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Abstract

The main idea of the paper is to apply the second order perturbation and stochastic second central moment tech-
nique to solve the homogenization problem. In order to determine the effective elasticity tensor, the prevailing com-
putational methodology discussed in the literature so far was the Monte-Carlo simulation providing appropriate
expected values and higher order probabilistic moments of the effective tensor components. The technique applied in
this paper aims at significantly reducing the computational cost of the simulation without sacrificing the solution ac-
curacy. The numerical example substantiates this claim in the case of a periodic fiber-reinforced plane strain composite
with random fiber and matrix Young’s moduli. © 2000 Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

It is widely known that the role of composite materials in modern engineering has been increasing in the last decades
at an enormously fast pace. The most important problem while designing structures made of such materials, fiber-
reinforced composites in particular, is the description of overall material properties on the basis of material parameters
of the constituents. Such approach enable one to simplify significantly the discretization process of a composite
[13,15,33,35] and, at the same time, to speed up computations even for deterministic models. To this purpose the ef-
fective parameters definition is introduced (i.e., effective elasticity tensor) which is derived for the given geometry of the
constituents directly or by the use of the upper and lower bounds for the volume fractions of the constituents
[11,20,24,32]. The first of these methods needs an appropriate variational formulation together with the finite element
method (FEM) implementation and application of the special probabilistic tools analyzing the random fields of dis-
placements and stresses resulted. In the case of upper and lower bounds with significantly shortened computational
algorithms (no need to use the FEM-based numerical procedures), the whole space of the effective parameters is
generated. From the engineering point of view, it seems to be very interesting to compare both of these methods
considering the effectiveness in the context of effective properties computed and the time costs. The most complete and
actual reviews of homogenization methods elaborated are done in Refs. [3,9,13,24].
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In general, the stochastic concepts which appeared in the homogenization theory can be divided into two groups.
The first one assumes that the randomness occurs in the macro-geometry (unperiodic fibers array) [10] or microge-
ometry (periodic array with stochastic interfaces) [25-27] of the composite structure considered. The existing numerical
algorithms are based generally on the geometrical tesselations approaches which are known as the Delaunay networks
approach [31], the Voronoi cell finite element method (VCFEM) [17] or using the Monte-Carlo simulation (MCS)
technique presented in Refs. [23,25,34]. The main reason for this approach is that composite geometry is obtained using
digital image analysis of its structure [38]. On the other hand, we consider composite materials assuming determinis-
tically defined internal (both macro- and micro-) geometry, but having randomized elastic (or generally material)
characteristics. Mechanical problems for the second group of composites are solved by the use of one of the following
computational methodologies: the Stochastic Finite Element Methods (SFEM) [28], stochastic spectral techniques [16]
or the MCS approach [12,21,24]. Furthermore, there are numerous purely mathematical concepts dealing with these
problems; however, they do not enable to provide the corresponding numerical implementations nor probabilistic
sensitivity studies [1,2,6,14,29,30].

The main idea of this article is to introduce the stochastic second order and second moment perturbation analysis for
homogenization of the two-phase periodic composite structure. The starting point for the stochastically perturbed
solution is the effective modules method derived deterministically in Ref. [36] and probabilistically with MCS com-
putational realization. It should be underlined that the probabilistic approach is very important considering the fact
that all elastic constants of composite constituents are statistically estimated by the respective mean values and standard
deviations. However, observing the time costs of MCS simulations, it was necessary to implement decisively faster
methods taking into account detailed, future stochastic sensitivity studies with elastic or thermoelastic properties as
design variables of the problem.

Considering this fact and expected complexity of homogenization equations, the stochastic second order and second
moment analysis has been proposed to get the mathematical description and computer code to analyze the first two
probabilistic moments of the effective elasticity tensor components. The values of these moments are compared with
those obtained by using MCS technique that enable to verify the SFEA solution accuracy. Using the SFEM approach it
should be remembered that the approach has its limitations consisting in upper bounds on the coefficient of variation of
input random variables which, due to numerous computational studies [28], should be generally smaller than 0.15.
However, neglecting stochasticity of the interface geometry, input random parameters (especially elastic) are approx-
imately in the range of 0.1 [26] of this coefficient and can be properly analyzed by the use of the stochastic finite ele-
ments. Finally, it should be mentioned that this study can be further extended on homogenization of stochastic
dynamics of composites related to reliability studies being for now one of the most developed research fields [18].

2. Mathematical model of the problem
2.1. Periodic fiber-reinforced two-phase composite

The main object of the considerations is the random periodic fiber-reinforced composite structure in the plane strain.
Let us denote the representative volume element (RVE) of Y as Q; ¥ C R? denotes here the section of this composite
with x; = 0 plane and is constant along the x; axis being parallel to the fibers direction (see Fig. 1).

