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In this paper we shall be concerned with the determination of the
state of stress in an elastic space and isemi-spiaice, due toi two types of
discontinuous temperature field. The first is that of a thermal inclusion
in the form of a rectangular parallelepiped, the second — in the form
of a cylinder. By the term of thermal inclusion we understand a region

• in/which, the temperature is constant whereas, in the remaining region
the temperature equals zero.

1. Thermal inclusion in the form ol a rectangular parallelepiped
in an elastic space and semi-space

' . " i ' . j

Let the temperature inside the parallelepiped — a, -< Si -*C ca (i =•= 1, 2, 3)
be 'CO'nstant, and equal to unity, the temperature outside being zero. The
temperature field may be expressed in terms of Heaviside's function ?j
(1.1) T=[ri(x1+al) — ri(x1 — ai)][ri(xa + aa) —

— rj{x2 — a2)] \ri (x3 + a3) — 77 (xs — a&)|.

It is known that the thermal stresses, due to this state, may be expressed
by means of the potential of tbermoelastic displacement 0, by using the
folio wing equations [1],

(1.2) °>! = 2

where G is the shear modulus and dy — Kromnecker's delta. The function^
is related to the stresses by the equations

(1.3) - • u , = ^ - i - 1 , 2 , 3 . .

Expressing the displacements in the displacement equations of the theory
of elasticity in terms of the derivatives of 0, we reduce them to the one
single equation [1], . . .

(1.4) V*O = V0T, v*=2-£*> #°=T~r;a(>
where v is Poisson's ratio1 and at the coefficient of thermal dilatation.

[309]
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Let us denote by 0* the potential of thermoelastic displacement due to
a nucleus of thermoelastic strain. In this case the temperature distribution is

(1.5) T* = T* (xf, h) — <5 (a* — W 6 (a, — £,) 6 (at, — fB),

where d is the Dirac function.
Using the integral representation of the Dirac function, we can express

the solution of the following equation

by the integral

(1.7) 0* = 1J J J (ai + al + as) - 1 c o s ai Ô i — £i)cos a2 (̂ 2 — £s)
71 0 0 0

cos a3 (xa — f 3) daj da2 da,,.
On the other hand, the function

(i.8) * * = - £ * -
is the soluitiom! of Eq. (1.6), where

Using the theorem of uniqueness of solutions of boundary value pro-
blems of the tiheory of elasticity and setting the right-hand members of
Eqs. (1.6) and (1.8), we obtain

(a\ + al + a|) -1 cos ax (cc, — f -,) cos a2 (x2 — f3) cos a3 (x3 —13) X
o o o .

2
1 2 8 4 123*

Using the function &*(xi, £i), we determine Green's functions for stresses
by meams of the equation

These functions have the form:

(1.11) <r?, = - ^

;J 8 (xt — £a) 8 (x2 — £2) 8{x3 — i

For a temperature field expressed by the function (1.1), we obtain the
stress components otj by integrating the stresses a*j over the region of
the parallelepiped under consideration

o,

J d̂ 3 3(a, — ft)«(a:a—fa) «(»„-?,)}.
—a, —a, —a,
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The second integral in Eq. (1.12) vanishes if the point x-, does Wot belong
to the region of the parallelepiped considered. By integrating, we obtain

an = Ao ln [(a3 — x3 + r123) (a3 — x3 + r_1_2 3) (a3 + x3 —
T—1,2,—3) (a3 + X3 ri,—2,—3'J • fa3 XS "+~ r - l , 2 3 ' (K3 xs ~^~

(1.13)

= A) ln — Xl Xl

cr13 = ^ 0 In [(a2 — x2 + rB I) (a2 — x2 + 7_ l j 2 _ 8) (a2

r-l,23) (
fl2 + i r2"- r-l,-2,8 )

t g - 1 ! I i - t a2

H-tg-1

+ tg-1

•tg-1-!"

1 a1 ri2,—3
™ 1 ~

— tg-11

i

cl a l ri,-2,3 Ql Xl ri,-2.-3

r—1,23

tg
• -j , 2 3

cr22
-/I I f B - 1 ! t ' ~ f l » g l ~ a ! ' I +O-Ia3 —X3 "1 + ^3 |

— / l 0 — tg — 1- tg — - h
L *C2 "2 '123 •J-a U2 r _ l , 2 3

ri2,— 8

I tg

^2 ^a r_i,2,—3

i—^i _j_ t g - i

i,_2,—3 l/_2,_3

= Ao \ -
u I

1 n r
'g U3 ' 1 , - 2 , 3

t-1 -LJ ,

—1,23 U3 X 3 ' _ 1 , _ 2 , 3

'12.— 3 ^ST") 'i__2,_3

^ X^ ~|~ Ctj Ct2 X 2

r_],_2,—3 J
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where
r ± 1 , ± 2 , ± 8 = [(as, (x, ± a2)

