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Abstract. In this short review, we visualize the fluid velocity generated by a point force close to a plane
free surface or a plane rigid wall. We present separately contributions from all the multipoles which form
the corresponding classical systems of images. Such graphical images might be useful in the theoretical
and numerical modeling of the dynamics of micro-objects moving close to an interface.

1 Introduction

There has been recently a lot of interest in the dynamics of
micro-objects of different shapes moving in a bounded ge-
ometry —close to a rigid wall, an interface between fluids
or free surface [1–12]. The problem as to how the presence
of boundaries affects swimming of microorganisms, such
as bacteria, algae or sperm [11–27], motion of red blood
cells [28, 29], Janus particles [30] or micro-robots [31, 32],
is important for biological, environmental, medical and in-
dustrial applications.

Importantly, the fluid velocity field around such mov-
ing objects as algae or bacteria can now be directly mea-
sured with a high accuracy [33, 34]. Such experimental
data allow for the development of efficient and simple the-
oretical and numerical models of the dynamics of such
complex real micro-objects as, e.g., Chlamydomonas, and
apply them to explain the transport properties of biolog-
ical suspensions, e.g. the viscosity of flagella-beating al-
gae [35].

The goal of this review is to provide a visualization of
the velocity field of the fluid around a point force close
to a flat free surface or a plane rigid wall, separately for
all the contributing multipoles. The results can be used to
construct models of micro-objects moving in confined ge-
ometries, based on a comparison with the experimentally
measured fluid velocity.

� Contribution to the Topical Issue “Flowing Matter, Prob-
lems and Applications”, edited by Federico Toschi, Ignacio
Pagonabarraga Mora, Nuno Araujo, Marcello Sega.
�� Supplementary material in the form of a .pdf file available
from the Journal web page at
https://doi.org/10.1140/epje/i2018-11727-3

a e-mail: mekiel@ippt.pan.pl

2 System, theory and notation

We consider a point force F at a position r0 in a fluid
of dynamic viscosity μ. We assume that F generates a
fluid flow, and that the fluid velocity u and pressure p
satisfy the Stokes equations [36]. We consider the following
geometries and the corresponding boundary conditions:

– Unbounded fluid.
– Fluid bounded by a free surface, parallel or perpendic-

ular to F . At the surface, the normal component of the
fluid velocity u and the normal-tangential components
of the stress tensor vanish.

– Fluid bounded by a rigid wall, parallel or perpendic-
ular to F . At the wall surface, the fluid velocity van-
ishes, u = 0.

Moreover, at infinity u = 0.
The classical solutions for a plane free surface, fluid-

fluid interface and rigid wall are constructed by the
method of images [36–40]. The idea is to replace the sys-
tem —fluid in half-space plus the interface— by infinite
fluid plus force multipoles (called “images”), located out-
side the half-space and chosen in such a way that the same
boundary conditions at the interface are satisfied. The po-
sition r′

0 of all the images of F is constructed by reflection
with respect to the plane of the point r0 where F is lo-
cated. The fluid velocity is a superposition of multipole
velocities produced by the point force and its images.

The goal of this work is to provide the visualization of
all multipole velocities, in the plane which contains the po-
sitions of the point-force and its images, and vector F itself
(the plane is perpendicular to the interface). We choose a
system of coordinates in which this plane corresponds to
the xy-plane at z = 0. Moreover, the x-axis is always per-
pendicular to the force, while the y-axis is always parallel
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Fig. 1. Fluid velocity around a point force (represented as a black arrow) [36].

to the force, with the opposite sense: F = (0,−F, 0) with
F > 0.

The relative positions of a given fluid point are denoted
as

r = (rx, ry) from the point force,
R = (Rx, Ry) from its image.

In the following sections, we remind classical expres-
sions [36–42] for the dimensional fluid velocity u, together
with their derivation, and we provide their graphical rep-
resentation: vector fields, streamlines and color contour
plots of the magnitude (absolute value |u|). In the Sup-
plemental Material (SM), the horizontal and vertical fluid
velocity components are also visualized. We use the dis-
tance h from the point-particle to the interface as the
length unit, and v0 = F

8πμh as the velocity unit. For the
unbounded fluid, h stands for an arbitrarily chosen length
scale (the fundamental solution is scale invariant).

