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Abstract

Magnetorotational instability (MRI) is one of the most important and most common
instabilities in astrophysics. Today it is widely accepted that it serves as a major
source of turbulent viscosity in accretion disks, the most energy efficient objects in
the universe.

The importance of the MRI for astrophysics has been realized only in recent fifteen
years. However, originally it was discovered much earlier, in 1959, in a very different
context. Theoretical flow of a conducting liquid confined between differentially rotat-
ing cylinders in the presence of an external magnetic field was analyzed. The central
conclusion is that the additional magnetic field parallel to the axis of rotation can
destabilize otherwise stable flow. Theory of non-magnetized fluid motion between
rotating cylinders has much longer history, though. It has been studied already in
1888 and today such setup is usually referred as a Taylor-Couette flow.

To prove experimentally the existence of MRI in a magnetized Taylor-Couette flow
is a demanding task and different MHD groups around the world try to achieve it.
The main problem lies in the fact that laboratory liquid metals which are used in
such experiments are characterized by small magnetic Prandtl number. Consequently
rotation rates of the cylinders must be extremely large and vast amount of technical
problems emerge. One of the most important difficulties is an influence of plates en-
closing the cylinders in any experiment. For fast rotation the plates tend to dominate
the whole flow and the MRI can not be observed.

In this thesis we discuss a special helical configuration of the applied magnetic field
which allows the critical rotation rates to be much smaller. If only the axial magnetic
field is present, the cylinders must rotate with angular velocities corresponding to
Reynolds numbers of order Re ~ 10°. With the helical field this number is dramat-
ically reduced to Re ~ 103. The azimuthal component of the magnetic field can be
easily generated by letting an electric current through the axis of rotation,

In a Taylor-Couette flow the (primary) instability manifests itself as Taylor vortices.
The specific geometry of the helical magnetic field leads to a traveling wave solution
and the vortices are drifting in a direction determined by rotation and the magnetic
field. In an idealized study for infinitely long cylinders this is not a problem. How-
ever, if the cylinders have finite length and are bounded vertically by the plates the
situation is different.

In this dissertation it is shown, with use of numerical methods, that the traveling
wave solution also exists for MHD Taylor-Couette flow at finite aspect ratio H/D,
H being height of the cylinders, D width of the gap between them. The nonlinear
simulations provide amplitudes of fluid velocity which are helpful in designing an
experiment. Although the plates disturb the flow, parameters like the drift velocity
indicate that the helical MRI operates in this case.

The idea of the helical MRI was implemented in a very recent experiment PROMISE.
The results provided, for the first time, an evidence that the (helical) MRI indeed
exists. Nevertheless, the influence of the vertical endplates was evident and the ex-
periment can be, in principle, improved. Exemplary methods of reduction of the
end-effect are here proposed.

Near the vertical boundaries develops an Ekman-Hartmann layer. Study of this layer
for the MHD Taylor-Couette system as well as its impact on the global flow properties
is presented. It is shown that the plates, especially if they are conducting, can disturb
the flow far more then previously thought also for relatively slow rotation rates.













































































































































4.4. Influence of the helical field 47

odic motions in the background state. In this sense the ,,imperfect” background state serves as
a catalyst for the helical MRI instability. When the endplates are divided into rings the resulting
hydrodynamic flow is laminar, and only after the magnetic field is applied the periodic fluctua-
tions occur, and, moreover, their frequency corresponds exactly to that predicted from the linear
analysis for infinite cylinders.

Liu et al. (2006a) suggested that the observed fluctuations can have theirs origin in the un-
derlying hydrodynamical unsteady flow as reported, for example, by Ji et al. (2004). In the latter
work the purely hydrodynamic flow for Re =~ 1000 with rigidly rotating ends Qenq = Qout and
short aspect ratio I' = 1 was already unsteady. We confirm these results with the method used
here. However, if longer cylinders are used, like I" = 10, the flow becomes steady for Re = 1000,
and only after imposing strong enough magnetic fields (say Ha = 12, § = 6) a traveling wave
develops with a frequency that matches calculations from the linear analysis.

4.4.2 Differentially rotating ends

We have also performed simulations for differentially rotating plates with ideal Couette profile
for periodic cylinders so that Qenq(r) = Qo(r). In another recent work (Liu et al., 2007) it has
been shown that for parameters corresponding to Re = 1775, Ha ~ 10, § =~ 4 the traveling
wave decays for such boundary conditions. We confirm this result with our method, although
our treatment of the magnetic boundaries is simplified compared to theirs.

The explanation for this fact is again the inappropriate height of the cylinders which is far
from an integer value of the expected vertical wavelength. For these parameters A = 3.476D
according to the linear theory so that less than three wavelengths can fit in the container. On
the other hand, if 3 = 6 is used, A\ = 2.49D and then I' = 10 almost exactly corresponds to
4)\. From Fig. 4.12 we see indeed that in this case persistent fluctuations exist with a frequency
corresponding to the helical MRI instability. We have also made calculations for 3 = 4 with
longer cylinders so that H = 4\ = 13.90D and H = 5\ = 17.38D. In each case a sustained
traveling wave has been observed. It should be mentioned that the vortices do not develop very
close to the upper boundary so that it is convenient to take a bit longer cylinders.

40

Figure 4.12: The velocity u.(z,t) for Re = 1775, Ha = 9.5, 8 = 6, I' = 10 and endplates rotating
differentially so that Qena = Qo.



48 4. Reduction of boundary effects

Table 4.1: General features of some of the discussed flows. ), if provided, refers to vertical wavelength ob-
tained from linear analysis. f corresponds to highest peak in frequency in spectrum of u.(Rin + D /2, H/2).

Re Ha g T' AD] f/n Vertical BCs Flow characteristics

1000 O 0 1 Qend = Qout Unsteady; flapping jet-like
structure in the middle

1000 O 0 10 Qend = Qout Steady meridional circulation

1775 95 6 oo 249 0.0258 periodic traveling wave

1775 9.5 0 10 Qbot = 0, Qop = Qoue  Unsteady, irregular flow

1775 9.5 6 10 0.0294 Qpor = 0, Qtop = Qout  traveling wave can be observed,
however flow is not very regular

1775 9.5 2 10 0.0120 ot = 0, Qop = Nouy  Subcritical excitations due
to viscous pumping

1775 9.5 0 10 Two rings, w; = 0.4D Steady

1775 9.5 6 10 0.0253 Two rings, w; = 0.4D Regular traveling wave

1775 9.5 5 10 0.0237 Two rings, w; = 0.4D Decay of the traveling wave
due to T’ # nA

1775 95 5 oo 2.89 0.0237 periodic Sustained traveling wave

1775 9.5 4 10 3.48 Diff. rot. Qena = Qo Decay of the traveling wave
due toI" # nA

1775 9.5 6 10 0.0255 Diff. rot. Qeng = Qo Sustained traveling wave

4.5 Summary

It is easier to perform an experiment showing spiral MRI because much slower rotation of the
cylinders is required for the instability to set in compared with MRI with an axial magnetic field
only. Moreover, there exists an additional quantity, i.e., the drift frequency which is easy to
measure and can serve as an important indicator for the associated phenomena. It is claimed
that in the PROMISE experiment frequencies and amplitudes corresponding to the spiral MRI
were observed and the results agreed with theoretical calculations of both linear and nonlinear
2D simulations. However it is still possible to improve the experiment so that the basic state is a
completely steady flow.

In this chapter we have presented a relatively simple and inexpensive modification which is
suitable for such an improvement. Firstly, the endplates should be both made of insulating ma-
terial and both should rotate in the same way so that the system is symmetric in the z direction.
Secondly, it is convenient to divide the lids into two rings which can be attached to the cylinders
so that no separate driving is needed. The optimal width of the inner ring, in the sense of mini-
mizing the induced azimuthal magnetic field, is 1.6 cm for the current experimental setup. See
Table 4.1 for some general characteristics of the discussed flows.

