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1. Introduction

In our previous paper [1] we were concerned with the generation of waves in
an infinite micropolar elastic medium under the effect of body forces and body
couples.

In what follows we shall consider the case of axi-symmetric deformation of the
body. The field of displacements u and rotations w is characterized by the axi-
symmetry with respect to the z-axis.

The starting point for our considerations will be the equations of motion given
in [2]—[4].

(1.1) (p+a) V2 u-(2+p — a) grad div u+2a rot w+X = pii,
(1.2) (y+e) V2w (y+pf — &) grad divw — 4aw--2a rot u+Y = Je.

In the above equations the following notations were used: u denotes the displacement
vector, w stands for the rotation vector, X for the vector of body forces, Y for the
body couples, u, 4, a, f, 7, ¢ denote the material constants, p — the density and
J therotational inertia. The functions u, w, X, Y are functions of position x and time #.

Within the system of cylindrical coordinates (r, ¢, z) — assuming the indepen-
dence of all causes and effects of the angle @ — we arrive at two systems of equations
independent of each other, namely

Uy de oy
(u+a) (VZ Uy — r_z) + (A+u—a) =i 2a 2z + X, = ir,
de 2a 0
(1.3) (p+a) V2 u--(A+p— a)T,}; = =y E(""’w)‘l‘xz = pliz,

ouy  Ouy

(y+e) (V2m¢, — r_:) — 4aw,+2a (E = E) + Yo = Jo;
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and
31@,

Wy EJx
(y+3) (V wr - ___) 40’.0‘.};—] (ﬁ—a“}’ a . a + Yr — J[Ur,

dx  2a 0 »
14 (rte) V2 oz —daw+(f+y — &) 5 + — Zr () + Y = Joe,

amr awz

(a+tp) (Vzuq, — “) = a( = o ) + X = oily

The following notations were used in Eqs. (1.3) and (1.4)

U= (U tpy ), @ = (0, 0p,07), X=(Xp,Xp, Xp),

1 alfz 1 3 5(02
Y=Y, YY), e= (ru,r)-l- L —(j?(:'crjr) -+ =

The displacements and rotations appearing in Egs. (1.3) will be now expressed by
the potentials @, %, I'

ys 2y 0D 1 3 ( B‘P) B ar
(1) = or ooz’ " oz r or\ or

%=

while the body forces and body couples will be decomposed into the potential and
solenoidal parts

18 - (319 ﬁxw) ” (a-& + 1 9 )

(1.6) T 0z |’ *=@\az r or )|

Substituting (1.5) and (1.6) into Egs. (1.3) we obtain the following system of wave
equations

(VZ—ﬁa,)qur =9=0,

a 2 T 1

(1.7) E VZ‘—szs ¥+pl 'f"—zx-p=0,
[(W—-v )F—SVZ‘P "1-77:0.

where .
24—2“ 12 uta)\l ye \12
¢ = 0 y i 7 s

2a 4a

= 2 =

.u—Hc e U T e
The displacements and rotations appearing in Egs. (1.4) will be expressed by the
potentials ¢, p, 2

ap P2y dp 1 6( 61,0) 02

ﬁar‘l—é‘raz’ wz=-*52__75'- or ar’
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The body couples will be decomposed into the potential and solenoidal parts

ot ¥ (éa (}z?q,) (80’ 1 3 )
(.) r—'d' a!’ 62' L] Yz-—-w’ ‘é‘z—‘l'“—'a.-(m,,) .

r

Introducing (1.8) and (1.9) jnto Egs. (1.4), we obtain the following system of wave
equations:

(vz—aﬁ—La’) —]—l =0
0 c% t] P CEG )
POR | TR S 6
) ar c; Pl e "l ’

a[(vz ]a’)Q V2]+1X 0
or oat =By 9 ocz "

Here we have
12
B (@)
(i} 2y+ﬁ! 3 J .
In the next section we shall give the general solution of wave equations (1.7) and
(1.10) reccurring to the Fourier—Hankel integral transformation.

