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In this paper we shall be concerned with the determination of the
state of stress in an elastic space and semi-space, due to two types of
discontinuous temperature field. The first is that of a thermal inclusion
in the form of a rectangular parallelepiped, the second — in the form
of a cylinder. By the term of thermal inclusion we understand a region

-in: which the temperature is constant whereas, in the remaining regmn
the temperature equals zero.

1. Thermal inclusion in the form of a rectangnlar parallelepiped
in an elastic space and semi-space

Let the temperature inside the parallelepiped —a; << & <a;(i=1, 2, 3)
be constant and equal to unity, the temperature outside being zero. The
temperature field may be expressed in terms of Heaviside's function 7
(1) T=[n(x;+a) —n(x;—ay)] [n(x; +a5) —

—n(x3—as)] [n(xs + ag) —n (x5 — ay)].

It is known that the thermal stresses, due to this state, may be expressed
by means of the potential of thermoelastic displacement @, by using the
following equations [1],

(1.2) GU:2G'(6I;6.‘E 64 V )(I) 1,j=1,2,3,

where G is the shear modulus and d;,— Kronnecker’s delta. The function @
" is related to the stresses by the equations

a0

(1.3) w=g,- =123

Expressing the displacements in the displacement equations of the theory
of elasticity in terms of the derivatives of @, we reduce them to the one
single equation [1],

3 1
0? 14+
(1.4) PO=0T, V=2 gx, h=i—,

ag,

" where » is Poisson’s ratio and a; the coefficient of thermal dilatation.
(3091
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Let us denote by ®* the potential of thermoelastic displacement due to
a nucleus of thermoelastic strain. In this case the temperature distribution is

(1.5) =1 (i &) = 0 (2, — &) 8 (2 — &2) 8 (23— &),

where J is the Dirac function.
Using the integral representation of the Dirac function, we can express
the solution of the following equation

(1.6) pror=49,T*
by the integral

oo oo ea

.,, )
1.7 O =— E’%Jarﬁf (af + a2 4 a2)~ cos a; (x, — &) cos ag (£s — &)
cos a, (x, — &;) da, da, day.
On the other hand, the function
9

(1.8) @*=—§’;Rﬁ;

is the solution of Eq. (1.6), where
Rygy = [(@; —£1)® + (@ — &,)° 4 (23— &)?] ',

Using the theorem of uniqueness of solutions of boundary value pro-
blems of the theory of elasticity and setting the right-hand members of
Egs. (1.6) and (1.8), we obtain

[

(1.9) fff (af + a2 + &)~ cos a, (r; — &) cos ay (T, — &3) €OS @y (T3 — &) X
000 5
X day day day = s Rz

Using the functiom @*(x;, £:), we determine Green’s functions for stresses
by means of the equation

L Jp— 0* 2 T
(1.10) oiy=2 G(a}"ﬂ—a“—r—j-——ﬁg[? )@ 1,§=1,2, 3:

These functions have the form:

2
A1) oy =— Tl [ — 0+ (ma— £+ — 8P

A 4785 6 (xy — &) 8 (1 — &5) 6 (X3 — a)]-

For a temperature field expressed by the funetion (1.1), we obtain the
stress components o by integrating the stresses o over the region of
the parallelepiped under consideration ‘

T

Ay

o s ; 02 |
: fdﬁ_{’ d‘fzj déy 0E, 0, [(; —&,)% + (2, — &) +

—a, —ay

(1.12)  oy=—

+ (@3 — &) 72+ 4 wdyy fdfl fdfgfdfs 5(x:—‘51)a(-'rg_$s)a(xs_£s)}-

—il, —d, —ay
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The second integral in Eq. (1.12) vanishes if the point z; does not belong
to the region of the parallelepiped considered. By integrating, we obtain