2 + (x3 ±

Passing from the inside to the outside of the parallelepiped, we obtain
discontinuities (jumps) of stresses with equal subscripts, non-perpendi-
cular to the walls of the parallelepiped. If the vertices are approached
the transverse stresses- increase indefinitely. ,

Let the temperature be constant and equal to unity inside the paral-
lelepiped ai < |/ ••-•;' a'i ( i = 1, 2, 3), which is inside the elastic semi-space,.
and let a'i ""> a,-> 0. Let the temperature outside that parallelepiped be zero.

The stresses due to such a discontinuous temperature field are obtained
from the equation

n/ a,' a.'

oij = J J J a*ij d£x d|a d | 8 ,(1.14)

where
Oij — Oij -f- dij.

The symbols a*) denote the stresses at a point xt (i== 1, 2, 3), due to
the action of .a nucleus of thermoelastic strain acting at the point Si
( i—1, 2, 3) of the elastic semi-space. These stresses take the 'following,
values, [2],

\OXj OXj • .

where

Rt2,T3 = [(ai ~ ^)2 + (a=2 — ^) 2 + (x, ± I8)
a]]/a,

The stresses a*j may be represented by the relations
2 71

(1.16)

dx\ I *»%•-&'

fj^.2 1,2,--.! »

' 1 3 '

a*3 = 2A0 dx.

R—1
^1,2,-3 '

l , 2 , - 3
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After carrying out the integration prescribed by Eq. (1.14), we obtain
for stresses the following equations:

(1.17a) an = Ao {In [(ds — xH+ril2,3,) (c£ — x&+rm) (ag — xa+rnrB) (a, — x3

+ (3 —

' r i ' 2 ' 3 r i ' 2 3 ' ' ' l r 2 3 r i 2 3 ' ^ T12'3 ~^ r i2S '

(1.17b) ais=A01In [(ag — x 2 +r r r 3 , ) (a2 — a2+r12,8) (a2 — x2+rViB) (a2 — a;2

+rm,)] : [(Oj—Kj+r^jg,) (a2—x2+r123) (a2—x2+r1(2,3) (a^—xsH-ru,8,)]

—In f(a2—a2+r1>2,__.,,) (o2—»,+r l a , _8) (a2—x2+r1 I 2 j_3) (a2—xg+r12<_8 ,

: [(ag—x2+r1I2j_3,) ( a 2 —x 2 +r 1 2 _ 3 ) ( a ; ~ x 2 + r r 2 ,

5 H ^
' l ' , — S ' ' 1 ' 2 ' , — 3 ' ' 1 ' , — 8' ' i ' 2 . — 8 '

(o2 —a;2)(a;3+a3) (a2 — x2) ( x 3 + a 3 )
1

2 ) ( n + J ( ; 2 ) ( 3 +
ri,—3 ' ri2,— 3 ri,—8' ' rir,~S'

(a2 —x 2 ) (x 3

K-
r2

(a2-

,—3 "

-x2.

—3' '

rv

)(a
r i

1(3

2,-3

:s+a3)
2,-8'

;g-)-a3)

ri,—3 ri2',—8 ri,—3 ri2,—3

(1.17c) CT23 = .4O Jin [(a[ — ^i+ri'2 '3') (ai — xi+ ri '23) (ai — ̂ i + ^ ' s ) (ai —

12/ —3' ' 1' 2' —3' ' 2', —3' ' 12 ' J —3' ' 2', —3 J 1 ' 2', —3

™2 . n* * .2 . w <y*2 . A*
'2',—3 '12',—3 ' 2 , - 3 ' ' l ' 2 , — 3 ' '2 ,— 3' ' 1 2 , - 3 '

(C4 —a1)(a8+a3) (at — a t) (a 3+a 3) \ \
r2 r ~T r2 r / j '
r2.— 3T1'2,-S 72,—3M2,—3 "
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<y\ n V T ft V

**-! u l rl '2 '3' "^l " l 'l '2'3
g2 tt3 ^3 ! ^2 a2 a 3 ~" X3 . ._ ! X2

;- •— X t~ ~v~ Z
^ X

t v
ttl rir13 Xl ttl r i2'3'
a2 a 3 ^3 ! ^2 S Q3 X3 .