Let us assume that the region Q contains two perfectly bonded, coherent and disjoint subsets Q; (fiber) and Q,
(matrix) and let the scale between corresponding geometrical diameters of  and Y be described by the small parameter
& > 0. The parameter ¢ is indexing further all the tensors written for the geometrical scale of Q and let 0Q denote the
external boundary of the Q while 02, the interface boundary between 2, and Q, regions.
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Fig. 1. Periodic fiber-reinforced composite.
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Further, it is assumed that the composite is periodic in a random sense if for an additional o belonging to a suitable
probability space there exists such a homothety that transforms € onto the whole composite Y. Next, let us introduce
two different coordinate systems y = (y1,)»,3) at the microscale of the composite and x = (x},x,,x3) at the macroscale
and let us consider any periodic state function F defined on the region Y; this function can be expressed as

X

Fi(x) = F() = F(y). (1)
This expression makes it possible to describe the macrofunctions (connected with the macroscale of a composite) in
terms of microfunctions and vice versa. The elasticity coefficients can be defined, for instance, as

Cf,-u(x) = Cyju(y). (2)

To characterize elastic properties of the composite constituents let us assume that Q; and Q, contain linear elastic and
transversely isotropic materials, where the Young’s moduli are Gaussian random variables bounded to the nonnegative
values only. Practically, probabilistic distributions considered are to have such probabilistic moments that probability
of negative value occurrence (for Young’s moduli) is infinitesimal (the so called cut-off Gaussian distribution). The
expected values and the variances of these variables are given as follows:

0 < e(x;m) < o0, (3)
Fetxio] = { & XS o @
cov(ei(x;m); e;(x; ) = {Va(r)el Va(:ez}’ (5)

where correlations equal to 0 are assumed due to the lack of any appropriate experimental data. The Poisson’s ratios are
assumed to be given deterministically so that

-1 <v(x) <4, (6)

o= {0 o g
The elasticity tensor components for both matrix and fiber fulfill the following conditions:

Cyu € L*(R°),  for i, j,k,1=1,2,3, (8)

Cimr = Cuaij = Cjit, 9)

3Co > 0; Ciuliiu = Coliyéyy Vi &y =& (10)

Moreover, for any of the composite constituents this tensor is defined as

Cimle(X; w);X) = e(X; w){&,-jék, 0T V(X)")((’;)_ 20 + (34 + 8udy) m } (11)

By observing that the elasticity tensor coefficients depend linearly on the Young’s modulus, the first two probabilistic
moments of the tensor can be derived explicitly as

E[Cyju(e(x; 0); X)] = Ay (X) - Ele(x; 0)], (12)
and

oV (Cpr (€, (X; )5 X); Crpg (€5(X; @) X)) = Ajjir (X) A (X) OV, (X; 0); €5(X; @)

(no sum on l7j7k7 l7m7n7p7q)7
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where

V(X -
A (X) = 8,04 (x) + (001 + 0i1dj)

(T4+v(x)(1 =2v(x)) (14)

1
2(1 4+ v(x))

Finally, the effective moduli tensor Cffkflf) is introduced as such a tensor replacing Cj, with C,.(f,f,f) in the following
equilibrium equations:

Ch ea(W) +£fi=0; x€Q, (15)
g;(uf) = %(uij + u;l), X € Q, (16)
Chu =V (%) Ci, (17)

where u’ is obtained as a solution being a weak limit of u® with ¢ — 0. The characteristic function in Eq. (17) is defined
as

a 1’ Xe Q(Z?
l//< )(x) - {0 elsewhere ¢~ 12, (13)

while the boundary conditions

uw=0, xeoQ. (19)

Detailed mathematical considerations and especially the proof of existence and uniqueness of this system solution has
been provided in Refs. [22,24,36].

2.2. Variational formulation of the homogenization procedure

The homogenization problem is to find the limit of solution u® with € tending to 0. To this purpose, let us consider a
bilinear form a*(u,v) defined as follows:

X X
a*(u,v) = / cifkl(f) £(w) e (v) dQ, (20)
0 &
and a following linear form
o 09,

The variational statement equivalent to the equilibrium problem (15-19) is to find v’ fulfilling the following equation:
@ (u',v) = L(v) (22)

for any kinematic admissible displacement v. To this purpose, let us define a space of periodic functions P(Q) so that the
trace of v is equal on the opposite sides of Q. Let us denote for any u,v € P(Q)

awy) = [ Culyaule(v) de. (3)
o
and introduce a homogenization function y;, € P(€2) as a solution for the local problem on a periodicity cell:
ay((%(i/)k +yj6ki>“k7w> =0 (24)

for any w € P(Q), here J;; denotes the Kronecker delta while n; is the unit coordinate vector. Now, we are looking for
the solution u® that converges weakly

u —u (25)
i the tensor Cjy(y) is Q-periodic and its components fulfill conditions (8-10). Solution u is the unique one for the

boundary value problem
ucV:D(u,v)=L(v) (26)
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Table 1
The components of homogenization boundary forces F)
A A(12) %L(22)
Fipgn Cﬁ)n - Cgll)n C]le sz Cﬁ)zz - Clq)zz
Fipgp Cg)u — Célz)ll CS)IZ — C;?H Cg)zz - Cg)zz

for any admissible displacement v and

D(u,v) = /YDWSM(U)SU(V) dy, (27)
where

D = ﬁ a,v((1<,-,-)p +yl-5,,,->n,,7 (X(u)q +J//5qk>“q>- (28)
As a result, a homogeneous orthotropic elastic material is obtained as the tensor

et =g | (€ + Comn (1)) a2 29)

