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In the present work, we investigated the transmission dynamics of fractional order SARS-CoV-2 mathematical
model with the help of Susceptible S(t), Exposed E(t), Infected I(t), Quarantine Q(t), and Recovered R(t). The
aims of this work is to investigate the stability and optimal control of the concerned mathematical model for both
local and global stability by third additive compound matrix approach and we also obtained threshold value by
the next generation approach. The author’s visualized the desired results graphically. We also control each of the
population of underlying model with control variables by optimal control strategies with Pontryagin’s maximum
Principle and obtained the desired numerical results by using the homotopy perturbation method. The proposed
model is locally asymptotically unstable, while stable globally asymptotically on endemic equilibrium. We also

26A33

34A08 explored the results graphically in numerical section for better understanding of transmission dynamics.
93A30

Introduction new cases reported globally, while 91,816,091 confirmed cases,

The human society recently facing a terrible enemy is known as
corona virus now a days. One of the challenging issues to the human
community has to recognize the complex dynamic of Covid-19. The
concern virus badly affected almost each countries and traceries around
the globe. Corona virus was for first time notified in the peoples of
Wuhan Chain [1]. Scientist provides different theories concerning the
origination of consider virus, but it is still a mystery that from where this
virus is took place. Initially, some cases of affected peoples were re-
ported of this virus from local fish market in city of Chain Wuhan [2]. In
this connection some of the scientist believed, that this virus was
transformed in humans form animals. Similarly, the researches recog-
nized that the concern virus could transmit from person to person too
[3]. The latest statistics provided by World Health Organization (WHO)
on January 2021, the concern virus almost affected each and every
traceries and countries on the globe. According to fresh statistics of
WHO [4], at 7:08pm CET, on 15th January 2021, there were 709,865

including 1,986,871 deaths. The concern virus badly affected the
developed countries especially UK, Spain, Italy, USA, Italy, and many
more [5]. The death rates in aforementioned regions are very higher as
compared to other countries. The aforesaid analysis justified the severity
of proposed virus. The well known symptoms of this disease are sever
coughing, regular fever and infection include respiratory issues. In
addition, to this neurological sickness and gastroenteritis of contradic-
tory strictness are also counted as symptoms of proposed virus [6].
The main source of transmission of infection is the droplets from the
nose or mouth of the influence person during sneezing, coughing or
speaking. Therefore, a person among the affected peoples has it high risk
of been affected form the disease. As precautionary, all the traceries and
countries around globe implement the police lock-down in their
respective countries, in order to ensure the safety of peoples. In these
circumstances paramedical staff and doctors has dedicated themselves
to give health services to the affected humans. The experts of concerned
area believes that root cause of consider virus, was first resulted due the
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Table 1
Description of parameter and its value.

Notation Description of parameters

b Fertility Rate.

B Transmission Rate from Susceptible into Exposed Compartment.
n Transmission Rate of Susceptible to Recovered Compartment.
u Natural mortality Rate.

q Incubation Period of Infected Compartment.

q2 Incubation Period of Exposed Compartment.

qs Incubation Period of Susceptible Compartment.

2 Infection Rate of Exposed Compartment.

e Death Rate in Infected Compartment due to Disease.

4 Recovery Rate of Infected Compartment.

T Recovery Rate of Quarantine Compartment

bats, that is identical to SARS (Severe Acute Respiratory Syndromes),
that took birth in China in the year 2003, (see [7,8]). Some of the re-
searchers match up the Covid-19 with SARS and MERS to categorize the
family of virus from which it belonging. In [9], author’s presented that
the current virus recounted to the genus of f-corona virus, like SARS-Cov
and MERS-Cov. For further, details see [10-12].

In this paper our aim is to study the dynamics of Covid-19 based on a
epidemiological SEIQR model, where they represent respectively the
susceptible, exposed, infected, quarantine, and recovered(removed)
human population and with harmonic mean type incidence rate (see,
[16-18]). Particularly, in this study the incidence rate is

1)) =561y

Methodology and mathematical model formulation

Several models are introduced to simulate the dynamics of the spread
and transmission of COVID-19 [19-24]. The model, epidemiological
SEIQR model is specially design for Covid-19 disease, because this
model containing the quarantine compartment, which describe the
proper way to decreases the concerning infection disease, that other
model don’t have. The proposed model is defined in five compartment
S(t) susceptible population, E(t) exposed population, I(t) infected pop-
ulation, Q(t) quarantine population, R(t) recovered population and all of
the compartments relay on time (t). In the SEIQR model have a contract
between susceptible population with exposed population from which
the disease is transfer from exposed (E) into susceptible hosts (S). In
model (1), b is the recruitment or the birth rate,  is the transmission
rate, susceptible population recovers at a rate of # and quarantine at g3,
while y is the natural mortality rate. The parameters q;, gz, and g3 are
incubation period of infected, exposed and susceptible compartment
respectively, at which the population goes into the quarantine
compartment (Q). Infected and quarantine population recover at a rate
of y and 7, while 1 is the rate of infection in exposed population (E) and
the infected population dies out at a rate of .

s <5 o( B0V (yiura)s(l).