19 =ApIn [(ay — @y + 1yp0) (ag— g + 7y _, 5) (@ + 2, —
—T_y,0,—9) (05 + 25— ri.-—-2,—.3)] i [ag—ay + 7'_1,23) (ag—x, +
1y, pa) @t xg—ry, glag+xg—r_y 5 )
oy =AyIn [(a, — 2, + 1) (@, — 2, + 1y _, ) (@, + 2, —
— 7 g s ety —r_ g, g)ife,—a + Ty,—9,8) (@ — X +
Tyo,—a) (@ + 203 —71_y o) (0 + &y —7_, )],
013 =4y In [(@ — 3 + Tyap) (0, — %, +7_4 5 _5) (a3 + X, —
— 7,99 (@ + xs""r—x—ﬁ,s)] Hlag—xy + 14y _5) (ay—ac,+
Fr_gel) @+ 2p—7_y o) @+ xy—T_y 4 S,
—A | —tg—1%— %2 G %s +t Ty Qg+ Xy
" Dl & 'T 170 Tiag g_ _’11 To _3
1%ty Oy 373_ 1 Xy tay agtay
(1.13) T+t Ty—ay Ty tg” a,—x, ""1,—2.—3+
+x
fg—1 T2 cf:.‘!aa____t —x, a, s
e Tyt 0 T_g0 g" :’-'1 +ay T3
— g T80 Tyt ay ag— x“+t Tyt ay [—(xs +ﬂan]
Ti+e Ty 53 Totay Ty 5 g
+ x
Y o IS el W b ‘rl_l_ Ay — Ly 4y &y
- O[ Bj Ty— Ay  Tigg 8" "‘“e T_1,9
+tg_1x8+a3 a,— 1-_tg—1‘1‘3+a8 a‘¥+ml+
Ly—0y Ty _g Qp—%g T_4,5 3
Ty— 0y @ T Qg — XLy @+
tg—1 %8 s @ 1___t-.1u a Oy e
+1g x,+ a, Ty g Tyt Ay T_494
¢ i“-’-'a"‘a-s a4—x + tg—! T3+ ay [““(xl‘i“oh)l
Tyt+0Qy Ty _5 g Tot@y T4 5 _g
= -ty
N (. 1 L3 —08y Qg— xg_l_t_la, 2y e "
0[ 3 Ty— @y Typg € Ly—0qg Ty _o3
g BTG G F Bt Gt E
Ty—Qy T_ 4 o4 Ay— Xy T_4 93
+ tg~? Ly—ay Qp— Xy Oy — Xy @y + 25
Tytag Ty, 4 Tyt Gy Ty _o_ g

i [—(mg+a211]_

Ty @y T_go 4 Xty g 93
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Where il a © ]
T..:_.1__!._.2___|_.;‘g = I('r] i a‘ll- + (-tg i a‘.’.}“ + (xlt i c!I':’I)3| ]'I“s
Gl
tg~'=arctg, A,=— 23;“.

Passing from the inside to the outside of the parallelepiped, we obtain
discontinuities (jumps) of stresses with equal subscripts, non-perpendi-
cular to the walls of the parallelepiped. If the vertices are approached
the transverse stresses increase indefinitely.

Let the temperature be constant and equal to unity inside the paral-
lelepiped a; < & - a; (i=1, 2, 3), which is inside the elastic semi-space,
and let a; - a; = 0. Let the temperature outside that parallelepiped be zero.

The stresses due to such a discontinuous temperature field are obtained
from the equation _—

" a,' a,

(1.14) oy= [ [ | oljde, & dé,,

@, 4y

where
=#
o — 0‘:‘:!' + aif.

The symbols of; denote the stresses at a point x; (i=1, 2, 3), due to
the action of a nucleus of thermoelastic strain acting at the point &

(i==1,2, 3) of the elastic semi-space. These stresses take the followmg
values, [2],

o2
(1.15) O'('j {6;1: a:r (RI?.“ RE}_s} + 4 ﬂa”’é (3.’.‘| ey El) (3 (mg e ‘E._;} ot
X [6(xs — &) —d(ay + Eﬂ)} } .
where
Ris 3= B 2 aliye - G,
2,78 = (2, — &P + (L — &)+ (y = &))'3, Ay= o
The stresses of; may be represented by the relations
. 0® 0® 0"
011=2An[msd 20z +26:c2 + 2 O A]Rl 2,—38"
o a° 0* 0"
"'22_2Aﬂ|msa 20 +2a f+ oz 2IRrE—qr
. a*
=240 Ty 53 3 Ri3 -

(1.16)

e o 0 *
i e (ms 3z, 0, T, —3):

9 ®
Oy =24, oz, (xn Pty O, R1,2.—3):

2A, & + 2(1— 0 E’.—1
= 2| T e 0w, T A o s | B
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After carrying out the integration prescribed by Eq. (1.14), we obtain
for stresses the following equations:

(1.17a) o0y, = A {In [(ay — 4+ g4) (@ — Ty +1y00) (@ — 23 +1y505) (@ — 2 +
Frya)] : [(@g—g 740 55) (@ — 2y +1105) (@g— g +100 ) (Bg—25+ 7150 )] +
+@—4v)In [(a;+xg+70y o) (@21 o) (agFay+ry ) (ag+25+