Homogenization functions y,,; for i, p, ¢=1, 2 are computed as some specific elastostatic plane strain problems
displacement solutions. For this purpose, the RVE is considered under the displacement symmetry conditions imposed
on its external boundaries (zeroing of the displacements perpendicular to 0Q and rotational degrees of freedom). The
stress boundary conditions are applied along the interface (if only fiber and matrix are perfectly bonded) in the fol-
lowing form (cf. Eq. (A.4), Appendix A):

“if(l(pq>)"f = [Cig]n; = Fiopi; X € 02, (30)

where n; is the component of the unit vector normal to the fiber-matrix boundary and directed to the fiber interior,
while [f] denotes the difference of the function f values

[f] =12 —r". (1)

The stress boundary conditions corresponding to different homogenization problems are specified in Table 1.

It should be underlined that taking into account the interface phenomena in engineering composites, the fiber and
matrix boundaries may be partially different contours (the lack of contact between the components) which may be the
result of composite processing thermal stresses.

Finally, neglecting the body forces vector and taking into account all equations posed above, the variational
statement for the homogenization problem can be formulated as follows:

/ 8Ui.jcijklx(pq)k71 dQ - —/ BUiF(pq)i d(@Q) (32)
Jo 0Qp

2.3. Stochastic second order perturbation of the homogenization equations

The homogenization model presented is combined now with the stochastic second order perturbation second central
probabilistic moment method. Let us denote the random variable vector of the problem as {b'(x; w)}, and the prob-
ability density functions of random variable by g(b*(x; ®)) and the joint probability functions of random variables pair
b'(x;w) and b*(x; w) by g(b"(x;w), b*(x; w)), respectively. Indices r, s running over 1 to R, where R denotes the total
number of input random vector components. Thus, the expected value of the vector {b"(x;w)} can be expressed as
[28,39]

E[pt] = / " o) dbr (33)

00

while the covariance in the form

cov(b', b) / - / — E[p))(b° — E[b))g(b", b°) db* db’. (34)
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The coefficient of variation of the input random vector components is defined as

var(b(x; w))

a(b(x;w)) = E2[b(x;w)]

(35)

The variational principle (32) can be extended to the stochastic one by the use of the second order second moment
perturbation method based on the Taylor series expansion. According to the method described in Ref. [29] all functions
in the last equation are expressed in the form similar to the following extension of function G:

G(x) = G°(x) + 0G"(x) Ab" +10°G™(x) Ab" Ab*, (36)

where 0 is given small perturbation, A" denotes the first order variation of b" about its expected value. Moreover,
symbols (.), (.)" and (.)"™ represent the expected value, the first and the second partial derivatives with respect to the
random variables evaluated at the expected values of input random parameters. To rewrite the stochastic formulation
of the variational formulation (32), the interface forces following the stress interface conditions should be stochastically
perturbed first. It is known from the classical theory of homogenization [9,24,36] that in the case of ideal bonding
between fiber and matrix, the interface load components are obtained, as it was mentioned above, in the form of the
following difference:

Flpgi = F) F<1> (37)

(pg)i
Taking into account the Taylor series expansion given by Eq. (36) it is obtained that
0 T r IS r s
g = (Fpa) + 0(Flpgy) " AD" + 30 (Fiys) ™ A" AD. (38)

Rewriting the forces F(% ; for t = 0,1,2, comparing the respective terms of the zeroth, first and second order and, at last,
dividing the last two equations by 0Ab" and %02 Ab" Ab°, respectively, we obtain

(F(Pq)i)o = (F(Ezzq))i>0 - (F(;?)i)07 (39)
(F(Pq)i)‘r = <F(§)2q>)i>x - <F$;1q))i>J7 (40)
(Fm)™ = (Fi) " = (Fo) ™ (41)

Thus, the stochastic version of the minimum potential energy principle for the homogenization problem has the fol-
lowing form:
e one zeroth order equation:

5v,-1,-C?jk1 (X(pq)k,])o dQ = _/ 6Ui (F(pq)l)o d(@Q), (42)

a=12 7% Q>

e R first order equations:

/ 80;,C; ikl (Hpges) " dQ = /ag BUi(F(pq)f)’r d(0Q) —
12

e one second order equation:

. 0
301, Ciy (Z@@k./) dQ, (43)

a=12 a=12 Y%

( / Sv;,CY e Lpaw)” dQ) cov(b', b*) = < 30; (Fipgr) d(@Q)) -cov(b", b°)
a=12 0Qy;

< / ov;,,C;; ijki /{(quz) dQ
a=12

/ 6vi, Cijy (/(pq/\l) dQ) cov(b', b%). (44)
a=12
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Considering the nature of the problem (Young’s moduli of the fiber and matrix are the components of the input
random variable vector) there holds

