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A COMPLETENESS PROBLEM FOR STRESS EQUATIONS OF MOTION
IN THE LINEAR ELASTICITY THEORY*

JOZEF IGNACZAK (WARSZAWA)

Introduction

The present paper deals with the problem as to what system of stress equations
of motion alone one can use to be sure that all fundamental field equations of linear
theory elasticity are satisfied. It is shown that the dynamic stress problem can be
treated in an entirely different way from that in the static case. A system of six
stress equations of motion for six components of the stress tensor in non-homoge-
neous and anisotropic elastic solids is established. Some theorems that show the
relations between these stress equations of motion and the fundamental system
of field equations are proved. The uniqueness theorem for the dynamic stress equa-
tions is established. Stress equations of motion, the positive definiteness of the
strain energy density and the accompanying initial and boundary conditions in
terms of stress only, determine the problem completely.

It is also shown that another system of six equations of motion, called the gener-
alization of the Beltrami-Michell stress equations for homogeneous and isotropic,
elastic solid is necessary but not sufficient for all of the dynamic field equations
to be satisfied. Comparisons are established between the pure stress treatment
of the dynamical linear elasticity and mixed one, where the generalization of
the Beltrami-Michell stress equations should be considered together with the
displacement vector.

Some previous papers which have considered the problem of the stress equations
of motion in linear elasticity are also discussed.

Further, the plane-strain and the generalized plane-stress equations of motion
are taken into account. The theory is illustrated by the problem of Rayleigh waves
in a non-homogeneous, isotropic, elastic semi-space (see [10]).

* The investigation underlying this paper was carried out during the author’s tenure of a fellow-
ship from the Polish Academy of Sciences in the Division of Applied Mathematics, Brown University,
Providence, Rhode Island, U.S.A. 1961/62.
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1. Fundamental Stress Equations of Motion in Linear Elasticity

An anisotropic, non-homogeneous and elastic solid V is considered. We recall
here from [1], the dynamic system of field equations in the isothermal three-dimen-
sional linear theory of elasticity.

The linearized displacement-strain relations in the usual, indicial notation !
appear as
(1.1) 26;5(x, 1) = u; i (x, ) +u; ;(x, 1),
where u; and ¢;; designate respectively the cartesian components of the displacement
vector and of the infinitesimal strain tensor, while ¢ denotes time.

The equations of motion reduce to
(1.2) ' Gij,j(x: N+ Fi(x, 1) = o (X)i;(x, 1),
where o;, are the components of the stress tensor, and F; stands for the components
of the body-force density. The dot denotes the partial differentiation with
respect to ¢, and p(x) density of the medium.

The stress—strain relations take the form:

(1.3) &j (X, 1) = % (X) 0 (X, 1),
where x;;, denotes tensor of the elastic moduli.

Theorem 1.1. If u; = u;(x, 1), &; = ¢;;(x, 1), 0;; = 0y;(x, 1) meet (1.1), (1.2), (1.3),
then o;; meets the equations
(1.4) 2% ()G (x, 1) = [0 (X) 0, 1 (x, 0]; +o 2 (X) o, 1 (x, D)],;

+ o X) Fi(x, )], ; + o7 (x) Fj (x, ], ;.

Proof: We combine Egs. (1.1), (1.2), (1.3), and arrive at (1.4).

The system (1.4) for an isotropic and homogeneous elastic solid was given in [2]
and [3]. See also C.A. TRUESDELL, [4].

Theorem 1.2. We shall assume the body to be initially undisturbed in the sense that
u(x, 1) = 0;5(x, 1) =0
u(x, 1) = 6;;(x, ) =0

(1.5) }inV, —o0o<t<0.

Let o;; meet (1.4) and &; satisfy (1.3). We define

(1.6) (%, 1) = o) [ (t— D)oy, ; (x, 7) + Fy(x, 1)]dr .
0

Then
(a) u; meet (1.2),
(b) u;, &; meet the strain-displacement relations.

1 All Latin subscripts take on the value 1, 2, 3, the single argument x stands for (x;, xs, X3),
and summation over repeated subscripts is implied. Moreover: u; j = u;/0 Xl
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Proof: Part (a) of this theorem is readily inferred from the definition (1.6)
and the homogeneous initial conditions (1.5). To justify (b) we differentiate (1.6)
twice with respect to ¢ and combine with (1.4); we find

1.7 2351 (¥) G (x, 1) = #; ;(x, )+t ;(x, 1),
from which homogeneous initial conditions (1.5) and stress-strain relations (1.3)
lead us to (1.1).