Frig, gl @yt 2y trpg, (@ ta,+1y, o) @+ ayFryy o) (@254

+ 70,8} +225 (ryiig —Tyr0rg— Ty 0y Ty 95— Piop +Ti0aHThop— 710

(1.17b) 0,y =4, {ln (@, — 2y 7y ) (0 — Tp7y) (@, — Xyt 1y05) (g — 25+
7099 2 (@ —2yF7109) (@ — Ty +7105) (@) — 2y +7y1y15) (@ — Ty 735 )] —
—In[(ay—a,+ryy, _g) (=T +7p _y) (0'2"_;2"’_71' 2,—3) (@ =Ty 1y _g)]

=y 1y ) (@ =2yt ) (@y—Zy 1y _g) (@ —Ty+ 1y _g)l+

iy (_ (2, — ) (5 +ap) a (@, —x) (wg+ay) | (a,—) (T+ay)
3 2 : p 2 .
Ty, —st " Trrar, g T Tro.—g Ty —3 " T1p,—3
. (@, —ay) (@ +a,) (2, — x,) (x5+ay) A (ay — a,) (4 ay)

T p : 2 : ==

Ti,—3"T12,—3 TS g Tier g Ty, - T13, 3

i (@, — ;) (2, +a,) n (@, — ) (241 as))}
2 2 L}
7i,—3 712, 3 71,—3"12,—3

(1.17(!) Tog = AO {In {(a; == m1+rjuzaar) (Cl.;_ - 331+T1p23) (al o= CC1+ Tl?"ﬂ) (al_ m1+
+rypp)] ¢ [(@— 2 +755) (a;—;+799) (ay—x,+ 7y gg) (@— 2 F1y o3)]—
—In [(ay—, +ryp _g) (ay—a, +1yg, _g) (@—® +1yg, o) (ay—2 7y, o)l

(ay—ay 1y _g) (a—2y 1y _g) (0—2i+ 10, ) (aj—2, 47y, _g)] +

{a’l - .'131) (Ig 'Jf‘a;;) (ﬂl e -'.'L'I) (a:;_{"‘ma) (G; = CCI) (-'-rg +a3)
Bl G e T T
2,'—3" 12—y 2, —3 12, =y 2, —8 "1'2',—3

(a,—z,) (x3+a;)  (a)—x,) (x,+ag) e — x,) (epta3) B

3 i
Tor—3° Tiar —3 T3 _g " Tirg, g To,—s " T12, —g
(@} — ) (x5 +a5) + (ay—=x,) (‘“ﬁ“aa))}

2 ]
To.—aTro.—3 T3, —3T12,—3




314 J. Ignaczak and W. Nowacki

Xy Uy Oy — X, Zy— 0y Gy—2,
9 Uy O 3 Xy 3 3
(1.17d) o, = 4, [—t—i e A =
:B1——‘a1 ?1[2!3! .'12[ 1 71'2'3
1 L I
St Ly— 0y Eﬂ"“cs___t_l ‘_‘:_2_“':; g — Xy i gt gm0y Gg— Ty
Ty— Ay Ty Xy—0ay Ty Xy—ay Tygy
r r
€T,—, 0, — X T, — @, Gy— Ty e et
1T % 85 h% S .
Ly— 0y Tyorp Ty Tyoy Ly—ay  Tyog
r ’ ' ]
Xy a; + 2, | Ty—a, a, 4 2, T a, -+ x,
+3|—tt!—7F ——— -t ; 2 7 i oree —
Xy 8y Tyigr, g Ly=—0y Tyg,—g Ly—Q Tyip, 3
[ ' '
R R B - Ty — 0y G+ % P M at+x,
Ly Qg Ty _3 Xy—0qy Tyor,_pr Ly—0Qy Ty _g
r L 1
x,—a, a, +x x,—a, a,+x X, +a, x,—a
2 8 sy 3 _ Ty Oy Xy 1
— 1 28 41 g )-—~43r(t 1= -
Ty— g Typ g Ly— 0y Ty, _3 Lo 0y Tyrg g
’ r
Gt a; T —a R R e 1\ar:s-i-tx.f, x,—0y
+ t L S T Ay + T ¥ — - +
Ly——0y Ty, _3 Ly— 0y Ty, _g Ly 0y Tip g
’ ’ -1: ’ e a!
+t_1"33+“3 xi-%__t_lxs‘l‘“sxt “1__1,_13"'3 Gy Ty—ay
Ly=—CQy Tyg_ g Ly— 0y Ty _g Ly=—0Cy Typ g
) ’ 1 r
g Tyt ap o — al) e ( (a,— ;) (x—ay)  (a,—,) (2;—a,)
— G ety A 5 =
Ly Typ, 3 LE U PPV Y Ty, —3 " Tyrg,—g
r r t r
(az_ 3:2) (.T.'!-— a’i) — (ag'_' xz) [3:1_ a]) (ag_ .'.!.'2) (331— ﬂ.!) _
e T T
Ty, —2" Tig, 3 T —8" 9,3 T, —a * Tiy,—g
]
(@,—x,) (x,—a)) (a—2) (@—0,) (a;—x,)(2— ‘11))]
2 : 2 . 2 . 2
Ty, —g " Tio,—ar T{ 3" Tio', 3 T,—s Ty, —3