G(C,-j,d(e,,(x; CL)) ))
Oe,

‘p(u Uk/( ), a=1,2, (45)

where A, 1 18 the tensor given by Eq. (14) and calculated for the elastic characteristics of respective material indexed by
@ while /') is the characteristic function given by Eq. (18). Thus, the first order derivatives of the elasticity tensor with
respect to the input random variable vector are obtained as

O(Ciju(ea(x; w); X)) _ O(Cijur(ea(x; )5 X)) 3(Cira(ea(x; ®); X)) (46)
e, Oe; ’ Oe, '
Hence, the second order derivatives have the form
& (Cou((x0)ix)) _ ) OA0(%)
o =y Se = 0, fora=1,2, (47)

while mixed second order derivatives can be written as

1) 2
Az(/kl( ) ?) aAgjk)l(x)
ﬁez 661

*(Cyua((x; w); X))
6e1 662

=y =0. (48)
Therefore, all components of the second order derivatives of the stiffness matrices Kfj}") of the problem are equal to 0.
Moreover, since the assumption on uncorrelation of input random variables there holds

vare, 0 } (49)

cov(er;ey) = [ 0 vare,

and thus, the first and the second partial derivatives of the vectors Fé,”;),. with respect to the random variables vector are
calculated as

oOF o
a@q)’ = a'f”q n = A n, Xx€0Q, a=1.2, (50)
e, e,

and

aZF(a) ) azcgg) aA(a
aeuzvqﬁ: aegpqnjf a;’:’q n;=0,xe€dQ, a=1.2. (51)

Considering all these simplifications, the set of Eqs. (42)—(44) can be written in the following form:
e one zeroth order equation:

0
/ 5”1/ ijkl (V(qul) dQ = _/ Svf(F(pq)i) d(0Q), (52)
a=1,2 0Qp,
e R first order equations:
/ 5”11 ijki (7(qu1) dQ = — 6”1‘[ pqij "/ / 8Ui,jA§;k)1 (X(pq)k,l)o dQ (53)
a=12 7/ 0Qp a=12 74
e one second order equation:
/ 5”1/ ikl (7(qu1 Jdo= - [2 5“1/ z/kl (7(qu1) dQ - cov(d", b), (54)
a=12 a=12 a
where

(X(pq)k.l)(Z) = —3(tps) ™ - cOV(B, b°). (55)
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It should be noted that Egs. (52)—(55) give the set of fundamental variational equations of the homogenization
problem in the second order stochastic perturbation language. Next, these equations will be discretized by the use of
classical finite element technique and, as a result, the zeroth, first and second order algebraic equations will be obtained.
3. Computational implementation

3.1. Stochastic finite element discretization of the homogenization procedure

Let us introduce the following discretization of the displacement function and its derivatives with respect to the
random variables using the shape functions ¢,,(x):

0
(X(pl‘)i(x)) = q)ia(x) . (q(/7v)%)07 X € Q? p,v= 1727 (56)
(to0®) " = 0a0 - (gma)", x €2 po=1.2, (57)
(X(pv)i(x)) = q)ia(x) ! (q(plr‘)a))m? X € Qv p,v= 1723 (58)

where i =1,2; r,s=1,...,R; o =1,...,N (N is the total number of degrees of freedom in the region Q). By the
analogous way, the approximation of the strain tensor components is introduced as

‘gg‘ (X(pv) (X)) = Bjs(x) - (q(pv)o()07 X € Q, (59)
zl; (X(pr:)(x)> = Bij:t(X) : (q(pv)az)'r7 X € Q, (60)
o (1 (0)) = BialX) - (a) ™, x €2, -

where B,j,(x) is the typical FEM strain—displacement matrix [4]
By (x) = %[(pia‘j(x) + (Pja,i(x)]> X € Q. (62)

Introducing the equations stated above to the zeroth, first and second order statements of the homogenization problem
represented by Egs. (52)—(55), we arrive at the stochastic formulation of the problem which can be posed in the form of
the following algebraic linear equations:

K'(q,)" = (Qpm)", (63)

K’ (q)" = (Qu)" — K" (qp,))", (64)

K°(q,,)"? = —K"(qq)°, (65)
where

(a7) = 4(a™) " cov(', 1) (6)

and K, q(,), Q) denote the global stiffness matrix, discretized homogenization functions and external load vectors,
respectively. Considering the plane strain formulation of the problem, the global stiffness matrix and its partial de-
rivatives with respect to the random variable of the problem can be rewritten as follows:

1 r 0
E E 1-v
K — E C’ B..B,,dQ = E e(l—v)/ 1 0 B.. B, dQ
of - /K;e ijkiPijoPklp a (1 V)(l 2V) o L ija Pkl ’ (67)

e=1 symm.