Xj a t r i 2 , 2 ajj a t r123, Xj aj r123

( re, — al al + A as, — a' a~-\-x» x9—a, a '+ x,

j ~ 1 2 2 » ° I + _1 2 2 3 3 | + _ i 2 2 3 3
^ a r 2 ' , ~ 3 ' ^ l a i r i '2 ' .— 3 Xl ffll r i '2,—3'

a ax2 a2 Og + Xg | ^ ^x2 a2 as + x3 x^-—a^a3 + x.A
X± a t ^ ' 2 , - 3 Xl a i ri2',—3' ^ i a i ri2',—3

/ q p q

^ ° rXl a i rt2,— 3' a i °1 r]3,-3 ' \ ^2 °2 ri'2',-3r

x.+ a-x. — at 'Xo + a'a;! — a[ xs + asx. — a.-x. — at
a 2 r i2 ' , -3 ^2 a 2 ri'2',—3' ^ °2 ri2',—8

+ _ 1
a ! 8 + a B a : i % ,

1 hX% a2 ri2,—3 ^ °2

— ai\ - / (aj—«j)(aA--ol) (a2—x2)(a;1—ai)
J 2 ; r l " " ^ 2 Tr'— 3' r l '2 '—3'U2 '12 , -3 ' \ ' l ' ,— 3' rl'2',—3' TV,— 8' 'l '2,—3'

(a2— SjjHay— g^) _ (a2— a;2) (a:^— a[) (a2— x2) (Xj— a
Y • Y Y^1 • T Y^ • Y
'1',—2 '12 , -3 ' 1',— 3 '1'2,—3 ' 1 , - 3 ' '12',— 3'

\U2 X 2 ' > 1 ul) VU2 t i 2 ' ^ 1 1 ' |̂  V°2 2' » 1 lM I

r i , -8 '* r J8,—8* ri,-3 ' rl2',-3 ri,-8 ' ri2',-3 'J

A corresponding change of subscripts 1, 2, 3 in Eq. (17d) yields the
two stress components ff22 and CT33. The notations used a;re as follows:

r ^ ••• ( rv\ , ri \ a . I (ry, t f- \ 2

r2 _ 3 ,= (x2 — a2)
2 + (x3 + ajj)2 etc. t"1 —arctg.

2. Cylindrical thermal inclusion in an elastic space and semi-space

Let us consider a discontinuous temperature field expressed by the
equation

(2-l) \
V a > 0, c > 0, 3 = x8, r = (x\ + xftW.
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The temperature within the cylinder of a height of 2c and of radius a
is equal to unity. The temperature outside the cylinder is equal to zero.
The temperature field (2.1) may be expressed by the integral

(2.2) T(r,z) = ^ j ; J o ( a r ) J a ( a a ) c o s y s s i n y c ^
71 0 0

The potential of thermoelastic displacement is used in the form of the
integral representation

(2.3) &(r,z)= -J j y-1 (a2 + y2) J\ (aa) J0(ar) sin yc cos yz dady,
n o

where

j
o o

(2.4) fe =

(2.5)

Using Eqs. (1.2), we obtain

J ettZ sinh acJl (aa) Jo ar) da z <C — c,
o

DO

J (1—e~ac cosh az) Jx (aa) Jo (ar) da \z\ < c,
o

J e~ttZsinhacj1 (aa) Jo(ar) da z> c.
o

oo l~ -i

/
T f/jvj I

e"* sinh acJ, (aa) Jo (ar) ! da z5
o L a r J

— f e-ac cosh azJi (aa) Jo(ar) ^ - ^ da —
c, L ^ J

— I Ji(aa)——da \z\<c,
o "~

J e~az sinh acJj (aa) Jo(ar) i^Ti da z > c,
o L ar J

— c,

(2.6)

i 7
— J aT1 eaz sinh acJ3 (aa) J\ (ar) da
r o

— f e-«c cosh azJ, (aa) ^ ^ da —
o a r

—Jj1(ae)|j0(ar) — i

z < — c,

ar

— J aT1 e~ttZ sinh ac Jt (aa) J1 (ar) da
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(2.1) arz=-

— j eaz sinh acJx (aa) Jx (ar) da
6

I e-ac g^jj aZj_) (aa) j^arfda
6

J e"azsinh acJx (aa) J1 (ar) da z> c.
o

It follows from these expressions that

0

Orr + = 2 G#o a

if

— JJ (a — r) if

0 if

z< — c,

z> e.

Let the temperature inside the semi-infinite cylinder of radius a be
T = 1, the temperature outside the cylinder being equal to zero.. We assume
that the plane z = 0 limiting the elastic semi-space 2 ^ 0 is free from
stresses. The temperature field may be expressed in terms of Heaviside's
function, by the equation

(2.8) T = r](a — r)[V(z) — ri(—z)],

or by the integral representation

(2.9) T (r,z) = — j j y~x sin yzJx (aa) Ja (ar) dady.
• t n n0 0

The potential of thermoelastie displacement will be expressed by
Fourier-Hankel's integral

(2.10)

or

7E 0 0
J y~x(a^ Aaa) J0(ar)dady,

= -0aaf a"2 (e-"z — 1) J, (aa) JO (ar) da z > 0.

