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inaccurate quantitative data, and is an alternative to the standard fuzzy numbers model
proposed by Zadeh. This paper develops the model of ordered fuzzy numbers by defining
the concept of fuzzy random variables for these numbers, called further ordered fuzzy ran-
dom variables. Thanks to the well-defined arithmetic of ordered fuzzy numbers (existence
S of neutral and opposite elements) and the introduced ordered fuzzy random variables; it
Ordered fuzzy numbers . - s
Fuzzy random variables becomes pqssnble to construct fully fuzzy st.ochastlc time series models such as e.g., the
Ordered fuzzy random variables autoregressive model or the GARCH model in the form of classical equations, which can
Normal ordered fuzzy random variable be estimated using the least-squares or the maximum likelihood method. Furthermore,
the concept of normality of ordered fuzzy random variables and the method to generate
pseudo-random ordered fuzzy variables with normal distribution are introduced.
© 2020 Published by Elsevier Inc.

Keywords:

1. Introduction

Many real-life models involve two important sources of uncertainty: randomness and fuzziness. Randomness relates to
the stochastic variability of all possible outcomes of a situation. Fuzziness, on the other hand, can be traced to incomplete or
imprecise knowledge regarding the situation. Accordingly, there are two prevailing theories, probability theory and possibil-
ity theory, to deal with them. Randomness and fuzziness can be merged to formulate a fuzzy random variable. Fuzzy random
variable (FRV) initiated by Kwakernaak [17,18] is one of the appropriate ways to describe this type of uncertainty. Kwaker-
naak [17] conceptualized an FRV as a vague perception of a crisp but unobservable random variable that taking fuzzy value
instead of real values. Further Puri and Ralescu [32] conceptualized the FRV as a fuzzification of a random set, whose values
are fuzzy subsets of [?” or, more generally, of a Banach space. Later on and sometimes independently, other variants were
proposed by Kruse and Meyer [ 16] and Diamond and Kloeden [4]. Krdtschmer [15] surveyed all of these definitions and pro-
posed a unified approach. Moreover, Liu and Liu [19,20] proposed definition of FRV with using different measure condition
which based on a concept they called credibility measure. Summarizing, in all of these works, an FRV is defined as a function
that assigns a fuzzy subset to each possible output of a random experiment that intends to model situations that combine
fuzziness and randomness.

Despite excellences of fuzzy sets in describing imprecise data, fuzzy arithmetic is accompanying with difficulties and
complexities that may decrease the utility of them. Computational efficiency is particularly important when a fuzzy set
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theory is used to solve real problems [37]. Concerning these problems, Dubois and Prade (5] introduced a flexible parametric
family of membership functions which are called the LR [amily. By using this family, computational efficiency increases
without limiting the generality beyond acceptable limits [37]. Moreover, the computational properties of classical fuzzy
numbers (also known as convex fuzzy numbers) also have drawbacks due to rapidly growing imprecision after a sequence
of operations [22]. To improve their arithmetic properties, several additional solutions were introduced. Usually, additional
operations or constraints are needed (see [9,33,34]) to get around these drawbacks. An alternative solution is to use ordered
fuzzy numbers (OFNs), formulated by Kosifiski et al. [12-14,10]. This model takes into account the order of the individual
parts of a fuzzy number. It creates an additional feature of the data - an orientation. By incorporating the orientation in
the calculations, we get the opportunity to reduce the imprecision resulting from a series of operations. It leads to a situation
where we can solve a basic equation of type where all elements can be OFNs. It can be done by the simple calculation of
exactly as for real numbers. The computational model of the OFNs has many properties that were presented in the publica-
tions [14,10,28,30,29,24].

In this paper, the model of OFN is extended by defining the novel concept of fuzzy random variables for these numbers,
called further ordered fuzzy random variables (OFRVs). Thanks to the well-defined arithmetic of OFNs (existence of neutral
and opposite elements) and the introduced OFRVs, it becomes possible to construct fully fuzzy stochastic time series models
such as e.g., the fuzzy autoregressive model in the form of classical equations, which can be estimation using the least-
squares or the maximum likelihood method. In the wide context, the proposed concept of OFRVs can be considered as an
additional computational model of uncertainties in granular computing paradigm [1].