2(1-v)
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1 v 0
1—v
r (I—v)
Ka/} = Z/ l//(/Bl/och/ﬁ dQ = Z 1 + V 1 — 2V) /e 1 lf)zv Bijachl[i dQ, (68)
N symm. =
E
Ky = ZI:/Q CruBijaBrp dQ = 0. ()

Computing from the above equations successively the zeroth order displacement vector (q(m,))o from Eq. (63), the first
order displacement vector (q,,)" from Eq. (64) and the second order displacement vector (q,,) ? from the last two
Egs. (65)—(66), the expected values of the homogenization function can be derived as

E[q(pl)] = (q(pzv))o + %(q(pz))rs COV(br, bs)7 (70)
and their covariance matrix in the form:

COV(q(pv)wq(pt')ﬁ) = (Q@l-u)'r(q(pv)/;)‘s cov(d',b%), (71)

where «, f are running over all the degrees of freedom of the system. Moreover, the expected values of the stress tensor
can be computed as

0 0 (/) o "
E[Gi({) (q(pv)):| = Cz/%)Blga)z (q(@) + %[zcijlgl ((ﬁ,%) + Cz/kl) <q(£l))> :|Blg) cov (b, ), (72)
while its covariances from the following equation:
r . ~\ 0 . N 0
f 0(d) ~OU) (@) \" [ (F 1(d) A0 3\’
r ~\ 0
f (d) '\’ f s
+ Ctjmncksl(gh>( (pz))) (q((pl))) :|B th COV(br7b )7 (73>
for i, j,k,1,g,h,p,v=1,2and 1 < d, f < E indexing the numbers of the finite elements in the discretized system.
3.2. Stochasticity of effective elasticity tensor
The objective of a homogenization procedure is to determine the effective elasticity tensor components — Eq. (29) is
used to this purpose in deterministic problems. In accordance with the methodology adopted in this paper, the first two

probabilistic moments (expected values and covariances) of the elasticity tensor components are to be found in the
corresponding stochastic problem. There holds

E ,ﬁpf; 7‘9‘/ 1/[%1 {Cijklgkl()f(pq))}>d9. (74)

The second term in the above integral can be extended as follows [28]:

+oo +0o
E[ijkl'gkl(l(pq))] = / (Cokl + Abrcl;kl 1Abr Ab°C z/k/> 2 (b(x)) db/ ((Z(pq)k,l)o + Abu(x([)q)k,l),u
+ A" BB (141)" ) Pr(b(x)) . (75)
By observing that
+o0
/ pr(b(x)) db =1, (76)
/ Ab,pr(b(x)) db = 0, (77)

/ " Ab, Abupe(b(x)) db = cov(b", 5) (78)
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there holds

+o0

+o0
E[Cononin)] = [ Chulte) peb)db [ 8B Ch AV (1) " a(b(x)

—00

1 400 w
b3 [ A A ) (b))

0
= C?/’kl <X(pq)k‘l) + {Cl:;kl(x(pq)k,l)‘s +%C?fkl(x(pq)/nl). S} ~cov(b',b%). (79)

Averaging both sides of this equation over the region Q and including it in statement (74) together with spatially
averaged expected values of elasticity tensor, the expected values of the homogenized elasticity tensor are obtained.
Next, the covariances of the effective elasticity tensor components can be derived similarly as

mnpq

(ef!
cov (Czjek;)7 C (cff) ) = COV(Ci/’kly Cmnpq) + COV(Cijkla Cmnul)l(pq)um) + COV(C{/,S}((H)V‘N Cmnpq)
+ COV(CijVSX(k/)I‘,s7 Cmﬂub“%(pq)u,v)' (80)

Taking into account all mathematical transformations provided in Appendix B, the final form of this covariance is
obtained as

(eff (eff) A X 5 0
cov (C[jkl)7 Cnfnpq) = {Cijr'klcrznpq + Ctjtw( kl)tw) Cr;npq + Cym( kl tw) Cgmpq + Cijklcmizuv()C@q)ll,v)
0 B
CJ}kICmmu (7(,0{] u v) + Ct/m Cmmu (7(k/)t w) (X(pq)u 1,) + Clle Cmnm,()c(k/)t‘w) (X(pq)u,v) )
+ Cgtwcmnm (y(kl)tw): (X(pq)u v ) + Cl//wcgmul ( k/ tw) (y(pq Yu,v ) }COV(br, bs) (81)

and it should be underlined that the above equations give complete description of the effective elasticity tensor com-
ponents in the stochastic second moment and second order perturbation approach. Finally, let us note that many
simplifications resulted here thanks to the assumption that the input random variables of the homogenization problem
are the Young’s moduli in the fiber and matrix only. If the Poisson’s ratios were treated as random, the second order
derivatives of the constitutive tensor would generally be different from zero and the stochastic finite element formu-
lation of homogenization procedure would be much more complicated.

4. Numerical illustration

The procedure has been implemented in the homogenization-oriented computer program MCCEFF [24-26] used
previously for computations of the effective elasticity tensor components probabilistic moments by the use of the MCS
technique [2,3,25]. For the periodicity cell and its discretization shown in Fig. 2, the elastic properties of the glass fiber
and resin matrix are adopted as follows: the Young’s moduli expected values E[e;] = 84 GPa, E[e,] = 4.0 GPa while the
deterministic Poisson’s ratios are taken as equal v; = 0.22 for fiber and v, = 0.34 for matrix.