Graphs are plotted based on the following principles.
In every plot, the x-coordinate is horizontal, and the y-
coordinate is vertical, and their ranges in every plot are
the same, as indicated. The point forces are shown in black
and their images in gray. The free surface is denoted as
a dashed black line, and the rigid wall as a solid black
line. The length of a vector on the velocity field plot rep-
resents the magnitude of the velocity (to trace weak veloc-
ity fields, enlarge figures in pdf). The vectors are chosen
in such a way that they do not overlap and are all scaled
relative to the longest vector on the sequence of plots cor-
responding to the same interface and the same orientation
of F . The color scale on all the contour plots of velocity
magnitude is the same as shown in fig. 1. Red is chosen for
higher velocity values and blue for lower velocity values.

3 Unbounded fluid

The fundamental solution of the Stokes equations for the
fluid velocity (ux, uy) generated by a point force F =
(0,−F, 0) at r0 = (0, 0, 0) in an unbounded fluid motion-

less at infinity is called the Stokeslet and has the form [36]

ux = (T · F )x = − F

8πμ

rxry

r3
, (1)

uy = (T · F )y = − F

8πμ

(
1
r

+
r2
y

r3

)
, (2)

with rx = x, ry = y and the Oseen tensor Tij(r) = δij

r +
rirj

r3 .

4 Fluid bounded by a free surface

4.1 F parallel to a plane free surface

For a free surface at x = 0 and a point force F = (0,−F, 0)
at r0 = (h, 0, 0), the identical image point force F is at
r′
0 = (−h, 0, 0). With this choice, owing to symmetry, the

x component of the resulting fluid velocity and tangential-
normal component of the stress tensor vanish at x = 0.

Therefore, the fluid velocity, shown in fig. 2, consists
of the Stokeslet and the image Stokeslet contributions,

Fig. 2. Fluid velocity around a point force (represented as a
black arrow) parallel to a plane free surface —main results.
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Fig. 3. Fluid velocity around a point force parallel to a plane
free surface as a sum of two velocity multipoles.

displayed in fig. 3 and given by the following equations:

ux =
−F

8πμ

⎛
⎜⎜⎝ rxry

r3︸ ︷︷ ︸
Stokeslet

+
RxRy

R3︸ ︷︷ ︸
image Stokeslet

⎞
⎟⎟⎠ , (3)

uy =
−F

8πμ

⎛
⎜⎜⎝1

r
+

r2
y

r3︸ ︷︷ ︸
Stokeslet

+
1
R

+
R2

y

R3︸ ︷︷ ︸
image Stokeslet

⎞
⎟⎟⎠ , (4)

where for a fluid point (x, y), one has rx = x − h, Rx =
x + h, ry = Ry = y. Although the above velocity field
is specified in the whole space, the physical meaning is
restricted to the right half-space, with x ≥ 0.

4.2 F perpendicular to a plane free surface

For a free surface at y = 0 and a perpendicular point force
F = (0,−F, 0) at r0 = (0,−h, 0), the opposite image point
force −F is at r′

0 = (0, h, 0). With this choice, owing to
symmetry, the y component of the resulting fluid velocity
and tangential-normal component of the stress tensor van-
ish at y = 0. Therefore, the fluid velocity consists of the
Stokeslet and the image Stokeslet contributions, displayed
in fig. 5, and given by the following equations:

ux =
−F

8πμ

⎛
⎜⎜⎝ rxry

r3︸ ︷︷ ︸
Stokeslet

− RxRy

R3︸ ︷︷ ︸
image Stokeslet

⎞
⎟⎟⎠ , (5)

Fig. 4. Fluid velocity around a point force (shown as a black
arrow) perpendicular to a plane free surface —main results.
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Fig. 5. Fluid velocity around a point force perpendicular to a
plane free surface as a sum of two velocity multipoles.