This paper is organized as follows: Section 2 recalls three types of definitions of FRVs presented in the literature, recalls
definitions of OFN, and some basics concepts of stochastic processes. Section 3 introduces a novel concept of fuzzy random
variables for ordered fuzzy numbers and some basic properties such as fuzzy and crisp expected value and variance. Section 4
gives a novel concept of normality of OFRVs and introduces the method to generate pseudo-random ordered fuzzy variables
with the normal distribution. Finally, concluding remarks make up the last section.

2. Preliminaries

Before proceeding to formal definitions of ordered fuzzy random variables, we first review briefly underlying concepts:
fuzzy random variables and ordered fuzzy numbers. Readers familiar with these topics can skip this section.

2.1. Fuzzy random variables (FRVs)

The term fuzzy random variable was introduced by Kwakernaak in 1978, who descrided a fuzzy random variable as a
vague perception of a crisp but unobservable random variable [17,18].

Let (Q,.A, Pr) be the classical probabilistic space, where Q is the space of elementary events, .Ais g-algebra of subsets Q,
while Pris a probabilistic measure set at Q. Let F(R)denote the set of all convex fuzzy numbers specified in Euclidean space
R, of which o-cuts for each « ¢ [0, 1]are compact sets. Then the fuzzy random variable is a mapping & : Q — F(I8) such that for
any o ¢ [0,1] and all m ¢ Q the real valued mapping

inf &, : Q — R such that inf &, (@) = inf (E(w)) ; (1)

&

sup &, : Q — R such that sup&,(w) = sup (E((u)) 5 (2)

o

are classical real valued random variables [17,18,16,7].

For such a definition of the fuzzy random variable, properties such as expected value and variance of the fuzzy random
variable have been determined by applying the Zadeh's extension principle [27].

The concept of a fuzzy random variable introduced by Kwakernaak only applies to fuzzy numbers defined on R. Dissat-
isfied with this fact, Puri and Ralescu proposed the concept of a fuzzy random variable whose values are fuzzy subsets of
[¥"(or more generally, some Banach space) [32]. They defined the fuzzy random variable as a kind of fuzzification of a random
set, thus combining fuzzy random variables with a well-developed theory of random sets [25].

Let F(IR") denote the set of fuzzy subsets on R" with membership functions g : R" — [0, 1] and K(R") denote the Borel

subsets of R". Then the fuzzy random variable is a function ¢:Q — F(R") such that for every o ¢ [0,1] mapping
&1 Q — K(RY) (where &, () = (E((u))x for each @ ¢ Q) is a random set.

Puri and Ralescu defined the concept of expected value for a fuzzy random variable as a generalization of the classic
expected value using the Aumann integral [21]. The variance, however, was defined similarly to the classic random variables
as a measure of dispersion around the expected value and was defined as the crisp number [6].

In both approaches cited above, a fuzzy random variable is defined as a measurable function from a probabilistic space

into a set of all fuzzy numbers. In their works, Liu and Liu, imposing a different condition on the measurability of functions,
proposed a new definition of the fuzzy random variable [19,20].
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Let 7, be a set of all fuzzy variables [26] defined on the possibility space (@, P(®), Pos) [36]. Each element a belonging to
the set F, is determined by the membership function ;, also called the possibility distribution function. Then the fuzzy ran-

dom variable is mapping & : Q — F, such that for each closed subset of R

E(O)(w) = Pos{;’(m) € C} = S}}?llg!<,,\(x) (3)

is measurable function of @, where z;, is membership function of fuzzy variable ().

Unlike previous approaches, Liu and Liu determined the expected value and variance of the fuzzy random variable as a
scalar value, not a fuzzy one. To defuzzifine the fuzzy variable, they proposed a defuzzification operator, called the expected
value operator, as follows.

Definition 1. The expected value operator of fuzzy variable a is a scalar number E(&) such that
- 0
E(a) = / Cr{a = r}dr— / Cr{a < rdr, (4)
J0 J -0
provided that at least one of the two integrals is finite, where Cr{a < r} is a credibility measure such that

Cla<r}=1-Cr{a>r} = % (sup;tﬁ(x) +1- sup,ui,(x)>. (5)
X<r xzr

Liu and Liu showed that if ¢ is a fuzzy random variable, then crisp value E(:) is a random variable with real values [20].