Four different sets of the Young’s moduli coefficients of variation have been analyzed as it is specified in Table 2.
Different combinations of the values 0.10 and 0.05 have been tested to analyze the influence of the component data

Q,

Fig. 2. Periodicity cell tested.
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Table 2
The coefficient of variation of the input random variables
Test number aler) a(er)
1 0.10 0.10
2 0.10 0.05
3 0.05 0.10
4 0.05 0.05
Table 3
Expected values and coefficients of variation for the effective elasticity tensor components
Test no 3
E[c ()] (Cf@)  E[cih)] #(CiR () E[cih)] #(C())

SFEM MCS SFEM MCS SFEM MCS SFEM MCS SFEM MCS SFEM MCS

14.92 14.77 0.084 0.087 5.06 4.94 0.092 0.094 18.21 18.07 0.092 0.096
14.95 14.78 0.043 0.045 5.08 4.95 0.044 0.047 18.21 18.07 0.092 0.096
14.95 14.78 0.082 0.086 5.08 4.95 0.092 0.094 18.17 18.06 0.045 0.048
14.99 14.79 0.040 0.043 5.08 4.95 0.044 0.047 18.17 18.06 0.045 0.048

AW N —

randomness on the respective probabilistic moments of the homogenized elasticity tensor (simplified probabilistic
sensitivity studies).

The homogenization of the same composite has been previously considered in Ref. [27] (deterministic analysis) and
[23] (probabilistic analysis). The area of the fiber cross-section is about 50% of the total periodicity cell area. The results
in the form of expected values and coefficients of variation of the homogenized tensor components obtained from four
computational tests are shown in Table 3 and compared against the corresponding values obtained by using the MCS
technique. The direct simulation method has been used in Monte-Carlo experiments with Box—Miiller randomization
technique where the total number of random trials is taken as 10°; the numerical illustration of sufficient statistical
estimators convergence can be found in Ref. [25].

It is seen that all the SFEM-based expected values are slightly higher than those obtained by MCS while the co-
efficients of variation show an opposite property. This effect may be caused by the fact that the expected values of
homogenization function as well as the effective elasticity tensor include the second order terms of the respective
random fields in the SFEM approach, while the Monte-Carlo results do not include any higher order terms and at the
same time vary on the total number of assumed random trials only.

However, the main reason for numerical implementation of the SFEM equations modeling the homogenization
problem was the decisive decreasing of computation time in comparison to that needed by MCS technique. It should be
noticed that the time of Monte-Carlo sampling can be approximated here as a multiplication of the following times: (a)
single deterministic cell problem, (b) the total number of the homogenization required (three functions 1), %2y and
%(22) in plane strain carried out), (c) the total number of random trials performed. There are some time consuming
procedures in the MCS programs as random numbers generation [7], post-processing estimation procedure [5] and the
subroutines for averaging of needed parameters within the RVE. However, their times are negligible small in com-
parison with the routines described previously.

On the other hand, the time of stochastic finite element analysis can be approximated by multiplication of the
following procedures times: (a) the SFEA of the cell problem (with the same order of the cost considered as the de-
terministic analysis) and the total number of homogenization functions. Taking into account the remarks posed above,
the difference in computational time between MCS and SFEM approaches to the homogenization problem is of about
10"~ order assuming 10" as the total number of MCS random samples. Observing this and considering negligible
differences between the results of both of these methods, the stochastic second order and second moment computational
analysis of composite materials should be preferred in most of engineering problems. The only one disadvantage is the
complexity of problem equations which have to be implemented in the respective program as well as the bounds dealing
with randomness of input variables (the coefficients of variation should be generally smaller than about 0.15).

5. Conclusions

It has been demonstrated that the first and the second order probabilistic moments of the homogenized elasticity
tensor components resulting from the SFEM technique proposed in the paper may be quite useful in assessing the



822 M. Kaminski, M. Kleiber | Computers and Structures 78 (2000) 811-826

overall elastic properties of elastic composites. The results match quite well those obtained by using the Monte-Carlo
simulation.

The next developments of the approach presented will be to improve another thermal and elastic constants included
usually in the elasticity tensor components — the Poisson’s ratios and thermal expansion coefficients. It will complicate
some of the equations — there will appear the second order partial derivatives of the elasticity tensor; however, it will
enable the full thermoelastic homogenization of the two-phase composite in terms of the second order perturbation
second central probabilistic moment approach.

As it can be seen (cf. Refs. [19,20]), the stochastic computations of the effective elasticity tensor homogenized are
very important considering the technical applications of the composite materials. The probabilistic approach worked
out is important taking into account the fact that most of the elastic characteristics are measured experimentally where
the mean values and the standard deviations are estimated as resulting values. The approach proposed above, as well as
the Monte-Carlo simulation technique implemented previously [25], allow the engineers to include these parameters
into the FEM analysis and to obtain the second order variations of the effective elasticity tensor as the output.

Considering the possibilities of modeling of the stochastic interface defects phenomena appearing frequently in the
fiber-reinforced composite materials, it should be mentioned that the starting point to the relevant formulation is Eq.
(A.2) with the appropriate stress boundary conditions on the 0Qy; (in the form of the presence or the lack of friction, for
instance). On the other hand, the stochastic formulation of the structural defects problem introduced in Refs. [25-27]
can be successively linked with the stochastic finite element formulation of the homogenization problem approach
proposed above and may be used even for viscoplastic localization problem in composites [19].