According to Theorems 1.1 and 1.2, the system (1.4) is a fundamental, dynamic

stress system. Having found o;; which meets (1.4), the displacement vector can be
found from (1.6)%

Theorem 1,3. Uniqueness in terms of stresses only®. Let 0;; meet the stress equations
of motion in the form (1.4). The equation (1.4), which must hold throughout the
region of space V occupied by the medium, is subject to the initial conditions
(1.8) 0;;(x,0) = 0f;(x), 0;;(x,0) = 67(x) in ¥,
where of;(x) and &;(x) are the prescribed initial distributions of stress tensor and velo-
city of stress tensor. The accompanying boundary conditions are characterized by
(1.9) 0;i(x, Hni(x) = py(x,) on B, 0<t< 0,
if B is the boundary of V, while p;(x, t) are the given surface tractions. Let V be a
bounded regular region of space with the boundary B, and moreover suppose that

%ijit(X) fijfa > 0, i 7 0
(110)4 jkl )f).ﬁcl f f_, } oV
Kijkl = jiki = kiij» o(x) >0

Then there exists at most one tensor o;(x, t), which satisfies (1.4) in V(0 < t< ),
and meets (1.8), (1.9).

Proof: In view of the linearity of (1.4), (1.8), (1.9), it is sufficient to show
that

(1.11) 22 () G (x, 1) = [072(0) 0 1 (%, )], ;4 [0 () Ok, k (X, 1] i
V- O<t< 00

2 Among many pecularities of linear elastodynamics which do not belong to elastostatics we
draw attention to the fact that in dynamic case displacement vector has been defined twice by
strain tensor: first definition is given by (1.6) and (1.3) and the second one follows from (1.1).
Compatibility of these two definitions leads us to (1.4). In the static case only strain — displacement
relations define displacement vector provided strain tensor is prescribed.

* The uniqueness theorem is a well known fact from classical linear elasticity and here follows
from Theorem 1.2 provided the strain-energy density is a positive definite function of the compo-
nents of strain and suitable initial and boundary conditions are to be met. We prove once more
uniqueness of the dynamic stress solution without making use of the kinetic energy notion which
has been introduced in the conventional proof of Kirchhoff-Neuman’s theorem.

‘We admit f; = fij(x, 1), x€V, te <0, o).
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together with

(1.12) Uij(x, 0) = 6',~j(x, 0) — O in V,
(1.13) o;;(x, Hnj(x) =0 on B, O<at= o,
imply o;j(x,1)=0 Y. 0 <t < oo,

To this end we multiply (1.11) by 6;;(x, #), and integrate both sides of the equation
over the region ¥V and 0 <7< t< co. We obtain:

t
(1.14) def dT[z"ijkt&kz&ij—(Q_lo'ik,k),j&ij—(Q_IUjk,k),i&ij] =0.
1% 0
Since
3 U, Fok d SN gy soiy
22311 01 Oy = %ija(03j O + O'ij"kz) = 7 %ijk0ij0ki>  %ijki0ijOx = %k1ijOx1 Oij »
dr
by virtue of the last Egs. (1.10), and

. — (@70, 1), ;01 = — (07 Gk, k0, j +o7 0w, 10i;, js

—(Q_lo‘jk,k),ié'ij = _(Q_ldjk,kb‘ji),i+Q»10jk,k&ji,ia
f[Q_IUik,kb'ij],jdV: f@flaik,ké'ij"de =0 ;
v B

whence, from (1.14)

F
d = d
def dr I:_d7 (%1101 Ort) ‘f‘g_r—(@_lo'ik,kais,s):l =0
v 0
and
de(“ijkt&ijé'kt +070y k0is,s) =0
v

from which, because of (1.10), 6;; = 0, o, ,= 0, whence according to (1.12)
0;j(x,1)=0 in V(0 < t < o0). This completes the proof.

2. Stress Equations of Motion for an Isotropic and Non-homogeneous Elastic Solid (o0 = const)
We particularize (1.4) to the isotropic case and obtain:

1 o A(x)0;; 3
2.1) W[Gij(x: )] —ngkk(x, 1)
= 0}, ki (x, )+ 0, u(x, O+ F; j(x, )+ F; (x, 1),
where 4 = A(x), u = u(x) elastic moduli for isotropic media, d;; is ths Kronecker
delta and 1/c3(x) = o/u(x).
The displacement vector is given by formula (1.6), provided u; = u;(x, t) and
0;; = 0y;(x, t) meet homogeneous initial conditions (1.5).
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3. Connection of Stress Equations of Motion with the Generalization of the Beltrami-Michell Stress
Equations (Isotropic and Homogeneous Elastic Solid)

