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1. Introduction

In this paper we shall be concerned with the problem of propagation of
longitudinal monochromatic waves in an infinite cylinder made of an isotropic,
homogeneous and centrosymmetric material. Our considerations will be conducted,
within the framework of the asymmetric theory of elasticity for the Cosserat medium,,
the deformation of which is described by six independent functions: three components-
of the displacement vector and three components of the rotation vector.

The problem of propagation of the longitudinal wave in a cylinder was discussed —
within the framework of the classical theory of elasticity — by L. Pochhammer [1J
and C. Chree [2].

The present paper may be regarded as a generalization of the results obtained
by these two authors on the micropolar elastic medium. We derived ajso
transcendental equations permitting to determine the phase velocities of propagating
waves. Particular cases of small and large wavelengths with respect to the cylinder
radius are considered also. Our considerations are completed with a discussion of
the problem of how to pass to the solutions within the framework of classical
elastokinetics.

2. Basic equations

Equations of micropolar elastic medium will constitute the starting point of
our considerations [3]—[5]. We shall consider an isotropic homogeneous and
centrosymmetric body. Under the effect of external loadings a displacement field
u (x, i) will form in the body and an independent rotation field a> (x, t). The state
of strain is described by two asymmetric tensors: tensor of strain yn and the curvature
twist tensor xji. Here we have

(2.1) yn = Ui,j — cjcji con, K]i = a>i,j.

The state of stress is defined by two asymmetric tensors: tensor of stress <% and
the couple stress tensor faj. The relation between the state of stress and that of
strain is described by the following equations:

39-[55]



40 W. Nowackd and W. K. Nowacfei [56]

(2.2) <sn = (/i+a) y#+(p — a)

(2.3) nn — (y+e) «;i+(y — e)

The symbols p, X, /?, y, e, a denote material constants. Substituting Eqs. (2.2) and
(2.3) into the equations of motion

<2.4)

(2.5)

and expressing the quantities yn and xjt by the displacements m and rotations an —
— according to Eq. (2.1) — we arrive at a system of six differential equations which
we write in the vector form

(2.6) (p+a) V2 u+(A+/* — a) grad div u+2a rot to+X = QU,

(2.7) (y+e) V2 w + ( ^ + y — e) grad div <*> — 4a io+2a rot u+Y = / w .

In the above equations X denotes the vector of body forces, Y stands for the vector
of body couples, Q denotes density, / — rotational inertia. The time derivative
of the functions u, a> is marked by a point.

In the sequel it will be more convenient to present the system of Eqs. (2.6) and
(2.7) in the framework of cylinder coordinates (r,<p,z). Thus we have:

2 duA de
) + a - a ) - +

1 date d

I uv 2 dur\ 1 de
(2.8) fcH-a) ((V2 *, ~ i + - - ^ ) + X )

5e 1 T d da)?']
a) V2ik+V+p - a) — +2a — I — (rai,) - — I

( a)r 2 3a 8x

(
( Wa 2 door\ dx

/ 9«r H2 \
+ 2a - j - - — + Yv. = /a),,,

- 8 ) — +2a — I — ( w P ) - —
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The following notations have been introduced

1 3 1 du<p
• = — -r- (rur)+— ~ +

r dr r dtp

1 d dtow dcoz

dz'
x = — — (rwr) -I : h - 5 — .

r dr r dtp dz

In the case of propagation of longitudinal wave in an infinite cylinder with circular
section we put n? = 0, a>r — coz = 0. We assume, moreover, that the quantities
Mr, «z, a)<p do not depend on the angle tp. Thus, from the system of Eqs. (2.8), (2.9)
it remains only the system of three equations

Ur
Qi+a) V2 ur ~ -r

de da)?

- a ^ - 2 ° - f a " " 8 * '

(2.10)

where

Be 1 8Be 1
(fi+a) V2 uz+(?.+fj. — a)— + 2 a — Dg,) = QUZ,

(y+e) 72
I dur duA

- 4a«,+2a - r - - - r - = Jwv,dz dr

d2 Id 82
T72 = 1 1

dr2 r dr dz2

i a atfe
e = -Tr{rUr)Jr-d7-

To the displacement u = (wr, 0, «z) and rotation fieldw = (0, co9, 0) are subordinated
the state of stress o and the state of couple stress {x.

