that these are not the same as the stresses and strains
measured in uniaxial compression tests [18]; and it can be shown that the Meyer
hardness is less sensitive to the applied load and a more fundamental measure
of indentation hardness than the Brinell hardness [27].

3.1. Verification of method of deducing the contact area

To verify correctness of the prescribed above method of calculating the con-
tact area, its values are also measured by analysis of regular “snapshots” of the
indentation steps for monocrystalline copper. During indentation, the relative
positions of atoms are calculated as well as the symmetric per-atom stress ten-
sor according to [22]. Based on displacements, the Ackland parameter depicted
in Fig. 3 and the zz-component of the per-atom stress tensor, the “real” contact
area can be determined [8, 29].

Fig. 3. The same as in Fig. 1 for monocrystalline copper during four states of
nanoindentation: a) 4 Å, b) 12 Å, c) 20 Å, d) full unloading.
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Fig. 4. Measured and calculated quantities for monocrystal copper: a) contact area with
respect to the indentation depth; b) indentation stress-strain curves.

Comparison of the calculated and measured contact area are given in Fig. 4a.
The deviation of one from the other is most pronounced during the mid-stage of
loading (cf. elastic-plastic regime) and is recovered toward the end of the pro-
cess. This leads to an overestimation of the indentation stress-strain relation,
see Fig. 4b. In any case, it is given that for all indentation cases the calculated
contact area equals the measured one for a maximum load and can be rationally
approximated by a linear function of the depth of indentation. This approxima-
tion for the contact area is used in this work. Thus, an additional relation may be
drawn for the calculated mean contact pressure, and the indentation stress (util-
ising the linear approximation of contact area) against the indentation strain
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next to the classical force-depth curve (Fig. 5). For comparison, the classical
hardness during indentation is calculated from the maximum force related to
the residual imprint of the indenter [9].

A planar indenter is really an infinitely extended axis-aligned wall, exerting
the same force on atoms in the system across the contact area as in Eq. (3.1), but
where R is the position of the plane and r−R is the distance from the plane [22].
As in the case of spherical indentation described above, the planar indenter is

a) b)

0 

50 

100 

150 

200 

250 

300 

350 

0 2 4 6 8 10 12 14 16 18 20 

Fo
rc

e 
[n

N
] 

Indentation depth [Å] 

6.9nm-Rel 6.9nm 

Eeff= 152.59 [GPa] 
Eeff= 164.98 [GPa] Eload= 100.83  [GPa] 

Eload= 44.00  [GPa] 
 

9.10[16Å] 

6.76[20Å] 

9.41[17.5Å] 

7.93[20Å] 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

In
d

en
ta

tt
io

n
 s

tr
es

s 
[G

P
a]

 

Indentation  strain [a/R] 

6.9nm-Rel 6.9nm 

c) d)

0 

50 

100 

150 

200 

250 

0 2 4 6 8 10 12 14 16 18 20 

Fo
rc

e 
[n

N
] 

Indentation depth [Å] 

4.4nm-Rel 4.4nm 

Eload= 72.99  [GPa] 
Eload= 81.05  [GPa] 
 

Eeff= 151.21 [GPa] 
Eeff= 150.32 [GPa] 
 

7.28[8Å] 

5.52[20Å] 

6.63[16Å] 

5.79[20Å] 

0 

1 

2 

3 

4 

5 

6 

7 

8 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

In
d

en
ta

tt
io

n
 s

tr
es

s 
[G

P
a]

 

Indentation  strain [a/R] 

4.4nm-Rel 4.4nm 

e) f)

0 

50 

100 

150 

200 

250 

0 2 4 6 8 10 12 14 16 18 20 

Fo
rc

e 
[n

N
] 

Indentation depth [Å] 

3.2nm-Rel 3.2nm 

Eload= 68.07  [GPa] 
Eload= 129.24  [GPa] 
 

Eeff= 154.01 [GPa] 
Eeff= 160.36 [GPa] 
 

6.64[9.5Å] 