This fact allows the determination of the expected value and variance of a fuzzy random variable as the expected value and
variance of a classic real-valued random variable whose values are crisp values of a fuzzy random variable.

2.2. Ordered fuzzy numbers (OFNs)

Ordered fuzzy numbers (called also the Kosifiski's Fuzzy Numbers) introduced by Kosinski et al. in series of papers [12-
14,11,10] are defined by ordered pairs of continuous real functions defined on the interval [0, 1] i.e.

A= (f,g) with f,g:[0,1] — R as continuous functions. (6)

The ordered fuzzy number and ordered fuzzy number as a fuzzy number in classical meaning are presented in Fig. 1. Note
that a pair of continuous functions (f,g) determines different ordered fuzzy numbers than the pair (g, f). In this way, an extra
feature of this object named the orientation is appointed. To uniquely identify the orientation of ordered fuzzy numbers, the
following order operator is proposed.

y vCIassicaI _Fuzzy Number ‘
O, IS . s N - I §
T ................ .. . E—
3 1 | RO fup .............................................................
| RN N AU NO—— .. SO N— i
S| RNENSI Sr SRR —— I T R —
g 10 2io i 3fo 40 éo
..._0;2_ ................ ..... Upadded ....... .DOWN ..... ................. “(E
A interval
-0.20(0 0.2 0i4 0.6 0;8 1.0
5 S

Fig. 1. Graphical interpretation of OFN and a OFN presented as fuzzy number in classical meaning.
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Definition 2. Let O be universe of all ordered fuzzy nymbers. Order operator is defined as mapping Ord : © — {—1,0,1}, such
that

1 if Defuzzy(A) > f,(0),
Ord(A) 0 if Defuzzy(A) = f,(0) or Defuzzy(A) notexist, (7)
-1 if Defuzzy(A) < f,(0),

where Defuzzy(A) is a fixed defuzzification operator for the ordered fuzzy number A = (f,,g,). The numbers —1, 1, Oindicate
the negative, positive and lack of orientation, respectively.

The basic arithmetic operations {+, —, -, =} on ordered fuzzy numbers are defined as the pairwise operations of their ele-
ments. This definition leads to some useful properties. One of them is the existence of neutral elements of addition and mul-
tiplication. This fact causes that not always the result of an arithmetic operation is a fuzzy number with larger support. This
allows us to build fuzzy models based on ordered fuzzy numbers in the form of the classical equations without losing accu-
racy. Similarly, basic math functions such as log, exp, sqrt can be defined (see [28]).

Sometimes there is also a need to determine the distance between two ordered fuzzy numbers. To do this, the following
distance metric is proposed.

Definition 3. Distance between two ordered fuzzy numbers A = (f4,g4) and B = (fz, g5) is metric given by formula
d(A,B) = d((fa.8a), f5.85)) = Ifa — f3ll2 + 1€ — Zsll2> (8)

where || - ||, is Ly-norm in space C([0, 1]) (all real-valued continous functions defined on [0, 1]) given by formula

1= ([ lf(X)Ide)%- ©)

3. Ordered fuzzy random variables (OFRVSs)

Among the three cited definitions of fuzzy random variables in Section 2.1, the definition proposed by Kwakernaak seems
to be the most natural and the simplest in the adaptation for ordered fuzzy numbers. In this definition, for each o € [0, 1], the
ends of z-cuts are identified with real-valued random variables. In case of ordered fuzzy number the ends of «-cuts corre-
spond to the values of functions f(x) and g(x), for x = «. Hence, the ordered fuzzy random variable could be defined as the
mapping from the probabilistic space into a set of all ordered fuzzy numbers, such that for each x ¢ [0,1],f(x) and g(x) are
real-valued random variables. However, such a definition is very general and does not specify any relations between random
variables for different values of the x argument. For this reason, and because the ordered fuzzy number is an ordered pair of
continuous functions, the first author in his dissertation thesis proposed a definition of an ordered fuzzy random variable as
an ordered pair of continuous stochastic processes [23].

Let (2, A, Pr) be the specified probabilistic space and let © be the universe of all ordered fuzzy numbers.

