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Abstract
The objective of this work was to develop a mathematical model of coupled thermodynamic and mechanical processes
proceeding in pneumatic, adaptive absorbers under cyclic loadings. The results of the modelling were to be verified versus
experimentally obtained data. The analysis was divided into sections devoted to: forces acting on the piston, thermodynamics of
the gas in the absorber’s chambers, gas flow through the piezoelectric valve. Three control volumes were distinguished within
the absorber’s structure in order to analyze the thermodynamic processes. For each control volume analysis of energy balance,
thermodynamic state parameters and heat transfer were performed. A set of equations was formulated for each control volume
in order to determine: (1) motion of the piston in relation to the acting forces, (2) the gas state evolution, (3) energy balance
within each control volume and (4) heat transfer to the surroundings. The obtained results revealed that the proposed approach
to modeling was in good agreement with the data obtained experimentally. The controllability of the absorber was successfully
reflected by means of the numerical model outcome.

I. INTRODUCTION
The proper modes of dissipation of the redundant mechanical energy are desired in many branches of transport and
industry. Passive dampers, which are the most popular, are usually tuned to a fixed range of operating conditions and
therefore can not perform optimally in the cases of applications with varying in time mechanical excitations [1], [2], [3],
[4]. For such situations semi-active devices are dedicated. From commercial applications there are known dampers based on
magnetorheological fluids (MRF), which have the capability of rapid changing their reaction force via a controlled magnetic
field influencing an effective viscosity of the MRF [5]. The applied devices are dedicated to rotation problems [6], [7] or
linear cases and are sized from small dampers that generate reacting force below 2 kN [8] to large scale dissipaters dedicated
to seismic protection of buildings [9]. The disadvantage of this technology is relatively high weight of the devices due to high
density of the MRF. Another technique for semi-active devices with adjustable reaction force are oleo-pneumatic absorbers
with a control valve positioned within the oil circuit [10], [11]. By adjusting the throttling of the fluid flow, these devices
provide an adjustable reaction force. Both of the mentioned techniques are controllable in a predefined range of forces but
also reveal a viscous response, which reduces their controllability with the velocity increase. That might be an unfavourable
effect in some applications. In the conceptual device described in this paper, gas medium was utilized and therefore the
viscous effects were limited.
The pneumatic systems for isolation and vibration mitigation were developed for suspension of precise measuring
instrumentation [12] as well as for large structures: seismic protection of buildings or nuclear installations [13]. The principle
for both systems was to suspend the protected object on a double chamber interconnected pneumatic springs. In both cases
the devices were capable to eliminate or limit vibrations of small amplitudes in comparison to the scale of the whole structure
[14]. Since the devices were designed for mitigation of vibration of small amplitudes several simplifications to the modelling
approach could be assumed. For instance: linearisation of the mechanical response around the force equilibrium position or
description of the capillary flow with the Poiseuille relation derived for viscous flow [15].
In this paper we described an investigation on thermodynamic modelling of a semi-active pneumatic piston-cylinder device
that was devoted to operate as an impact absorber. This application introduced a high demand on the dynamic responsiveness.
The device should response adequately within 500 Hz bandwidth. For that reason the modelling approach was carefully
analysed.
The paper is divided into four sections, which are organised as follows. Section 2 introduces the structure of the absorber
and the principle of its operation. In section 3 the analysis of the system is presented and mathematical model proposed.
In the following part the experimentally obtained results are compared with the results of simulation, which concludes the
paper.
II. P RINCIPLE OF OPERATION OF THE ABSORBER
The conceptual pneumatic adaptive shock absorber was considered as a piston-cylinder device equipped with a fast operated
valve positioned in the piston. A schematic structure of the considered device is presented in Figure 1.
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Fig. 1.

