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SINGULAR INTEGRAL EQUATIONS OF THERMOELASTICITY

J. IeNAczAK and W. NowAcCKI

Warsaw, Poland

Abstract—The integral relations analogous to that of Somigliana and Helmholtz in elastokinetics have been
introduced by the integration of basic differential equations of coupled thermoelasticity. Thus we have
obtained the representation of displacements, temperature and the thermoelastic displacement potential by
surface integrals.

The solutions have been utilized to construct the general thermoelastic potentials of single and double
layer. By means of these potentials the basic boundary problem of coupled thermoelasticity has been
reduced to the solution of a system of singular integral equations.

1. INTRODUCTION

THE purpose of the present paper is to obtain the solutions of the equations of thermo-
elasticity describing the harmonic vibrations of medium by means of singular integral
equations. By the integration of basic differential equations of thermoelasticity one can
derive integral relations which constitute a generalization the Somigliana theorem known
from the elastokinetics [1]. The integration of the equation of thermoelastic displacement
potential leads also to the representation of its solution in the form of surface integrals.
In the case when there is no coupling between the temperature and the deformation of a
body we obtain the Helmholtz theorem known from the elastokinetics.

The solutions obtained in sections 2 and 3 provide the so called surface potentials of
single and double layer. The application of these potentials allows us to reduce the basic
boundary problem of thermoelasticity to the solution of a system of singular integral
equations. Finally, the theorem on discontinuity of thermoelastic potentials during the
passage through the boundary of the equations satisfied by these potentials.

The integral equations here obtained are the Fredholm singular integral equations of
the second kind. The integrals encountered here must be understood in the sense of the
Cauchy principal values. In the last section of the paper we give the procedure for the
construction of the approximate solutions of the equations of thermoelasticity by means of
the so called canonical functional integral equations.

This method enables to solve the equations of thermoelasticity in an approximate way
for an arbitrary, single connected, three-dimensional body.

2. EQUATIONS OF THERMOELASTICITY

Let us now consider a homogeneous, isotropic, perfectly elastic body occupying the
region ¥ and bounded by the surface £. For this medium the linearized equations of
thermoelasticity [2], [3]

53



54 J. Ignaczak and W, NowAcki

py g+ (A4 Uy g+ X =70, + pil;, (2.1)
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hold.

The first equation represents the Lamé equation (the equation of motion) while the
second one constitutes the extended equation of thermal conductivity. In these equations
0=T-T, denotes the increase of temperature with respect to the natural state T, for which
the stresses and deformations are equal to zero. u,; are the components of the displacement
vector, X; denote the components of the body force vector. Q is a function describing the
intensity of heat sources. The magnitudes y, A are the Lamé constants referring to the iso-
thermal state. Next we have y=(31+2u)x,, where a, is the coefficient of linear thermal
expansion, p denotes the density, and k= A1,/pc, is a coefficient for which A, is the coefficient
of thermal conductivity while ¢, is the specific heat for a constant deformation. Finally
Q = W/pe,, where W denotes the amount of heat produced in the unit of time and volume,
and n=yTo/4,. The functions u;, 0, X;, Q are the functions of place and time. The dot
denotes the derivative with respect to time.

Besides equations (2.1) and (2.2) we have the constitutive equations
0ij=2pe;;+ (Aex—70)d,;, (2.3)
and the relations between the deformations and displacements
8 =3y, jtu; )=ug, ;- (2.4)

By the decomposition of the displacement vector and the body forces vector into the potential
and solenoidal parts

up=¢ i+, ;- Xi=pd, i+€i i, ) » (2.5)

the system of equations (2.1), (2.2) can be reduced to the form

1 1
(V2 —-zaf)¢= mo— =9, (2.6)
€ (&
- - l 2 - 1
(V C%a‘ )'»bi_ 'ng;‘ s (2-7)
1
(Vz— ;a,)o_qa,v2¢= —g_ (2.8)

We have introduced the symbols
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Equation (2.6) represents the longitudinal elastic wave while equation (2.7) the transversal
wave. Equation (2.8) is the equation of thermal conductivity. Eliminating from equations
(2.6) and (2.8) the temperature we obtain

1 1 m 1 1
(Vz - E—?af)(vz —;6,)(,5 —mndVip=— -—12 — C—Z(Vz - ;_Q)Sl. (2.9)

In the sequel we shall consider only the vibrations varying harmonically in time. Since
the loading by body forces and heat sources may be reduced to a boundary problem we shall
assume that the causes of the vibrations are expressed only by the boundary conditions.

Substituting the relations

b(x, 1)=*(x)e"", W i(x, D=j(x)e',

in equations (2.6)-(2.8) and neglecting the heat sources and the body forces on the right
hand sides of these equations we obtain the following system of equations [4]

Oip*—mo*=0, (2.10)
O3yf =0, (2.11)
D§9*+%II§V‘¢*=0, (2.12)

where we have introduced the symbols

fey\ T
iw .
O2=V*+h2, a=123, Irl=g, h2=2, h-_,:—_(—), e=nmr, i=./—1.
¢ ¢, i\ x

Eliminating from (2.10) and (2.12) the function 6* we obtain the equation of longitudinal
waves

0%, 0.¢* =0, (2.13)
where
02, =V2+k%, Of,=V2+k3.
The magnitudes k,, k5 are the roots of the equation
k* — k*[h% +(1+&)h3]+hih3=0,
and take the values

k,=a,—iB,, r=1,3, o, >0, B,.=0.
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Denoting k, =k, (e), k3 =k;(e) we have: k(0)=h,, k3(0)=h,. In the subsequent considera-
tions we shall discuss only the vibrations harmonic in time, therefore we shall drop the stars
in the symbols of the functions ¢*, 0* etc.

