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Abstract—An antibubble consists of a liquid droplet, sur-
rounded by a gas, often with an encapsulating shell. Antibubbles
of microscopic sizes suspended in fluids are acoustically active
in the ultrasonic range. In this study, a Rayleigh-Plesset-like
model is derived for micron-sized antibubbles encapsulated by
Newtonian fluids. The theoretical behaviour of an encapsulated
antibubble is compared to that of an antibubble without an
encapsulating shell, a free gas bubble, and an encapsulated gas
bubble. Antibubbles, with droplet core sizes in the range of 60–
90% of the equilibrium antibubble inner radius were studied.
Acoustic pressures of 100 kPa and 300 kPa were studied. The
antibubble resonance frequency, the phase difference of the
radial oscillations with respect to the incident acoustic pulse,
and the presence of higher harmonics are strongly dependent of
the core droplet size. The contribution to the radial dynamics
from a zero-thickness shell is negligible for the bubble size
studied, at high acoustic amplitudes, antibubbles oscillate highly
nonlinearly independent of core droplet size. This may allow
for active leakage detection using harmonic imaging methods.

Index Terms—Active leakage detection, Antibubble, Bubble
resonance, Microbubble, Nonlinear dynamics

I. INTRODUCTION

RECENTLY, it has been proposed to locate offshore
hydrocarbon production facilities subsea instead of at

the surface [1]. Locating production facilities subsea is not
only to decrease cost, but also to initiate production of
hydrocarbons at greater depths. Furthermore, several of the
new production fields in the Northern Hemisphere are placed
in Arctic climates. Therefore, low temperatures are becoming
a major challenge. Hence, using subsea production plants to
extract hydrocarbon in such region solves several problems.
However, when establishing subsea production plants, it is
essential to secure appropriate maintenance surveillance. An
up-and-coming method is ultrasound-based active leakage
detection [2]. This is achieved by studying the composition
of sound scattered back to the ultrasound source. Knowing
that gas bubbles scatter sound more effectively than solid
objects or liquids, it is possible to differentiate them [2]. In
oil exploration, the flow coming up from the reservoir is a
mixture of water, oil and gas. Therefore it can be assumed
that leaks from subsea production facilities inhibit the three
components necessary for the production of antibubbles [3]:
gas, a hydrophobic liquid, and water containing plenty of
surface-active agents. Mixing under the right conditions
might create a gas cavity with a droplet core of a hydrophobic
liquid, and a thin shell of surface-active agents. It is therefore
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Fig. 1. Schematic of a liquid (light blue) containing an antibubble consisting
of an oil core (brown) of radius Rd, surrounded by a gas layer (white), and
a thin shell (dark blue) of inner radius R1 and outer radius R2.

of interest to understand, from a theoretical point of view,
how antibubbles with encapsulations of Newtonian viscous
fluids behave in a sound field. Increased understanding could
lead to improved active leakage detection.

Although many papers have been written on the dynamic
behaviour of free and encapsulated microbubbles, especially
on ultrasound contrast agents [4], only one paper has been
published on acoustically active antibubbles [5]. Here the
term microbubbles is defined as gas bubbles with a diameters
less than 10 µm.

In our previous study, we treated antibubbles without an
encapsulating shell [5]. In this study, we derive the dynamics
of antibubbles encapsulated by a viscous shell, similar to the
framework used for a viscoelastic solid shell [6], and for a
Maxwell fluid shell [7]. Both the theory for a finite thickness
shell, and the immediate approximation to a zero-thickness
shell are presented.

II. THEORY

Consider an antibubble as presented in Figure 1, where R1,
and R2 are the instantaneous radii of the bubble from the cen-
tre of the bubble to the two interfaces, and Rd is the radius of
the droplet inside the bubble. As this liquid droplet core can
be considered incompressible, Rd is assumed to be constant
when the bubble undergoes oscillations. The antibubble is
surrounded by a shell layer of surface-active material. Both
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the fluid composing the shell and the outer surrounding liquid
are assumed to be viscous and incompressible. Assuming no
mass exchange between the respective interfaces, the radial
velocity u(r, t) in the shell and in the surrounding fluid at a
distance r from the centre of the bubble can be expressed as
[8]:

u(r, t) =
R2

1

r2
Ṙ1 , (1)

where Ṙ1 is the radial velocity of the bubble wall at interface
1. If R1 < r < R2, u(r, t) denotes the velocity inside the
shell; if r > R2, u(r, t) denotes the radial velocity of the sur-
rounding liquid. From the assumption of an incompressible
shell it can be shown that

R3
2 −R3

1 = R3
20 −R3

10 , (2)

and
R2

1Ṙ1 = R2
2Ṙ2 , (3)

where R10 and R20 are the respective equilibrium radii of
the antibubble at rest.

