Saturation of Estimates for the Maximum
Enstrophy Growth in a Hydrodynamic System as
an Optimal Control Problem

Diego Ayala  Bartosz Protas

Department of Mathematics & Statistics
McMaster University, Hamilton, Ontario, Canada
URL: http://www.math.mcmaster.ca/bprotas

Thanks to Ch. Doering (University of Michigan)
& D. Pelinovsky (McMaster)

Funded by Early Researcher Award (ERA)

November 2, 2011

D. Ayala & B. Protas Maximum Enstrophy Growth in Burgers Equation



Agenda

Background
Regularity Problem for Navier—Stokes Equation
Enstrophy Estimates

Saturation of Estimates as Optimization Problem
Instantaneous Estimates
Finite-Time Estimates
Burgers Problem

Results
Optimal Solutions for Wavenumber m =1
Envelopes & Power Laws
Solutions for Other Initial Guesses m =2,3, ...

D. Ayala & B. Protas Maximum Enstrophy Growth in Burgers Equation



Background

Regularity Problem for Navier—Stokes Equation
Enstrophy Estimates

» Navier-Stokes equation (Q = [0, L]9, d = 2,3)

%Jr(v-V)erVp*VAVZO, in Q x (0, T]
Vov=o in Q x (0, T]
Initial Condition onT x (0, T]

Boundary Condition (periodic) in Qatt=0
» 2D Case

» Existence Theory Complete — smooth and unique solutions
exist for arbitrary times and arbitrarily large data

» 3D Case

» Weak solutions (possibly nonsmooth) exist for arbitrary times

» Classical (smooth) solutions (possibly nonsmooth) exist for
finite times only
Possibility of “blow—up” (finite—time singularity formation)

» One of the Clay Institute “Millennium Problems” ($ 1M!)
http://wuw.claymath.org/millennium/Navier-Stokes_Equations
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Background Regularity Problem for Navier—Stokes Equation

Enstrophy Estimates

What is known? — Available Estimates

» A Key Quantity — Enstrophy
e@)2 [ |VxvPae (= [9v})
Q

» Smoothness of Solutions <= Bounded Enstrophy
(Foias & Temam, 1989)

max E(t) <oo 177
tel0,T]

» Can estimate dgd(tt) using the momentum equation, Sobolev's

embeddings, Young and Cauchy-Schwartz inequalities, ...
» REMARK: incompressibility not used in these estimates ....
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Background Regularity Problem for Navier—Stokes Equation

Enstrophy Estimates

» 2D Case: dE(1) 2
t 2

<
dt — v £(t)

» Gronwall's lemma and energy equation yield V; £(t) < oo
» smooth solutions exist for all times

» 3D Case:

» corresponding estimate not available ....
» upper bound on &(t) blows up in finite time
£(0)
1 4C802,

3

E(t) <

» singularity in finite time cannot be ruled out!
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Instantaneous Estimates
Saturation of Estimates as Optimization Problem Finite-Time Estimates
Burgers Problem

Problem of Lu & Doering (2008), |

» Can we actually find solutions which “saturate” a given

estimate?

» Estimate digt) < c&(t)? at a fixed instant of time t

d&(t)
max
veH(Q), V=0 dt
subject to E(t) = &

:—V||Av||§+/v-Vv-Ade
dt Q

> & is a parameter

» Solution using a gradient—based descent method
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Instantaneous Estimates

Saturation of Estimates as Optimization Problem

Problem of Lu & Doering (2008), Il

Enstrophy Growth Rate vs Enstrophy
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Instantaneous Estimates
Saturation of Estimates as Optimization Problem Finite-Time Estimates

Burgers Problem

» How about solutions which saturate ¢
finite time window [0, T]?

max max_&(t)
veH1(Q), V-v=0 [ t€[0,T]

subject to E(t) = &

where

S(t):/o dfl(T)d &

» & is a parameter
> maxco, 7] £(t) nondifferentiable w.r.t initial condition
= non-smooth optimization problem

>

» In principle doable, but will try something simpler first ...
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Instantaneous Estimates
Finite-Time Estimates

Saturation of Estimates as Optimization Problem
Burgers Problem

» Burgers equation (2 =1[0,1], u : R" xQ —R)
Jdu Jdu 0%u _
a U& - V@ =0 m Q
u(x) = ¢(x) at t=0

Periodic B.C.
Enstrophy : £(t) = %fol lux(x, t)|? dx

» Solutions smooth for all times
» Questions of sharpness of enstrophy estimates still relevant

d&(t) < 3 <1> 1/3 ()3

T4t — o\ g2

dt — 2 \7w%v

» Best available finite-time estimate

3 N2/ 1 \4/3 3
< — R — 3
tg?(i>7<_]5(t) <&+ <4) <7r2v> Eo] P G&
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Instantaneous Estimates
Saturation of Estimates as Optimization Problem Finite-Time Estimates
Burgers Problem

“Small” Problem of Lu & Doering (2008), |

» Estimate df,(tt) < c&(t)%/3 at a fixed instant of time t
ax d&(t)
ueH(Q) dt
subject to £(t) = &
where
>