Definition 4. Ordered fuzzy random variable is defined as mapping &: Q — @ such that &(w) = (fé(t.o))gg(t. w)) is an
ordered pair of continuous stochastic processes, where f;,g; : 7 x Q — R, 7 = [0,1] ¢ R. In addition, we assume that these
processes are second order stochastic processes.

As can be notice, for every fixed ¢ ¢ [0, 1]function t — (f;(t, ®),g:(t,®))is a random variable with values in R*(random

vector), and for each fixed w ¢ Qvalues of function @ — (f;(t, ®).g;(t,®))are ordered fuzzy numbers whose functions f
and g are determined by the trajectories of stochastic processes.
For such defined ordered fuzzy random variables, terms such as expected value and variance can be defined as follows.

Definition 5. The fuzzy expected value of ordered fuzzy random variable & : Q — @ is defined as ordered fuzzy number E [Z
such that

—_

o

= (fm-‘.'gm)' (10)

where functions f,, and g,, are the expected values of stochastic processes f; and g;, respectively.

Definition 6. The fuzzy variance of ordered fuzzy random variable ¢ : Q — @ is defined as ordered fuzzy number Var[EJ such
that

Var[;"} (f —_ g,,,a,.:). (11)

where functions f,,, and g,,,. are the variances of stochastic processes f; and g;, respectively.
It is worth notice that thanks to such definitions, the basic properties of the expected value and variance are maintained.
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Theorem 1. Suppose that exist fuzzy expected values H and E[ij] of ordered fuzzy random variables & and ij. Then
()If & > 0, then IkH > 0.

(il [2]1 < E[11]-

(iii)For a,b € R fuzzy expected value of ordered fuzzy random variable aZ + bij exist and

| + bE[q).

[Elia::' + bf]l = aE

Theorem 2. Let ¢ be ordered fuzzy random variable, for which exist fuzzy variance Var [;J Then

(i) Var[é] > 0.
(if) For c € R Var[cE] = cWar[E].
(iii) For ¢ € R Var [\ + CJ = Var[EJ.

Proofs of the above properties follow directly from the properties of the expected value and the variance of classical real-
valued random variables because for each t ¢ [0,1] f,,, (t) and g, (t) are real-valued random variables. Proof of the above
properties for real-valued random variables can be found in many books on the theory of probability, for example in [8].

As it was noticed by Liu and Liu, in practical issues, the concept of the expected value is often required as a crisp number
rather than a fuzzy number, so that it will be possible to indicate the value based on which various decisions will be made.
Similarly to the approach proposed by Liu and Liu, the definitions of the crisp expectation value and variance for ordered
fuzzy random variables using the defuzzification operator, defined as the expected value operator, are introduced.

Definition 7. Expected value operator for the ordered fuzzy number A = (f4,g,)is defined as the defuzzification operator
E: O — Rspecified by the formula

-l 1
E(A) = E(f,84) = 5 /n [fa(s) + gals)]ds. (12)

The expected value operator defined above is equivalent to the expected value operator defined by Liu and Liu
(see Def. 1). This equivalence is determined by the following theorem.

Theorem 3. Let A = (f.g) be ordered fuzzy number such that exist inverse functions ' g and f(0) <f(1)<gl) <g).It
means that the ordered fuzzy number Acan be represented as a classic convex fuzzy number A® with membership function
Ly 2 R — [0,1] as follows

fx if xe[f(0),f(1)]

el :
e =& ® if X§[g(1)~g(0)]~ (13)
1 if xe[f(1),g(1)],
0 otherwise.
Then the following equality is fulfilled
E(A") = E(A), (14)
where E is the operator of the expected value according to the Definition 1.
Proof. According to the Eq. (5) the credibility measure for the fuzzy number A" is given by the formula
1 if t<f(0),
-0 if te[f).f(),
Cr{iA" 2 t} = 3 if te[f(1),g(1), (15)
3¢ if telgl),5(0)]
0 if t>g(0)
By Definition 1, the expected value operator of the fuzzy number A'is given by the formula
o0 0
E(A") = / CriA" > t}dt — / Cr{A" < tydt. (16)
JO -0
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Using the (5) formula and the integral property we get

o0 ]
,/ CHA" > t}dr—/ 1dt. (17)

Then by inserting the formula (15) into the Eq. (17), using the linearity of the integral, and then grouping the appropriate
integrals, we get