(2.H)

where

o =

tfrr

0
ff2r

0
a<p9

0

(Trz

0
0 /I,, 0

fltpr 0 fl<pz

0 /H, 0

(2.12)

T 7

dz) + a \ dz ' dr)

= f i \ ^ ~

dr

dur

~dz

0)f

r

\ I dur duz \
l a \~dV' ~dr~)

dm,, c

— £
9ft),,

~d~7

i

So),,
= (y - e ) - ^ - .
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We introduce the potentials 0, W connected with the displacements ur, uz by the
relations

80 8w 80 i a
(2.13) ur=-: r - ; WZ = - T - H ^(rW).

8r dz • oz r or
Introducing the above expressions into Eqs. (2.10), we obtain the following system
of wave equations

(2.14) Di 0 = 0,

o o
(2.15) UiW+laWy, D 4 ^ - 2 a l V 2 » F - — ) = 0,

where
o /

• i = (A+2^) V2 - Q8], D2 = (p+a) \V2 - —) - Qd],

1
J ~ 7 2

Introducing the functions W, F such that

3W 8F
(2.16) W= —, «„ = - — ,

or ow

we reduce Eqs. (2.14) and (2.15) to the simple form

(2.17) Di 0 = 0,

(2.18) D 2
l i / + 2 a r = 0 D4 r - 2aV2 IP = 0,

where

• 2 = (/i+a) V2 - ^9?, D4 = (y+e) V2 — 4a — J3f.

Eqs. (2.18)i and (2.18)2 are mutually coupled. Eliminating from these equations
first F and then W we obtain
(2.19) (D2 D4+4a2 V2) (F, F) = 0.

Eq. (2.17) describes longitudinal waves, while Eq. (2.19) the modified transverse
and twist waves.

[3. Propagation of longitudinal wave in a cylinder with circular section

Let us assume that in an infinite cylinder with circular section the longitudinal
wave propagates with constant phase velocity c along the cylinder axis, i.e. along
the z-axis .We assume, further, that it is a monochromatic wave. We write the
functions 0, W, F in the form

(3.1) (0, W, F) = (0* (r), V* (r), F* (r)) e^*3-"'), c —
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Substituting (3.1) into Eq. (2.17) and (2.18) we get the following solutions of those
equations

(3.2) 0 = A&far) «'<*•—«,

(3.3) V = [53o {h r)+C3o (*a r)] «*<*•-«>,

(3.4) r = [E% {h r)+F 3o (h r)] •*<*•-•.

The following notations have been introduced

? 2 + (

U1/A+2M

vZ =

a2

.}»

(0

c4

\TI
4a

As the quantities Aj, 1\ have to be positive (what results from the requirement that
4a

the phase velocities be real and positive), there is cu2 > — . The expressions (3.3)
i/

and (3.4) represent dispersion waves, Ai, A2 being dependent on m.
The constants B an E as well as C and F are coupled in view of the coupling of

the quantities ¥ and F in Eqs. (2-18)i and (2.18)2.
We assume the surface of the cylinder to be free of stresses. In this way we have

the following three boundary conditions

(3.5) Orr = 0, Orz = 0, (Xr,P — 0 for r = a,

where a denotes the radius of the cylinder. The conditions (3.5) will be expressed by
the functions 0, XF, F. We get

(3.6)

52

0.

1 3F

= 0,

30

d^ r
= o .

Introducing the functions W, F into Eq. (2.18)i we obtain the relations

(3.7) E= biB, F=b2D,

where
1

k = 1,2.
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Substituting the functions <Z>, S7, F from Eqs. (3.2)—(3.4) into the formula for
boundary conditions (3.6) and taking into account the relations (3.7) we obtain
the following system of three homogeneous equations

30(on) ^ ~ ) +A(A:2+o-2) 3o-(tfa)J^+ ^ikX] \$v(h a) -

(3.8) -Ifiaik ^ (aa) A+V/rffi - (ft+a) (k2+%)+2abt] \ 3i ih a) B+
a b2] A2 3i (h a) =

Making equal to zero the determinant of the above system of equations we obtain
CO

a transcendental equation permitting to determine the phase velocity c == -— of
the propagation of the wave

2^L±hlLx

)] [30 (% «) -

The following notations have been introduced. The transcendental Eq. (3.9) is most
complicated and hardly suitable for discussion in such a general form. This is why
we shall consider two particular cases.