Our calculations also show that helical MRI modes can be driven by endplate effects even
for subcritical characteristic values (see Fig. 4.10). On the other side when providing a steady
background flow by applying rings one has to pay more attention to the height of the cylinders
and to take into account the vertical wavelengths of the traveling wave which depend on the
magnetic configuration. For the current aspect ratio I' = 10 and Re = 1775 it is reasonable to
consider Ha = 9.5, # = 6 which almost exactly corresponds to I' = 4.



Chapter 5

The Ekman-Hartmann layer

5.1 Introduction

Bearing in mind that the aspect ratio considered in the previous chaptersis I' = H/D = 10 it may
seem a bit surprising that the vertical boundaries can so profoundly alter the flow. Vast part of
work in study of the Taylor-Couette system is done in a narrow gap limit, i.e., when D /R, < 1.
The experimental part of the seminal work by Taylor (1923) was performed for the narrow gap
and the aspect ratio exceeded 100 so that the role of ends enclosing the cylinders was completely
negligible (also the rotation was slow). On the other hand there is also plenty of work done for
small aspect ratio I' ~ 1, where the plates play crucial role and simply introduce a new class
of problems. When I" becomes an important parameter it is possible to observe a wide family
of different states (including non-axisymmetric ones) for the same parameters and the observed
result depends on theirs path through the parameters space from an initial state. Therefore this
system is an excellent subject to the bifurcation theory (Pfister et al., 1988; Mullin et al., 2002;
Furukawa et al., 2002; Lopez and Marques, 2003; Kageyama et al., 2004). Peculiar asymmetric
patterns, anomalous modes, also exists (Youd and Barenghi, 2006).

The case for I' = 10 is an intermediate one between very short and long containers, yet
in purely hydrodynamical contest the influence of the vertical boundaries is small. At least for
Reynolds numbers of our interest i.e., of order O(10% — 103) (see e.g. Watanabe and Furukawa,
1999; Youd and Barenghi, 2005). Naturally, if the rotation rates are large enough so that the
corresponding Reynolds number is of order O(10°) and larger, the plates easily dominate the
flow in the entire container. This is due to Taylor-Proudman theorem from which follows that
a distance of influence of these boundaries scales as Re’® and for such rotations it is necessary
that T" would have to be several thousand.

If, for the rotation rates characterized by Re =~ 103, the vertical boundaries should not play
any important role why such problems as these depicted in the two previous chapters arise? The
answer lies in magnetic forces which develop as a result of strong shears close to the boundaries
in the presence of an external axial magnetic field. This can be seen when looking back to
Figs. 2.7 - 2.9. From Fig. 2.7 we notice that for slow rotation, Re=100, fixed outer cylinder,
i = 0.0 and a weak axial field, Ha = 3, for the insulating vertical boundaries the flow is very
regular and influence of the endplates is negligible: five pairs of nice Taylor vortices set in. This
is expected since for these parameters and I' = 10 the vertical wavelength is k¥ = 3.14 so that
A = 2D. Moreover, the Taylor vortices nicely fit into the two Ekman vortices in this particular
case. When the imposed magnetic field is stronger (Fig. 2.8) or more rigorous magnetic boundary
conditions are applied (i.e., the plates are perfectly conducting, Fig. 2.9) the situation changes
entirely: currents induced inside the fluid interact with the axial magnetic field and alter the
flow.
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It seems that for MHD Taylor-Couette flow impact of the magnetic layer, unlike that of the
classical Ekman layer, has been underestimated. In this chapter we argue that rotating plates
together with the axial field and conducting fluid give rise to similar effects which develop for ro-
tating infinite plate which serves as a boundary for conducting fluid. One of the most important
features of such flow is the existence of an electric Hartmann current which leaves the boundary
layer and then, together with the axial filed, can alter the flow significantly. In particular this
becomes important for conducting plates. That was the case for the PROMISE experiment since
one of the endplates was made from copper. We note that this current is absent in the conven-
tional Hartmann problem: a flow of conducting fluid in a rectangular channel in a presence of
magnetic field perpendicular to the velocity (Roberts, 1967; Krasnov et al., 2003; Andreev et al.,
2006).

In this chapter we discuss properties of the Ekman-Hartmann layer for infinite, horizontally
unbounded, rotating plates and relate it to the endplates enclosing the cylinders in the Taylor-
Couette setup. We show that, for considered horizontal boundary conditions, the induced current
turn eventually in the radial direction and acting in concert with the imposed axial magnetic
field gives rise to a body force. Due to the force, the flow can be viewed as a modification of
the classical Taylor-Couette problem to which a transverse pressure gradient is added. Flows of
this type form a new class: Taylor-Dean flows. We analyze theirs stability and investigate how
the classical MHD Taylor-Couette flow is altered focusing on aspect ratio and radius ratio of that
corresponding to the PROMISE experiment (we consider only I" = 10,7 = 0.5).

5.2 The Ekman-Hartmann layer

At an interface between an incompressible fluid with low viscosity and a rapidly rotating rigid
surface develops an Ekman layer with thickness dp o< \/v/§2 where Q is rate of uniform rotation
(see e.g Ekman, 1905, also Section 2.4.1). Similarly for a flow of conducting incompressible fluid
in vicinity of a rigid non-rotating boundary and under the influence of an external magnetic field
perpendicular to the surface there exists a Hartmann layer with thickness dy o< Ha™' (see e.g.
Acheson and Hide, 1973; Krasnov et al., 2004). When these two effects are combined the so-
called Ekman-Hartmann layer develops. It can be viewed either as a modification of Ekman layer
by introducing the conducting fluid and imposing the external magnetic field or a modification
of the Hartmann layer by adding the uniform rotation of the bounding surface. The resulting
layer (in its steady form) assures a proper transition for the velocity and the magnetic field from
values inside the bulk of the fluid to the applied boundary conditions.

The linear analysis of the Ekman-Hartmann layer in its idealized case was presented by
Gilman and Benton (1968). They considered an infinite insulating plate rotating with Qpjate
at z = 0 and a conducting fluid filling the space z > 0, the fluid far from the plain rotates with
Qauid = Qplate(1 + €). The most important conclusion of this work was that in addition to the
well known Ekman suction/blowing of mass flux there also exists a Hartmann current which has
the same direction (or opposite when the external B, is negative) as the velocity of the Ekman
blowing!. This current, which is due to the vertical shears, leaves the Ekman-Hartmann layer
and potentially influences the flow far away from the boundary.

Further extension of this work was performed by Loper (1970) who considered a conducting
boundary was considered, Benton and Chow (1972) where nonlinear extension of Gilman and
Benton (1968) study was presented and a solution for larger values of the parameter ¢ was
possible. Benton and Loper (1969) studied unsteady layer and a spin-up time of the fluid as

IThat if fluid is blown away or sucked towards the boundaries depends only on sign of €. From this point on we will
write only about ,,blowing” bearing in mind that ,,suction” is possible just by changing the sign.
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a result of rapid increase of the plate rotation, later Loper and Benton (1970) studied similar
problem but they have also taken into account the existence of a second plate within a finite
distance from the first one. Stability of the layer itself was analyzed by Gilman (1971).

In the next part we will show how those results are related to effects which arise in mag-
netized Taylor-Couette with finite aspect ratio, i.e., the cylinders are covered with rigidly rotat-
ing endplates (insulating or conducting) in which vicinity an Ekman-Hartmann layer develops.
Naturally, the influence of the vertical walls introduces additional, important effects and direct
comparison with the previous work is rather not possible. Nevertheless we will show that the
rotating endplates, also in this case, induce the Hartmann current which can change the global
properties of the flow.

5.2.1 Insulating boundaries

We now attempt to make a general, qualitative comparison between the Ekman-Hartmann layer
for infinite rotating plate and that induced by the endplates covering finite cylinders. First we
restrict ourselves to consideration when the both cylinders rotate with the same angular velocity
Qin = Qout, i.€., i = 1.0 so that the rotational profile Q2 is flat. We assume I' = 10, and the
endplates to rotate independently with velocity only slightly different Q;,, = Qena(1 + €’). The
introduced ¢ conceptually plays similar role like € used as the difference between fluid and the
infinite rotating plate angular velocity. In the case for Taylor-Couette flow () is a function of r
and even ,,far away” from the boundaries (i.e., at z = I'/2, in the middle of the container) is not
constant in . We also must take into account that the fluid which was ejected due to Ekman
blowing mechanism must eventually get back due to the conservation of mass and finiteness of
the container.