From conservation of radial momentum [9], it follows that

ρS

(
∂u

∂t
+ u

∂u

∂r

)
= −∂p

∂r
+
∂τSrr
∂r

+
3τSrr
r

, (4)

and

ρL

(
∂u

∂t
+ u

∂u

∂r

)
= −∂p

∂r
+
∂τLrr
∂r

+
3τLrr
r

, (5)

where ρS is the the density of the shell, ρL is the density of
the surrounding liquid, p is the pressure in the shell or the
liquid, τSrr is the viscous stress tensor in the shell, and τLrr
is the viscous stress in the liquid. Equation (4) is integrated
from R1 to R2, and (5) is integrated from R2 to infinity,
substituting (1) for u. It is here assumed that the contribution
to the radial momentum from the gas inside the cavity can
be neglected. Combining these two integrals, result can be
expressed as

ρSR1R̈1

[
1 +

(
ρL−ρS
ρS

)
R1

R2

]
+ρSṘ2

1

[
3
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(
ρL−ρS
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)
×
(

4R3
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3
1

R3
2

)]
= PS(R1, t)− PS(R2, t) + PL(R2, r)

+τSrr(R2, t)− τSrr(R1, t)− τLrr(R2, t)

+3

∫ R2

R1

τSrr
r
dr + 3

∫ ∞
R2

τLrr
r
dr , (6)

where PS(R1, t) and PS(R2, t) are the pressures in the shell
at interface 1 and 2, respectively, PL(R2, t) is the pressure
in the liquid at interface 2, τSrr(R1, t) and τSrr(R2, t) are the
stresses at interface 1 and 2, respectively, and τLrr(R2, t) is
the stress in the liquid at interface 2.

The boundary conditions from conservation of radial mo-
mentum can be stated as

Pg(R1, t) + τSrr(R1, t) = Ps(R1, t) +
2σ1
R1

(7)

and
PS(R2, t)− τSrr(R2, t) = PL(R2, t)− τLrr(R2, t)

+
2σ2
R2

+ Pac(t) , (8)

where Pg(R1, t) is the instantaneous pressure inside the
antibubble, Pac is the pressure equal to the sum of the hydro-
static pressure P0 and the instantaneous driving pressure at
the position of the antibubble, and σ1 and σ2 are the surface
tensions at the two respective interfaces. Combining (6) with
the boundary conditions in (7) and (8) yields
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Let us assume a pressure change in the surrounding fluid
under adiabatic conditions inside the bubble

pg0V
γ
0 = pgV

γ , (10)

where pg0 is the initial gas pressure, V0 is the initial volume
of the gas, γ is the polytropic exponent of the gas, pg is the
instantaneous gas pressure, and V is the instantaneous gas
volume. From Figure 1 it is evident that the instantaneous
pressure inside the antibubble can be expressed as

pg = pg0

(
R3

10 −R3
d

R3
1 −R3

d

)γ
. (11)

It now remains to determine the two integrals in (9).
Knowing that τrr = 2η(∂u/∂r) is the shear viscous stress in
a Newtonian fluid. Now, the last integral which describes the
viscous stresses in the surrounding liquid, it can be expressed
as

3

∫ ∞
R2

τLrr
r
dr = −4ηL

R2
1

R3
2

Ṙ1 , (12)

where ηL is the shear viscosity in the surrounding liquid.
The remaining integral describes the shear viscosity in the
Newtonian fluid shell, and it can be expressed as

3

∫ R2

R1

τSrr
r
dr = −4ηS

(R3
2 −R3

1)

R1R3
2

Ṙ1 . (13)

Substituting (11) for the gas pressure inside the antibubble,
the expression for the shear viscosity in surrounding liquid
(12), and the fluid shell (13), a Rayleigh-Plesset-like equation
for an antibubble with a Newtonian shell of finite thickness
surrounded by a Newtonian viscous liquid can be found:
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(R3

2 −R3
1)

R1R3
2

Ṙ1−Pac(t) . (14)

From (14) it can be seen from the first term on the left-
hand side that the acceleration increases if ρL > ρS, and the
acceleration decreases if ρL < ρS. The ratios of the densities
effects the second term on the left-hand side in a similar way,
decreasing and increasing the degree of nonlinearity. The first
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term on the right-hand side is a different form of a Rayleigh-
Plesset-like equation, describing the radial pulsation of a gas
bubble. With a relatively large core droplet size, the pressure
inside an antibubble will be larger than in a gas bubble under
the same conditions. This makes it possible to predict that
antibubbles should have a larger maximum excursion, and a
different frequency-content in the oscillations compared to a
gas bubble with no load.