Using the function (P, we shall determine the stresses ay from Eqs.
(1.2). It may easily be verified that not all the •conditions of no-stress
in the plane z = 0 are satisfied. We, namely, have azz(r,Q) = 0, arz(r, 0) =/= 0.
To the state of stress ay, we should therefore add a state ay, such that
the following conditions be satisfied in the plane z = 0.
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(2.11) azz (r, 0) + azz (r, 0) = 0, arz (r, 0) + arz (r, 0) = 0.

The stresses 07/ will be expressed in terms of Love's function
means of the equations, [3].

2G a

2G d / 2 I d

(2.12)
2_G d
— 2v dz

2G d

5«-i^r,-5<2.
_d3

dza

(1 — r ) p a —
" 1 —2v dv

Love's biharmonic function q> is assumed in the form:

(2.13) (p= f or2 (A + Baz) e~az Jo {ar) da.

We determine the quantities A, B from the boundary conditions (2.11).
Adding the stresses 5y and cr,y, we obtain finally the stresses otj.

(2.14)

arr
= 2 Gtf0 o ! / e-«z J, (aa) (1 — az) J o (ar) +

ar ar

=2 Gdoa\j e-az J^aa) 2 vJ0 (ar)—(2v—l + az) ̂ ^ da —
lo L ar J

i— J, (aa) Ju (ar) da),
6 J

Orz = 2 G0a az f ae~az Jt (aa) Jj (ar) da.

The Eqs. (2.4) - (2.7) and (2.14) may be transformed by introducing
elliptic integrals or Legendre's functions. Let us observe that, in order
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to express the first three stresses in Eq. (2.14) in terms oif known special
functions, it suffices to know the three integrals:

(2.15)

aa) Jo (ar) da = n~x (ar)~liZ Q-

r Ir2 4- z2 4- a!

12 = J e~azJl (aa) J t (ar) da = mr1 (ar)-1'2 Ql/; ' 2ar

I&(a,r) = / e-«*Ji (aa) Jo (ar) da = rc"1 a"1 [K' E (fc, 0) +

+ (E'-~ K') F (fc, 6>) — 2 [(a + rf + z2]~1^ K'.

In the last equation F {k,&) and E (k,&) denote incomplete, respectively,
elliptic integrals of the first and second kind related to the complementing
modulus Jc = [(a — r)2+z2]V2 [{a+rf+z2]-1'2 and the argument 9= .
== sin-1 z [(a — r^+z2]"1 '2 , 0<©<7t . K' and E' denote complete elliptic
integrals of the first and second kind related to the complementing modulus
Jc' = (1 — fc2)1/2. Using these three formulae, it is easy to verify that the
third of the Eqs. (2.14) may be represented in the form

(2.16)

Since

&zz = .

j e az a~l Jj (aa) Jo (ar) da = — [al9 (r, a) + rl3 (a, r)—zl2],
n ^

we obtain

(2.17)

- 2 (a,r) + g ^ i , —

if r < a

~ if r>ar

= 2G^oo j2rf, (a,r)+ 1 » .2 v [ol8 (r,a) + rl8(a,r) — zIB] —

1 if r<a

5 if r > a

The stress oyz may be represented in the form

(2.18) orz == — 2 Gtf0 z2 7T-1 a-1/21""3'2 0i/
2ar

where Ql/2 [(r2+a2+ z2)/2ar] is Legendre's function of the second kind with
script 1/2.
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The prime in Legendre's function of Eq. (2.18) denotes the differential
after the argument in parentheses.

The state of stress at infinity (z ->• oo) is a plane state of deformation
since arz -*• 0. For the remaining stress components we have

(2.19)

arr (r, oo) = — 2 G#o a J J, (aa) Jx (ar) (ar)~l da

1 for 0 •< r <L a

—5 for a < r < 00
2

o w (r, 00) = — 2 G#oa / J, (aa) Jo (ar) — ̂ ^ da =
0 L ar J

1 for 0 < r < a
a .
5 for a < r <. 00

r

Ozz (r, oo) = — 2 G#o a j Ja (ar) J± (aa) da =

= — 2 G#o
1 for 0

Let us observe that

(r, 00) -f a<py (r, 00) + ozz (r, 00) == — 4 G#o | .

For z = 0, we obtain

(2.20)

for 0 < r < o

— (1 —

(1 — vY

for . 00

a
0 for a<r<oo.

for 0 < r < a
for a < r < oo.
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