uy =
−F

8πμ

⎛
⎜⎜⎝1

r
+

r2
y

r3︸ ︷︷ ︸
Stokeslet

− 1
R

−
R2

y

R3︸ ︷︷ ︸
image Stokeslet

⎞
⎟⎟⎠ , (6)

where for a fluid point (x, y), one has rx = Rx = x,
ry = y + h, Ry = y − h. Although the above velocity
field is specified in the whole space, the physical meaning
is restricted to the lower half-space, with y ≤ 0.
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5 Fluid bounded by a plane rigid wall

For a point force in a fluid bounded by a plane rigid
wall, the fluid velocity consists of four multipole functions,
which satisfy the Stokes equations, decay at infinity as
1/r, 1/R, 1/R2, 1/R3 (notice the corresponding scaling
of arrows in figures) and are generated by the point force
and three image force multipoles. The image Stokeslet is
constructed as “reflection” [41,42] of the Stokeslet by the
wall, which means that, in the long-distance limit, it can-
cels the 1/r contribution at the wall when superposed with
the Stokeslet. The other two velocity multipoles, the image
Stokes doublet and image source doublet, form consecu-
tive “reflections” which cancel the 1/R2 and 1/R3 contri-
butions at the wall, respectively, and no other terms are
left. The image Stokes doublet is Lamb’s pressure solid
harmonics [36], with the i-component Fkj∂kTij propor-
tional to the space derivative of the Oseen tensor. The
image source doublet, with the i-component fk∂i(Rk/R3),
belongs to another family of Lamb’s solutions: the fluid
velocity is a gradient of harmonic function and the pres-
sure is constant. The force multipoles Fkj and fk will be
specified in the following sections.

5.1 F parallel to a plane rigid wall

For a rigid wall at x = 0, and the point force at r0 =
(h, 0, 0), the fluid velocity is shown in fig. 6. It consists of
four velocity multipoles, given by Blake [37,38],

ux =
−F

8πμ

⎛
⎜⎜⎜⎜⎝

rxry

r3︸ ︷︷ ︸
Stokeslet

−RxRy

R3︸ ︷︷ ︸
image

Stokeslet

+
2hRy

R3
+

6hR2
xRy

R5︸ ︷︷ ︸
image Stokes

doublet

− 6h2RxRy

R5︸ ︷︷ ︸
image source

doublet

⎞
⎟⎟⎟⎟⎠ , (7)

Fig. 6. Fluid velocity around a point force (shown as a black
arrow) parallel to a plane rigid wall —main results.
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Fig. 7. First contribution to the fluid velocity (7), (8): the sum
of the Stokeslet and image Stokeslet.
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sum of the image Stokes doublet and image source doublet.

uy =
−F

8πμ

⎛
⎜⎜⎜⎜⎝

1
r

+
r2
y

r3︸ ︷︷ ︸
Stokeslet

− 1
R

−
R2

y

R3︸ ︷︷ ︸
image

Stokeslet

−2hRx

R3
+

6hRxR2
y

R5︸ ︷︷ ︸
image Stokes

doublet

+
2h2

R3
−

6h2R2
y

R5︸ ︷︷ ︸
image source

doublet

⎞
⎟⎟⎟⎟⎠ , (8)
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Fig. 9. Fluid velocity around a point force parallel to a plane
rigid wall —sum of figs. 7, 8.

where rx = x − h, Rx = x + h, ry = Ry = y. The
image force multipoles are −F for the image Stokeslet,
Fkj = 2hFδkyδjx for the image Stokes doublet and fk =
−2h2Fδky for the image source doublet. All velocity multi-
poles are shown and subsequently summed up in figs. 7–9.

The Stokeslet and the image Stokeslet contributions
are displayed in fig. 7. The image point force −F now has
the opposite direction than in case of a free surface. The
image potential dipole and the image Stokeslet doublet are
shown in fig. 8. The final summation is performed in fig. 9.
Although the velocity field is specified in the whole space,
the physical meaning is restricted to the right half-space,
with x ≥ 0.