22 [ (%) v

» &y is a parameter

» Solution (maximizing field) found analytically!
(in terms of elliptic integrals and Jacobi elliptic functions)
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enstrophy growth rate

Saturation of Estimates as Optimization Problem

taneous Estimates
Finite-Time Estimates
Burgers Problem

“Small” Problem of Lu & Doering (2008), I

Enstrophy Growth Rate vs Enstrophy
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enstrophy
5/3
dé(t) — 0.2476%
dt : v1/3
max

instantaneous estimate is sharp
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Instantaneous Estimates
Saturation of Estimates as Optimization Problem Finite-Time Estimates
Burgers Problem

Finite—Time Optimization Problem (I)

» Statement

subject to E(t) = &
T, & — parameters
» Optimality Condition

1 9%y

Vgrem In(p; ¢') = */0 %)

1
!
u dx — A
Y - /0

8¢

Ox2

t=
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Instantaneous Estimates
Saturation of Estimates as Optimization Problem Finite-Time Estimates
Burgers Problem

Finite—Time Optimization Problem (II)

» Gradient Descent
) = (M _ T(")Vj((/)(")), n=1,...,
o0 = ¢,
where V.7 determined from adjoint system via H* Sobolev preconditioning
_Outou” &u*

ot "ox  Vox
- u
u"(x) = —@(x) att=T

=0 in Q

Periodic B.C.

» Step size 7(" found via arc minimization
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Optimal Solutions for Wavenumber m = 1
Envelopes & Power Laws

Results Solutions for Other Initial Guesses m = 2,3, . ..

» Two parameters: T, & (v =1073)

» Optimal initial conditions corresponding to initial guess with
wavenumber m = 1 (local maximizers)

Fixed & = 103, different T Fixed T = 0.0316, different &
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Results

£

Mmaxec[o, 71" versus T
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10

argmaxcpo, 11 €(t) ~ C&O°
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Optimal Solutions for Wavenumber m = 1

Envelopes & Power Laws
Solutions for Other Initial Guesses m = 2,3, . ..
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Optimal Solutions for Wavenumber m

=1
Envelopes & Power Laws
Results Solutions for Other Initial Guesses m = 2, 3,

» Sol'ns found with initial guesses ¢(™(x) = sin(2rmx), m=1,2,...

¢ ()

0 0‘1 0.2 0.3 O‘A 0.5 0‘5 0.7 0‘8 0.9 1 X
X x
— _ 3
m=1,& =10

m = 2, 50
Change of variables leaving Burgers equation invariant (L € Z*):

x=1L¢ (xe[0,1], £€0,1/L]), T=t/L?
V(7€) = Lu(x(&), () ORIACY

12
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Results

Optimal Solutions for Wavenumber m = 1

Envelopes & Power Laws
Solutions for Other Initial Guesses m = 2,3, . ..

» Solutions for m = 1 and m = 2, after rescaling

o

(]

01 02 03 04 05 06 07 08 09

1

o

(]

01 02 03 04 05 06 07 08 09 1

» Using initial guess: ¢(®)(x) = sin(2rmx), m=1, or m =2
O (x) = esin(2rmx) + (1 — €)sin(2mnx), m# n, € > 0

sin(41x) .

s n(2T[x)/ 1

» All local maximizers with m = 2,3, ... are rescaled copies of

the m = 1 maximizer
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Optimal Solutions for Wavenumber m = 1
Envelopes & Power Laws

Results Solutions for Other Initial Guesses m = 2,3, . ..

Location of Singularities in C from the Fourier spectrum

|| ~ C|lk|™@e?" as k — oo

Im{z}

Z_{k+1}
[ ]

Re{z}

Analyticity strip for a meromorphic function
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Optimal Solutions for Wavenumber m = 1
Envelopes & Power Laws

Results Solutions for Other Initial Guesses m = 2,3, . ..

EQ

» RED — instantaneously optimal (Lu & Doering, 2008)
» BOLD BLUE — finite-time optimal (T =0.1)
» DASHED BLUE — finite-time optimal (T = 1)
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Optimal Solutions for Wavenumber m 1
Envelopes & Power Laws
Results Solutions for Other Initial Guesses m = 2,3, . . .

Summary & Conclusions

» Some evidence that optimizers found are in fact global
» Exponentsin  max.cp 7 E(t) = C&  as & — o0

theoretical optimal optimal
eoretica (instantaneous) (finite—time)
estimate [Lu & Doering, 2008] [present study]

» more rapid enstrophy build—up in finite—time optimizers than in
instantaneous optimizers
> theoretical estimate not sharp = finite—time optimizers offer
insights re: refinements required (work in progress)
» Finite—time maximizers saturate Poincaré’s inequality (largest
kinetic energy for a given enstrophy)
» Future work: Navier-Stokes 2D, 3D...
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Optimal Solutions for Wavenumber m 1
Envelopes & Power Laws
Results Solutions for Other Initial Guesses m = 2,3, . . .
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