L S(0I() &)
DEW =p (S(r) +1<r>> B (‘ THE ">E<t>
DI(r) =2E(t) — (u+e+r+aq)l),
DOW) = sS(1) + GE() + 11(0) — (u + 000,
DRU) = nS(1) + 1001) + 71(1) — iR,

with

N=S+E+I+Q+R

and
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R = {(S(1). E(1), 1(r), 0(r), R(1))
€ R|(S(r)20, E(r)20,1(r)20,0(r) 20, R(r) 20}. @)

The parameters involved in SEIQR system is described in the
following Table 1:

Basic reproduction number

We obtained the basic reproduction number by considering the
functional equations

- AE) (o)),

3
G = AEQW) - (pu+et+r+a)l), )
H = ¢5(0) + E() + 1 (1) — (u+7)Q(0).
Thus
[0 28 0
F=]0 0 O @
0 0 0
and
(g2 + A+ u 0 0
V= —4 Gtr+ute 0 . 5)
L @ 1 —(u+7)
where the next generation matrix G = FV! is given as
r 218 2
(+i+p)g+r+pt+e) q+rtute
G= 0 0 0 ©
i 0 0 0
The eigenvalues of the next generation matrix are
2
M= 7 b= =0, @)

(@+A+u)(q+r+pute)

0 __ b
where S =i

radius G is defined as

thus the basic reproduction number, Ry is the spectral

s(A) = max{Re(A;)|i = 1,2,3}, 8)
such that

(@+A+u)(q+r+ute)’
Equilibrium points and their local stability

This section includes the possible fixed points of model (1). There
exists two possible equilibrium points are calculated, i.e. Disease free
equilibrium (DFE) and endemic equilibrium (EE). Furthermore, basic
reproduction number is calculated by next generation technique and
discuss the local stable analysis of these equilibrium points. We denote
the infection-free equilibrium point by E° such that E° =

b b
(u+ﬂ+qs’ 0,0,0, M('I+M+43)> .

Theorem 1. The infection-free equilibrium point E° of model (1) is locally
asymptotically stable, if Ry < 1, otherwise unstable.

Proof. The Jacobian matrix of model (1) around the infection-free
equilibrium point E° becomes
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—(+u+as) 0 —28 0 0
0 —(qa+2A+p) 2 0 0
JOl = 0 Y] —(qi+r+pu+e) 0 0|,
q3 9> 9 —(u+7) 0
n 0 Y T —p
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. _ &q3b — QSézE*(I) +¢:6,&5 + ‘11153E*(t)
&iés '

(15)

R
HEE

oG8 = nB)E(1) +7(610b — EHE (1) + dodi&s +9UGE (1) | AGE (1)
Hé &

we easily have three eigenvalues i.e A =—pu, Ay =—(u+7) while A3 =
—(+u +q3) in matrix (10) and it takes the form

(16

where ) =pu+e+y+qi, & =42 +u+qandés =n+p +gs.

Theorem 2. The infection-endemic equilibrium point E* of model (1) is

. D0 .
o {7 (@2 44+ p) 24 } an locally asymptotically stable, if R° > 1, otherwise unstable.
A —(g+7+u+e) Proof. The Jacobian matrix of model (1) around the infection-endemic
Now after some matrix operation in matrix (11), we have equilibrium point is given as
ro2pS'I ( 28I° ) 2881 258" ) 7
e +u+q;+—= - 0 P Sy 0 0
sy \ITHTBTEL 15y T+S
2I'p 2881 288" 288°1°
" »,f /7/7’72 —(@p+A+u) ﬁﬁ ﬁffiﬁz 0
g I +8 (S +171) S+I (S+T) a7
0 2 —(qp+r+u+e 0 0
a3 92 q —(u+7) 0
L n 0 4 T —pud
SO _ [0 28— (g +r+p+e)n+itu a2)
2 =1 —(qi +u+e : Clearly, we get the first two eigenvalues of matrix (17),i.e 4y = —u,

We getting the rest of two eigenvalues from the matrix (13) these are:
A4 = 24 —(q1 +y +p +€)(q2 +A +p) which would negative for 44 <O,
such that Ry < 1, while 45 = 4 which is positive. Hence the model is
unstable at infection-free equilibrium point E° for Ry < 1. []

The infection-endemic equilibrium point is denoted by E* and we
have E* = (S",E",I',Q",R").

s =tk ifE o, 13)
3
r :/IE;(z)7 14)
1
288°T
(1/”#)2— (n+u+q3+l,‘./ S) 0
" A 268 T B
J3 TS 51T (@2 +A+n)
( 21 p B 288 T ) 0 ; ( 258"
I'+8 (S+r1)

and 1, =—(u+7) which are of course negative, then the matrix (17)
would become

25T 20 8T 248
f—”_ (’7+ll+% +ﬂ—) ﬂ—w_*ﬂ—>
(I'+5°) I'+S (r+s) I'+S

B = 2aqp ST S 2pST |
2 ——— —(p+HAtp)
I'+8 (S+1) S+ (S+4T1)
0 2 —(qi+r+ute)

18)

multiplying row second by 1 and row third by (g2 +y +4 +u) and add row
second and third, we get

2681 28

(I'+8y 1r+s

268" 2BS'T (19)
S+I (S +1) '

268 T

P P ) (garrure)(qrat
S+I (s +1)2) <q1 T )<q2 ”)
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Thus, the eigenvalue is 13 =
row first from row second we have

—(q2 + v + 4 + p). Next, we subtract
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at endemic equilibrium E", else unstable.