2. General solution of wave equations

The Fourier—Hankel integral transformation used in solving the system of
wave equations (1.7) has the form [5]

SO 00

- 1
D, 8, 0) =5 f & @roh gy gt f r So(nr) D(r, z, f) dr,
jmrey 0

(2.1) 0 -
1 77 > -
D(r,z, 1) = o ff e~ tEtol) gp dmj n o (qr) D(n, &, w) dy.
s 0

Similar expressions may be obtained for the functions ¥ and I'. Performing integral
transformation on Eq. (1.7) we obtain a system of algebraic equations. The solution
of this systém gives the transforms @, P, T

¢ a2—o}’
~ 1 [(24n2—0d) .  pY,
22) w=——[——g‘f~x@- =t
?}A C2 JC4
- ~ 1 [e2sy, (2—03) ]
—_— < . 2 — [24m2,
9;/_1[ 2 75 Tols @=ildim

In the above equation there is

4=(—R) @7,
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where
Ba= (G E Y G- E G E),
. 4a2 o o
S wmor 2T T

Let us perform the Fourier—Hankel integral transformation on the relations
(1.5) and (1.6). We assume that

L 0

3 1
(@ s, ) = —nf ferrob azdff r 1) @, X, 0)

2.3)

00

3, X) = *-f_jr fiatab dzdtf r o (qr) (9, X,) dr.

V]

Under these assumptions we get

(2.4) ity
@.5)

= — B+t P, d=—ilBrp ¥, Gy=ql,

Xr = — ondteilyy, Xo= — 0ild+onyy.

From the relations (2.5) we have

(2.6)

1 5 1
= WX —nX)), 2= E(@;fz —itX).

Introducing (2.2) into (2.4) and making use of (2.6) we obtain the transforms of the
quantitites #, @, w, expressed by the transforms X;, X;, ¥,. Performing the inverse
Fourier—Hankel transformation we obtain finally

2.7

2.8)

Jf (24 ob) d"dwf 7 () {’? X —n%)

oct (o« — of) o?

i [(G +? ——02
pal

4 : P?r.'n
ch (nX; — itXy) + W:I} dn,

it (iCX; — nXy)

l il o0,
— —1i (§2+4 wt) =
27 f dida f 3o () igcf o? (a® — o?)

[(a. +» —a’)
4

o (nXz:—ilXy) + 17' ]} dn,

(2.9) 2i T —iG+ab gr o) f 731 () [S (7K — ilXy) Py (02 — 03) Yq,] in

902 J‘%
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Knowing the displacements and rotations we are able to determine the compo-

nents of the tensor of stresses oy and the tensor of couple stresses uy from the
formulae as below

5u,. Uy iy
or,-.-—-2p +Ze, :rw:ziu——i"ile, crzz-2,u-—-+}le,
aug aur ﬁuz
Oz = 6r pH +2aw,,
du au r')u 81:
o = ( : r)+a ’ z)uZam@,
(2.10) o T or
(('J‘c:uﬁp mg,) (0{0.? Wy )
pro=y\—-— | te — )
=
dwg w,,.) g ww)
Pwr—?(ar r “\or +_r_’

amw aw.p
Fws=(?_E)Es #zQJ:(Y“"E)'E;

Let us now consider a particular case — @ = 0 —, where the Egs. (1.1) and (1.2)
become independent of each other. From Egs. (2.7)—(2.9) we have

1 L0 L]
3 ff e~ tEtol g, gé f 7 J1 (nr) x

Uy =
2mpcy
[(ﬂ2+f52 22 — w?[ey) Xet-iln (82 —1) X, ] i
(a2 — 02/c}) (o — w?/c3) 4
Q1)  w= hml J J e—twston g, gr f 3 Jo () »
) [(cz 92 82 — w2fcd) RoA-ity (82— 1) f,]
(a2 — w?/c}) (ﬂt2 — w?/c3) 4
Z - i cl
Wy = 2:er(:¢ ff et @stan dCdr:Jf IR e 2 dn, 0= ="

The formulae (2.11); and (2.11), refer to the classical elastic medium [6], while
(2.11); to a hypothetical medium, wherein only rotations may appear.

Let us now consider the system of wave equations (1.10). Performing on these
equations the integral transformation and taking into account that

oo

1 —
G085 =5 [ [ ¢ Ddzar f o) (¢, v, 2, 0) i,
@.12) T

=]

N1,__

(ym ) = f $@etoh gy dt f r 3y (r) (X, 0g) dr

0
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we arrive at the following quantities

i o o ol (.s)?rp (o — 02) ,.)
CRe=F@m—d “ "o YTw\de & "

LE

1 {e®+1*—of po .
=l R S .
Ol 0 i
Let us perform also the Fourier—Hankel transformation on the relations (1.8)
and (1.9) _
(2.14) wr=—ng+ilny, Gz=—ilg+R P, u=n2,
(2.15) Vo=—J(o—ilng), Yo=—J(s—ni)-
It results from the relations (2.15) that