Schematic cross-section of an adaptive pneumatic shock-absorber

In principle, the system was analysed as being able to transfer a mechanical energy of a moving body connected with the
piston rod into the internal energy of the gas and then to dissipate it by heat.
The dissipation process of an external mechanical energy by means of the absorber was conducted within three phases.
The first phase was a conversion of the mechanical energy into thermodynamic energy of gas in the process of simultaneous
expansion and contraction of the media in two internal volumes of the absorber C and D (Figure 1). In the following
phase, in order to counteract the releasing of the accumulated energy via the spring-back effect, a flow through the piston
was allowed in a controlled manner and therefore, a spontaneous expansion of the gas within the cylinder’s volumes was
produced. And the last phase was cooling the gas in the cylinder by heat transfer to the surroundings. The macroscopic
effect that was intended to be achieved was elasto-plastic like response with a controllable level of plastic yielding.
The adjustable expansion process allowed to control the reacting force value and the absorbed energy magnitude was
adapted in dependence of the applied algorithm. The flow process between the volumes was to be conducted within a period
estimated as several milliseconds for the analysed range of impact velocities: up to 5 m/s. Technically it was possible to
realize this task via employment of a fast operated piezoelectric valve. With this technique it was possible to control the
absorption processes by adjusting the level of mechanical energy dissipated by the system and to control the deceleration
and forces acting on the protected objects.
The control algorithm for a considerable dissipative adaptive system based on the absorbers would respond adequately
to wide spectrum of excitations. For the analysed conceptual, one-dimensional adaptive absorption system, the process was
based on three-stage operation. During the first stage, the energy of the moving object was estimated with a system of
electronic non-contact sensors in a few milliseconds before the impact event. The task can be performed with a real-time
system realizing velocity determination [16] or more advanced systems devoted to mass identification [17] or determination
of excitation time histories [18]. After the magnitude of the energy to be dissipated was determined, the mechanical energy
of the object was converted into enthalpy increase of the gas in the absorber. In the third stage, an electronically controlled
process of the accumulated energy dissipation was conducted via a thermodynamically irreversible process of spontaneous gas
expansion between the internal chambers of the absorber. This process was monitored and controlled by means of electronic
pressure and temperature sensors positioned in the absorber’s cylinder. The piezoelectrically driven valve, controlled by signal
based on pressure and temperature values, enabled to adjust the process of the gas expansion and therefore to maintain the
magnitude of the converted energy on a predefined level in accordance to the piston position. The algorithm was implemented
on a control module that was using signals related to pressures and temperatures levels in the chambers.
The presented configuration of the absorber enabled to generate the reaction force on a desired level in dependence on
the magnitude of energy to be dissipated. Therefore, the device could be considered as adaptive.
III. M ATHEMATICAL MODEL OF THE ABSORBER
In order to reflect the mechanical response of the system, it was analysed in terms of mechanical and thermodynamic
processes. The analysis was divided into three sections devoted to: dynamics of the piston treated as a rigid body, thermodynamics of the gas in the absorber’s chambers and gas flow through the valve. There were distinguished two control
volumes: C and D in the absorber’s interior as depicted in Figure 2.
A. Forces acting on the piston treated as a rigid body
The total force equilibrium of the piston can be defined as:
Fe (t) − FpC (z, TC , mC ) + FpD (z, TD , mD ) + Fa − Ff (ż) = 0

(1)

where: Fe – external excitation, FpC – force resulting from pressure pC in the chamber C, FpD – force resulting from
pressure pD in the chamber D, Fa – force resulting from ambient pressure, Ff – friction force, z – displacement of the
piston, TC , TD – gas temperatures in corresponding volumes, mC – mass of the gas in volume C, mD – mass of the gas
in volume D.
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The forces acting on the piston can be formulated as:
FpC = pC (TC , ρC ) · A1 ,

(2)

FpD = pD (TD , ρD ) · (A1 − A2 ), ]

(3)

Fa = pa A2 ,

(4)

Ff = ff sgn(ż)

(5)

denoted as: ρC , ρD – gas densities in chambers C and D, A1 – effective piston area, A2 – area of piston rod radial cross
section, pa – ambient pressure, ff – friction coefficient.
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B. Thermodynamics of the gas in the absorber’s chambers
The thermodynamic processes in the chambers were described with energy balance equations for top and bottom chamber, gas state equation and the relations governing the compressible fluid flow through the applied valve. The following
assumptions were introduced during the analysis:
Ideal gas law
The gas filling volumes C and D was dry nitrogen, which was operated in the temperature above 200 K. Therefore, the
assumption of the ideal gas was approved to be valid as the state of the gas was not approaching the critical point:
pv = RT

(6)