The characteristic thickness of the Ekman layer is (see e.g. Acheson and Hide, 1973, also

Section 3.3.1)
dE =1/ I//Q, (51)

where ) measures the scale of the uniform rotation velocity, as the length scale we use D. It is
clear that ) = Qplate When we consider rotating, unbounded, infinite plate but it is not so clear
what to use for general Taylor-Couette flows when cylinders and lids can rotate independently.
For example Czarny et al. (2004) as the angular velocity scale use ) = Q;,, — Qo Which however
is not suitable for our considerations (for example it would give Q) = 0 for any configuration with
it = 1.0 independently of the endplate rotation). Through this work we use simply Q = Qg
which turns out to be a quite good approximation,

~ RinD A\ —
dg = \/v/Q =] Ref = (Ref) ™2, (5.2)

bearing in mind that the proper thickness of the layer can be different depending especially on
the rotational properties of the endplates as well as on i (we consider only i > 0.25).
We now introduce a parameter o which measures overall importance of the magnetic field

d Ha’v o
o= ﬂzH = sqpe = (2Rei) 0-5Ha, (5.3)

where dy = DHa ' is the Hartmann depth. The parameter « is essentially the ratio of the
Ekman depth dg to the Hartmann depth dy. The magnetic effects start to play significant role
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Figure 5.1: Structure of the Ekman-Hartmann layer for nonlinear simulations of the enclosed Taylor-
Couette flow. The flow profiles for u,,ue,u.,j. are shown, different values of the magnetic interaction
parameters correspond to: (—) Ha — 0.0 (a« — 0.0), (------ ) Ha = 3.0 (a« = 0.2), (---) Ha =
10.0 (a = 0.7), (——-) Ha = 30.0 (a = 2.1), dg = 0.01 is the Ekman layer thickness. The both cylinders
rotate with Qin = Qout = Re = 100, the endplates rotate with Qena = 90 thus ¢’ = 0.11. The current j,
for o = 0 is computed in Ha — 0 limit so that the flow is essentially non-magnetic.

when « > 1, in the limit & — 0 we have the classical Ekman layer and for a — oo the classical
Hartmann layer. We notice that for parameters of our interest « lies in range 0.3 — 1.5 and
therefore we expect the magnetic fields to be important.

Figure 5.1 shows the structure of the Ekman-Hartmann layer for different values of the mag-
netic interaction parameter for our nonlinear simulations of the MHD Taylor-Couette flow (for
Qin = Qout = 100, Qeng = 90). Different quantities as function of the distance z from the
boundary are depicted. The values of u,, us and j. are taken from the middle of the gap, at
r = Rin + D/2, whereas u, is taken close to the inner cylinder (where the suppression of u, by
the no-slip boundary conditions at the wall is still small and the blowing velocity is maximum),
therefore the comparison with rotating, horizontally unbounded, infinite plate is more adequate.
We notice that for the latter ., and j, are independent of . The quantitative agreement with
the previous linear results by Gilman and Benton (1968) for the infinite plate is very good. Also
the dependence on strength of the magnetic field has essentially the same character.

The vertical shears in u,- and u, produce currents which together with the axial field generate
forces acting against the shears. Since the radial flow must vanish at the boundaries as well as
it vanishes, for the basic state €, far away from them, the effect is to reduce the u,. and, due to
the mass conservation, u,. Therefore, what can be clearly seen in the Fig. 5.1, the external axial
magnetic field inhibits the Ekman blowing (which is completely suppressed when o« — o) and
makes the boundary layer thinner. The azimuthal flow w4, on the other hand, is forced to have
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Figure 5.2: Ekman blowing/suction (E,/FE;) and the corresponding Hartmann current for the Taylor-
Couette flow for different Ha numbers. The both cylinders were rotating with the same angular velocity
i = 1.0. On the left: Qin = Qout = 100 and the rotation of lids was varied 0 < Qena < 100. On the
right” Qena = 100 and the cylinder rotation was varied 0 < Qin, = Qout < 100. Ey (,,b” for ,,blowing”), E;
(,,s” for ,,suction”) represents maximum,/minimum velocity u. close to the inner cylinder ; J,,, Js reflects
axial electric current in the middle of the gap at approximately 5 times the distance between the plate
and maximum (minimum) of j, (ie., at z ~ 10dg). (——) Ha — 0 (o« — 0), (-+---- ) Ha=3 (o = 0.2),
(---)Ha=10 (o = 0.7), (——-) Ha=30 (a = 2.1).

different values at the boundaries and far away from them, thus the shear can be decreased only
in the region close to the boundary.

We also notice that there exists an induced axial current j,, the Hartmann current, outside the
boundary layer (this is not the case for non-rotating Hartmann boundaries). For unbounded flow
this current quickly converges to an asymptotic constant value, but for the case of flow between
two plates or for finite cylinders it can not be true and currents induced by the both endplates
must eventually interact. When we consider a system symmetric in the z direction, i.e., if the
both plates rotate in the same manner, the induced j, have the same strength but opposite signs
and they eventually meet turning into the radial direction (and consequently j, = 0 in the middle
of the container for the symmetric boundary conditions).

We now turn to a situation when the angular velocity of the plates and the cylinders differs
significantly, i.e., ¢ > 0. The Ekman blowing/suction and the corresponding Hartmann current
for the flow between cylinders with independently rotating lids, for wide range of €, Qepnq and
different values of « is shown in Fig. 5.2. The shape of the curves is in graphical agreement
with nonlinear computations for far-field values for rotating infinite plate, see Benton and Chow
(1972). However, we should not attempt to make any direct comparison between those results
since the quantities computed for the enclosed Taylor-Couette flow depend importantly on theirs
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position. It is interesting to note that the axial current is a non-monotonic function of o — in
particular the ,,blowing” current J;, increases up to Ha = 10 and then is starts to decrease.

5.2.2 Magnetic diffusion region

Benton and Loper (1969, 1970) have studied a spin-up problem? for the Ekman-Hartmann layer,
the former work concerns unsteady layer for one infinite rotating plate, the latter concerns fluid
bounded by two such plates. Three essentially different regions are distinguished in the flow:
the Ekman-Hartmann layer, a magnetic diffusion region (MDR) and a current-free region. The
MDR arises between the boundary layer and the region far away from them. Since both the axial
velocity and axial electric current leave the layer, the MDR exists to satisfy the exterior boundary
conditions for the current.

In the MDR the axial Hartmann current must be reduced to zero before it reaches the current-
free region and, by continuity, it is turned into radial direction. This radial perturbation current
interacts with axial magnetic field and results in accelerating (for negative j,- and positive B,) or
decelerating (for positive j,. and B,) electromagnetic body force in the magnetic diffusion region.
For the spin-up problem this means that the spin-up time is not lengthened although Ekman
suction is reduced by the magnetic field. In the enclosed Taylor-Couette system the rigidly
rotating endplates can be viewed as planes which constantly increase (or decrease) velocity of
the fluid confined between the walls therefore we expect that similar three regions can be, in
principle, distinguished.
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Figure 5.3: Schematic topology of velocity (——) and electric current (--- — - - - ). On the left: the case
for an infinite plate is presented, after Loper and Benton (1970). On the right: the case for an enclosed
MHD Taylor-Couette flow. (\\) denotes the perfectly conducting boundaries, (//) the insulating ones. The
gray arrows on the left side correspond to additional terms due to conducting plates: 20 >® for the velocity
and 2 for the current. MDR - the magnetic diffusion region, EHL — the Ekman-Hartmann layer.