% = 1 o
(Y — n¥y), w=j§(???z—f§}'r)-

L1
(2.16) =

Substltutmg (2.2) into (2.14) and bearing in mind (2.16), we obtain the transforms
@r, (o, fip. Performing now the inverse Fourier—Hankel transformation, we get

=]

! - n (Y. — ¥y
N —i(lz+wl) —_
@10 o= =on f dodg f 731 0r) {cg.!uz (o® 49} —0?3)

i X
4 [ Jei o (nYz ]}dn’
| = 2 il (io¥z—n¥y)
i —i(tz—wl) s
(2.18) o _f dewd¢ f 7 Jp (nr) Lid"f @ rR—)

? sX,
-~ ,:i [ Zra 2 (¥, — :CY,)—I— ”dq.

T 2 ?2__' 2
(2.19) -—-—--I;ff —t(ztat) g d(:f "ﬂl (r) {“ +120 oy 7, —

6o

—— (1; Y= ;c?,)} dn.

Now, the rotations ey, »; and the displacement w, being known we may determine
the stresses oy and the couple stresses pj; from the formulae

aﬂ)r Wy awz
prr=2y == Thx,  pop =2 tpr, p=2

oz
dw;  dwy ) ( dw,  Ow, )
¢

(2.20)
brs = y( or u 0z

dz ar
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(5&)3 4 (')wr) (amr amz)
Her =V \"or 0z & 0z or )’
Qg u,,,) 0 a

0
Orp = W (? s (tp 1) — 2002,

Quy Uy a 0
(2.20) Ogr = IIu( T T) - E(n‘@, r)+2aw;,
. duy a 0
L (rity) — 2awy,

Aty a 0
O =5 <= = E(ru.p)—l—Zamr.

In the particular case of classical elastokinetics, i.e. for « ~0 we obtain from
(217)—(2.19)

1 nit¥.—n %)
— —i (24 wb) e e
Wy = “L + d{'dwﬁf 7 31 (1) [ IER (@ — &)

- fg(-ﬂyz—ff?r)

JE o (& —od) s

o oo P
T it it¥.—n¥)
J e~ Ceteb gt doy f 7 Jo (’?”)[ JE & (P — ;2} -
“3 3
e o

n(n¥.—it¥y)
Je o (o — o3)

a["‘

(2.21)

dn,

o0

1
__RJ‘ —i(tz+at) a'c;!mf 731 (r)

o le]

Formula (2.21)3 refers to the classical elastic medium, while the formulae (2.21);
and (2.21); to a hypothetical medium, wherein, only the rotations may appear.

€ e(a dﬁ’

Similarly, as it was shown in [6], one may derive the formulae describing the
displacements and rotations in the static problem as well as for vibrations changing
harmonically in time.

A more ample discussion of the problems briefly presented in this paper will
be published in Proceedings of Vibration Problems.f

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF BASIC TECHNICAL PROB-
LEMS, POLISH ACADEMY OF SCIENCES

(ZAKLAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW TECH-
NIKI, PAN)



90 W. Nowacki and W. K. Nowacki - [144]

REFERENCES

[1] W. Nowacki, W. K. Nowacki, Generation of waves in an infinite micropolar elastic
solid body. I, Bull. Acad. Polon. Sci. Sér. sci., techn., 17 (1969), [prec. paper].

[2] V. A, Palmov, Prikl. Mat. Mech,, 28 (1964), 401.

[3]1 A. C. Eringen, E. S. Suhubi, Int. J. Engin., Sci, 2 (1964), 189,

[4 — , ibid., 2 (1964), 389,

[5] 1. N. Sneddon, Fourier Transforms, Mc Graw-Hill, New York, 1951,

[6] G. Eason, ] Fulton, I. N. Sneddon, Phil. Trans. R. S., A 955, 248 (1956), 575.

B. HOBALIKUI u B. K. HOBALIKMIA, TEHEPUPOBAHUWE BOJIH B BECKOHEYHOM
MUKPOIIOJASAPHOM VIIPYTOM CPEJE. 1I.

B paborte maerca peuweHHe npoOnemsl nponaraudd BolH B OecKOHEMHOI MUKPONOsAPHOH
ynpyroii cpeme, BOHMKIUMX MOJA BO3JElCTBHEM MACCOBLIX cHM M MomeHTOB. Onpepeneno none
nepeMerteHnit, 000pOTOB W MOJIe HANPAKEHHIH H MOMCHTOBBIX HANpPAMXKEHWH /A Ciy4an oce-CHM=-
MeTpuyeckol pedopmaumEn Tena.