5.61[20Å] 

6.18[16.5Å] 

5.99[20Å] 

0 

1 

2 

3 

4 

5 

6 

7 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

In
d

en
ta

tt
io

n
 s

tr
es

s 
[G

P
a]

 

Indentation  strain [a/R] 

3.2nm-Rel 3.2nm 

Fig. 5. The force-depth curve, the calculated indentation modulus (left panel) and the inden-
tation stress-indentation strain curve (right panel). From top-to-bottom: copper grains of size:

6.9 nm, 4.4 nm, and 3.2 nm.
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moved down in steps ∆h = 0.5 Å up to a depth of 4 Å which corresponds to
∼ 4% of indentation strain, and then withdrawn. The ratio between indentation
stress, calculated as indenter force divided by a cross-sectional area of the sample
against the indentation strain (h/l), is an analog of the indentation modulus Eeff

in Eq. (3.7).

(3.10)
F

A
= Eeff

(

h

l

)

,

where l is the thickness of the sample. Owing to the boundary constraints ap-
plied here, deformation of the sample resembles a uniaxial strain deformation
(zero strain in the plane prependicular to the indentation direction). In fact,
the deformation for a monocrystal strained along crystalographic axis yields the
result that Eeff is equal to the C11 modulus of fcc copper crystal.

4. Results and discussion

The vertical motion of the indenter is divided into several steps and on each
step a MS calculation is performed to minimise internal energy until the change
between consecutive iterations is less than Etol < 10−8, and the ℓ2-norm of
the global force vector is less than Ftol < 10−8. MD and MS relaxed samples
were tested by a spherical indentation and by the comparative method of planar
indentation. Simulations carried out in this work, performed sequentially on
AMD AthlonTM 600e, 2.2 GHz processor require: (i) The prerelaxation step using
MD consumed approximately ∼12 hours of user’s time; (ii) The prerelaxation
step in MS consumed approximately 2 hours of user’s time (a factor of ∼6 less).
Moreover, the MS simulation, using instantaneous relaxation and 80 steps of the
nanoindentation process (40/40 for loading/unloading), consumed ∼12 hours of
user’s time: that is around the same time required for a single MD step.

The influence of the preparation of a computable sample on the obtained
result is examined, i.e. indentation curves: force-depth (left panel of Fig. 5) and
stress-strain (right panel of Fig. 5); and the material parameters, hardness and
elastic modulus (see also Fig. 6). An analysis of the force-depth curves for prere-
laxed and instantaneously relaxed samples show no significant difference between
the two mentioned methods. The results and behaviour of monocrystalline cop-
per are very similar to the results from [14, 15]. It is however difficult to find
a general correlation between the two methods of sample relaxation on the basis
of the indentation stress-strain curve. At the initial stage of nanoindentation
where the depth d . 1.0 Å, the curves differ somewhat more than in the final
stages of loading.

The indentation moduli calculated on the basis of elastic loading part
(Eq. 3.2) differs significantly from these calculated from elastic unloading part
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Fig. 6. Calculated effective modulus for planar (loading and unloading curve) and spherical
indenter (Hertz solution–1 % of indentation strain and unloading curve) for relaxed and instan-
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d) 3.2 nm grain copper.
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Fig. 7. A collective summary of the main results of the nanoindentation process considered in
this work: a) the force-indentation curves for all mono and polycrystal copper samples; b) sum-
mary of the difference of the indentation force between simulations, done with prerelaxation

and instantaneous relaxation (polycrystalline samples only).

(Eq. 3.7) and show a high level of irregularity. The stiffness modulus Eeff av-
eraged over the first four indentation steps (2.0 Å corresponds to ∼ 2% of the
sample thickness and indentation strain a/R ∼ 0.1); these values are comparable
to those in [19]. Up to this level, an increase of calculated stiffness modulus is
found, which can be treated as an indication of elasticity. After this the material
should be considered as being within the elastic-plastic regime.

