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Abstract

After discovery of strong sonar systems, it was realized that the high intensity ultrasound waves can be dangerous for

biological organisms. This observation led to research in tissue heating effects. The liver tissue from mathematical point

of view can be considered as a micro-periodic cellular medium, and in circumstances justified by biological reasons, the

mathematical methods of homogenisation developed for micro-periodic media can be applied to determine some overall

properties of the tissue. Fourier’s heat diffusion term in Pennes’ equation is the point of departure in our analysis, [1, 2, 3].

The liver, the largest internal organ in the human body, is connected to two large blood vessels, the hepatic artery and

the portal vein. The hepatic artery carries oxygen-rich blood from the aorta, whereas the portal vein carries blood rich

in digested nutrients from the entire gastrointestinal tract and also from the spleen and pancreas. These blood vessels

subdivide into small capillaries known as liver sinusoids, which then lead to a lobule. A hepatic lobule is a small division

of the liver defined at the histological scale. The lobules are arranged into an hexagonal lattice.

The ultrasound absorption coefficient increases as a function of protein content, with collagen having a particularly

high specific absorption. Collagen accounts for 10% in the liver, and the absorption coefficient is of 0.2 dB/cm. For water

and body liquids there is little absorption 0.003 dB/cm, [4].

Pennes’ equation describes the thermal response of soft tissue due to hyperthermia

ρc
∂T

∂t
=

∂

∂xk

(

λ
∂T

∂xk

)

+ wb cb (T − Ta) + q (1)

Here, ρ and c are the mass density and specific heat, respectively, wb is the blood perfusion rate and Ta is the temperature

of the arterial supply blood. The heat generation term q encompasses the thermal effects of metabolism and, if necessary,

other volumetric heat loads, as microwave irradiation or the heat generated by ultrasound waves.

Nonlinearity of thermal properties. The thermal conductivity properties of water fits to a linear equation over the

temperature range 00C to 450C, λ = 0.5652 + 0.001575T where T is in 0C, cf. [5]. The thermal diffusivity of tissue

matches the thermal diffusivity of water well for both the magnitude and the temperature coefficient.

One-dimensional time-independent problem. Let the section [x0, x0+ ℓ] of x axis consist of two segments [x0, x0+ a]

and [x0 + a, x0 + ℓ]. Let the heat conductivity be λa(1 + αT ) in [x0, x0 + a] and λb(1 + βT ) in [x0 + a, x0 + ℓ]. Then

d

dx

{

λa(1 + αT )
dT

dx

}

= 0 forx0 < x < x0+a and
d

dx

{

λb(1 + βT )
dT

dx

}

= 0 forx0+a < x < x0+ ℓ (2)

with the boundary conditions T (x0) = T0 and T (ℓ) = Tℓ. After integration we get, in particular,

Ta =
bλa + aλb

bλaα+ aλbβ
×

{

−1 +

√

1 + 2
bλaα+ aλbβ

(bλa + aλb)2

(

bλa(T0 +
1

2
αT 20 ) + aλb(Tℓ +

1

2
βT 2ℓ )

)

}

(3)
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Homogenisation of quasi-linear heat equation with periodic coefficients applying an asymptotic method for λeff was

developed in the paper [6]. Its idea is the following one. Let Ω be a bounded regular domain, and Γ = ∂Ω be its

boundary. We introduce a parameter ε ≡ ℓ/L where ℓ and L are typical lengths associated with micro-inhomogeneities

and the region Ω, respectively. Let q = q(x, t) be a heat source. We study the quasi-linear heat transport equation

∂

∂xi

(

λε
ij

∂T ε

∂xj

)

= − q in Ω with T ε|Γ = 0 on Γ (4)

where the heat conductivity coefficient λε
ij(x, T

ε) = λij (x/ε, T
ε)), i, j = 1, 2, 3 and x ∈ Ω. We introduce the basic

cell Y = (0, Y1) × (0, Y2) × (0, Y3). The material coeffcients are assumed to be Y -periodic. The following two-scale

asymptotic assumption is made T ε(x) = T (0)(x, y) + ε T (1)(x, y) + ε2T (2)(x, y) + · · ·, where y ≡ x/ε is known as

the local variable, and the functions T (0)(x, y), T (1)(x, y), T (2)(x, y), and so on, are Y -periodic.

The homogenised (effective) heat coefficient is given by

λeffij (T
(0)(x)) =

1

|Y |

∫

Y

(

λij(y, T
(0)(x)) + λkj(y, T

(0)(x))
∂χi(y, T

(0)(x))

∂yk

)

dY (5)

The functions χk = χk(y, T
(0)(x)), called the local functions, are solutions to the equation

∂

∂yj

{

λij(y, T
(0))

(

δik +
∂χk(y, T

(0))

∂yi

)}

= 0 (6)

Ritz’s method offers a possibility of determination of local functions in an approximate way. We take χi(y, T ) =
∑

a χia(T ) Φa(y), where Φa(y), a = 1, 2, · · · are prescribed functions, and χia(T ) are unknown constants for given

T , which satisfy the algebraic equation χiaAab = Bib with Aab and Bab expressed by suitable integrals.

To illustrate the procedure we have evaluated the dependence of λeff on T for the composite consisting of the basic cells

arranged in a two-dimensional periodic system and built of the collagen capillaries filled with the water.

Validation. Analytical and numerical results are going to be verified by measurement of temperature using magnetic

resonance imaging (MRI) and through measurement of backscattered ultrasound waves, [3, 7, 8].
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