Finally, it should be mentioned that the approach proposed should turn out to be useful in generating material data
for the efficient FEM analysis of various composites — because of its relatively low computational cost it should also find
applications in the optimization area (see Ref. [33] for instance) as well as probabilistic numerical modeling of com-
posite materials non-linear behavior [8], strength, fracture and fatigue [13,37].
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Appendix A

To derive the expressions for the effective elasticity tensor components let us rewrite the principle of virtual work for
the boundary problem defined on the periodicity cell Q as follows

/ Ciren () &j(v) dQ = / fivi dQ, (A.1)

where v is any kinematically admissible periodic displacement function and u is the periodic displacement field to be
determined. The left-hand side of the Eq. (A.1) can be divided in the terms for regions Q; and 2, as well as for the
boundaries 0Q2; and 09,, which in the general case need not be coherent, however both must be sufficiently smooth.
Hence, there holds

/Cijklf:k[(l(pq))gij(v) de + / Cijarenr (L (pg)) €5(¥) dQ*/
Q

[o} 00,

GE})njvi d(0Q) +/

0,

aﬁf)njv,- d(0Q) = /fl-vl- dQ,
' Q
(A.2)

where (f,(.}), o*,(jz) describe the stresses on the contours 02, and 0Q,. This formulation is adequate for the composite

structures where the components have discontinuous bonds along the respective interfaces. Considering the simplifi-
cation 0Q; = 02, = 0Qy, and neglecting body forces it is obtained that

/ Ci'klgkl(X(pq)) Sl-j(V) dQ + / C,:/-k/Sk[(X(pq)) Si/-(V) dQ = / (o’f.j!) _ Gl(f))n.fvf d(@Q) (A3)
Q ) 0Qyp

As it has been described in Section 2.2, the following stress boundary conditions are applied

a5 () )5 = [Cijng] 0ol = F(pq)i}ﬁglz; X € 0Q),, (A4)
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where n; is the component of the unit vector normal to the fiber—matrix interface contour and directed to the fiber

interior while y,, denotes the components of the homogenization function. Moreover, function [Ciju]|oq,,denotes the
difference of the elasticity tensor values for fiber and matrix. Thus, Eq. (A.3) becomes

/ Crrer (X (pg)) £(V) dQ + / Ciirer1 (X (pg) £5(V) dQ = — / [Cijpa] |65212 nv; d(0Q) (A.5)

Q [o Joo,

which makes it possible to compute the y(11), x(12) and y(») displacement fields. Next, it will be shown that

/Q [Citpa) |, 01 d(0Q) = L Ciipg £(v) dQ. (A.6)

02y

There holds

/QC,-qu &;(v) dQ:./!;( ,j,,qv) de — /Q( ,qu) v; dQ

_ / Cypynyt; 4(22) — / [Com] |05 d(22) — / (Ci) 11 2. (A7)
20 Q15 ? Q
Considering the periodicity of the elasticity tensor, it can be written that
/ Ciqu}’ljvi d(@Q) = 0., (Ag)
JoQ
/ (Cy) 42 =0, (A9)
Q

which gives as a result Eq. (A.6). Including this in the formulation (A.5) it is obtained that

/ st (y(pq)) e;(v) dQ = — / Cipy &/(V) 4Q, (A.10)
Q Q
hence,

Q

Thus, the effective elasticity tensor components are equal to

L ,/epf;) dQ = L (Ciqu + Cijrn (X(pq))> dQ (A.12)

which gives Eq. (29) as a result.

Appendix B

The components of the covariance matrix of the effective elasticity tensor components are calculated below. First,
the covariance of the first component in Eq. (80) is derived as

+00

COV(Cz/kIa mnpq) = / (Cijkl - E[Cijkl}) (Cmnpq - E[Cmnpq] )pR (b(X)) db

+00
= [ (C?jkl + Abrcl;kl - C?jkl) < mnpq + Ab Cr;npq Ctonnpq>pR (b(X)) db

r+00
ClijCnfnqu Ab,Abgpr(b(x)) db = Uk,Cmsnpq cov (b, b*). (B.1)
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Next, the covariances of the second component are calculated. There holds

+oo
COV(CithX(kl)t,wv Cmnuvl(pq)u,u) = / (ij/WX(kl)tw - E[CijlWX(kl)t.w])(Cmnm'X(pq)u,v - E[Ctrznqu(pq)w])pR (b(x)) db = (B.2)

which, by introducing the simplifying notation, becomes

+00
= / (C°2° + C" Ab, 1" + C'x" Ab, + C* Ab,x" Ab, +1C°p™ Ab, Ab, — {C°2° + (C"¢* +1C°%™) - cov(b",b°)})

0o

-pr(b(x)) db

+o0
x / (D¢’ + D Ab,¢’ + D’ Ab, + D* Ab,¢* Ab, + D9’ Ab, Ab; — {D"¢’ + (D“¢* + D)

