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1. Introduction

In our previous paper [1] we were concerned with the generation of waves in
an infinite micropolar elastic medium under the effect of body forces and body
couples.

In what follows we shall consider the case of axi-symmetric deformation of the
body. The field of displacements u and rotations to is characterized by the axi-
symmetry with respect to the z-axis.

The starting point for our considerations will be the equations of motion given
in [2]-[4].

(1.1) O + o ) V2u+(A+ iu—a)graddivu-l-2arotto+X = euJ

(1.2) (y+e) V2to+(y+/S — s) grad divto — 4aw+2arot u+Y = /to.

In the above equations the following notations were used: u denotes the displacement
vector, co stands for the rotation vector, X for the vector of body forces, Y for the
body couples, /J,, 1, a, /S, y, e denote the material constants, Q — the density and
J the rotational inertia. The functions u, to, X, Y are functions of position x and time t.

Within the system of cylindrical coordinates (r, 99, z) — assuming the indepen-
dence of all causes and effects of the angle cp — we arrive at two systems of equations
independent of each other, namely

/ ur\ de Boo,?
(fi+a) \V2 ur--^J+ (A+fi-a) —-2a—+Xr = Qur,

de 2a d

/ »\ [8ur duz\

(y+e) \V2(ov --fl)- 4aav+2a \~ - —J + Y9 = Jcov,

83—[137]
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and

( a)r\ dx, duv

V2Wr - — j - 4ao)r+(/3+y - e) — - 2a — + F, = Jcor,
dx 2a d

(1.4) (y+e) V2 coz - 4aa>z+(/3+y - «) - ^ + — - ^

- — | + 2 a| + 2 a ̂

The following notations were used in Eqs. (1.3) and (1.4)

U = (Mr, My, K*) , O) = (O) r , COy, COZ), X = (AV, Xtp

3MZ 1 3
Y = (F,; r w 7,), e = - ^ - (r dz r dr dz

The displacements and rotations appearing in Eqs. (1.3) will be now expressed by
the potentials 0, W, F

30 82*F 80 1 3 / dW\

dr drdz dz r dr \ dr j • dr

while the body forces and body couples will be decomposed into the potential and
solenoidal parts

& 1 3

Substituting (1.5) and (1.6) into Eqs. (1.3) we obtain the following system of wave
equations

where

2a 2a 4a

' • y+e ' y+e

The displacements and rotations appearing in Eqs. (1.4) will be expressed by the
potentials cp, f, Q

dcp 82y) dip 1 3 / dy>\ dQ

(1.8) co r= + = ^ j+ ¥^, W2 ^ j , «,= -—,
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The body couples will be decomposed into the potential and solenoidal parts

Ida 1 d

Introducing (1.8) and (1.9) jnto Eqs. (1.4), we obtain the following system of wave
equations:

- ~ [(V2

Here we have

4a
V==

In the next section we shall give the general solution of wave equations (1.7) and
(1.10) reccurring to the Fourier—Hankel integral transformation.

2. General solution of wave equations

The Fourier—Hankel integral transformation used in solving the system of
wave equations (1.7) has the form [5]

0(v, £, a>) = e w ' dz at r3n(w)(P(r,z,t) dr.
_0O 0

( 2 - 1 ) , °° ' 00

0 (r, z, t) — —— e~ ( ' 2 + 0 ) ) d£ dco r\ 3 0 (w) 0 (??» £, 0) drj.
2n J_J J

Similar expressions may be obtained for the functions W and F. Performing integral
transformation on Eq. (1.7) we obtain a system of algebraic equations. The solution
of this syste'm gives the transforms 0, W, T

1 0

In the above equation there is
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where

1,2 ' 2 ^°

4a2 co co

Let us perform the Fourier—Hankel integral transformation on the relations
(1.5) and (1.6). We assume that

0 0

c r r
On & ~ \ | I oi C(z+ at) J if I c

(2-3) " - ^

f r 30(rjr) (&, Xz) dr.