A corresponding change of subscripts 1, 2, 3 in Eq. (17d) yields the
two stress components oy, and o,,. The notations used are as follows:

7 5= (o, —a,)* + (z; + q,)?

vy _a=(,—a,)? + (x; + ap)® ete. t—'=arctg,

2. Cylindrical thermal inclusion in an elastic space and semi-space
Let us consider a discontinuous temperature field expressed by the
equation
@.1) {T=?7(a—'r) [1(z + ¢)—n(z—c)],
: a>0, ¢>0, z=uz, r=(x}+z)2
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The temperature within the cylinder of a height of 2¢ and of radius a
is equal to unity. The temperature outside the cylinder is equal to zero.
The temperature field (2.1) may be expressed by the integral

(2.2) T(r,z)'=2—: [ [ 34(an) 3, (aa)ﬂs”’?—iﬂfdadg}.
00

The potential of thermoelastic displacement is used in the form of the
integral representation

(2.3) @(r,z)=— 2 ?:9“ f f vy~ a®+y?) J, (aa) T, (ar) sin ye cos yz dady,
00

where
2 ) =9, T
Using Egs. (1.2), we obtain

f e“* sinh acJ, (aa) J, ar) da z<=—oc¢,
0

(-]

(2.4) o0,.=—2GY,a f(1—e‘“"coshaz)J1(aa)Jo(ar)da |z| <<e,

0

f e~**sinh acJ, (aa) J, (ar) da z>c.
0

oo

f e“ sinh acJ, (aa) [JO (ar) — %ﬂ] da z2>—c,
0

— f e—* cosh azJ, (aa) [J’ o(ar)— 4y (m-)] da—
0

(2.5) onr=2Gd,a
""'f-h( )Jl(ar)

da [z]<<c,

f e~ % ginh acJ, (aa) [Jo(a?‘) —_ —%:i)] da z>c,
i

% f Le®*? sinh aclJ, (aa) J, (cxr) z<<—ec,
0

oo

) 1 (ﬂr)

—_ f e % cosh azJ, (aa
(2.6) opp—2Ga] °

_.J J, (ae) [Jg (ar}—%;ﬂ] da |z]<<c,
0

%_— f a— ' e % sinh ac J, (aa) J, (ar) da z2>c.
]
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—[ e“sinh ac, (aa) J, (ar)da 2z2<<—c¢,
0

217 oz=—2Gda f e~ “sinh azJ, (aa) J, (ar)da |2|<<c,

0

‘J‘ e~ “* sinh acJ, (aa) J, (ar) da z>c.

0

It follows from these expressions that

0 if 2<<—u¢,
0rr+U¢¢+0::=2Gﬁua —-z-n(a—i‘) if IZ!{C,
0 if z>c.

Let the temperature inside the semi-infinite cylinder of radius a be
T = 1, the temperature outside the cylinder being equal to zero. We assume
that the plane z=0 limiting the elastic semi-space z—=0 is free from
stresses. The temperature field may be expressed in terms of Heaviside’s
function, by the equation

(2.8) T =n(a—7) [n(2)—n(—2)],
or by the integral representation

e

(2.9) T(r,2) = QRE [ [ =" sin yzJ, (ag) J, (ar) dady.
00

The potential of thermoelastic displacement will be expressed by
Fourier-Hankel’s integral

oo oo .

@10)  o=—228 [ [\t (g2 4y sinyel, (aa) J, (ar) dady,
00

or

=

®=1v,a [ a? (e~ —1)J, (aa) I, (ar)da 2> 0.
0

Using the function @, we shall determine the stresses ¢; from Egs.
(1.2). It may easily be verified that not all the conditions of no-stress
in the plane z =0 are satisfied. We, namely, have 6,:(r,0)=0, a.(r,0) 0.
To the state of stress i, we should therefore add a state aij, such that
the following conditions be satisfied in the plane z=0.
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(2.11} &z: (?', D} + 5’;2 ('f', 0) = 0, Orz (1‘, 0) —I— _O'rz {f, 0) =.

The stresses o; will be expressed in terms of Love’s function ¢ by
means of the equations, [3].