Proof. Consider the non-linear equations of the model (1), and we

2681 28I 2681 248"
S eu T e (Tt HTGgs e R
W | @ ES) TS (I'+S8)Y I'+s
Ji= . . . - (20)
2B 288°1 ) ( 288" 2881 ) < )( )
j, ¥ * T % %0 )v * * T T % %0 - + + + £ + j. +
(1 S (ST S+ (s +r)) \ BT praTh
define the functional equations for those equations, i.e
subtract row second from the product of A and row first, we have
Mn+p+qs) (+r+pt+e)(a+y+itnp
I = I8 ST I 2PS'T (21)
- Y Y o e - +ytpu+e +y+i+
(1 +5 (I"+S')2> (1 +5 +S)2> (q‘ s )(qz ! ”)
Now after some matrix operation, one has
An+u+qs) (@ +r+u+elqtr+itp
I = ST oI 22)
0 A n+p+ | e +r+u+te tyHA+ +u+
<’1 H 113)((1 +S)2 1+S) (41 vTH )(ﬂh 14 ﬂ)(’? H f13>
28(0)1(z)
So that the eigenvalues of the matrix (22) are 13 = A(y + u + g3), Fo=0 7ﬂ<s(,) win) " Thtas)S(t)
and 2s = =21+ + @) (- ) (@ 4 o) (g + (Za0y_( ()
(r+s)?  T+S F, = —|A+p+ E\t],
> s S0 +10) Ht7+a (23)
A+ ﬂ) n+p+ qg). We concluded that three of its eigenvalues are Fy = JE(t)—(u+e+y+aq)l)
negative while the remaining is non-negative. Thus the model is un- Fy = @S(t) +@EQW) +qI(t) — (u+71)0(1).

stable at disease-endemic equilibrium point, E* if and only if Ry > 1. []

The jacobian of system of Egs. (23) at disease-endemic equilibrium,

*

2I°S"B 2I'p
e ) U * 43 0
(Ir+5s) I'+S
2I'p 2I°Sp
J= 3 —(y+A+pu—
I'+8 (F+5) Y o)
0 2
q3 92

such that
aA'Sp - 28'p
(I'+s)Y I'+S
25°p 2I'S"p
—(q+r+p+te) 0
q —(u+7)

Global stability analysis

In this section, we investigate the Global stability of the model (1) at

disease-endemic equilibrium point.

Theorem 3.

Next, the general form of the third additive compound matrix is
given by

IfRy > 1, then the model (1) is globally asymptotically stable
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Ju +Jjn+Js Ja4 —Jaa Jia . . . .

g — Ja3 Ji t+Jjxn +ja J2 —Ji3 PP — di S(t E(t) 1(’) Q t) o7
—ja Jjz Jn + s+ Jaa Ji2 b = dag S@) " E@) 1) 0®) (27)
j4l 7‘].31 jZl j22 +j33 +.j44

(25) and
Therefore, matrix (24) and matrix (25) yields that ©in 0 0 0 -
Ju 0 0 0 Eq . E(25p 2sp\E[25p 2Sp
— 2S"ﬂ - 21"5"ﬁ ZS;ﬂ - ZI"S"ﬂ 5 J22 T I*+S* (I%+S*)2 Qﬂf 1#+S* (I%+S*)2
i I'+5§ (1* + S*)g I'+58 ([* + S*)z 26) pJRp-1— I'r
) J3 0 ' _qu AE 3 0
2Ap 2ASp . 0 o (ap 2sp .
q3 r+s 7[" )2 Jaa g — =z [ __ 7 . jus
(r+s) B r\r+s g+sy ]
where (28)
Hence, one has B= P;P~' + PJPIP~1, that is
_S(z> ;
—L 4] 0 0 0
S() +in
E'q E (f) L E' [ 288 2I'S"B E' [ 25p 2I'S"B
v E(r) J22 \ris (I +S»,f)2 Q* I is (I»,f +S~m)2

B = (29)
. - it
1 1

—Gr—= A—= —L 4 0
‘IZS 5 1(1) J33
o, o(ap oy o)
LBy F\r+s @ +s) o) .
2U'Sp 2B Consequently, we have to find #;(t),i = 1,2,3,4, such that
Ju _(I*—&-S*)Z_I*JrS*_<q2+q3+”+2y+ﬂ+3ﬂ+e+ql>7 .
.. fn(t) =bu+ Y |byl, (30)
2I'S” 2" JAIN=2
J2 :ﬁ_f +l;*_ <513 +’7+7+l+3ﬂ+T+Q2>7
4
, wA'S'B 2B ha <t> =bn+ Y by, (31)
J33 :(1*-5-75*)271*4-3*7 G+n+y+3u+t+e+q J=INA2
4
and hs (r) =bu+ Y |byl, (32)
=In#3
Jaa = *((11+£]2+2}’+/1+3/4+T+8). ’
4
Consider P(X) = diag{S(t), E(t), I(t), Q(t)}, such that P <X) = hy <t> =bu+ Y |byl, (33
J=IN#4
diag{ &, 1,1 L% and the time derivative of P(X) is defined as P;(X . .
ag{s(‘)’E(‘) I’ Q) vaty (%) #X) from Eq. (30) to Eq. (33) implies that
= diag{S(t),E(t),I(t),Q(t)}, therefore
4
n() =bny +Z byj|,
=2
§ (’) 28I s
nit) =—t—|ep+a+n+2r+i+3ut+e+q | ———=—=-1), 34
(1) 50 (qz g +n+2y 4 fIl) Fis <1 S ) (34
5(1)
m() < o " \ete 2 +A+3utetaqn|.
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Similarly for 75(t), one has

4
h2<t) =bn+ Y |byl,

J=IN#2

t 2%1 2] S'p
7> (q3+11+y+/1+3y+1+q2> & L )

hZ(t) E(I) + +S)
+E_q+E_“ 25°p 215/5 E_ ﬂ_ZISﬂ
S 'T\I'+s (I'+s) o C+S)