Theorem 3.1. If u;, &;, 0;; meet the fundamental field equations of linear, isotropic
and homogeneous elasticity

3.1 28 = j+ U,
{32) 6y, + Fi = oii
(3.3) Gij = 2‘M 8ij+lbkkoij ’
then
242 B i e %)
B4 [MBoy+- 31—1—2 O'kk,ij‘f'(?;‘ )31_*_2” Ok
+2—+— ~Fertly,  F e
and
2442
(5  Cihoy+0iF,+E, )+/1+2 O3 Fee— 33 Fokiy = 0.
where
1 g8 1 0 1 0
(3.6) fep. - . e

¢ of h A+2u C: U

Proof: To prove this we combine (3.1), (3.2), (3.3) and arrive at (3.4) and
(3.5). (see [5], and [6]).

Theorem 3. 2. Let o;; meet the generalization of the Beltrami-Michell stress
equations with F; = 0

244 2u 1 1 Al
: el B Sl o el Ris i
(37) Dzdij+ 31.—{*2 kk ”+(622 C%) 31_{_2[ Gkk O’
and moreover

& 1 B0
(3.8) —63—0'1‘1; = 0%,ij> c—§ = m

then the associated véctor field U; = Uj(x, t) given by the formula

t
(3.9) oUix, ) = [ (t—)ay; ;(x,D)dr
0
meets the displacement equations of motion (Lamé equations)
(3.10) pU; e+ A+ Uy = Ui -
Proof: If follows from (3.7) that
(3.11) Digkk = 0.

® (3.8) is the contraction of (2.1) with F; = 0.

Arch, mech. stos. — 5
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We differentiate (3.7) with respect to x;, and use (3.11) and (3.7). We find:

Abp 8 .
2 . & — 2 —
(3'12) DZGijsJ+ P 32._1_2‘“ akk,l 0 )
from which, because of (3.8), (3.9)
(3.13) DgUi+Z+MUk,ki=0'

We have just integrated (3.12) twice with respect to 7, and used homogeneous
initial conditions for U; and o;;.
Theorem 3. 3. Let a,(x, 1), 0;;(x, t) meet the equations:

(3.14) Gij,j+Fi = 04;,

20+2u Ad;;
(3.15) Gij,kk+mdkk,ij+(Fi_9ai),j+(Fj'—9aj),i+ l—*—,;_‘u (Fs—eay),s=0.
We define

1 A0;;

(3.16) 8y == ?ﬁ(ﬂij—m(fkk)
then
(3.17) &;j,kk T Exk, 15— Eik, jk — Ejk, ik = 0.

Proof: We combine (3.16), (3.15), (3.14) and check (3.17), (see also [11]).

4. The Plane—Strain and the Generalized Plane—Stress Equations of Motion in a Non-Homogeneous,
Isotropic and Elastic Solid

4.1. Plane-strain solutions® (o constant, Fy = 0). Theorem 4.1. [ f 0ap = Oap(X, 1) meets
equation

Q - A(X)(S,ﬁ
£ 16,0, 1) — =
u(x)[ 4% )~ 330+ 2u()

then the associate displacement vector

(41) &yy(x9 t):l = Oay, y8 (X, t)+ Gﬂy, ya(x, t)’

t
(4.2) : ua(xs t) = 9—1 f (t""T)o'aﬂ,ﬂ(x’ 7) dr
0
together with the strain tensor &y
2 1 o A(x) 5,5
4.3) Eap(x, 1) = —_Z,u, ) [a,,;(x, t) 10 20 () @12 6 (X t)]

meets the strain-displacement relations ana v, satisfies the equations of motion in
the elastic plane—strain state.

¢ All Greek subscripts take on the values 1, 2, the single argument x stands £ (xy, xa).
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4.2. Plane-stress equations of motion. Theorem 4.2. In the dynamic plane-stress problem,
it is sufficient to find

a solution o,s, which meets equation

- A(x) 0, - 2 =2
4.4 ﬁ l:aaﬂ(x, )= ﬁ?_&%{)aw] = Oay, yﬁ(x: )+ Opy, ya(xa )

then the associate displacement vector is given by

(4.5) (%, ) = 07f (t— 1), , (x, D) dr.
0

Strain—stress relations take the form

Z e & A(x)0d,, =
(4.6) 2p(x, ) = T [a,ﬁ (ot s mﬁ(—x) a,, (x, t):l.

Proof: Both the Theorems 4.1 and 4.2 are proved if the definitions of the
plane-strain and the generalized plane-stress problem respectively and homoge-
neous initial conditions for u,(x, 1), &4(x, 1), 0,4(x, ) are taken into account [1].