The results of Fig. 7a qualitatively agree with the indentation study on
mono- and polycrystalline copper in [2], and in particular that the indenta-
tion forces for monocrystalline material are higher than those found for poly-
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crystalline material. This trend was determined here for the range of grain
sizes ∈ {3.2, 4.4, 6.9} nm, in which the force-displacement curve for smaller grain
size always lies below that of the same displacement curve for larger grain size
(see Fig. 7a). It is known that indentation in the elastic range is strongly af-
fected by surface roughness and initiation of contact, so determination of the
indentation modulus in a such way is not always very reliable. A more reliable
method is to determine the effective moduli from the elastic unloading curve
[7, 21] and hence, very similar results in the range of 150 . Eeff . 164GPa were
found. This translates to around 10% dispersion for any given sample. The cal-
culated effective modulus Eeff agrees with experimental observations [25]. The
indentation modulus calculated on the basis of planar indentation test tends to
rise during loading and fall during unloading. Coincidentally, the indentation
modulus Eeff measured for maximal compression of the sample (∼ 4% of the in-
dentation strain) corresponds to the indentation modulus found using a spherical
indentation determined from the unloading part of the test (Fig. 6).

The maximum value of the Meyer hardness was found to be 15.9GPa (Sec-
tion 3) for monocrystal copper (Fig. 4) which agrees well with a result from [24,
35, 36]; whereas additionally, the classical hardness was found to be 11.31 GPa.
For polycrystalline copper it is difficult to find a clear relationship between
the prerelaxation type and hardness for both the Meyer and classical hardness
(Fig. 5). In general it can be stated that: with decreasing grain size, a decrease
in the Meyer and classical hardness is observed. This is a demonstration of the
inverse Hall–Petch relation [4, 31], i.e. that from some critical level of grain size
(∼ 10 nm) the yield strength decreases with reduction of the grain size.

5. Summary

The force-indentation curve that describes the loading and unloading cycle
of the nanoindentation process is summarised in Fig. 7a. The fact is that the
forms of the results are qualitatively the same, irrespective of the prerelaxation
method used is satisfying (cf. Fig. 5). It is also noticeable that a smaller grain
size does not result in a stiffer material. An open question arises here: “Whether
(and if so – where?) a critical grain size to hardness relation exists for copper?”
Fig. 7b gives the modulus of the difference between the force-indentation curves
computed for nanoindentation starting from the material relaxed with MD and
the material instantaneously relaxed with MS. It is worth emphasising here that
the variations in the curves do not give any error indicator, but rather directly
illustrate a sensitivity of simulation on the starting point of a nanoindentation
process. This indicates that a statistical approach to gathering of information
from nanoindentation simulations may be preferable to “one-shot” investigations
(as suggested in Section 1). Statistical gathering of information on the nanoin-
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dentation process is made computationally amenable by fast relaxation methods,
such as the instantaneous relaxation used in this work. It is satisfying therefore
that from the results presented here, it seems that the usual time-consuming
MD approach to molecular relaxation is justified but not necessary for success-
ful qualitative modelling of the nanoindentation process by empirical potentials.

In summary, it has been shown that:
1. The numerical behaviour of the nanoindentation process following instan-

taneous relaxation is stable and produces sensible results without resorting
to more time-consuming techniques (i.e. prerelaxation by MD).

2. There is no discernible influence of the chosen method of preparation of
a computable sample due to prerelaxation of structure on the calculated
parameters: hardness, elastic modulus, force-depth and indentation stress-
strain curves; and c.f. Fig. 5.

3. Monocrystal and polycrystal samples, regardless of grain size, have a simi-
lar value of indentation modulus lying in the range 150 ≤ Eeff ≤ 164 GPa;
cf. Fig. 6.

4. The inverse Hall–Petch relation, i.e. the Meyer and classical hardness de-
creases with reduction of the grain size and is significantly lower than the
hardness of a monocrystal.

5. The indentation modulus should be determined from the unloading curve,
not the loading one such that the appointed modulus shows good agree-
ment with that of planar indentation.
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