2The spin-up problem is defined as follows: consider a rotating plate (or two) and fluid at steady state, then the plate
angular velocity is suddenly changed. How do the dynamical variables characterizing the fluid change in time? What is
the spin-up time, i.e., after what time the flow at given distance becomes again steady?
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The thickness of the magnetic diffusion region depends on the magnetic properties of the
fluid, i.e., on its resistivity. In the two-plate spin-up problem for small magnetic Prandtl number
both MDRs quickly reach the thickness of order of the distance between the plates and the
current-free region disappears. In the small Prandtl number limit the MDR instantly becomes
spatially uniform and infinitely thick even for one bounding plate and the current-free region
does not exists at all. Therefore for our MHD Taylor-Couette system in Pm — 0 we expect that
the magnetic diffusion region will dominate majority of the flow, i.e., everywhere but in the
Ekman-Hartmann layer, see Fig. 5.3.

5.2.3 Conducting boundaries

Up to this point we considered only insulating plates. However, perfectly conducting boundaries
introduce additional currents altering the flow. The Ekman-Hartmann layer itself is not affected
by conductivity of the plates as are the Ekman blowing and Hartmann current within this layer.
However, additional current 2@ is induced by the conducting boundaries and the radial Ekman
velocity inside MDR is larger by a factor of 2a2® (see Loper, 1970), where

b — E0plate \/Qplate _ Ii\/Qplate, (54)

Ofluid v 4

¢ is the thickness of a plate of constant conductivity opiate and the term eopiate /oauia corresponds
to x in our formulation of magnetic boundary conditions (see Section 2.4).

For highly conducting plates the induced Hartmann current drawn into/from the plates is
much stronger than the current induced in the layer for insulating boundaries. Figure 5.4 shows
how the radial current j,. in the middle of the container changes with conductivity of the end-
plates. We see that the difference between the perfect insulator and the perfect conductor is
almost an order of magnitude.
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-10 -5 0 S 10
log(x)
Figure 5.4: Radial current j, (——) in the middle of the gap for Ha = 10, Re = 200, Qena = 202.

The upper line represents pseudo-vacuum boundary conditions, the bottom line perfect conductor and in
between intermediate case for different values of relative conductance parameter k.
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5.3 Stability of the MHD Taylor-Dean flow

The induced axial Hartmann current turns into the radial direction in the magnetic diffusion
region which fills almost the entire container and then interacts with the externally imposed axial
magnetic field B, giving rise to a body force. Moreover the radial current is rather homogeneous
in z in the MDR. The force enters the momentum equation, Eq. (2.11), for u, and, since the
current j, oc !, the flow can be related to a flow driven by azimuthal pressure gradient: Taylor-
Dean flow. Let us denote the induced radial electric current at the inner cylinder for z = H/2
as jro then the force is —&,35,0B0/(rp), where By is the strength of the imposed magnetic field.
This is identical to a case when dyp # 0, i.e. the term é40,p/(pr), does not vanish.3

In this section we analyze the idealized Taylor-Dean flow between infinitely long, conducting
cylinders with an explicitly applied pressure gradient. We search for critical values of the gradient
for different strength of the applied magnetic field and different rotation rates. In this way we
obtain, for given Ha, necessary value of the radial current which must be induced in order to
make the flow unstable. Then, in Section 5.4, we show examples of enclosed MHD Taylor-
Couette flows for which indeed such currents are produced by the plates.

5.3.1 The MHD Taylor-Dean flow

Let us now consider infinitely long, conducting cylinders with externally imposed axial magnetic
field and non-zero transverse pressure gradient. Its basic stationary solution is a superposition of
circular Couette flow €2y and another steady flow (see Dean, 1928; Chandrasekhar, 1961), i.e.,

b d
QOD_a—i-r—Q—i-e(c—i—T—Q—i—ln(r)), (5.5)
with
1
e = —K, (5.6)
pv
R2 In(Riy) — R2, In(Rout)
‘- Rgut - Rlén 7 (57)
R2 R2. In(Rou/Rin)
d = in~ “out ou n 5.8
R(Q)ut - R12n 7 ( )
K = a¢p, (59)

and a, b defined in Eq. (2.7). The constant pressure gradient K can be realized by the Lorentz
force in an MHD flow or any externally applied pressure, like by a hydrodynamical pump (in
which case, of course, it is impossible that d,p is constant for 0 < ¢ < 27 since the pump must
be physically placed somewhere). Naturally when we assume axisymmetric flow all ¢ derivatives
are canceled, except that for the pressure p.

We notice that imposing the axial magnetic field and applying an electrostatic potential be-
tween the cylinders produces the Lorentz body force j x By acting on the fluid, j being the sup-
plied radial current density. The value of this current is given by Ohm’s law j = o(E + u x By).
Only if currents originating from the term u x By are negligible the motion is decoupled from
the electromagnetic variables. In that case the flow can by treated as the Taylor-Dean flow and
its rotational profiles is precisely Eq. (5.5), for explicit derivation of value K for this case see e.g.
Hong and Wilhelm (1976); Digilov (2007).

SRecall that for the cylindrical geometry Vp = &,0,p + &,7194p + &.0:p.
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If, on the other hand, the applied magnetic field is very strong, Ha > 1, the induced currents
can not be neglected when compared to the imposed radial current and situation looks rather
different. The rotational profile becomes such that Q o« 72, the solution is not trivial, see
Khalzov and Smolyakov (2006).

Taylor-Dean flows, as extension to the classical Taylor-Couette problem, form a class of very
interesting flows for both hydrodynamical and magnetized liquids. When the two cylinders are at
rest the flow is entirely driven only by the pressure gradient (so that a = b = 0), an unstable state
in such flow is also characterized by Taylor vortices. Stability of the MHD Taylor-Dean flows has
been studied for example by Hong and Wilhelm (1976), also by Kurzweg and Khalfaoui (1981);
Tabeling and Chabrerie (1981) for thin gap approximation, Chen (1993) studied purely hydro-
dynamical flow for arbitrary gap width, Stefani and Gerbeth (2004) even suggested a transverse
pressure gradient driven MRI experiment (another electrically driven MRI experiment, for large
Ha, has been proposed by Khalzov et al., 2006).

Let us now introduce a parameter ~ describing Taylor-Dean flows, the ratio of the average
pumping velocity to the rotating velocity*

where V,, is the average pumping velocity
Vin = D/ ” [e (c—l———i—ln( ))] dr
_ e Bouw (L= 7)? — 47?(In7)* (5.11)

2ov AL -1 — )

5.3.2 Linear stability analysis

We consider linear stability of the MHD Taylor-Dean flow governed by the classical MHD equa-
tions, Egs. (1.9). The equations are for general non-axisymmetric case but in this section we
will focus only on axisymmetric solutions, i.e., m = 0.

The regarded MHD Taylor-Dean flow admits the basic solution ug = 7Q0,, Eq. (5.5) with
ur = u, = b, = by = 0 and the imposed axial magnetic field By. The perturbed state is

Uy, Q0 + g, ul,, b, by, Bo 4 b2 (5.12)

After developing disturbances into normal modes we seek solutions of the linearized MHD equa-
tions, Egs. (1.9), in the form

ul. = u,(r)elmothztwt) ul, = ug(r)e ul, =

i(me+kz+wt) , U
b; — br(,,,)ei(md)Jrszrwt)’ b:b _ b¢(T)8i(m¢+kz+Wt), b; _ bZ(T)ei(m¢+kz+Wt).

i(mo+kz+wt)
z(r)e " (5.13)

Non-dimensional equations can be written as a system of ten differential equations (Riidiger and
Shalybkov, 2004)

’ /
u mu

r_ r . @

oru, = ——F—1i

r r

— ikul, (5.14a)

u/

g (5.14b)
T

&mfb

4Usually in work related to Taylor-Dean flows this parameter is denoted as ,,3” but here we do not want to confuse it
with the other ,,3”, used in previous chapters which measures the ratio of the azimuthal to the axial magnetic field.
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opul, = w3, (5.14¢0)
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Uy

z1 = Ol + —= — p — Ha’b.. (5.14k)

r
An appropriate set of ten boundary conditions is needed in order to solve the above system.
These are the no-slip boundary conditions for the velocity u; = u;, = u, = 0 and perfectly
conducting for the magnetic field 9,.b}, + b;brfl = b/, = 0 at the both cylinders (for details on the
boundary conditions see Section 2.4). We will only consider marginally stable stationary modes.
The homogeneous set of Eqs. (5.14) together with the boundary conditions for the walls
determine an eigenvalue problem of the form L(j, 1}, k,m, Pm, Re, Ha,y) = 0. The variables are
approximated with finite difference method on a grid typically with 200 points.