(t> 28I (2I'S'B
- TNy +A+3putttg | e |
(1) (q2 (and pe qz) I'+S ((1 +5) )
E,%<q1 1) 21Sﬁ 255 “(2asp 285
ST\ +5)yY r+s Q* (' +5)Y I'+S
E z)
hz(t)sm GHN+y+i+3u+r+q |. (35)
For 73(t), we have
4
hs(r) =bx+ Z by,
J=IN#3
1 (f) 28" ( 2I'SB
nS—5—G+n+r+3p+tt+e+q | ——— 1
3(1) 10 GAN+y+3u+e q1> F+s ((1 5 )
I'n I'q
+= ——=,
E 5
i(r) W[ AP
hlr]|<—% +n+y+3u+rt+e+ —= ol
‘() I \BriarrmosTrTe q‘) r+s ((1 +5) )

<q3+n+y+3u+f+8+q1). (36)

4
=by + Z

J=1n#4

N (l) b4j

)

S I \I +S§

oI
——(qz+2y+ﬂ+3u+r+e+ql>+Qq’ Q( s

TVANGETS)

(®)
(1)
N<—=+ o0~ <q2+2y+ﬂ+3ﬂ+r+e+q1

For 74(t), we get

Let (b1, b2, bs, bs) be a vector in R* and the Lozinski measure ¢ (B) of
B is defined as ¢/(B) = n(t);, i = 1,2,3,4. The integration of Lozinski
measure ¢(B) by taking limit as t—oo.

o(
t -
()sL <q2+27+/1+3u+r+e+q1>—Q"(E—%)(M—
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. 10 S(t
ﬁ:’hmsupsup;/ hy ( )dt< log%f <q2 +q3 +I7+2y+/1+3ﬂ+8+q1>
— 00 t

Ti=—(qa+qs+n+2y+A+3u+e+q). (38)

Similarly, for g,, we have

. 1/ 1, Et
7 :Ihmsupsup;f hy (t) dt<;logﬁf (qg +i7+y+/1+3/4+1+q2>,
'— 00 t

E(0)
T =—(gs +n+y+2+3u+1+q). (39)
With same fashion, one has q;
L 1/ 1 1()
g3 = limsupsup— | hs |t |dt<=log—=— gz +n+y+3u+1+e+q |,
=00 t), t °1(0)
B=—(gs+n+y+3u+t+e+q), (40)

and similarly g, can be obtained as

I 1 !
i = limsupsup;/ hy <t> dts;log o) _
=00 I

<qz +2y+/1+3ﬂ+1+8+q1),

0(0)
Gi=—(@+2+A4+3u+1+e+q1). 41)
These lead us to the following relation
1 "t
g = limSup.Sup;/ f(B) dr < 0. (42)
=00 0

The system containing only four non-linear equations of model (1) is
globally asymptotically stable around its interior equilibrium (S*,E",I",
Q"). The solution of the limiting system of the remaining three equations
of model (1) gives that approaches to its equilibrium point. Hence the
disease endemic equilibrium point E* is globally asymptotically
stable. [

Optimal control strategies

Consider the model (1) with modifications

2A'S'p
Ir+sy)l

o'
I'+s )

37

c/;

a0 oo ) 228)-oor o))
“E(1) :/3<1—u1 (t))( (01 ()»-&-/4+J/—|-qz+u;(t))E(z)7

1
(t)+1(2) )
DI(1) =2E(f)—
(43)

S

(u+e+y+q+us(0)I
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D"Q(1) =gq35(t) +@E() + i 1(1) — (u+7+us(1))Q(1),
DR(t) =(n+u2)S(t) +us(1)E(t) + (t+us(1))Q(1) + (y + ua(1))1(t) — pR.

Subject to initial conditions
S(0)0, E(0)20, 1(0)>0, 0(0)>0, and R(0)>0. 44)

Using the modified model (43) we define the following optimal
control problem to maximize the objective functional, such that

i 1
J[ul 7uz,14371,t4,u5] :/0 |:V]E([) +vol (t) +V3Q<I) +§<c|u% <t) +czu§ (l)

esu (1) Feaidy (1)) +ess (1) de
(45)

o
I3 (|u1\2 + }uz\z + ‘M3|2 + |u4\2 + |u5|2) : — 03
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J(uj,ug,uj.,uj.,u;):( min )J(ui),i:1,2,3,4,5. (48)

Uy U U3 U US
Subject to the control problem (43), (44).

Proof. Since, the combination controls and state variables are both
non-negative and non-empty, and the set of controls U is closed and
convex which also satisfying the property of boundedness leads to proof
of compactness required for the optimal control existence. The integrand
of the objective functional (45) is also convex therefore the final con-
dition is

(49

1 2 2 2 2 2
<v1E<I) + vzl(t> + V3Q<t> + 5(51”1 <t> + oty (t) + c3us (z) + cauy (I) + csuts (t)) s

where

1. The variable, u; (t) is the control variable [14], which show the ed-
ucation or media campaign for the awareness of preventions (may be
the lockdown) defined by the public health department;

. The variable uy(t) is the treatment of Susceptible individuals;

. The variable us(t) is the treatment of Exposed individuals;

. The variable uy(t) is the treatment of Infected individuals;

. The variable us(t) is the treatment of Quarantine individuals.

a b whN

When they are vary from O to 1 then the efforts of campaign about
the Covid-19 increases and also the clinical treatment also increases.
Whereas, the chances of infection reduce too but when the control
variables reduce towards “0” then the model (43) approaches to the
original model (1) where is no campaign effort and no treatment. Where
vi, i=1,2,3,4 are the weight parameters for balancing. In order to
measurement the control variables u;(t), i =1,2,3,4,5 such that we
find the control function as

J(uLu;,u;,uZ,u;) :max{J(Lt]7u2,u3,u4,u5)|ui,i =1,2,3,4,5¢ U}.
(46)

Subject to the control model (43) and (45), such that the control set is
given by

U := {(u1, un, u3, us, us)|u; is Lebesgue measurable on [0, 1],

=1,2,3,4,5}.