Some problems of dynamic plane elasticity have been studied by J. R. M. RACOK
[7], and P. P. TEODORESCU, [8]. No pure stress methods of analysis have been used
by them to solve the problems they formulated in [7] and [8]. Although three stress
equations have been derived in [7]” (plane-strain solution and homogeneous case),

2 e e
Dlg«za e 0; I:'50‘1.2_*— aaa, 12 —0,

(0'11, 4 “2%; &11) = (022, 22 — Egl‘;&zz) =0.

The author had to use the displacement vector to find ¢,,. TEODORESCU, [8], has
also found oy, by «mixed» method. The system (4.7), although it includes three
components oy;, 0y, 0y, and accounts for the plane compatibility equation, is not
sufficient to determine the dynamic plane problem . To prove this, it is sufficient
to show that there exists a stress tensor o}; which meets (4.7) but not (4.1) (homoge-
neous case). oj; can be assumed in the form (see W. Nowackl, [9]):

4.7

s s i wluvds
(4.8) Oz = —D,ap+ 5«ﬂ(¢.w 2% @)
where

(4.9) (2120 = 0.

" See also [12], p. 118, formulae (75.4)-(75.6).

5%
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It is easy to check, o} meets (4.7), provided (4.9). However, if we substitute o}
into (4.1) we find after certain manipulations

AL28 g peis
(4.10) Oap YRy =04
Equation (4.10) cannot be met by any function @, such that
(4.11) FEedi—0_

It is also seen, that, although o} for the static case (4"5 = 0) reduces to the general
solution in terms of Airy function, it does not represent a general solution of the
dynamic problem.

Since
(4.12) o = _Zidi,,,
7
and because of
(4.13) ok, 5 = Qilg

the displacement vector u} has potential @ only®. No shear waves are included
in representation (4.8).

Some advantages of the method of pure stress—equations of motion can be seen
if non-homogeneous, isotropic elastic solids are taken into consideration. The
problem of Rayleigh waves in a non-homogeneous, isotropic elastic solid is chosen
in [10] to expound the dynamic stress method.

Acknowledgement. The author wishes to express his thanks to Professor ELI
STERNBERG and Professor MORTON GURTIN, Division of Applied Mathematics,
Brown University, Providence, Rhode Island, who supplied many valuable sug-
gestions on this work.

8 We have assumed homogeneous initial conditions for uy and @.
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Streszczenie

ZAGADNIENIE ZUPEENOSCI DLA NAPREZENIOWYCH ROWNAN RUCHU
W LINIOWEJ TEORII SPREZYSTOSCI

Praca rozwaza problem, jaki uktad naprezeniowych réwnan ruchu jedynie powinien byé uzyty,
aby zapewni¢ spetnienie wszystkich podstawowych réownan pola liniowej teorii sprezystosci.

Wykazano, ze dynamiczne naprezeniowe zagadnienie moze by¢ traktowane w pewien catkowicie
odmienny sposéb od stosowanego w przypadku statycznym. Wyrdzniono pewien uklad szesciu
naprezeniowych rownan ruchu w ciatach niejednorodnych anizotropowych i sprezystych. Udowod-
niono twierdzenia przedstawiajace relacje migdzy naprezeniowymi réwnaniami i podstawowym
uktadem réwnan dynamicznych pola. Dowiedziono réwniez twierdzenia o jednoznacznos$ci dla
dynamicznych réwnan naprezeniowych. Tylko réwnania naprezeniowe ruchu, dodatnio okreslona
gestos¢ energii odksztatcenia sprezystego i towarzyszace poczatkowe i brzegowe warunki wyrazone
przez naprezenia okreslaja zagadnienie zupelnie. Wykazano takze, ze pewien inny uklad sze$ciu
naprezeniowych réwnan ruchu, tzw. uogoélnione naprezeniowe réwnania Beltramiege—Mickella
sa warunkiem koniecznym, lecz nie dostatecznym, na to, aby byty spetnione wszystkie dynamiczne
rownania pola. Dokonano poréwnania miedzy czysto naprezeniowym traktowaniem dynamicznej
teorii sprezystosci i jej traktowaniem mieszanym, gdy uogélnione rownania Beltramiego-Mickella
powinny by¢ rozwazane wraz z wektorem przemieszczenia. Przedyskutowano takze pewne poprzed-
nie prace dotyczace naprezeniowych réwnan ruchu w liniowej teorii sprezystosci.