S 0

Under these assumptions we get

(2.4) Ur=-71& + iZV¥, Uz - - I

(2.5) Xr =

From the relations (2.5) we have

(2-6) * = £ £ ^jf

Introducing (2.2) into (2.4) and making use of (2.6) we obtain the transforms of the
quantities ur, Uz, w9 expressed by the transforms 3tr, %z, T9. Performing the inverse
Fourier—Hankel transformation we obtain finally
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Knowing the displacements and rotations we are able to determine the compo-
nents of the tensor of stresses on and the tensor of couple stresses fiji from the
formulae as below

dur ur duz

Orr = 2(x ——VXe, aw = 2/J, ~ + Xe, azz — 2(i -z h Ae,

( 8uz dur \ I dur duz
— 1" -T-) —a\~z 5—

or oz I \ oz or

duz dur
hh

dur \ I dur duz \
-r—I + a l — —I — 2aco9,
dz I \ 8z dr /

(2.10) r \ dr dz

( dw<p co9\ (da)<p (tig,

dr r I \ or r

Let us now consider a particular case — a = 0 —, where the Eqs. (1.1) and (1.2)
become independent of each other. From Eqs. (2.7)—(2.9) we have

_ O O _ oo

M r = =• f f e-« «•+"*> <fe>df f «
27tgcf J J J

£2 - o)2/c|) JPf+J'f»J (<52 - 1) ^
X I " "~Z ^

-, °° DO
i f f f

(2.11) iiz = 2 e~^ c**+"fl rffi) dC n 3o 0?r) x

2TIQC{ J J J
— oo "

(52 _ Q)2/c|) ^ 2 - | - / f j ; (,52 - 1) A

00

J
~

The formulae (2.1 l)i and (2.11)2 refer t 0 t n e classical elastic medium [6], while
(2.11)3 to a hypothetical medium, wherein only rotations may appear.

Let us now consider the system of wave equations (1.10). Performing on these
equations the integral transformation and taking into account that

>, y>, Q, a) = — j J el «*+at>dzdt j r
0

0(CZ+M4) dzdt J
(2.12)
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we arrive at the following quantities

I f f to

1 Ia2+v2-al pa? _
r 5 % < P T

i)A\ C\Q C\

Let us perform also the Fourier—Hankel transformation on the relations (1.8)
and (1.9)

(2.14) a>r= — W + # » ? # , a>z = — %(f>+r)2 f,

(2.15) fr = - J (rfa - tfa), T* = - J(i&

It results from the relations (2.15) that

(2.16) a = (/Cf, ijfc), ^

Substituting (2.2) into (2.14) and bearing in mind (2.16), we obtain the transforms
a>r, o)z, u<p. Performing now the inverse Fourier—Hankel transformation, we get

a2-a2

(2,8) ^ - -

v \a2

Now, the rotations cor, a>z and the displacement uv being known we may determine
the stresses ô i and the couple stresses [ijt from the formulae

8cor a>r 3co*
firr = 2y — rfix, nw = 1y bjix, uzz = 2y

or r
(2.20)

' da>z dwr \ I du>r dcoz

r 8z I \ dz Br
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dcoe dcar \ I dedr da,

(2.20) avr = {i

8z dr

a d

Jr7} + 7 dr
duv u A ad
^r -f ~ "7 ~̂
dug, a d

~Tz—7 ~dz ^
Swp a 8

+ ()
In the particular case of classical elastokinetics, i.e. for a -> 0 we obtain from
(2.17)—(2.19)

2n
(2.21)

M^=2^ / J "̂̂ ^ rf^w J

Formula (2.21)3 refers to the classical elastic medium, while the formulae (2.21)i
and (2.21)2 to a hypothetical medium, wherein, only the rotations may appear.

Similarly, as it was shown in [6], one may derive the formulae describing the
displacements and rotations in the static problem as well as for vibrations changing
harmonically in time.

A more ample discussion of the problems briefly presented in this paper will
be published in Proceedings of Vibration Problems.'

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF BASIC TECHNICAL PROB-
LEMS, POLISH ACADEMY OF SCIENCES

(ZAKtAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW TECH-
NIKI, PAN)
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B. HOBAaKHft H B. K. HOBAU,KHM, TEHEPHPOBAHHE BOJIH B BECKOHEHHOft
ynpyroft CPE^E. II.

B pa6oTe flaeTCH pemeHiie npo6jieMw nportarau,HH Bonn B SecKOHeHHOfi MHKponojuipHoK
ynpyroit cpefle, BO3HHKUIHX nop, BO3flefiCTBHeM MaccoBHX enn H MOMCHTOB. Onpeflejieno nojie
nepeMemeHHft, O6OPOTOB H none HanpHMceHini H MOMeHTOBbix Hanpa^ceHHti p,nn cjiyiasi oce-CHM-

tena.