O<u;(1)<1, i

(47)

We prove the existence of control variables to find them.

Existence of optimal control problem

Let us consider the control problem (43), (44), such that it is clear
that there exists for the positive bounded solutions for the state system, if
the initial conditions are non-negative and control are bounded Lebegue
measurable. We established the following theorem for the existence of
control problem.

Theorem 4. There exist and optimal control u” = (u,uy,us, Uy, us) € U,
ie

where, 61,03 > 0,05 > 1, while v1,v5,v3,¢1,¢2,¢3,¢4,¢5 > 0. []
Optimality conditions

We consider the optimal control problem (43)—(47) for the optimal
solution and define the Lagrangian as well as Hamiltonian for the con-

trol model with initial conditions (43), (44) such that the Lagrangian
and Hamiltonian are defined by

L= v1E<t> 4ol (z) +V3Q<t> +% ;cl(u[(t))z, (50)

while the Hamiltonian for the problem (43), (44)is

H= V1E<[> + vl ([) +V3Q<t> % i uz 2 + g(ﬂ, <[> (fl)u

Equivalently, one has
5 5
S e + 3o 1) 0.
i=1 i=1

H= V1E<t> + vl <t) +V3Q<t>
(52)

which yields that

(51

[\S] \

H =viE(t) + vl (1) +v;0(t) + ;Zci(ui([))z

s

+¢, (ﬁ

(1) ( 25;211(8)) (n+pn+qs+u (t))S(t))

( (t)

+o3(2E(t) — (ﬂ+8+7+q1+u4())1(t))
+04(g35() + QE(0) + @il (t) — (u+7+us(1)Q(1))
(

F5((n+u2(1)S (1) +us (VE (1) + (7 +us (1) Q1) + (r + ua ()1 (1) — pR).
(53)

a+ﬂ+y+qz+u3(z))E(z))

We use the well-known Pontryagin’s Maximum Principle for the
optimal solution of the proposed model (43), (44). When the optimal
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Exposed Human Individuals

.
0 5 10 15 20 25 30
Time(Days)

Fig. 1. Numerical simulation of susceptible and exposed human individuals by homotopy perturbation method for thirty days; in these plots the order of «a is ar-

ranged from bottom to top from « = 0.1 to 1.0.

solution is essentially bounded for the control problem with control
variables u”, i = 1,2,3, 4,5, then there exists a nontrivial vector function
@;, i=1,2,3,4,5, the Hamiltonian system is

o OH (1,x" (1), u;, (1))

D%x o0 , (54)

the optimality condition

0— 0H (t,x" (1), u;, (1)) (55)
ou

and the adjoint equation

pry— X (i 0(0) 6

ox*

Theorem 5. The optimal control variables u;, i=1,2,3,4,5 and the
solutions S*, E*, I', Q", R" of the state system, then we have the adjoint
variables ¢;(t), i = 1,2,3,4,5, satisfying

Doy (1) :(ps(n+uz<t))+q3%+%< 2pr _ﬂ)

S +IT (ST+T)
2881 (uy— 1) 28I (uy — 1))
- ttptw| )|+ - ),
(p‘(q3 s 2() (S +17 S+1

Dy (t) =vi+Aps+Paqr+ dsuz — @y (g2 +y+A+pu+us),
288" (uy — 1) 2pS°T (uy — 1
Da(p3(l) :V2+(ﬂ1< ﬂ ( 1 )_ ﬂ ( 1 )) +(p5<y+u4)

S+r (S +1
+ ( +y+pu+ +8)+ (2ﬁS* ST )
— u = = =3 |
Q1Ps — @3\ Q1 TYTH 4 (23 Sar (S,.+I,.)2
(57)
Digy(t) =vs+o@s(t+us) —@,(u+7+us),
Da(pS (t) = —Hps,

with transversally conditions
01(T) = ¢,(T) = ¢3(T) = 94(T) = 95(T) = 0. (58)

Furthermore, the optimal control variables u;,i=1,2,3,4,5 can be
shown as following

i) oo (250) B ) o
() =i (-0} 20).1), .

() 0)E20)-).
(o (o)),
() me{o (-0} 220)1)

Proof. We establish the adjoint equations and the transversally con-
ditions by Hamiltonian, H. Taking the derivatives of H with respect to
the state variables and at endemic-equilibrium point, S*, E*, I, Q",R",
such that

D (1) :¢s(n+uz(t>)+qsw4+wz< 2 _ﬂ)

S+ (S+T1)
28871 (uy — 1) 2p0 (wy — 1)>
- +n+ut+u|t)+ 4. " - - " R
¢1(Q3 n-u 2() s +1)2 S 1

D@, (1) =i+ AP+ Puga + sz — @y (@2 +7 +A+p+u3),

288 (w1 —1) 2SI (u; —1

+ ( +r+p+ +€) + (7%5* 72ﬁS*I* )
— u = e D
QP — @3\ q1 Ty THT U4 [ S I (S +1 )2

(64)

D"(p4(t)
Da(/’s(’)

=3 +@s5(t+us) — @, + 7+ us),
= —HPs.

with transversality conditions ¢, (T) = ¢5(T) = @3(T) = @4(T) = ¢5(T)
= 0 and the characteristic equations of the control space U, that is

T
Uy 2 catty (1) + 5S"(£) — 9, S" (1) = 0, (66)
s < c313(1) + @sE (1) = (1) = 0, 67)
Uy 2 caug(t) + @, E () — psE () = 0, (68)
us : esus +sQ' (1) — 9, Q' (1) = 0. (69)
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Fig. 2. Numerical simulation of infected and quarantine human individuals by homotopy perturbation method for thirty days; in these plots the order of «a is ar-
ranged from bottom to top from « = 0.1 to 1.0.