Uniform-state, uniform-flow process
Volume of the absorber’s chambers and the speed of sound determine the time necessary for the gas to reach a uniform
state. Since the considered chambers have dimensions on the order of 0.1 m and the speed of sound in normal conditions
is approximately 340 m/s, the time it takes for the gas to reach a uniform pressure is negligibly small. Furthermore, the gas
was assumed to mix instantaneously in the chambers, so the fluid was described by a uniformly distributed temperature in
each chamber.
The further assumptions regarding gas dynamics were formulated as follows:
1) the state of the mass entering the valve was constant within the time steps and uniform over the volume of the valve
where flow occurred,
2) the state of the mass within the control volumes could changed with time, but at any instant of time the state was
uniform over the entire control volume,
3) the changes in kinetic energy of the gas were negligible,
4) the inertia and gravity forces of the gas were negligible.
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Thermodynamic processes assumption
During the operation of the absorber, the gas was simultaneously compressed and decompressed in the chambers separated
by the piston. The processes that took place could not be defined clearly as isothermal or adiabatic, since the expected rate
of the process varied in dependence on the work conditions. For low velocity operations the processes could be treated
as close to isothermal, since in such a case there was enough time to evacuate the energy by heat from the gas and its
temperature remained unchanged. Otherwise, during fast processes the time was too short for the energy transfer in a
significant magnitude to occur and therefore, the process could be treated as adiabatic. In between of the mentioned cases
the process could be assumed to be polytropic:
p V n = const.

(7)

where p – pressure, V – volume, n – polytropic coefficient. Adequately, n = 1 for isothermal process and n = 1.4 for
adiabatic process.
In the analysed case, the model being developed was to reflect the behaviour of the absorber under wide range of
operational conditions and be valid with no regard to the piston kinematics. Therefore, it was not adequate to describe the
gas processes with the polytropic model with constant parameter n.
Therefore, in each step of the computations, the state of the gas in the control volumes was calculated in the following
manner: primarily, by assumption that the gas changed its state adiabatically (n = κ = 1.4) and secondarily, the gas state
parameters were recalculated on the basis of internal energy balance analysis with the influence of heat exchange taken
into account. That approach allowed to update the final state of the gas. During each time step the following analysis was
conducted:
1) determination of the gas state on the basis of the adiabatic model,
2) determination of the internal energy of the gas,
3) determination of the heat exchange between the control volume and the surroundings,
4) determination of the energy balance in the control volume,
5) recalculation of the gas state parameters on the basis of the energy balance equation.
This method allowed to account for changes in the thermodynamic processes in time and therefore to reflect the polytropiclike process, as if the parameter n was changing with time dependently on the operating conditions.
The assumption of the ideal gas allowed to calculate the thermodynamic state parameters as:

κ
VC1
,
(8)
pC (z) = pC1
VC1 + A1 z
and:

TC (z) = TC1



VC1
VC1 + A1 z

κ−1

(9)

,

where: VC1 – initial volume of chamber C, pC1 – initial pressure in chamber C, TC1 – initial temperature in chamber C.
κ

VD1
,
(10)
pD (z) = pD1
VD1 − (A1 − A2 ) z

and:

TD (z) = TD1



VD1
VD1 − (A1 − A2 ) z

κ−1

(11)

where: VD1 – initial volume of chamber D, pD1 – initial pressure in chamber D, TD1 – initial temperature in chamber D.
Mass continuity and energy balance
For case of a general control volume with the uniformity assumptions the mass continuity equations for volumes C and
D take the form respectively:
m˙C + ṁCe − ṁCi = 0, ṁD + ṁDe − ṁDi = 0
(12)

where: mC – mass of the gas in the control volume C, ṁCe – mass leaving the control volume C, ṁCi – mass entering
the control volume C. Quantities mD , ṁDe , ṁDi concern to the volume D and have analogous meaning.
The energy balance in the control volume can be noted as [21]:
d
(mC uC ) ,
dt
d
(mD uD ) ,
Q̇D + ṁDi hC = ẆD + ṁDe hD +
dt
Q̇C + ṁCi hD = ẆC + ṁCe hC +
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(13)
(14)

where: Q̇C – heat transferred to the control volume C, hC – specific enthalpy of the gas occupying control volume C,
ẆC – work done by the gas in the control volume C, uC – specific internal energy of the gas in volume C. The quantities
of index D describe the same values related to volume D.
The Q̇C and Q̇D depended on: (1) the difference between temperatures of the gas in the control volume and the
surroundings, (2) the area of cylinder walls that the gas was in contact with, and (3) the material constants:
Q̇C = AC (z) · α · (TC (t) − Ta (t)),

(15)