00

~cov(b',)}) - pe(b(x)) db = (B3)
and, finally, it is obtained

+o00
= / (C°2° + C" Abg" + C'x" Ab, + C* Ab,g" Ab, +1C°x™ Ab, Ab,

00

€+ (g + 1CL™) - cov(b,B)}) - pr(b(x)) db

+00
X / (D°¢” + D“ Ab,¢" + D’p* Ab. + D Ab,¢*° Ab. + D9 Ab. Ab,

— (D%’ + (D“p* +1D°p™) - cov(t,5)}) - pr(b(x)) db

+0oo +oo
= / C" Ab,x"D* Ab, ¢ pr(b(x)) db + / C" Ab,2°D%p° Ab.pr(b(x))db

“+oo +00
+ / C'x" Ab,D* Ab,@°pr(b(x)) db + / C’y" Ab,D ¢ Abpr(b(x)) db. (B.4)

By integrating over the probability domain, it can be written that

+o0 +o0
/ C" Ab,7"D“ Ab,¢°pr(b(x)) db + / C" Ab,y°D ¢ Abpr(b(x)) db

+00 +oo
+ / C'z" Ab,D“ Ab,¢°pr(b(x))db + / C'x" Ab,D ¢ Abpr(b(x)) db

={C'D* 9" + C'f"D’¢* + C'x'D*¢° + C°y"'D’p*} - cov(b", b°) (B.5)
or, in a more explicit way, as

S

€0V (Cim L anons Comne) = { CimeComan L) L)+ Cline o L) L)
o i L) L)+ Con Comn L) L)} - oV, 57). (B.6)
Finally, the third component of Eq. (80) is calculated as follows:
coV(Cijkt; Comuo A (pgyuw) = €0V(C; Dy)
_ /M(c0 4 CF A, — € - pr(b(x)) db / (D20 4+ D* Abz® + D7 Ab,

oo

+ D Ab,y¢ Ab. + 1Dy Ab. Aby — {D’%" + (D“y° + 1Dy ) - cov(b*, 6°)})
-pr(b(x)) db

+00 +oo
= / C" Ab,D* Ab,x"pr(b(x)) db + / C" Ab, Dy Ab.pr(b(x)) db

={C'D*" + C'Dg*} - cov(b', b). (B.7)
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Introducing the symbolic summation notation for the tensor function considered above, it can be written that
coV(Cit; Comus X pgye) = €0V(C; Dy) = {C'D*y* + C'D %"} - cov (', b°)
= { i Conn L) + CluCon i) } - cOV, ). (B.S)
By the analogous way it can be derived that
cOV(Cims X ktyeaws Compg) = coV(Cy; D) = {Cy’D* + C'y" D> feov(b', b°)
= { Gt Coo + i) oy | - OV ). (B.9)

Next, covariances of the effective elasticity tensor components are to be found. Starting from the classical definition it is
shown that

(eff
COV(CI;‘I)7 C (eff) ) = COV(Cijkl + Cijnv%(kl)t‘w Cmnpq + Cmmw%(pq)u,g)

mnpq

»+00
= / (Cijkl + Cijle(kl)r,w ) [Cijkl] —E [ij/wX(kl)t,w])

o)

X (Cnmpq + Cmnuv%(pq)u,v - E[Cinnpq} - E[Cmnva(pq)mUD pR(b(X)) db (B]O)

Transforming the respective integrands and using Fubini’s theorem applied to the integrals of random functions, we
further obtain that

[ (€= ECu]) (Co — E[Co]) - pr(b(x0)

oo

—+o00
x / (Cott — E[Cotr]) Comuipne — EComZippea]) - Pr(b(x)) db

00

+o00
X / (CithX(kl)f,w - E[Cl'jtw;{(kl)t.w}) (Cmnpq —E [Cmnpq]) PR (b(X)) db

00

+oo
X / (CithX(kl)r,w - E[Cijtw;{(kl)z.wD(Cmnqu(pq)u,zr - E[CmWUX(pq)u,vD PR (b(x)) db7 (B'l 1)

which, using the classical definition of the covariance, is equal to
COV(Cijkh Cmnpq) + COV(Cijkh Cmnuv%(pq)u,p) + COV(Cijm’X(kl)t‘wy Cmnpq) + COV(Cijth(kl)l‘wy Cmﬂlll?X(pq)u_,))' (B 12)

Introducing the statements (B.1), (B.6) and (B.8) into the last one, it can be finally written that

(eff’ 0 0
COV(Ct/CkI)7 Cmerg;)q) - {Ct/klcrrsmpq + Ctjm( k[)t w) C + Cljlw( kl tw) Cmnpq + Cr/lemnuv(/C(pq)u.v)
Cl/klcionnm ( ) + Cl/t’WCnmuL (y(k[)t w) (l(pq)u v ) + Cr/thmnuL ()C(kl)t‘w)o(X(pq)u,v)’S
+ Cgmcwrmm(y (k)t, n) (K(pq)u L) + Cz/twcmnm( kl tw) (7(1)(1 u, L) }Cov(br,bs) (B13)

which completes the considerations.
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