Rozwazono takze naprezeniowe réwnania ruchu dla plaskiego odksztalcenia i uogdlnionego
ptaskiego stanu naprezenia w niejednorodnym i izotropowym ciele sprezystym. Teorie zilustrowano
w pracy [10] zagadnieniem rozchodzenia si¢ fal Rayleigha w niejednorodnej, izotropowej potprze-
strzeni.

Pesmome

IIOJIHOTA 3AIAYU IJIs1 YPABHEHUN IBVDKEHUSA B HAIIPSDKEHUAX
B JIMHEMHOW TEOPUU VIIPYTOCTU

PaccmarpuBaercss BOIPOC, KAaKyI0 HMEHHO CHCTEMY YPaBHEHWH IBIYKEHUS B HANPSHKEHUAX
MOYKHO €JMHCTBEHHO NCIOJIb30BaTh UIA TOrO, UTOOBI OCECHEUUTH YOBJIETBOPEHUE OCHOBHBIM
YPaBHEHHUAM IIOJIA JIMHEWHOM TEOpHU YIPYTOCTH.
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IToxas3aHo, UTO AHMHAMHUYECKYIO 3a3/1auy B HAIPSHKEHUSAX MOXKHO PACCMATPUBATH HA HEKOTOPBLIM,
COBEPIIEHHO pAa3JIMYHLIM II0 CPABHEHMIO C IPUMEHAEMBIM B CTATHUYECKOM CJIydae, CIIOCOGOM.
TlocTynupyeTcsi HEKOTOpasi CHCTEMa IIfeCTH YPABHEHMII [BMIXKEHWs B HANPSDKEHMSX B HEOIHO-
POJHBIX AHM3OTPOIHBIX M YHOPYIHX TejaX. J[OKas3hIBaIOTCS TEOPEMBI, IIOKA3bIBAIOIINE 3aBUCH-
MOCTH MEX/ly YPABHEHMSAMU B HANPSDHKEHHAX M OCHOBHOM NMHAMMYECKON cucreme Ioui. J[loka-
3BIBAETCA TAKXKE TEOpPEMa OJHO3HAYHOCTH UIA JUHAMUYECKMX YDABHEHUI B HAIIPsKECHMAX.
TONBKO YPABHEHHE [BIHYKCHHA B HATPSHKEHUSX, IOJIOXKUTENBHO ONPE/EIeHHasl IIOTHOCTh
9HEpPruu ynpyroit medopmanuifi M COOTBETCTBYIOIIME KpPaeBbIE M HAUaJIbHBIE YCJIOBHS, BbI-
PayKEHHBIE C IIOMOIIBIO HAMPSYKEHMIT IIOJHOCTBIO ONpeNessioT 3ajady. ITokasaHO TakiKe, 4TO
HEKOTOpasg Mpyras CHUCTeMa ypaBHEHWH [BIDKEHHS B HANPAKEHUAX TaK Ha3. 00OOIEHHBIE
VYPAaBHEHHUA B HaupspKeHusx Benprpamu-Muuesuia, sSIBIAETCA HEOOXOAMMBIM, HO HETOCTATOUHBIM
YCJIOBMEM YIS TOTO, YTOOLI YJAOBJIETBOPHTH BCEM AMHAMHUYECKMM ypaBHeHWAM moJisi. IIposo-
JIUTCS CPABHEHUE MEX/1y TPAaKTOBKOM JUHAMUYECKOW TEOPHM YIPYTOCTH MCKIIIOUMTEIBHO C TOUKH
3peHMsT HANPSOKEHMII M CMENIAHHOM TPAaKTOBKOM, B CiIyuyae KOrja O0OOIIEHHBIE ypaBHEHUS
Benprpamu-Muueiuia ciieyeT paccMaTpuBaTh OJHOBPEMEHHO C BEKTOPOM mepemenieHus. IIpo-
BOIMTCS TAKXKE JUCKYCCHsI HEKOTOPBIX IPEIBLAYIINX PaboT, KACAIOIIMXCSA YPABHEHMIT IBUKE
HUS B HANPsDKEHHUAX B JMHEWHON Teopum yIpyrocTH.

PaccmMaTpuBarOTCA TAK)KE YPABHEHWsI [ABI)KEHHSA B HANPAKEHUAX JUIA IUIOCKOH pedopmanum
¥ 00O0BIIEHHOrO IUIOCKOTO HAIPSIKEHHOIO COCTOSIHUSL B HEOJHOPOJIHOM ympyrom reje. Teopus
wunoctpupyercst (B pabore [10]) samaueir o pacmpocTpaHeHmit BOJH Pajess B HEOJHOPOJHOM,
HM30TPOIHOM IIOJIyIIPOCTPAHCTBE.
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