Q̇D = AD (z) · α · (TD (t) − Ta (t)),

(16)

ṁCt = −ṁDt

(17)

where: AC (z) – area of cylinder being in contact with gas in volume C, α – heat transfer coefficient, Ta (t) – ambient
temperature. The quantities of index D describe the same values related to volume D.
According to the continuity principle, the mass of gas leaving the control volume C was equal to the mass of gas entering
the control volume D and vice versa. That led to the property of mass transferred between the volumes as:
where

ṁCt = ṁCe − ṁCi =



when pC > pD
ṁCe > 0
−ṁCi < 0 when pC < pD

(18)

ṁDt = ṁDe − ṁDi =



ṁDe > 0
when pD > pC
−ṁDi < 0 when pD < pC

(19)

as well

Let us denote the transferred mass of gas as:

ṁt = ṁCt = −ṁDt

(20)

The specific enthalpies hC and hD of the gas in volumes C and D respectively were different in general. Therefore
when the assumption of isenthalpic flow through the valve hold true, the specific enthalpy of the gas transferred between
the volumes depended on the flow direction, and was equal to:
h C = cp T C ,

when the gas leaved volume C

(21)

hD = cp TD ,

when the gas leaved volume D

(22)

and

where: cp – specific heat of the gas by the constant pressure.
In the considered range of the gas temperatures 200 – 400 K the specific heat of the gas was assumed to be constant.
The work done by the gas was defined for the particular control volumes as:
ẆC = pC (z)

dVC
,
dt

(23)

ẆD = pD (z)

dVD
.
dt

(24)

C. Mass flow rate on the valve
The valve was assumed to operate in a bistable, on-off mode. In the opened position the mass flow rate ṁt (20) depended
on Mach number Ma; on the gas state parameters at the inlet of the valve: p0 , T0 . In the model, the values were taken as
equal to the actual values of the parameters in the control volumes as:

pC when pC > pD
p0 =
(25)
pD when pC < pD

TC when pC > pD
T0 =
(26)
TD when pC < pD

The flow was assumed to be an adiabatic process (there was no heat exchange between the gas and the walls of the
valve and but with mechanical losses [19]). The flow losses were described with the discharge coefficient Cd treated as a
characteristic design parameter of the valve [20]. In accordance to the throttled flow theory [20], [21], the flow was assumed
to be choked when the Mach number Ma was close to 1. Then the mass flow rate of the gas exchanged between the
chambers can be expressed in the form [19]:
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ṁt =




 Cd 

Ma A p0
1+

√

κ
RT0
κ+1
2(κ−1)


2

(κ−1)Ma
2

,

κ+1

 2(κ−1)



κ
2
Cd A p0
,
RT0
κ+1

if Ma < 1
(27)
if Ma = 1

where: A – cross section of the flow duct, κ – isentropic coefficient, R – gas constant.
D. Governing equations
By substituting equations: (23), (24), (12) to the equations of energy balance (13) and (14), and taking into consideration (18), (19) and (21), (22), the internal energy of the gas in the control volume C and D can be calculated as:
For pC > pD :
d
dz
(mu)C + pC (z)A1
+ ṁt htC = 0
dt
dt

(28)

dz
d
(mu)D − pD (z)(A1 − A2 ) − ṁt htC = 0
dt
dt

(29)

d
dz
(mu)C + pC (z)A1
− ṁt htD = 0
dt
dt

(30)

dz
d
(mu)D − pD (z)(A1 − A2 ) + ṁt htD = 0
dt
dt

(31)

For pC < pD :

E. Control algorithm formulation
The control procedure for the pneumatic adaptive shock absorber was aimed at maintaining a predefined level of difference
between forces (2) and (3) acting on the piston. The pressure of the gas had direct impact on the reaction force generated
by the absorber. The valve opening control function had the following form:

Copen , if Fe (t) > Fref + ∆F
C(t) =
(32)
Cclose , if Fe (t) < Fref − ∆F
where: Copen/close – signal of opening/closing the valve, Fe (t) – reaction force, Fref – reference level, ∆F – tolerance
range.
IV. E XPERIMENTAL PROGRAM CONDUCTED ON THE ADAPTIVE ABSORBER
The considered concept of the adaptive pneumatic absorber was demonstrated in laboratory scale with a small demonstrator
presented in Figure 3. The device was designed in dimensions that allowed to dissipate energy of 40 J per stroke.