%107 B 215 x10°
16 |= = =a=0.1 =06 1 : --
-==a=02===a=0.7| .- - -
14 a=0.3 = = =a=0.8 T | 211
- = =a=0.4 = = =a=0.9 ) - = =$=0.04 = = =$=0.09
©  |=--a=05 a=1 e L= © - - ~8=0.05 3=0.1
EREY: PPl PP A 5208t ]
2 .” et et =
= . - - °
E1or Pt PO 4 £ 2 1
- . ‘r’ PP c
] . .- ]
E gl et et ] E
z e T et Z 195 1
3 L et LT e o i
[N ‘" PP meem=m== 1 ] "
g ® ,':':' PP L L L B 19 ]
3 ol e e 2 !
& o4t Wol.--" J a s
o R PR R D g5l s |
1.8 — 1
\ \ \ \ \ \ \ \ |
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time(Days) Time(Days)
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So that the control variables u;, i =1,2,3,4,5 are obtained as

)l E ) o O o))

o SO+ (f
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u, (z‘) = max (min ( <¢3 — 405)%, 0) 1 ) , (73)
4
u; <t> = max (min ( <¢4 - %) Qc(t),0> ,1 ) 74
s

This completes the proof. []
Numerical results

Homotopy perturbation method (HPM) (see, [13,15,25,26]) used to
find the semi-analytical solution of differential equations, such as ordi-
nary differential equation(s), partial differential equation(s) and frac-
tional order differential equation(s). In this study we also find the
solution to the model (1) for our results. Thus the scheme is developed as
following, i.e. Consider the homotopy for the model (1), such that

281
D*S — D%S, :p[b—/}(—) - (11+;4+q3)S—LSO],

S+1
281 75
DE-DEy =p|flc—]|—|(A+u+tr+aq |E—-LE|, %)
S+1
D1 =Dy =plAE — (u+e+y+aq)l — L,
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Fig. 9. This plots show the behavior of infected and quarantine population with the control variable treatment.

Table 2 Table 3
Descriptions of classes. Description of parameter and its value.
Classes Description of classes Notation  Description of parameters Values
S(t) Susceptible Population at time, t. b Fertility Rate. 3.42500
E(t) Exposed Population at time, t. B Transmission Rate from Susceptible into Exposed 0.01898
. . Compartment.
It Infected Populati t time, t.
© niecte . opua 1on'a 1me' n Transmission Rate of Susceptible to Recovered 0.1
Q(t) Quarantine Population at time, t. Compartment.
R(t) Recovered Population at time, t. u Natural mortality Rate. 0.00576
Q1 Incubation Period of Infected Compartment. 0.02200
q2 Incubation Period of Exposed Compartment. 0.03100
a a —

D aQ - DaQU - p[q;S TRE+ql —(p+1)0 - LQOL q3 Incubation Period of Susceptible Compartment. 0.03900
D'R—D"Ry = p[ﬂS +1Q+yI—pR - LRO]' A Infection Rate of Exposed Compartment. 0.00147
We assume solution for the model (1) as e Death Rate in Infected Compartment due to Disease. 0.020

) 5 y Recovery Rate of Infected Compartment. 0.94978
S(1) =So+pSi+p 252 +p 53 + Recovery Rate of Quarantine Compartment 0.04990
E(t) =Ey+pE +p°Ey+p’Es+ -, (76)
1(t) =Io+pl +pL+pL+ -,
t = + + 2 + 3 + .. 2S0[0
Q() Qo +p0, PZQZ IZQ% , pltD"SI —bh— —(n4+pu+qs)So,
R(t) =Ro+pR +p°Ro+p°Ry + . So +Io
: n _ PAYY/ 77
_ For the comparison of p", n = 1,2,3, -, system of Egs. (75), (76) P DE, = < 0%0 ) - </1+u +}’+qz>E0¢ 77
implies that So+1o

pl iDL, =By — (u+ety+aq)h,

11
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P D0,
p?: DR,

= @381+ @E +qil, — (u+1)01,
=nS1 +701 +yh — pR,.

and similarly for p?, such that

25,1
P’ D"Ss :fﬁ< = ) - <ﬂ+ﬂ+qa>S2,

S, + 1
28,1 (79
PiDE; = 2 ) (2 E
)4 3 B S5 +u+y+aq ) Es,
PP iDLy, =E,— (u+e+y+aq)h,
P D0y =@:8+ @B+ qilh — (U +1)0s,
P DRy =S, +10s + vl — pR,.

First order problem

281y “
—b-p - L
: { /<SO+10) (71+/l+43)S0}><F(a+1),

- PAYYD) “
E —{ﬂ(so+lo)—(1+H+7+512)E0}><m-, (80)

o

%)

I, ={lE, — I -
1 {AEy (ﬂ+€+7+q1)u}><l_,(a+l)7

a

t
= E, Iy — -,
0 {g380 + @2Eo + q1lo — (1 +7)Q0} X Tat1)

a

!
Ry = {nSo +1Qo +vly — pRo} x Tat+1)
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. 2a
T N
2
+q: (‘I3So +q:2E0+q11y *L4QO> ><me4 <q350+quo b 7L4QO>
(84)
2a
xm,
e B {0
2a I
+y (AEO—Lﬂo) xm—ﬂ ('150+TQU+}’10—MR0) Xm'
(85)

taking limit as p—1 in system of Egs. (76), we have

S() = So+S+S 4S5+,

E(t) = Eo+E +E+E+ -

I(t) = Lh+L+L+L+- (86)
o) = Q+0i+0+0:+ -,

R(l) = Ro +R1 JrRz + R3 + -

Hence, we have semi-analytic solution for model (1) based on the
system of Egs. (86).