5.3.3 Axisymmetric modes

For the current axisymmetric study we set parameters m = 0,7 = 0.5, = 0.27,Pm = 1079,
then for given Ha and Re we seek for minimal value of || which gives rise to an instability (i.e.,
the value for which the determinant L is zero). Since ~ is directly proportional to the transverse
pressure gradient and therefore to the radial electric current for constant Ha, the resulting critical
~. determines the minimum value of the current for which the flow becomes unstable.
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Figure 5.5: The marginal stability lines for MHD Taylor-Dean flow for infinitely long cylinders for different
Hartmann numbers, (------ ) Ha = 0, (——) Ha = 3, (- —-) Ha = 10. The case for positive (negative)
~ corresponds to negative (positive) radial currents. In the top (bottom) panel the flow is unstable above
(below) the lines. The points labeled with letters represent states displayed in Figs. 5.6-5.12. See the text
for the detailed explanation.
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Figure 5.6: Contour lines of the variables uy,wq, v, by, jr of the nonlinear fully saturated state for MHD
Taylor-Dean flow between cylinders with periodic vertical boundaries. Parameters characterizing this flow
correspond to the letter ,,A” in Fig. 5.5, i = 0.27, Ha = 3, Re = 300 and v = —0.4.
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Figure 5.7: Similarly like Fig. 5.6 but here the flow corresponds to a state labeled with ,,B” in Fig. 5.5,
i =0.27, Ha = 3, Re = 300 and v = 0.71.
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Figure 5.5 shows marginal stability lines for the MHD Taylor-Dean flow for different values
of the imposed axial magnetic field® for both positive and negative values of 7. The meaning of
the points labeled ,,A’-,,J” will be discussed later. We notice that larger value of || is needed for
stronger axial magnetic field, the reason is that the stronger field stabilizes the flow (at lest for
small Pm). Although not shown, the computation indicate that the vertical wavenumber k for
the corresponding values of y changes gradually from k = 4 for Re = 100 to k ~ 7 for Re = 1400.

The results from Fig. 5.5 can serve as yet another test for the nonlinear code described in the
Section 2.4, as well as a test for validity of the small Pm — 0 approximation. In the nonlinear
code we have added a term responsible for the transverse pressure gradient to the momentum
equation, Eq. (2.21a), so that it became

K
Orugy = (V2 — rfz)ud, + [u x (rotu)]y + Hazazb(z, - —, (5.15)
r

and K is related to v by Egs. (5.10) and (5.11). To test the nonlinear code we apply periodic
vertical boundary conditions and for given parameters /i, 7}, Re, Ha we search for value of K for
which the growing rate becomes positive. The agreement between 7. obtained in this way and
~. obtained with the linear analysis is pleasing: the difference is not larger than 0.1%.

It is interesting to see how the nonlinearly saturated flow for supercritical values of v looks
like in more details. Figures 5.6, 5.7 display states of the flow just above the critical values of v
corresponding to the points ,,A” and ,,B” in Fig. 5.5. Two cases with different signs of the ratio
average pumping/rotation ~y are shown.

We notice significant difference for the both flows. Flow labeled ,,A” has the Taylor vortices
concentrated close to the inner cylinders, whereas in the flow ,,B” the vortices are found close to
the outer cylinder. The azimuthal velocity has significantly different profiles for the both cases.

Let us introduce a non-dimensional vorticity parameter ¢ = w, /2

(= %&(rzﬂ), (5.16)

which serves as a Rayleigh discriminant for stability. The flow is hydrodynamically stable for
¢ > 0.° We notice that for the cases ,,A’, ,,B” the criterion is locally violated (see Fig. 5.8).

5.4 The influence of the Hartmann current on the MHD Taylor-
Couette flow

We have shown in the Section 5.2 that rotating endplates which enclose any finite Taylor-Couette
system introduce similar magnetic effects as, well studied, flow of conducting fluid bounded by
an infinite rotating plate (or two such plates). The induced current is turned into radial direction
in the magnetic diffusion region which fills majority of the container. For small Pm — 0 limit it
always fills the whole container except boundaries, regardless of the aspect ratio (we stress that
we consider only perfectly conducting cylinders here).

In Section 5.3 we have presented a stability analysis of MHD Taylor-Dean flow for an idealized
case when the cylinders are infinitely long (or periodic). The azimuthal pressure gradient has
been applied explicitly by assuming d,p # 0, critical values of . were calculated.

5Naturally we can also consider case when Ha = 0 in which the transverse pressure gradient K is set a priori and is
not interpreted as a result of the electromagnetic body force. The flow is then purely hydrodynamical and the ¢-gradient
in the pressure is due to some pumping mechanism.

6Moreover, the flow is also magnetohydrodynamically stable for ¢ > 2. The interesting region is 0 < ¢ < 2 where
MRI can operate and the flow can be unstable (see Ji et al., 2001).
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Figure 5.8: Rayleigh discriminant for stability { for the MHD Taylor-Dean flow between periodic cylinders,
Re = 300, i = 0.27, Ha = 3. (—) ,,A”, v = —0.4. (---),,B”, v = 0.71. The Rayleigh line is { = 0, the
crossed region is centrifugally unstable.

Consequently, for finite cylinders when the induced current is strong enough, i.e., such that
resulting pumping due do the current and the applied axial magnetic field is comparable with
critical values ~., a possibility of instability should not be ignored. This concerns especially
case for conducting endplates for which the current which leaves the Ekman-Hartmann layer is
particularly large.

The structure of the Ekman-Hartmann layer changes itself with parameters such as the rota-
tion rates or the strength of the magnetic field. In this section, however, we will concentrate only
on flow in the bulk of the container so that only currents and velocities which leave the layer are
important.

5.4.1 Endplates rotating with

First we consider finite cylinders covered with rigid, perfectly conducting endplates rotating with
the angular velocity equal to that of the outer cylinder Qc,q = Qout. We choose conducting lids
so that the induced current is much stronger (see Section 5.2.3) and its influence on the flow is
more evident.

In order to position a specific MHD Taylor-Couette flow on the stability diagram from Fig. 5.5,
we run our nonlinear code until a steady solution is obtained. Then  is computed using the fact
that the azimuthal gradient of pressure is K = Ha?j,¢, as value for the radial current we use j,o
from bulk of the fluid (i.e., far from the boundaries, at z = I'/2) and close to the inner cylinder.
j» changes with r as j,. oc 7! so that close to the inner cylinder |j,| is largest’.

When the plates rotate with Q¢,q9 = Qout the Ekman circulation is clockwise and the corre-
sponding Hartmann current has positive sign, i.e., close to the inner cylinder it leaves the Ekman-
Hartmann layer with j, > 0, cf. Figs. 5.1, 5.3. Consequently the radial current has also positive
sign. Figure 5.9 displays a flow with conducting plates and a weak axial magnetic field applied,
Ha = 3. Rotation ratio is si = 0.27 so the flow is hydrodynamically stable, however we notice

7We can even say that |j,| is largest at the inner cylinder since the cylinder itself is assumed to be perfectly conducting -
the situation would look rather different if insulating cylinders would be considered, however in this work we concentrate
only on the conducting ones.



5.4. The influence of the Hartmann current on the MHD Taylor-Couette flow 63

that when the Reynolds number is large enough the flow characteristic changes significantly and
set of Taylor vortices can be observed.

The phenomena can be explained as follows: for constant Ha increasing rotation rate leads
to stronger Hartmann current drawn into the flow, therefore the corresponding absolute value of
~ increases and for certain Re it reaches the critical value 7. and instability develops. Naturally
that kind of instability has nothing to do with MRI since Rayleigh criterion for stability is not
fulfilled.