Fig. 3.

View of the absorber and the piezoelectric valve

The demonstrator was a piston-cylinder device equipped with a valve positioned in the piston. In order to ensure the
system controllability, the proper bandwidth of its excitation was realized with a piezoelectric stack. The adaptive control
system of the demonstrator was fed with signals from two pressure and two temperature sensors positioned within the
absorber’s housing as depicted in Figure 4.
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Fig. 4.

Main elements of the absorber

The testing program of the absorber was conducted by means of a hydraulic excitation system. The system consisted
of an electronically controlled hydraulic actuator, positioned horizontally in-line with the tested adaptive absorber (Figure
5). The actuator-absorber connections were realized via cup-and-ball joints in order to prevent the transmission of bending
moments and shear forces into the structure of the tested specimen. The actuation system enabled to examine the absorber
under periodic axial loading with the displacement reference signal.

Fig. 5.

Fig. 6.

Scheme of the testing stand

Laboratory testing stand

The complete experimental stand is depicted in Figure 6 and consisted of:
1) adaptive absorber,
2) pressure transducers,
3) electronic control unit,
4) piezoelectic valve supplier,
5) hydraulic excitation system,
6) force transducer,
7) hydraulic grips.
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The testing program was defined in a way to allow verification of the mathematical model under variety of excitation
condition. The parameters were: rate of the displacement, initial pressure value inside of the cylinder and the expected
(controlled) magnitude of the maximal reaction force. The testing program contained as follows:
1) kinematic excitation with triangle signal, amplitude 40 mm, frequency adopted to the required velocity of the piston
2) velocity of the piston: 0.25 m/s,
3) initial gas pressure in the cylinder: 0.5 MPa,
4) ambient pressure: 100 kPa,
5) ambient temperature: 292 K,
6) magnitude of the maximal reaction force: 100 N, 200 N, 300 N, 400 N, 500 N.
V. R ESULTS
The results obtained during testing sesion were compared to data coming from the numerical simulation. The comparison
was conducted for several operation conditions of the absorber in accordance with the testing program. The principle objective
of this task was to verify the proposed mathematical model versus experimental data. The parameters of the numerical model
utilized in the example analysis are summarised in Table 1.
TABLE I
M ODEL PARAMETERS
Piston area
Piston rod area
Cylinder wall thickness
Cylinder inner diameter
Initial volume C
Initial volume D
Adiabatic constant
Gas constant
Specific heat by constant volume
Specific heat by constant pressure
Heat transfer coefficient
Valve discharge coefficient
Ambient pressure
Ambient temperature

A1
A2
d
D
VCini
VDini
n=κ
R
cv
cp
α
Cd
pa
Ta

8.042e-04
7.854e-05
0.002
0.032
9.402e-05
1.165e-05
1.4
296.8
743
1039
20
0.6
100e3
292

[m2 ]
[m2 ]
[m]
[m]
[m3 ]
[m3 ]
[-]
[J/(kg K)]
[J/(kg K)]
[J/(kg K)]
[W/(m2 K)]
[-]
[Pa]
[K]

Figure 7 depicts the absorber’s reaction forces in the domain of displacement for five levels of the control parameter. The
absorber’s response measured during the testing program was compared with the results of numerical modelling. The plots
prove that the proposed model satisfactorily reflects the behaviour of the laboratory demonstrator for all tested operation
conditions.
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0

Fig. 7.
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Reaction force of the absorber in domain of the piston displacement.
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Excitation path (displacement) and response (force and pressure) of the adaptive absorber. Comparison of experimental and numerical results.

Figure 8 depicts the absorbers response in the domain of time. The top plot represents the excitation path, which was
realized during tests. The middle plot depicts the reaction forces and the bottom plot shows pressures in volumes C and D.
All of the presented results confirm the proper functioning of the presented mathematical model.
VI. CONCLUSIONS
In this paper a method for mathematical modelling of an adaptive pneumatic absorber was presented. The absorber is a new
conceptual device that might be utilized in various fields of technique and therefore, from design point of view, it was crucial
to develop a method for reflecting its performance by means of numerical methods. The presented method’s advantage is its
simplicity and relatively small demands for computation resources in comparison to CFD methods of modelling. Therefore,
the proposed model can be treated as a tool complementing the CFD methods of design. The model can be successfully
used as tool for simulating of extended systems consisting of the adaptive absorbers.
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