EA") =1, + I, where

L PO [0 de+ 5 e 0 1ae o
1 f(1) ; gl
[ = fbdt + / g Y (b)ydt|. (19)
J 0y Jg{0)
The expression I, regardless of the location of the point O relative to the points f(0),f(1) and g(1)is
1
L =5 1f(1) +&(1)). (20)

The expression I, by substitution of appropriate integrals s = f ' () and s = g-!(t), and then applying the integration by
parts for both integrals is reduced to following expression

1 1 1
—5lf(‘1)+g(1)l+5/0 [f(s) + g(s)]ds. (21)

Finally, adding up the terms I; and I, we get the right side of the Eq. (14). O

Definition 8. The crisp expected value of the ordered fuzzy random variable &: Q — O, for which existe a fuzzy expected
value IE[ J is defined as the real number & ( ) such that

#(9) ~E(e[d) =3 [ 08 0

The crisp expected value of the mdered fuzzy random variable can be calculated in two ways. Simply by definition, i.e.,
calculate the fuzzy expected value, and then defuzzifine it with the expected value operator. We can also do the opposite, i.e.,

for fixed , calculate the crisp values of ordered fuzzy numbers (). Then E( (u))) is a real-valued random variable, so we
can count its expected value in the classic sense. The following theorem shows the equality of both methods.

Theorem 4. Let be an ordered fuzzy random variable specified on the probabilistic space (Q, F,Pr). Then if exist E l;J then

£ (e3) - ()] >

where [F on the right side of the Eq. (23) means the expected value of a classic real-valued random variable.

Proof. According to the formula (22), using the definiton of expected value of the second order stochastic process, from the
integral property and from the Fubini's theorem about iterated integrals we get

=1 o\ -
E(ﬂ_[ ]) 2 f [ m; +c,n ]dt dt+.l(] zorn t)dt
= oElzf:s Jdt+.fb[5[5gg(f)]dt
= fo Ua 3f:(t, @)Pr(dw)|dt + f; [f;, 18:(t, w)Pr(dw)]dt
= Jo [} Jo fi(t.co)dt +1 [ g:(t, c)dt

=E[4 Jy [Fz(0) + gz(0)] de] = E[E(E)].

Pr(dw)

O

The crisp variance of the ordered fuzzy random variable is defined as the variance of the classical real-valued random
variable, which is created by defuzzifine ordered fuzzy random variable. Thus, it is the mean square of deviation of the defuz-
zifine values from the crisp expected value.

Definition 9. The crisp variance of the ordered fuzzy random variable &: Q — ©, for which CH exists, is defined as a real

number V(E) such that

Please cite this article as: A. Marszatek and T. Burczynski, Ordered fuzzy random variables: Definition and the concept of normality, Infor-
mation Sciences, https://doi.org/10.1016/j.ins.2020.08.120




289

291

292

293

294
295
296
297
298
299
300

301
302

303
304

306

307
308
309

W
—O

INS 15835 No. of Pages 12, Model 3G

10 September 2020
A. Marszatek, T. Burczyiiski/Information Sciences xxx (XXxx) Xxx 7

v(3) - vae(9)] - () -£(9) . 2

where [ and Var mean the expected value and the variance in the classic sense.

4. Concept of normality of OFRVs

For empirical issues, the most important issue is the ability to study and generate random numbers with given probability
distributions. As the concept of a fuzzy random variable is defined by considering appropriately defined classic random vari-
ables, so defining the probability distribution of the fuzzy random variable is limited to determining the distributions of
these random variables [31,35,7,3,2].

In this article, a definition of a normal probability distribution for an ordered fuzzy random variable is presented. How-
ever, unlike the classic convex fuzzy numbers, ordered fuzzy numbers have an additional property, namely the orientation,
which should also be taken into account.

Definition 10. An ordered fuzzy random variable £ has normal distrubution with parameters ji, 6% ¢ 0,62 ¢ R, and p € [0,1]
such that Ord(ft) = 0,62 > 0 and ¢? > 0, what is denoted as & ~ A'(jt,6%,02%,p), if for each t ¢ [0, 1] real-valued random
variables f;(t) and g;(t) have following mixed normal distrubutions

FAO ~ DN (F(0).F (0 +62) + (1= ) - N (g1(0),802(0) + 62)
g:(t) ~p -J\”(gn(t).gf,z(t) + 02) +(1-p) -.v\f'(fn(t),f»qz(t) +62).
Furthermore, Pr(Ord(E) = O) = pand Pr(Ord(E) <O) =1 - p, where Ordis the order operator defined using the
expected value operator (see (7)).