From (14) it is possible to go from a finite shell thickness
to a zero-thickness shell approximation. This is of interest in
our study as the layer of surface-active material constituting
the shell should be thin compared to R1. Letting R2 → R1,
ρS → ρL, and σ = σ1+σ2, the zero-thickness approximation
can be expressed as

RR̈+ 3
2 Ṙ

2 = 1
ρL

[
Pg0

(
R0−Rd

R−Rd

)γ
− 2σ

R − P0

−Pac − 4ηL
Ṙ

R
− 12ηSRS

Ṙ

R2

]
, (15)

where R is the instantaneous radius, Ṙ and R̈ is the instanta-
neous radial velocity and acceleration of the shell boundary,
respectively, R0 is the equilibrium radius, and RS = R2−R1

is the shell thickness.
For a small excursion ξ of an antibubble, an analytic

solution exists if R0ξ is small. Assuming R = R0(1 + ξ),
where ξ � 1, (15) can be expressed as a second-order
differential equation of the known form

ξ̈ + δTξ̇ + ω2
0ξ = −

Pac(t)

ρLR0
, (16)

where δT = δηS + δηL is the total damping constant, and ω0

is the linear natural resonance frequency:

δT =
12RSηS
ρLR3

0

+
4ηL
ρLR2

0

, (17)

where the first term on the right-hand side is the viscous
damping constant from the shell δηS , and the second term
is the viscous damping constant from the surrounding liquid
δηL . For a zero-thickness encapsulation RS is on the order
of 2–7 nm.

The linear natural resonance frequency can be expressed
as

ω2
0 =

1

R2
0ρL

 3γpg0

1−
(
Rd

R0

)3 − 2σ

R0

 . (18)

It can be observed that the linear natural resonance frequency
is augmented by the cubic ratio of the droplet core radius and
the initial radius. It can be predicted that the behaviour of
antibubbles compared to gas bubbles is highly similar for
Rd → 0 as (Rd/R0)

3 → 0, and opposite for large Rd,
(Rd/R0)

3 → 1 resulting in a different behaviour of the
antibubble to that of gas bubbles under the same conditions.
If an antibubble is pulsating, it resonates with a linear
damped resonance frequency ωd, which is given by

ω2
d =

1

R2
0ρL

 3γpg0

1−
(
Rd

R0

)3 − 2σ

R0
− 4η2L
R2

0ρL
− 36η2SR

2
S

R4
0ρL

 .
(19)

Both the viscous surrounding liquid and the viscous shell
decrease the linear damped resonance frequency if the re-
spective viscosities are increased.

III. METHODS

The Rayleigh-Plesset-like equation (15) was solved numeri-
cally to simulate the radial dynamics of an antibubble and a
gas bubble, both with and without a Newtonian viscous shell.
An equilibrium bubble diameter of 100µm was chosen. A
single excitation pulse consisting of a sine-wave burst of 13
cycles at 500 kHz was used. Peak-negative acoustic pressures
of 100 kPa (low), and 300 kPa (high) were evaluated. These
acoustic pressures were chosen to match the acoustic condi-
tions acceptable in underwater acoustics [10]. For antibubbles
with a Newtonian viscous shell, (15) was solved 61 times,
where core droplet size was varied between 0.6R0(low)
and 0.9R0(high). This was done for each acoustic pressure,
making it possible to study trends in the radial dynamics
using colour surface plots. The respective simulations, at
both pressures, are accompanied by a spectrogram to study
trends in the frequency-content as a function of core droplet
size. Computations were performed using the ode45 Runga-
Kutta algorithm in MATLAB

R©
2014a (The Mathworks, Inc.,

Natick, MA, USA). The following fixed parameters were
used: P0 = 30 atm equivalent to the hydrostatic pressure
at 300 m depth, γ = 1.4, ηL = 1.0mPa s, ηS = 1.2 Pa
s, ρL = 1027 kg/m3, and σ = 0.072N/m, RS = 2 nm.
Frequency spectra of the radius-time curves were computed
using the FFT algorithm in MATLAB

R©
. Linear colour

interpolation was used to smoothen the plot appearance.
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Fig. 2. Radius-time curves and their respective frequency spectra for an
antibubble and a gas bubble, both with a Newtonian viscous shell (black)
and without a shell (red). The radius of the core droplet Rd = 0.8R0.The
peak-negative acoustic pressure applied was 300 kPa. Bubble radii have been
normalised to the equilibrium bubble radius; time has been normalised to the
period T of the transmitted ultrasound; frequencies have been normalised
to the centre frequency fc of the transmit pulse.