Solution by homotopy perturbation method

2S0[0 "
S(1) = So+4b— - So p X
Second order problem () o+ { ﬂ(sn +10> (’1 tH +(]3) 0 } x C(a+1)
, n 2B(2BSoly + (So + 1y)L1So)(2pSolo — LoEo(So + 1p)) « I
5 = {2/’(2/’S°’° o (5o + Fo)FaSo) (2fSolo — LaFo(So + o)) } C (So-+ 1) (b~ LuSo — LaE) ra+2)
(50107 (o~ L0 - iEo) M+ 29l
0L0
N {b Sk o - L‘{bfso+107L‘S°} “Ta+2) ™
! So+1y Y TT(a+2) 87)
(81)
£ = {zﬂ(zﬂsolo + (So + 1o)L1So0) (2BSoly — LEy(So + 1)) } % e 281 t“
2 - 010
(So +1o)* (b — LiSy — LEy) F(a+2) E(r) = E0+{ﬁ<so+10)*(/1+/4+7+42)E0}Xm
2680l I 2a
~Log oy~ LeBop X Fat2) n {Zﬂ(zﬂsolo + (So +10)L1S0) (2S0lo — L2 Eo (So +10))} !
a
oo (So+10)* (b—LiSo — L, Ey) C(a+2)
(82) )
28Soly } e
_ Lz{ —LEy p ¥ 4o
2a 2a
L= /1{ 2Solo } NP </1E0 7L310> x—"_ (83) So+lo @+2)
So + 1y — LE, INa+2) Ta+2) (88)
1 28Soly 1
1 = Ey — 1 1
1) o+ (3B — ety )b} x go gy + {SOHFLZEO}Xr(aJrz) )

t2(1
— L3\ AEy—L3ly | X ———+ -,
(380 00) <y
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ZﬂSOIo
So+1y

LlSO}

Q(l)=Qo+{¢13so+(hEo+Q110—(I4+T)Q0}XF(;_H) f -’13{17

" £ 288l LE £ SotaEot I —La
F(a+2)‘ 2 Sot1o 0 F(a+2)'ql q320Tq2L0Tq110 —L4lo
2a 2a
T Eo+quly—L. 4.
XF(aJrZ) 4(‘1350-1-(12 ot+q1lo 4Q0> XF(a+2)+ )
(90)
1 2ol e
R(t):R0+{r]Sg+rQ0+ylo—ﬂRg}XF(OH_I):n{b Sf—:l: ]SO}XF(CH-Z)
t2a 2a
+T(‘13S0+42E0+4110—L4Q0> Xm'ﬂ/ (/IEO—leo) Xm
2a
_ I —uR ) x— ...
ﬂ(nS0+TQO+70 u o) XF(a+2)+ ;
o1

where, Ly =n+p+¢qs, Ly =A+pu+qz, L3y =p+¢e+y+ q, and
Ly =p+r.

Discussion

In current work, we studied the transmission of SARS-CoV-2 with
fractional order Susceptible, Exposed, Infected, Quarantine and Recov-
ered Population model by means of stability, control and numerical
interpretation by homotopy perturbation method. The basic reproduc-
tion number, Ry is calculated by next generation matrix and examined
the model on both disease-free and endemic equilibrium points which is
locally asymptotically unstable and globally asymptotically stable. We
used a third additive compound matrix for the computation of global
stability and also implemented five control variables in fractional
optimal control, the variable, u; (t) is the control variable, which show
the education or media campaign for the awareness of preventions (may
be the lockdown) defined by the public health department, the variable
uy(t) is the treatment of Exposed individuals, the variable us(t) is the
treatment of Exposed individuals, the variable u4(t) is the treatment of
Infected individuals, the variable us(t) is the treatment of Quarantine
individuals. We have presented graphically the semi analytical results of
various compartments in Figs. 1-5. The respective dynamical behavior
of the corresponding compartments against various fractional order has
been shown. Also in Figs. 6 and 7, we have presented the behavior of
basic reproductive numbers with and with contour plots against the
given values of the parameters. Under the control sterility, the plot of Ry
is bonded bellow 1 which shows that stability is occurring in the dy-
namics with the passage of time. On the other hand in the Figs. 8 and 9,
we have presented the plots of different compartments under various
control parameters. We see that a decay is occurring in susceptible,
exposed and infectious classes and the class of quarantined is raising due
to the isolation of individuals among each other. Further the global
dynamics of various compartments for different fractional order can be
observed from Figs. 1-5. The different behavior in dynamics interpret
that fractional calculus approach is an excellent way to investigate
biological model of infectious disease (see Tables 2, 3 and Figs. 10-12).

CRediT authorship contribution statement

Muhammad Sinan: Data curattion, Formal analysis, Methodology,
Software, Writing-original draft, Writing - review & editing. Amjad Ali:
Conceptualization, Data curation, Formal analysis, Investigation,
Methodology, Visualization, Writing - original draft, Writing - review &
editing. Kamal Shah: Conceptualization, Data curation, Formal anal-
ysis, Investigation, Methodology, Supervision, Validation, Visualization,
Writing - original draft, Writing - review & editing. Taghreed A. Assiri:

14

Results in Physics 22 (2021) 103873

Formal analysis, Methodology, Validation, Visualization, Formal anal-
ysis, Writing - review & editing. Taher A. Nofal: Data curation, Funding
acquisition, Investigation, Methodology, Resources, Software, Valida-
tion, Visualization, Writing - original draft, Writing - review & editing.