We assume that the length of the wave is large with respect to the radius of the
cylinder. In such a case we can expand the Bessel functions into an infinite series,
taking into consideration only two first terms of this expanded form. In this way
we obtain — as the first approximation — the following value for the phase velocity

(3.10)
1 n, n n \ f\ n in \ \ A '

4 Hf -3 -2ft-2 "ft Ufr-j+ft-j +4
2 2/ *P3 2 C3W1 j ' F2 2/ ' •* 2o

t2 C4/ Cj \ C1 C21 C2 P3
11 1 \ , / 1 M r / 1 M 1 1 fa h ft1 M r / 1 M 1 1 fa

t <S/L \cf c4
2/ ftcfj ^

1/2
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where

h = l+—, & = ! + - - , fo = ' •
fjj [A/ /C

For a->0, i.e. for the classical elastokinetics, we obtain from (3.10) the known
Pochhammer's formula [1] c = (E/Q)112.

If the length of the wave is small as compared with the radius of the cylinder,
then Eq. (3.9), after asymptotic transition, reduces to the equation characteristic
for the surface waves in an elastic half-space [6]

(3.11)

' where

ar = [i (k2- X2)+a (A*- k2) -2a br, r = 1,2.

Let us return once more to the transcendental Eq. (3.9). Putting in this equation
a = 0 we obtain the following dispersion equations

(3.12) \2[ia2 (30 (tffl) - ^ ^ j +Aaj3o(ro)] (2£2 - of)^jr£~ +

(3.13)

where

1/2

Eq. (3.12) is a transcendental equation derived by Pochhammer [1] within the
framework of classical theory of elasticity, Eq. (3.13) refers to the propagation of
the wave described by the equation

(3.14) (y+s) \V2 co, - — I =

derived from (2.10)3 putting a = 0.
Assuming that this wave propagates along the z-axis with constant phase

velocity c = — , i.e. assuming cov = co* (r) eilkz~Iot), and making use of the

boundary condition fir<p = 0 for r = a, we obtain the transcendental Eq. (3.13)
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4. Radial vibrations

To conclude, let us consider the one-dimensional problem, where the functions
ur, uz, aiq, do not depend neither on y nor on z. In this case the system of Eqs. (2.10)
simplifies to the form

/ ur\ 8e
(p+a) I V* Ur-—£j+ (X+ft - a) — = Qur,

1 8
a) V; uz+2a — — (

where

(y+e) (V; co,, — — ) — 4aw? — 2a — = Jcov,

2 _ 82 \ 8 18
V r ~ ¥ ^ + 7~d7' e = 7"d7(™r)'

Assuming that we have to deal with monochromatic vibrations

(4.2) (ur, Uz, co,) = («; (r), u*z (r), o£ (r)) e~imt,

We obtain from (4.1) the appropriate transcendental equation. We obtain it
immediately from Eq. (3.9) putting therein k — 0. Thus we have

2/J, 3 i (°1 a) to
'(4.3) 3o( c r i0) = TTo > ai = >

G\ a. C\

ma
<4.4)

where

Making use of Eq. (4.3) we obtain successive values for free radial vibrations. The
form of these equations is identical with that known from classical elastikinetics.

Eq. (4.4) is a transcendental equation for modified transverse free vibrations,
•depending solely on the radius r. For a ->• 0, i.e. for an elastic Hooke's body, only
radial vibrations may appear.

DEPARTMENT OF MECHANICS OF CONTINUOUS MEDIA, INSTITUTE OF BASIC TECHNICAL PROB-
LEMS, POLISH ACADEMY OF SCIENCES

(ZAKLAD MECHANIKI OSRODKOW CIAGLYCH, INSTYTUT PODSTAWOWYCH PROBLEMOW TECH-
TOKI, PAN)
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B. HOBAIJKHH H B. K. HOBAU,KH£[, nponATALjHH ynpyrax BOJIH B MHKPO-
IIOJIflPHOM LJHJIHHAPE. I.

B HacToameM coo6meHHH paccMaTpHBaeTCH npo6neMa nponarauHH MOHOxpOMaTH êcKHX
BOJIH B 6ecKOHeMHOM i<HjniHflpe, H3roTOBJieHHOM H3 MHKponojwpHoro ynpyroro MaTepaana.
IIpeflMeTOM paccyjKfleHufi aBTopoB aBJisioTCH npoflOJibiaie BOJIHBI, pacnpocTpaHaiomHecH Bflojn>
OCH i;HjiHHflpa. B pe3yjibTaTe nonyiaeTCH TpaHCt(eHfleHTHoe ypaBiieHHe, 6naroflapH xoxopoMy

M03KH0 OnpeflejIHTb 4 ) a 3 O B W e CKOpOCTH.