IV. RESULTS AND DISCUSSION

Figure 2 shows radius-time curves and frequency spectra of
an antibuble and a gas bubble, both with and without a New-
tonian viscous shell, during and after ultrasonic excitation at
peak-negative acoustic pressures of 300 kPa. A core droplet
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radius of 80 µm was chosen, equal to 80% of the equilib-
rium gas bubble radius. According to (19), the resonance
frequency of the antibubble is equal to the centre frequency
transmitted, 500 kHz, whereas the resonance frequency of
the gas bubble is substantially lower, 350 kHz. Owing to this
difference in resonance frequency, the radial excursion of the
antibubble is a factor 1.3 greater than that of the gas bubble.
Furthermore, Figure 2A and Figure 2B show interference of
the bubble resonance frequency and the driving frequency.

As the red and black lines inidicate the behaviour of
bubbles and antibubbles with and without a shell, it is evident
the influence of the shell is negligible for bubbles of such
large sizes. This is confirmed by the overlapping curves in
Figure 2. It is also noted, that the antibubble and the gas
bubble oscillations are hardly damped by the presence of this
zero-thickness shell and the surrounding viscous liquid. From
(17) it follows, that both the viscous damping by the shell
and the surrounding liquid are of less influence for greater
bubbles, as the respective damping terms are proportional to
1/R2

0 and 1/R3
0.

As the liquid core is assumed incompressible, the radial
excursions of the antibubble must be highly asymmetric at

higher acoustic amplitudes, as seen in Figure 2C. These
asymmetric oscillations generate strong higher harmonics,
as confirmed by Figure 2D. Owing to the presence of these
higher harmonics in the acoustic response, antibubble detec-
tion should be feasible using harmonic imaging methods.

Figure 3 shows an overview of all simulations at 100
kPa. To clarify how to interpret Figure 3A we added cross
sections, B and C, simulated at 80% and 65% core droplet
radius, respectively. Analogously, in the frequency spectro-
gram shown in Figure 3D, we added cross sections at the
same core droplet radii. From Figure 3A it can be seen,
that the oscillation phase of the antibubble with respect to
the incident sound wave is dependent of the core droplet
radius, which can be attributed to differences between the
resonance frequency of each antibubble and the sonication
frequency [11]. Around resonant size, inertial growth and
collapse can be observed from the wide red bands interlaced
with narrow blue bands. At larger core droplet radii and
smaller core droplet radii, a more linear oscillation regime
is observed, as depicted by the equal thickness bands. At
65% core droplet radius, phase changes can be seen after
6 and 12 cycles. These can be explained by interference of
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the bubble resonance frequency and the driving frequency.
From Figure 3F it can be appreciated that an antibubble
with a 65% core droplet radius has a stronger response at
its own resonance frequency than at the driving frequency.
Around 80% core droplet radius, strong higher harmonics
can be observed in the spectrogram of Figure 3D, whereas
at core droplet sizes much greater or much less, the nonlinear
content is limited to the second harmonic. If an antibubble is
subjected to high acoustic amplitudes, the bubble response
is highly nonlinear, independent of core droplet size. This
is demonstrated by the spectrogram in Figure 4, which was
simulated at a peak-negative acoustic pressure of 300 kPa.
Even at the lowest core droplet radii, third harmonics were
observed.
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Fig. 4. Radius-time curves for an antibubble with a Newtonian viscous
shell as a function of core droplet radius and sonication time in A and
its corresponding spectrogram in B. The peak-negative acoustic pressure
applied was 300 kPa. Bubble radii have been normalised to the equilibrium
radius; time has been normalised to the period of the transmitted ultrasound;
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V. CONCLUSION

From our simulations we see that the resonance frequency
of antibubbles strongly depends on the core droplet size. In
addtion, the contribution to the radial dynamics from a zero-
thickness Newtonian viscous shell is negligible for bubbles
of the size studied.

The oscillation phase with respect to the incident sound
wave is dependent on the antibubble core droplet size.
At high enough acoustic amplitudes, antibubbles oscillate
highly nonlinearly independent of core droplet size. This may
allow for active leakage detection and differentiation using
harmonic imaging methods.
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