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RAYLEIGH WAVES IN A NON-HOMOGENEOUS ISOTROPIC ELASTIC SEMI-SPACE
(PART 1)*
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Introduction

Considerable progress has been made recently in the theory of surface waves
in non -homogeneous and elastic solids. In a monograph by W. M. EWING, W. S. JAR-
DETZKY, I. PRrEss, [1], the reader will find a summary of recent contributions to
these problems. What are called dynamic displacement equations have usually
been used in attacking the foregoing problems (see, for example, H. KoLsKy, [2],
A. SOMMERFELD, [3]). In this paper pure stress equations of motion method [4] is
used to solve the problem of Rayleigh waves in a non-homogeneous, isotropic
elastic semi-space, (plane-strain solution). It is shown that there exists a stress
function which satisfies an ordinary, linear, fourth order differential equation for
arbitrary non-homogeneity. Thus the equations of motion are separable in this
case, and stresses can be expressed by one function, which satisfies the ordinary
linear equation with variable coefficients. This equation can be treated by certain
numerical methods. In the present paper only some classes of solutions in closed
forms are obtained, and Rayleigh’s velocity equations, which are new in the authors
opinion, are established for the special non-trivial forms of non-homogeneity.

1. Two-Dimensional Stress Equations of Motion

Let a semi-space occupying the region x, >0 be set in motion by forces applied
at some distance from the free boundary x, = 0 of the solid. We suppose that the
deformation is plane, [5], with u; = 0. We are then led to consider solutions of
the two-dimensional stress equations of motion for the non-homogeneous elastic
solid [4]
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! The investigation underlying this paper was carried out during the author’s tenure of a fellowship
from the Polish Academy of Sciences in the Division of Applied Mathematics, Brown University,
Providence, Rhode Island, U.S.A., 1961/62.

* All Greek subscipts take on the values 1, 2, the single argument x stands for (x;, Xa),
and summation over repeated subscripts is implied. Moreover ogp, ,=0045/0x,.
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in the region x, >0, |x,| < oo, such that
(1.2) Oge(X%3, 0; D)= 03(%,, 0; D =0, 0< 7T <00,
05:(07 001 B) =a55(Xy, ooy 1) =20,
where 0,4 (¢, f = 1, 2) denotes the dimensionless stress tensor in the plane-strain
solution and the following notations have been used
(13) Gup = Feplttor 1= tlta, A= Apo,
T = 1V U/ %oV 00>  Xa = Foal %o

In (1.3) 1 = A%y, i = fi(%,) (=1, 2) denote the Lamé coefficients, %, cartesian
coordinates, ¢ time, and o, constant density of the medium. Moreover y, = /i (x7) and
x? denotes a fixed point of space and x, stands for a dimension coordinate, 7 stands
for a dimensionless time, and the usual indicial notations have been used in (1.1).
The dot denotes the partial differentiation with respect to 7.

2. Stress Function for Rayleigh Waves in a Non-Homogeneous and Elastic Solid
(Plane-Strain Solution)

Classical solutions of Rayleigh waves are based on the assumption that the
amplitude of the waves dies off exponentially as one recedes from the free surface
of the solid. We shall assume the stress solution of Eqgs (1.1)-(1.3) in the form

o1 (X, 7) = a(xp) exp [i(sx; — p7)],
(2'1) 622(x’ T) 77 ﬂ(xz) exp [i(sxl Bz pT)] ’
012(%, T) = p(xy) exp [i(sx, — p7)] ,

where a = a(X,), # = B(x,), ¥ = p(x,) die off, not necessarily exponentially, as x,
goes to infinity. The period of the waves in (2.1) is 2n/p, the wave length is 27/s,
and the velocity of propagation is ¢, = p/s, i? = —1.