It is worth notice that unlike the classical normal distribution, the parameters /i, Gare not a expected value and a vari-
ance of &(neither fuzzy nor crisp). The fuzzy expected value and fuzzy variance of are expressed by formulas:

=p- (fﬂ-gp) +(1-p)- (g,}‘fp) (25)
=p(1-p)- ((finss) - (gﬂ~fﬂ))2 +0- (5.852) + (1-D) - (€z2.f ) + 0°. (26)

In addition, estimators of parameters for the distribution defined in this way can be determined as follows.

o

S

Var

<

Definition 11. Let &;,&,,... &, be a random sample of ordered fuzzy random variables with normal distribution with
parameters jt, 62, g2and p. Then

e Estimator of fuzzy expected value is defined as:

] n %
= EZC, (27)

i=1

st

e Estimator of fuzzy variance is defined as:

1

n
= g
n-1 ;(“”

e Estimator of parameter ¢? is defined as:

. 1 & B <11\ 2

2 I - Tl z

L NCORICE)E

e Estimator of probability p is defined as:

#{ie {1,2,...,n}: 0rd(%) » 0}
. .

Var

)2. (28)

b

5

p= (30)

o Estimators of parameter jt and G2 are defined as:

s 1gns,
”AEZC;' 631
i=1
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¢ =i 2 (& [‘>2' (32)
where

.| (fes). gayord(Z) > 0

" (gg,.«f;i)« gdy Ord(i‘i) <0

To construct an ordered fuzzy random variable with a normal distribution with fuzzy parameters we use the following
lemma.

(33)

Lemma 1. Let jt,G? ¢ O. 62 ¢ R. be fixed parameters such that jt > 0,6? > 0 (for all t ¢ [0,1]) and Ord(jt) > 0. Furthermore, let
i1 and  be ordered fuzzy random variables with stochastic processes f 78y and f :»&; which are specified in following way

=X A g)=Y, (34)
f;()=S A gt) =S, (35)

where X, ~N (1 o (') Yo~ N (1 gl“) for each t ¢ [0.1] and S~ N(0,0%). Then, the ordered fuzzy random variable

a( u»
&= ju- i+ { has normal distrubution with parameters fi; = j. 62 = 6%, 6? = ¢* and p = 1.
The proof of the above lemma implies directly from the properties of the real-valued random variables with a normal
distribution such as affine property and property of the sum of two normal random variables. Based on this lemma, an algo-
rithm for generating ordered fuzzy pseudorandom numbers with a normal distribution with given parameters

it,6* ¢ O,6° ¢ R. and p ¢ [0, 1] is presented below. For numerical calculations, it was assumed that all ordered fuzzy num-
bers are determined in a discrete manner on the interval [0, 1] using T -+ 1 points, t € {0,1,..., T}.

Algorithm:

Generate pseudorandom ordered fuzzy number with normal distribution.

Input: /1,62 € O,6° ¢ Ry,p ¢ [0,1]

Output: ¢ ~ N (ji, 6%, 6%, p)

Step 1. Calculate constant C := |min{m{migﬂ{fﬂ(t)},(é{g.ili.;}.r}{g,~,(t)}. O}l.

Step 2. Create ordered fuzzy number 5] := jt + C

Step 3. Generate pseudorandom real number with normal distribution S ~ A(0, 5?).

Step 4. Generate two sequence X; and Y, (t € {0,1,..., T}) of pseudorandom real numbers with following normal
distributions

/ 22 (t)
X[ “-’J\ <] (l‘ )

/ 820l
Y( ~ /\ (1 W)

Step 5. Generate pseudorandom real number with uniform distribution r ~ /[0, 1].
Step 6.
IF r < p THEN

Create ordered fuzzy number ¢ such that

(F2(0,8:(6)) = Xe. Yo) - (f3(0),84(0)) +

ELSE
Create ordered fuzzy number ¢ such that
(Fz(0.8:0) = X, Yo - (0 S3(0) +5

Step 7. Return ordered fuuy number & := E e

Example Let & be an ordered fuzzy random variable with normal distribution with parameters p = 0.5,¢6% = 1 and ft, ¢?
specified as in rw 2. The parameter juis defined as the Gaussian OFN with parameters j = f, = 5 and gy = —g; = —0.5.