This instability has essentially local character and it is not possible to define any specific
critical Reynolds number whose crossing would lead to some exponential grow in the whole
container. There exists Re between 100 (,,C”) and 200 (,,D”) for which only part of the container
would be filled with the Taylor vortices. However we notice that for small Reynolds number ~.
is very steep (for both positive and negative values of v) so that when it is crossed in this region
the transition between stable flow and flow totally dominated by the vortices is rather sharp.

It is known that stronger axial magnetic field has stabilizing effect even on a hydrodynami-
cally unstable flow. Besides that, the Hartmann current increases with strength of the magnetic
field only until certain point is reached. When the magnetic interaction parameter « reaches
value ~ 2.5 increasing Ha does not further increase the Hartmann current (see Gilman and Ben-
ton, 1968). For these reasons it is clear that when the imposed magnetic field is strong enough
the instability described above will not occur. Indeed it has been checked that for Re = 200 and
the magnetic field with Ha = 20 there are no Taylor vortices, although the rotational profile is
significantly changed when compared to the non-magnetic situation. This change naturally fol-
lows from the j.&, x Bg term which accelerates or decelerates the fluid, nevertheless the strong
axial magnetic field suppresses instability in that case.

If the perfectly conducting ends are replaced with insulating ones the induced Hartmann
current is much weaker. It is so weak that when the imposed magnetic field has strength such
that Ha = 3, absolute value of ~ is always smaller then ~. regardless of Re. Therefore such flow
is never unstable in the sense described above.

However when the magnetic field is stronger the situation is different. For sufficiently high
rotation rates the induced radial current is large enough to generate, together with the field,
exceeding v.. This can be seen in Fig. 5.10. Naturally also for insulating ends when the applied
field is too strong the pumping due to the electromagnetic force is too weak to bring the flow
into the unstable regime.

5.4.2 Endplates rotating with (;,

If rigidly conducting endplates are attached to the inner cylinder, Q¢,q = Qin, the Ekman cir-
culation is counter-clockwise (Ekman suction) and the corresponding Hartmann current have
negative sign, the parameter ~ is positive. From Fig. 5.11 we see that, analogously like in the
case depicted in Fig. 5.9, when the rotation is sufficiently fast the resulting ~ reaches critical
value and the flow becomes dominated by the Taylor vortices (the points labeled ,,G” and ,,H”).

Similarly when the insulating plates are used the axial magnetic field with Ha = 3 is too weak
to generate sufficiently large v. When stronger field is applied, Ha = 10, it is possible to cross .
and the flow reaches unstable regime.



64 5. The Ekman-Hartmann layer

Us
e
54 200
Figure 5.9: Contour lines of the azimuthal velocity u, and the stream function v». The cylinders are
enclosed with perfectly conducting plates rotating as a rigid body with angular velocity Qena = Qout-
i = 0.27,Ha = 3. Left: Re = 100, right: Re = 200. On the Fig. 5.5 the both flows are labeled with ,,C” (the

left one) and ,,D” (the right one). We see that for the flow ,,D” the corresponding ~ is in the region where
the MHD Taylor-Dean for infinite cylinders is unstable.
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Figure 5.10: Contour lines of ¢, uy. The plates are insulating, rotating rigidly Qena = Qout, ft = 0.27, Ha =
10. Left: Re = 650, ,,E”. Right: Re = 850, ,,F”. Compare with Fig. 5.5 and Fig. 5.9.
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Figure 5.11: Contour lines of ¢, ug. The plates are perfectly conducting and rigidly rotating rigidly Qena =
Qin, t = 0.27, Ha = 3. Left: Re = 100 (,,G”), right: Re = 150 (,,H”). Compare with Fig. 5.5
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Figure 5.12: Contour lines of 1), u,. The plates are insulating, rotating rigidly Qena = Qin, i = 0.27, Ha =
10. Left: Re = 700 (,,I”), right: Re = 1200 (,,J”). Compare with Fig. 5.5



66 5. The Ekman-Hartmann layer

SR
9308
st

-4 . | . !

1.0 1.2 1.4 1.6 1.8 2.0
R

Figure 5.13: Rayleigh discriminant for stability ¢ for the MHD Taylor-Couette flow with i = 0.27, Ha =
3. The cylinders are enclosed by perfectly conducting endplates. (——) ,,D”, Re = 200, Qecna = Qout-
(---),,H”, Re = 150, Qena = Qin. The Rayleigh line is { = 0, the crossed region is centrifugally unstable.

We notice that in the both cases the vortices, as expected, concentrate near the outer cylinder,
i.e., in region where ¢ < 0 and the Rayleigh criterion is not fulfilled, see Fig. 5.13. Again the
effect is clearly more striking when perfectly conducting plates are used, the radial current is
much stronger when compared to insulating vertical boundary conditions.

It is not to be forgotten that change of sign of the Hartmann current can also be realized by
changing the sign of the applied magnetic field. Obviously in that case the vortices would tend
to concentrate near the inner cylinder even if the plates rotate as Qg = Qin.

5.4.3 Dependence on the Hartmann number

It has been discussed that in the MDR the induced j, interacts with By and leads to acceleration
or deceleration of the fluid azimuthal motion. If B, and j, is positive, as is if the plates are
attached to the outer cylinder, the flow should be decelerated. Dependence of the azimuthal
velocity u, in the middle of the container (r = Ri, + D/2,z = I'/2) on strength of the applied
magnetic field is shown in Fig. 5.14. Values of the velocity are scaled to cm/s using scales
corresponding to the PROMISE setup.

The left panel of the figure refers to a case when the plates are perfectly conducting. Clearly
the magnetic field inhibits the angular velocity by almost 50%. If the plates are insulating, the
right panel of the figure, it is not the case: the change is noticeable, however much smaller.

The profile of angular velocity in the middle of the gap, for z = I'/2, is shown in Fig. 5.15.
The change when compared to the Couette solution is dramatic even for relatively weak magnetic
field applied. For Ha = 10 the rotation is so much different that relating it to the Couette flow is
pointless. However, if the insulating plates are applied the situation is much better in the sense
that the profile of 2 is not so profoundly altered. Generally it resembles the Couette solution also
for Ha = 10, yet still the Rayleigh criterion for stability is locally violated.
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Figure 5.14: The azimuthal velocity u, in the middle of the gap for different Hartmann numbers. Left:

perfectly conducting endplates. Right: insulating endplates. The Reynolds number is fixed to Re = 1775,
i = 0.27, the both plates rotate with the outer cylinder Qena = Qout. The velocity is scaled to units of cm/s.
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Figure 5.15: The angular velocity Q(r) [Hz] for z = ' /2 for different Hartmann numbers. The plates are
perfectly conducting, Qena = Qous, Re = 1775, i = 0.27.

5.4.4 Estimation of ~ for wide range of Re and Ha

Let us, very roughly, estimate the value of v — the ratio of average pumping due to the Hart-
mann current to the rotation velocity, for larger Reynolds and Hartmann numbers. Gilman and
Benton (1968) have derived expressions for currents when difference between angular velocity
of rotating, insulating, infinite plate and angular velocity of the fluid far from the plate is small
(i.e., e < 1). Later Benton and Chow (1972) have derived analogous expressions for nonlinear

boundary layer and obtained formulae quadratic in ¢, for example for the ,,blowing” Hartmann
current (in the zero Pm limit):

jz(OO) . 26/ ) 4(46/4_5_ﬁl_4)
To oty PR BB P05 4 ) G17

where 3’ = [a? + (a* +1)'/2]'/2 and « is defined by (5.3). If we take value of this current j,(c0)
and assume that it turns into radial direction j,.o = j,(cc) (as is for the case where there are two
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Figure 5.16: Contour lines of 7' in (Re, Ha) space. ~' is derived from values of the Hartmann current for
rotating plate for different Re and Ha.

plates and the fluid is confined between them), since K = jToHa2 from (5.10) we can obtain +/
(we use prime to stress that this is computed for theory of infinite rotating plates, not for the
Taylor-Couette geometry).

Figure 5.16 shows how +’ derived in such way depends on the rotation rates and the strength
of the applied axial magnetic field. We have chosen ¢ = 0.3 which roughly corresponds to our
situation for the MHD Taylor-Couette problem if the endplates are attached to the outer cylinder.