5.2 F perpendicular to a plane rigid wall

For a rigid wall at y = 0, and the point force at r0 =
(0,−h, 0), the image force multipoles are −F for the
Stokeslet, Fkj = −2hFδkyδjy for the image Stokes dou-
blet and fk = 2h2Fδky for the source doublet. The fluid
velocity, shown in fig. 10, has the form [37,38],

ux =
−F

8πμ

⎛
⎜⎜⎜⎜⎝

rxry

r3︸ ︷︷ ︸
Stokeslet

−RxRy

R3︸ ︷︷ ︸
image

Stokeslet

+
2hRx

R3
−

6hRxR2
y

R5︸ ︷︷ ︸
image Stokes

doublet

+
6h2RxRy

R5︸ ︷︷ ︸
image source

doublet

⎞
⎟⎟⎟⎟⎠ , (9)

Fig. 10. Fluid velocity around a point force (represented as a
black arrow) perpendicular to a plane rigid wall —main results.
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Fig. 11. First contribution to the fluid velocity (9), (10): the
sum of the Stokeslet and image Stokeslet.

uy =
−F

8πμ

⎛
⎜⎜⎜⎜⎝

1
r

+
r2
y

r3︸ ︷︷ ︸
Stokeslet

− 1
R

−
R2

y

R3︸ ︷︷ ︸
image

Stokeslet

+
2hRy

R3
−

6hR3
y

R5︸ ︷︷ ︸
image Stokes

doublet

−2h2

R3
+

6h2R2
y

R5︸ ︷︷ ︸
image source

doublet

⎞
⎟⎟⎟⎟⎠ , (10)
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the image Stokes doublet and image source doublet.
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Fig. 13. Fluid velocity around a point force perpendicular to
a plane rigid wall —sum of figs. 11, 12.

where for a given fluid point (x, y), one has rx = Rx = x,
ry = y + h, Ry = y − h.

All velocity multipoles are shown and subsequently
summed up in figs. 11–13. Although the velocity field is
specified in the whole space, the physical meaning is re-
stricted to the lower half-space, with y ≤ 0. The Stokeslet
and the image Stokeslet contributions are displayed in
fig. 11. The image potential dipole and the image Stokeslet
doublet are shown in fig. 12. The final summation is per-
formed in fig. 13.

6 Conclusions

Classical Green functions for the Stokes equations in the
presence of a plane solid wall, free surface or fluid-fluid in-
terface are still a subject of research [43–45], resulting in
useful representations and interpretations. In this paper
we contribute to this field by demonstrating the graphi-
cal addition of velocity fields generated by different mul-
tipoles. It provides a useful quantitative tool to analyze
basic features of the fluid flow generated by a point force
F close to interface. In particular, it allows to study if
higher-order multipoles are significant. For example, we
have demonstrated that in case of F perpendicular to
a rigid wall, the superposition of the image Stokes dou-
blet and image source doublet is needed to obtain closed
streamlines in the vicinity of the point force (see fig. 13).

Moreover, the multipole fluid flows visualized in this
paper can be also useful for a graphical representation of
the fluid velocity of a particle moving close to an interface.
It has been recently shown that even for axisymmetric
particles, which are relatively close to a hard wall, a simple
analytic approximation for their mobility coefficients can
be derived [46].

The graphs presented in this work can be used to ana-
lyze basic features of hydrodynamic interactions between
a number of micro-objects, or between segments of a single
elastic filament, induced by the presence of a plane rigid
wall or a plane free surface, such as, e.g., repulsion or at-
traction, mutual or with respect to the interface [47,48].

The visualization of the fluid flow close to a point
force F , presented here for a half-space bounded by a free
surface or a rigid wall, can be easily generalized for the
case of a plane interface between fluids with different dy-
namic viscosities. The resulting fluid flow velocity in the
half-space is a weighted superposition of fluid velocities
corresponding to the rigid wall and the free surface, re-
spectively [39, 42, 49]. Denoting as μ2 the viscosity of the
fluid on the other side of the interface with respect to F ,
weights of the wall contribution and of the free-surface
contribution are given by μ2/(μ + μ2) and μ/(μ + μ2),
respectively.
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