To determine the functions «, 8, » in (2.1), we insert from (2.1) into (1.1) and
(1.2) and find that 2 and p must be the functions of x, only

22 p=pulx), 4=2xp),
and the following three equations must be satisfied:
—pa(xy) + f(x)] = 2[A(x,) + plxo)] [— 5% (xp) + B (xp) + 2isy" (x9)]
(23)  —pHo(xy) — B(xx)] = 2u(x,) [—s%alxp) — " ()],
—pry(g) = e lisa (xp) + isB (xa) + 7" (%0) — s ()]
The boundary conditions take the simple form:
pO) = »(0) =0,

2.4
: fo0) = 9(o) =0.
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The system (2.3) is equivalent to

a(xy) = — 0 — ) (s*w +2D*»B ,

(2.5)
1 w
e i T Yol _ e Vg L 2
2isy(xp) = - Fl m)D{Z—m l_"[D s(l xw)]p — 4s },

where

1D—l D—1 . — 52(1 — xw)1B +

¥ Beal Y 1—2 2—(0 g o
(2.6) : 1 . ¥ ; l1—w 7

4 2—(uD Dl—~wD2~—m =0,

el ot ? . Suhtle

B = B(x,) plays the role of the stress function for Rayleigh waves in the non-ho-
mogeneous elastic solid (plane-strain solution)®.

There are many procedures for- finding the numerical solutions of (2.6),
in the literature, and any type of non-homogeneity may be discussed in this
way. In (2.5), (2.6) we have used the notations

1 —2v(x,) 1 —2x(xy) |
(RS SRR =

@7 : i v(xy) . 3 2—-2x(xp) ’
C() s T B
st A sy

v = v(x,) denotes Poisson’s ratio.

3. A Class of Solutions in Closed Form

We assume pu(x,) = const, ® = w, < 1. According to (2.6), we find:

(EN))] [D? — s?(1— mo)]] [D’ —s7(1— Vw(,)]ﬁ} =0,

For arbitrary 0 << »(x,) < 1
(3.2) [D*— 52(1 — #)] f = Boos?(1— %) exp [— X,5 Y 1— o] ,

where 3, denotes a constant, and we have assumed that the functions f(x,) and
its second derivative vanish for x, = co0, and » = x(x,) is bounded for 0 < x, < .
We assume » = x(x,) in the form:

(3'3) . x(xZ) B (Moo s ZO) (1 + 8x2)*2+ xoo ’
where x.,, = #(®), uy=x(0), ¢=> 0.

3 Here, the notion of stress function is used in the sense that it has served arbitrary
non-homogeneity in the problem under consideration.
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We shall consider the case %o —x, > 0. Figure 1 displays the x, — dependence
of the %(xy); #'(xy) >0, 2" (x) <O.
The function » = »(x,) is represented by:

(3.4 v(xp) = 1—(1—7y) [1+ i (1 +exy)” Jv A
—2%, -5
(3.5) v(0) = 2 T )= 2___:22:_
V(X)) <0, "(xp) >0.
#(xg)h
14
Host
% 1

Fig. 1

Figure 2 shows the x, — dependence of ¥(x,) for & =1; %, =1[3, % =1/9;
v, = 0.4375, — 0.25. The slope of »(x,) is determined by & >0, v, v, and
y(x,) is a monotomc decreasing function of x,; the variable x, ranges over the
infinite interval 0 < x, < co. The case », < v, corresponds to the monotonic
increasing function » = »(x,) in the interval under consideration.
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Fig. 2
The solution of Eq (3.2) vanishing at x, =0 and x, = oo and particularized
to the function » = »(x,) given by (3.4), takes the form

(3-6) B(xz) = Bo {Vl + ex, K [(;(—*—(8);2)” exp[— xps ;rr_zo]} )

R 1 s\
Lty ST T e sy B
where m==—yl—=s,m, n 1/4 + (%, xo)oo(s)
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and K, = K,(x) is a modified Bessel function of the second kind. If ¢ - 0, then
m — oo, and we arrive atthe approximate formula

m
(37) Kn(m) = ‘l/m— exp (—m),
and f = B(x,) becomes:
(3.8) B = Bolexp [—xps )/ T—x,,05]— exp [—x:s Y 1—w,]} .
According to (3.6), the function y = y(x,) takes the form
3.9 P by mﬁ%—_—ﬂ;ﬁ D{(roo— 2)2exp [— X, ]/1 —wo] —
YRR oy [”’K(‘(;)exz)]}

The boundary condition y(0) = 0 becomes:

om0 rer=a[e) v

If e—>0, m— oo, K,(m)/K,(m)—> —1

and we arrive at the classical Rayleigh equation:

(3.11) =02 —4Y1—wa )1~ x,0,=0.