Naturally this is rather a crude approximation when related to the MHD Taylor-Couette prob-
lem since there are important differences between the idealized case of rotating infinite plates
and the flow enclosed between cylinders. One important contradiction can be immediately no-
ticed: for constant value of Ha, |y/| slowly decreases with Re, whereas it was not the case for the
Taylor-Couette flow in which increasing rotation led to increasing of |y| and ultimately the flow
become unstable.

Nevertheless one can get general picture of importance of the radial currents when the mag-
netic field is strong or the rotation much faster. For constant Re increasing the axial magnetic
field leads to a saturation in which Hartmann current virtually does not increase. This saturation
is achieved when a > 2.5 (for example for Re = 100 this means Ha > 20). However further
increasing of Ha lead to increasing of K = j,Ha? and therefore |y/| (we shall not forget that the
critical |v.| also increases with Ha, in particular it is clear for small Re < 1000).

When the magnetic field is kept constant and rotation rates increased then |y/| decreases.
This allows us to assume that for reasonable values of Ha = 10 and fast rotation, all the effects
due to electromagnetic forces induced by the Ekman-Hartmann layer become less important in
the sense that |y/| remains small. Of course this is expected since the rotation starts to play the
dominant role.

5.5 Summary

Gilman and Benton (1968) have shown, by use of the linear theory, that in vicinity of a rotating
plate which serves as a border for rotating conducing fluid there develops an Ekman-Hartmann
layer if Qpiate # Qawia and the axial magnetic field is applied. The most important feature
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of the Ekman-Hartmann layers is their ability to induce both mass flux and electric current in
the region outside the boundary layer. If Qpiate < Qauia these fluxes are directed outwards
the layer (,,blowing”); when Qpjate > Qauia towards the layer (,,suction”). Loper (1970) studied
conducting plates, it was shown that in that case the mass flux and the current are much stronger.

When the fluid is bounded by two such rotating plates, the induced current eventually turns
into radial direction. There exists a region, the magnetic diffusion region, in which all the electric
currents have only radial component. They, together with the axial magnetic field, produce
electromagnetic body force acting on the fluid.

In this chapter we have seen that similar effects arise for the MHD Taylor-Couette flow in
the case when the rotating cylinders are bounded by two rigid plates, rotating with angular
velocity of the outer or the inner cylinder. Near the endplates the Ekman-Hartmann layer forms
and consequently there exists the Hartmann current which penetrates bulk of the fluid. In the
presence of the axial magnetic field such problem can be compared with Taylor-Dean flow — a
flow between, possibly rotating, cylinders which is driven by a transverse pressure gradient.

It has been shown that under certain conditions the resulting flow becomes unstable and
Taylor vortices can be observed. In particular, this is undesirable phenomena from the point of
view of the MRI experiment PROMISE. In such MRI experiment it is necessary to obtain state
as close to the standard Couette solution €2y as possible in major part of the container. Also
when the axial field is turned on, therefore the instability develops only after switching on the
azimuthal component of the field.

The fluxes induced in the Ekman-Hartmann layer are a direct consequence of shearing close
to the boundaries. The layer arises since magnetohydrodynamical variables characterizing the
fluid far from the boundaries must match boundary conditions. Exemplary methods of reducing
the shearing have been presented in the previous chapter.






Chapter 6

Summary

Magnetorotational instability provides an important and efficient mechanism for transporting
angular momentum in wide class of astrophysical objects. In particular it is crucial for accretion
disks. The matter in such disks rotates as 2 o 7~3/2 and, by loosing the angular momentum,
falls onto a central compact body. There exist a viscous process which allows the angular mo-
mentum to be transported outwards. MRI, if angular velocity decreases outwards and there is
a weak magnetic field present, leads to developing of a small scale turbulence which serves as
the viscosity. The required conditions for MRI: rotation and magnetic fields are easily fulfilled
on astrophysical scales. Naturally, the rotating medium must be conducting which is true for hot
ionized plasma but not necessarily true for cold matter like, for example, protostellar disks.

Originally MRI has been discovered for a theoretical flow of ideally conducting liquid be-
tween two rotating cylinders in a presence of an axial magnetic field (Velikhov, 1959). Decades
later it was realized that the same mechanism can explain the puzzles of angular momentum
transport in the disks. Recently the subject became of particular interest for different groups of
MHD theoreticians and experimentalists: proving in a laboratory that MRI exists is a significant
challenge.

The simplest and most convenient experimental setup for MRI consists of two concentric
rotating cylinders with the gap between them filled with a liquid, the Taylor-Couette flow. Usually
a liquid metal like gallium or sodium is used. The ratio of the kinematic viscosity to the magnetic
diffusivity, i.e., the magnetic Prandtl number, of such liquids is very small, of order 10~°. Since,
for the classical MRI with axial magnetic field, the critical Reynolds number associated with the
rotation of cylinders scales as Pm™" it is necessary that the rotation is very rapid. This leads
to problems of technical nature. Moreover, plates which enclose the cylinders from the top and
bottom drive a secondary flow which disturb the flow and make it difficult to excite, observe and
properly identify the MRI modes.

The external magnetic field can be easily modified by letting an electric current through a rod
placed on the axis of rotation of the cylinders. Therefore an additional azimuthal component of
the magnetic field is created and the field takes a helical form, Eq. (2.4). This modification makes
it much easier to excite MRI in the sense that much slower rotation is required. It is important
to note that the field is steady and current free therefore it does not change the rotational profile
(at least in the limit of infinitely long cylinders or for periodic ones). Consequently the instability
is driven by the rotation.

The flow with the new configuration of the applied magnetic field has a new property, the so-
lution takes a form of a traveling wave. For an idealized case of infinitely long cylinders it means
that the instability manifests itself as moving Taylor vortices in a direction determined by the
rotation and the magnetic field. A question was stated whether presence of the endplates would
profoundly change, or even destroy, that type of instability. Until now only linear stability results
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were known and the question, as well as matter concerning velocity amplitudes of saturated flow,
remained unanswered.

In Chapter 3 it has been shown, by use of our nonlinear axisymmetric code, that even if the
vertical boundary conditions resemble rotating or stationary endplates, the helical MRI can still
be observed (Szklarski and Riidiger, 2006). The traveling wave, although distracted, could in
principle be identified. Amplitudes of all velocity components were presented, theirs values are of
order 0.1—1.0 mm/s and, for parameters of our interest, depend linearly on the Reynolds number.
It has also been demonstrated that torque at the cylinders is increased when the flow is unstable,
this indicates that the angular momentum is indeed transported outwards. Nevertheless, the
plates introduced clear secondary flow which is undesirable and an effort to reduce it should be
taken.

Reduction of effects driven by the endplates was discussed in Chapter 4. It has been showed
that, for parameters characterizing a stable flow in the limit of infinitely long cylinders, there
exists a peculiar instability induced be the plates in the presence of the axial magnetic field. This
becomes more evident if perfectly conducting vertical boundaries are applied. That, obviously
unwanted, phenomena is a clear result of electric currents induced in a boundary layer close
to the endplates. Simple and inexpensive ways of reducing impact of the lids were proposed.
It can be done either by allowing to rotate the endplates independently of the cylinders with
appropriate angular velocity or by dividing the plates into two rings which can be attached to the
both cylinders (Szklarski, 2007). It is crucial that the both plates are made from an insulating
material.

The question concerning subcritical excitations has also been addressed. It turns out that the
plates can serve as source of viscous perturbations which are then amplified and dragged by the
magnetic field resembling frequencies of the traveling wave even for subcritical characteristic
values. When the end-effects are reduced this is not an issue, however a special care must be
taken concerning vertical wavelengths of the MRI modes. If the cylinders are too short compared
with this wavelength it is possible that the instability will not develop.

The classical Ekman layer which arises near the plates enclosing a purely hydrodynamical
Taylor-Couette flow is well known. However, magnetic effects induced by the lids are not dis-
cussed in details in literature concerning the subject of MHD Taylor-Couette flow. Although the
Ekman-Hartmann layer, which develops for a motion of conducting fluid when rotation and a
perpendicular magnetic field are present, has already been studied in 60’s and 70’s. In Chapter 5
of this thesis we have shown how these results are related to the MHD Taylor-Couette flow at
finite aspect ratio.