Declaration of Competing Interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgment

Taif University Researchers Supporting Project number (TURSP-
2020/031), Taif University, Taif, Saudi Arabia.

References

[1] Jasper FWC, et al. Genomic characterization of the 2019 novel human-pathogenic
coronavirus isolated from patients with acute respiratory disease in Wuhan, Hubei,
China. Emerg Micr Infect 2020;9(1):221-36.

Lu H, Stratton CW, Tang YW. Outbreak of pneumonia of unknown etiology in
Wuhan, China: The mystery and the miracle. J Med Virol 2020;92:401.

Ji W, Wang W, Zhao X, Zai J, Li X. Homologous recombination within the spike
glycoprotein of the newly identified coronavirus may boost cross-species
transmission from snake to human. J Med Virol 2020;94(4):433-40.

The World Health Organization, Coronavirus disease 2019 (COVID-19): Situation
Report. 15 January 2021.

Alnaser WE, Abdel-Aty M, Al-Ubaydli O. Mathematical prospective of coronavirus
infections in Bahrain, Saudi Arabia and Egypt. Inf Sci Lett 2020;9(1):51-64.
Chen Y, Guo D. Molecular mechanisms of coronavirus RNA capping and
methylation. Virol Sin 2016;31:3-11.

Wang LF, et al. Review of bats and SARS. Emerg Infect Dis 2006;12:1834-40.

Ge XY, et al. Isolation and characterization of a bat SARS-like coronavirus that uses
the ACE2 receptor. Nature 2013;503:535-8.

Lu R, et al. Genomic characterisation and epidemiology of 2019 novel coronavirus:
implications for virus origins and receptor binding. The Lancet 2020;6736(20):
1-10.

Zhou P. A pneumonia outbreak associated with a new coronavirus of probable bat
origin. Nature 2020;579:270.

Tian X, et al. Potent binding of 2019 novel coronavirus spike protein by a SARS
coronavirus-specific human monoclonal antibody. Emerg Micr Infect 2020;9(1):
382-5.

Benvenuto D, et al. The 2019-new coronavirus epidemic: evidence for virus
evolution. J Med Virol 2020;92:455.

Jan MN, et al. Analytical approximate solution of hepatitis B epidemic model
comparison with vaccination. Pun Univ J Math 2019;51(12):53-69.

Khan T, et al. Modeling and control of the hepatitis B virus spreading using an
epidemic model. Chaos Solitons Fract 2020;124:1-9.

Sinan M, Khan A. Analytic approximate solution of rabies transmission dynamics
using homotopy perturbation method. Matr Sci Math 2020;1:1-5.

Rahman G, Agarwal PR, Din Q. Mathematical analysis of giving up smoking model
via harmonic mean type incidence rate. Appl Math Comput 2019;354:128-48.
Liu WM, Levin SA, Iwasa Y. Influence of non-linear incidence rates upon the
behavior of SIRS epidemiological models. J Math Biol 2017;23:187-204.

Liu WM, Hethcote HW, Levin SA. Dynmical behavior of epidemiological models
with nonlinear incidence rates. J Math Biol 2019;25:187-380.

Khan MA, Atangana A. Modeling the dynamics of novel coronavirus (2019-nCov)
with fractional derivative. Alexandria Eng J 2020;59(4):2379-89.

Atangana A. Modelling the spread of COVID-19 with new fractal-fractional
operators: Can the lockdown save mankind before vaccination? Chaos Solitons
Fract 2020;136:109860.

Abdullah S, Ahmad S, Owyed A-H, Abdel-Aty EE, Mahmoud K, Shah H. Alrabaiah,
Mathematical analysis of COVID-19 via new mathematical model. Chaos Solitons
Fract 2021;143:110585.

Baba IA, Yusuf A, Nisar KS, Abdel-Aty A-H, Nofal TA. Mathematical model to assess
the imposition of lockdown during COVID-19 pandemic. Resul Phys 2021;20:
103716.

Abdulwasaa MA, Abdo MS, Shah K, Nofal TA, Panchal SK, Kawale SV, Abdel-Aty A-
H. Fractal-fractional mathematical modeling and forecasting of new cases and
deaths of COVID-19 epidemic outbreaks in India. Resul Phys 2021;20:103702.
Shahzad M, Abdel-Aty A-H, Attia RAM, Khoshnaw SHA, Aldila D, Ali M, Sultan F.
Dynamics models for identifying the key transmission parameters of the COVID-19
disease. Alexandria Eng J 2021;60(1):757-65.

Javeed S, Baleanu D, Waheed A, Khan MS, Affan H. Analysis of homotopy
perturbation method for solving fractional order differential equations.
Mathematics 2019;7.

Abdulaziz H, Ishak M Shaher. Solving systems of fractional differential equations
by homotopy-perturbation method. Phys Lett A 2016;372:451-9.

Khan T, Ullah Z, Ali N, Zaman G. Modeling and control of the hepatitis B virus
spreading using an epidemic model. Chaos Solitons Fract 2019;124:1-9.

[2]
[31

[4]
[5]
[6]

[71
[8]

[91

[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]



	Stability analysis and optimal control of Covid-19 pandemic SEIQR fractional mathematical model with harmonic mean type inc ...
	Introduction
	Methodology and mathematical model formulation

	Basic reproduction number
	Equilibrium points and their local stability
	Global stability analysis
	Optimal control strategies
	Existence of optimal control problem
	Optimality conditions

	Numerical results
	First order problem
	Second order problem
	Solution by homotopy perturbation method

	Discussion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgment
	References