2G 0 y__ 0°

"”ﬂi%&("‘”‘a? 2
_2G 0., 10

PP 12y 0z i r or)?

(2.12)

a 2£ 9 ) 72 0*

=y del 2T |
2G d 0*

=135 0 (1“‘”“’2_@]‘?’

Love's biharmonic function ¢ is assumed in the form:
(2.13) o= | a=* (A + Baz) e~ J, (ar) da.
0

We determine the quantities 4, B from the boundary conditions (2. 11)
Adding the stresses oy and oy, we obtain finally the stresses oij.

o1 =2 GV, a { | e~ J,(aq) [{ 1— az) J, (ar) +
]

+ (2v— 1+ az J (ﬂf)] |( )J' (ar! }
Oy =2 Gﬁoﬂ{éf e~ J, (aa) lz wJo(ar) — (29— 1+ az) 'L_lri:")] q

(2.14) :
__f J, (aa) [JU (af)_{a_gﬁ] da},

Orz=2 Gﬁna{f e (1+az) J, (aa) J ,(ar) da — ] Jy (aa) J, (ar) da} :
0 0

or:=2GY;az f ae—% J, (aa) J, (ar) da.
0

The Egs. (2.4) -(2.7) and (2.14) may be transformed by introducing
elliptic integrals or Legendre’s functions. Let us observe that, in order
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to express the first three stresses in Eq. (2.14) in terms of known special
functions, it suffices to know the three integrals:

i 2 2 2
I, =f e~“J,(aa) J, (ar) da==a" (ar)~"* Q- (’%ﬂ)
0
= a 2 2
(2.15) Iy= f e=~]J (aa)J, (ar)da= " (ar)~'% Q,/, (7‘_"_|-_22’._-|W£)’
0
I(a,r) = f e~J, (aa) Jy(ar)da=a""a"' [K'E (k,0) +
0

+ (BE—K)F(k,0)—z[(a+ 1)+ 2%]~2 K

In the last equation F (k,®) and E (k,®) denote incomplete, respectively,
elliptic integrals of the first and second kind related to the complementing
modulus k= [(a — 7)*+2%]Y/2 [(a+7)*+22]~"% and the argument @ = .
=sin""z[(a — 7)?+22]72, 0 <O <z K and E’ denote complete elliptic
integrals of the first and second kind related to the complementing modulus
k' = (1 — k?)!/2. Using these three formulae, it is easy to verify that the
third of the Egs. (2.14) may be represented in the form

P i
(2.16) a‘zz=2G1?0u[Is (a, r)—za—&ll—-ﬂ%z].

Since

fe—“z a—'J, (ea) J, (ar) da = % lal, (r, a) + 114 (a, r) —21,],
0

we obtain
orr=2G¥,a {Is(a, ) + za—ilﬁ—l—z—g—v [aI, (r,a)+1I, (a, ) —21,] +
Ay 0 1 if r<<a
(2.17) e ;:.; ot v }
aw—zGﬂoa{2 v, (a;r)—l— [aI, (r,a) + rls(a,v) —zI,] —
L 1 1 if r<a

The stress o, may be represented in the form

2 2 a
(2-18) Orz——2 G{}u 22 gt g—12 r,_3‘.r5; @LE (?_‘%—{;'z__) ’

where @3 [(r* 40+ 2%)/2ar] is Legendre’s function of the second kind with
script 1/2.
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The prime in Legendre’s function of Eq. (2.18) denotes the differential
after the argument in parentheses.

The state of stress at infinity (z — o0) is a plane state of deformation
since o0,:— 0. For the remaining stress components we have

orr(r,00)=—2Gd,a j J, (aa) J, (ar) (ar)~' da =
0

1 for O0<<r<a

=—=Gd,) a*

— for a<r<<oo
r

(2.19) | oy (r,00) =—2G0ya [ J, (aa) lJU (afr)—%] da =
]

1 for 0<<r-<=a

—— for a<<r<oo

022 (r, 00) = — 2 GOy [ J, (ar) J, (aa) da =
0

=-—2Gﬁc{l for 0<r<a
0 for a<<r<<co.
Let us observe that
1
O'rr(r,ooJ—I"'Ugap(r,oo)+0'zz(r,oo)=_4Gl?0{0.
For z=0, we obtain
¥ for 0<<r<<a

a

arr(r,0) = 2GY, _._.(1-—-;)—1.5 for a<<r<<oo

Y

(2.20) g (r, 0) = 2 G, =) a?
,.3

for 0<r<a
for a<<r<<oco

0’;2{1’, D)=0, ﬂrz(f, 0)= 0
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