The most important conclusion concerning the Ekman-Hartmann layer is its ability to induce
electric current which leave the layer and penetrated the flow. The current turns in radial direc-
tion and, acting in concert with the axial magnetic field, increases or decreases the azimuthal
fluid velocity. In our Taylor-Couette setup this can be viewed as a additional force representing
an azimuthal pressure gradient and it makes possible to relate the flow to a Taylor-Dean flow. If
the induced currents are strong enough, the rotational profile can be significantly changed and
instability can set it (Szklarski and Riidiger, 2007). This, however, has nothing to do with MRI
since for that case the Rayleigh local criterion for centrifugal stability is not fulfilled. All these
effects can be significantly reduced by minimizing vertical shears with the methods described
earlier.

The existence of the helical MRI has been proved in the PROMISE experiment (Stefani et al.,
2006; Riidiger et al., 2006; Stefani et al., 2007). The traveling wave has been observed, its
frequency and direction matching theoretical predictions. Also the agreement for velocity am-
plitudes was quite good, see Appendix A. However, the vertical boundaries introduced clear
problems and there is some space for improvement. In the first place the vertical boundaries
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were not symmetric, moreover one of the plates were made from copper which led to induction
of additional undesirable electric currents. Therefore, from the experimental point of view, a
new version of PROMISE would provide more clear and more evident results.

When it comes to the Ekman-Hartmann layer and its influence on the flow there is more work
which can be done. How the flow would behave for much faster rotation and much stronger
magnetic field? How insulating radial boundary conditions would change the presented results?
The helical MRI introduces the traveling wave, how the flow would behave for different height
of the cylinders and different strength of the azimuthal field? What about non-axisymmetric
modes? It is known that these modes in a Taylor-Dean flow can be fairly easy excited. Moreover,
there exists an instability only due to the toroidal magnetic field which operates only for non-
axisymmetric flows.

Theory of Taylor-Couette flow and its MHD version is an extremely reach and exciting field
of science. It is surprising that conceptually so simple system can provide so much interesting
questions still waiting to be answered.






Appendix A

The PROMISE Facility

The PROMISE experiment has been conducted by MHD group at Forschungszentrum Dresden-
Rossendorf. Here we briefly describe this facility, more details about the experiment and its
results can be found in Stefani et al. (2006); Riidiger et al. (2006); Stefani et al. (2007).

The PROMISE setup consists of a cylindrical copper vessel placed on a precision turntable,
its outer wall has thickness of 15 mm and extends from 80 mm to 95 mm, serving as the outer
cylinder for the MHD Taylor-Couette flow. The inner cylinder is also made of copper and is
attached to an upper turntable, so that it is immersed into the fluid from above. Its thickness is
4 mm and extends in radius from 36 mm to 40 mm. The fluid confined between the cylinders can
be filled up to 410 mm and it corresponds to a Taylor-Couette flow with D = Ryy; — Rin = 40 mm
and H = 400 mm, I' = 10 (see Fig. A.1).

The upper endplate, made of plexiglas and hence insulating, was attached to the frame and
therefore stationary, Q:,, = 0. The bottom endplate was part of the rotating copper vessel so it
was conducting and Q0; = Qout. This particular setup introduced asymmetry to the problem:
vertical boundary conditions were different for the velocity and the magnetic fields as well.

The fluid itself is an alloy of GaInSn which is liquid at room temperatures. The physical
properties are: the density p = 6.36 g cm 3, the kinematic viscosity v = 3.40 x 102 cm?/s, the
electric conductivity o = 3.27(22m) ! so that the magnetic Prandtl number is Pm = 1.40 x 1076,

The axial magnetic field was created by a coil through which currents up 200 A were delivered,
Fig. A.2. The created field could be up to By = 20.35 mT which corresponds to Ha = 31.7. The
azimuthal component of helical field was due to flowing current through a central rod J..q.
The flowing current was up to 8 kA and it was necessary to cool the rod, since undesirable
temperature gradients could interfere the flow. The relation between the current and 3 is

o Jrod
~ 5BoRin

Jé] (A1)
where J;0q is in Ampere, By in Gauss and R;, in cm.

Naturally it was impossible to measure the velocity with standard optical techniques.! Instead
two ultrasonic transducers, mounted at the top stationary endplate, were used. The sensors using
high frequency sound waves (4 MHz) were able to deliver information about the vertical com-
ponent of the velocity with resolution 1.84 s in time and 0.685 mm in z direction with accuracy
~ 0.05 mm/s. Two of such devices were used in order to determine if the observed modes are
symmetric with m = 0 or nonsymmetric m = 1. It should be noted that m = 1 were observed for
certain range of parameters.

INormally when the rotating fluid is transparent it is possible to eject into it ,,tracers” (for example tiny pieces of some
metal). Then by means of Doppler shift techniques it is possible to measure theirs velocity with a laser beam.
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Figure A.1: The PROMISE setup as for December 2005. Left: The both cylinders mad of copper with radii
Rin = 4 cm, Rouy = 8 cm are presented. Electric motor driving the cylinder also can be seen. Right: Later
in the central hole a copper rod was placed through which an electric current of up to 8000 A could flow.
Since such large currents can heat the device it was necessary to cool the rod with water constantly flowing
around it. Photos by R. Arlt.

In Fig. A.3 comparison between experimental and numerical data is presented. The simula-
tion was performed with use of the code described in Section 2.4. Although in the computations
treatment of the magnetic boundary conditions was simplified, the agreement for the velocity
amplitudes and the traveling wave frequency is quite good. Fore more detailed comparison with
the experimental data the reader can refer to Stefani et al. (2007).

Acknowledgments The above information is given on basis of the cited articles. I thank to
Frank Stefani for providing me the experimental data and to Rainer Arlt for the photos.



77

Figure A.2: The experiment at work, July 2006. The rotating cylinders were enclosed in the coil which
generated the axial magnetic field. Photo by R. Arlt.

t [s] u, [mm/s] t [s] u, [mm/s]
Figure A.3: Comparison of the data collected from the experiment (left) and results of our nonlinear
simulations (right) for Re = 1480, i = 0.27, Ha = 9.5, 3 = 6.0. The boundary conditions for the velocity in
the simulation are the same like in the experiment, i.e., Quot = Qous, Qtop = 0. However, for the magnetic
field in the simulation both endplates are assumed to be insulating, whereas in the experiment the bottom
one is made of copper. In this figure z = 0 corresponds to the lower plate, we notice that the vortices travel
upwards. This is expected since in the experiment product By x 3 x i, has negative sign.






Appendix B

MHD parameters

The characteristic scales for our MHD Taylor-Couette flow are: for the magnetic field B it is
the strength of the applied axial magnetic field By, for the length scale £ it is the gap width
D = Rous — Rin. As the time scale we use hydrodynamic diffusion time £2/v and as the velocity
scale U we have v/L. Radii of the rotating cylinders are denoted by Riy,, Rout, theirs height by
H, theirs angular velocity by iy, Qout.

All the principal parameters used in the thesis can be summarized in the Table B.1.

Table B.1: MHD parameters

Symbol Description General definition MHD Taylor-Couette definition
v Kinematic viscosity

7 Magnetic diffusivity

p Fluid density

140 Magnetic permeability

o Conductivity o=1/uon

Pm Magnetic Prandtl number v/

il Rotation ratio i = Qout/in

il Radius ratio 7 = Rin/Rout

r Aspect ratio '=H/D

Va Alfvén velocity B/\/top Bo/+\/1top

Re Reynolds number UL/v QinRinD /v

Ha Hartmann Number VuL/\/vn Bo/RinD/popvn
Rm Magnetic Reynolds number UL/ QinRinD/n = RePm
dg Ekman depth Vr/Q Vr/Q

dy Hartmann depth NZAL D/Ha

Jé] Azimuthal/axial field Bo = é4BoBRinr~! +é,By
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