From (3.10), it follows that o, is dependent on the wave-length 27/s, and the para-
meter ¢. If we assume ¢ = s, o, is independent of s and there is no dispersion.

Acknowledgement. The -author wishes to express his thanks to Professor Eli
STERNBERG, Division of Applied Mathematics, Brown University, who suggested
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S tireszcZz eniie

FALE RAYLEIGHA W NIEJEDNORODNEJ I IZOTROPOWEJ
POLPRZESTRZENI SPREZYSTEJ ()

Zastosowano metode naprezeniowych réwnan ruchu w celu rozwigzania problemu fal
Rayleigha w niejednorodnej i izotropowej polprzestrzeni sprezystej (ptaski stan odksztalcenia).
Dowiedziono, ze istnieje pewna funkcja naprezen, ktora speinia zwyczajne liniowe réwnanie
rozniczkowe rzedu czwartego dla dowolnej niejednorodnosci. Wynika stad, ze réwnania napre-
seniowe ruchu mozna w tym przypadku rozdzieli¢. Naprezenia moga by¢ wyrazone przez jedna
funkcje spetniajaca zwyczajne réwnanie o zmiennych wspoélczynnikach. Rownanie to moze by¢
rozwiazywane wlasciwymi metodami numerycznymi. W pracy podano tylko pewne klasy rozwiazan
w postaci zamknigtej. Stad wyprowadzono réwnania predkosci fal Rayleigha dla szczegdlnych
przypadkéw niejednorodnosei, ktére zdaniem autora dotychczas nie byly rozwazane.

Pesmome

BOJIHBI POJIES. B HEOJHOPOIHOM U M30TPOIIHOM YIIPYTOM
IIOJIVIIPOCTPAHCTBE (I)

IIpUMEHAIOTCA yPaBHEHHs JBIYKEHHS B HANPsDKCHUAX K PEIICHMIO 3ajaud, Kacaroleicst
Bois Ponest B HEOJHOPOIHOM ¥ M3OTPOIHOM YIIPYIOM IIOJYNpOCTPaHCTBE (IJIOCKCE nebopmn-
poBaHHoOe cocrogHume). JloKasbIBaeTCs CYIIECTBOBAHKE HEKOTOPOil (DyHKLMM HANpPSKEHUH, yHo-
BIETBOPSIONIeil OOBIKHOBEHHOMY, JIMHEHHOMY Au(pEepeHINaIBHOMY YPABHEHHIO YETBEPTOro
HOPAAKA, JUIA TPOM3BOJEHON HeomHOopomaHocTH. OTCIOA. CIEAYET, YUTO YPaBHCHHSA NBIKEHUA
B HANPSDKEHHSX MOXKHO, B 9TOM Cllyuae, pasieiuts. HampsykeHHs MOYKHO BBIDA3UTh C IO
MOILIBIO OFHOM (DYHKI[UH, YAOBJIETBOPAIONIEH OOBIKHOBEHHOMY YPaBHEHMIO C IEPEMCHHBIMH
Koo duuenTaMu. DTO YPABHEHHE MOYKHO PELIMTH COOTBECTBYIOUMM UHCIICHHBIM METOJOM.
B paboTe TPUBOAATCS TOJIBKO HEKOTOPBIE KIACCHI PEIICHMIT B 3aMKHYTOM BH/EC. OTcro/1a BBIBO-
IUTCA YpaBHEHHE CKOPOCTH BOJH Pajies il UacTHBIX CIIY4aeB HEOJHOPOHOCTH, KOTOPBIE, MO
MHEHHUIO aBTOpa, He ObLIM JO CHX IOP PacCMOTPEHEI. -
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