The ¢?is a Triangular OFN with the parameters f(0) = 0.005,f(1) = g(1) = 0.01, g(0) = 0.02. Figs. 3 and 4 show random sam-
ples of ordered fuzzy variable ¢ generated according to the proposed algorithm for n = 20 and 100, respectively (charts on
the left). Comparison between the fuzzy expected value/variance (fat line) and the fuzzy sample mean/variance (dash line)
are shown also in Fig. 3 and Fig. 4 (charts on the right).
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Fig. 5. Normalized histograms and theoretical density functions of fuzzy random variables Z for several values of x & [0,1].

Table 1
Average distances between the theoretical values of the parameters &, Var, ft, @2, p, and their estimators depending on the sample size n.
n 10 50 100 1000 10,000 100,000 1,000,000

p-p 0.1800 0.0420 0.0420 0.0096 0.0022 0.0015 0.0003
d(E,E) 0.6775 0.3348 02273 0.0567 0.0145 0.0063 0.0018
d(Var var) 0.9243 0.4884 03955 0.0901 0.0385 0.0099 0.0034
|g% — (;2]' 0.2735 0.1382 0.1227 0.0213 0.0084 0.0034 0.0009
d([t. ﬁ) 0.4079 0.2933 0.1661 0.0496 0.0133 0.0049 0.0016
d ( &2 42 } 0.0815 0.0400 0.0295 00118 0.0047 0.0029 0.0027

Fig. 5 shows normalized histograms and theoretical density functions of fuzzy random variables ¢ for several values of
x € [0,1] and n = 10,000. However, the Table 1 shows the average distances between the theoretical values of the parame-
ters [, Var, jt, %, p, and their estimators depending on the sample size n (10 simulations for each n). The distance between
scalars was calculated as the absolute value of the difference, while between the ordered fuzzy numbers using the metric d
given by formula (8). The obtained results allow us to suppose that the proposed algorithm for generating ordered fuzzy
pseudorandom numbers works correctly, and the adopted estimators of normal distribution parameters are consistent

estimators.

5. Conclusion

In this paper the model of ordered fuzzy numbers was extended by introducing the definition of ordered fuzzy random
variables. Moreover, the concept of normal distribution and method to simulate pseudorandom ordered fuzzy numbers with
this distribution were also presented. Simulation of OFRV with normal distribution was studied because of their natural
applications in econometric models but the methods presented can be extended to simulate other distribution.

Some numerical examples were included to indicate the treatment of this approach. Further to study the accuracy and
validity of the method, theoretical fuzzy and crisp parameters of normal distribution were compared with their estimated
counterparts in some different sample size. The obtained results were shown that estimated parameters move towards the-
oretical parameters with growing the sample size. [t means that the simulation method operates accurately and generates
valid data according to the target.

Now, thanks to our work it becomes possible to construct fully fuzzy stochastic time series models such as e.g., the
autoregressive model or the GARCH model in the form of classical equations with error term as ordered fuzzy random vari-
ables. In general, such a model can be represented as follows

Yr = F(A,»:f(,,-) + {;Tr._ (36)
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where Y, is explained variable, OFN (t = 1,...,T); X; are explanatory variables OFN, (i=1,..., n);A; are model coefficients,

OFN; &, is error term represented by OFRV. The F function is any functional dependence specified on ordered fuzzy numbers.

Assuming a fixed distribution of a random component &, (e.g. normal distribution, introduced in Definition 10), we can
estimate coefficients using the least-squares or the maximum likelihood method and then analyze the residuals of the
model. Moreover, thanks to the ability to generate pseudo-random ordered fuzzy numbers, we can simulate many different
realizations of the process and using such a model to solve problems where multiple simulations of a given process are
required. For example, in our future work we are going to use the Ordered Fuzzy GARCH model in the problem of option
pricing.
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