3. INTEGRAL FORM OF THE SOLUTION OF THE
THERMOELASTIC POTENTIAL EQUATION

In this section we consider only the longitudinal waves arising in a body ¥ bounded by
the surface £. Equations (2.13) and (2.10) constitute a point of departure of our con-
siderations. In order to obtain the integral identity determining the function ® for xeV by
means of surface integrals we make use of the following equality valid for arbitrary two

functions ¢ =¢(x), d =h(x):
Ld VELFODE DA - $O0LORHO]
— Lﬂ VX[V P(E) — dEOVH(E)] + (kT + kg)jvd VEOLHOV*HEO - OV H(©)]. (3.1)

Making use of the basic formula for bi-Laplacian

2 2
J‘Vd V(¢Vip— Vi) =Ldz(v’5% = ¢a§f+ Eprag—n‘” ~ vlqsgii) 1 (3.2)

and of the Green transformation

¢ 0
j VdV($V2¢~¢VZ¢)=LdE($%E —d:va—i). (3.3)

equation (3.1) can be represented in the following form

J- AV@OE 02— 02 0P)

d 0 (
[ (320447, D’&)-Ldz(v%ﬁ%if Vi) 6e

where (0% =V2+k3+ k3.

Let us assume that the function ® has no singularity in the region V and satisfies the
homogeneous equation

0z 02¢=0, xeV . (3.5)

Temperature 0, related with the function ® is given by the formula

1 2
9=};|:|,¢. (3.6)
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Let the function @ satisfy the following singular equation in an infinite thermoelastic space
0% 0#,8(x, &)=—md(x—?), 3.7

where 6(x) is the Dirac function.
The function [5]

m e~ fhr_e-ik.\r

Eﬁ(x‘} “:)=_£E;" Ws r2=(xj'_-‘:})(xj_éj)s j=1: 23 3! (3-8)

is the solution of this equation.

Tt can readily be verified (equation 2.9) that the function @ is the potential of thermo-
elastic displacement for a concentrated source of heat of the intensity k applied at a point £.
For the external regions the function ¢ satisfies also the condition of radiation [4] extended
on the problem of thermoelasticity.

Note that

B, c)=$m%$ = 01— ke~ — (= e ™). (3.9)

" dmr(kKE— k2

Substituting (3.7) in equation (3.4) and making use of equation (3.6) we obtain the following
basic equations

$(x)= %Ldz(é)[ﬁ(é. x)%u%(f)—ﬂé)é%lj’&(ﬁ, x)]
—% Ldf(f)[vqu(é)é%&(é, x)~V2P(&, x)(%:p(g)} for xeV, (3.10)

P(x)=0 for xeE—V (3.11)

where E denotes the entire space. These equations can be transformed by means of the
relation between the functions ¢ and 0 in accordance with (3.6). After a little manipulation
we find that

1 d ]
$(x) =Ld2{[$§—i—"§%]+;[@f@£ - ¢5;(|:|§$)]}, xeV, (3.12)

p(x)=0 for xeE—V, (3.12)
where 7 =V?+k2+k2—h?.

Formula (3.12) expresses the function ¢(x) inside the region ¥ by means of the functions
d(&), ap(&)/én, 6(E), 86(E)/én given on the surface Z.

Performing the operation 1/m [, on equation (3.12) and making use of the properties of
the function ¢ and of the relation — (k3 —h?)(k%—h%)=ch}h} we arrive at the analogous
formula for the temperature
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30((5) 39(E,x)]

0(x) sz(i)l:ﬂ{é, =0

0
+P—J dz(ﬁ)[&(ﬁ, x) 04() *4)(5)55(5‘ x):|, xeV, (3.13)
where
_my _ _
oc-ag 3 E=nmK.

In the case when there is no coupling (e =0) we obtain from equation (3.13)

0, o(x)= I d}l(ﬁa—o—ﬂag) ; (3.14)
=0

én  0On

Since for the uncoupled problem k,(0)=h,, hy(0)=h;, it results from equation (3.9) that

1
Dz:o‘_- Ee

=ihar

Formula (3.14) assumes the following form

—ihr ” —ihyr
Oomolo)= o J‘ a5 z}[ 00(S) 0(5}12(?7—)], r=r(&, x) (3.15)

on on

Formula (3.15) is known as the Green formula for uncoupled classical equation of thermal
conductivity [6].

Let us return to equation (3.12) and assume that we have to deal with a hypothetical
medium for which o, =0.
For such a medium we have =0, m=0. Taking into consideration that

m e =ihyr __ e-‘“l:l'

1
—(Dﬁln o=-—e """, (¢)y=0= e (3.16)

m 4rmr " 4nr hP—h?

Substituting (3.16) in formula (3.12) we find

$(x)= —j dz(a)[ EBE 4 d("’_'_ )] r=rEy).  @AD)

on\ 1

This formula can easily be reduced to the case when the motion in the medium takes place
in adiabatic conditions (classical elastokinetics). The isothermic Lamé constants gy, A
appearing in the magnitude A, must then be replaced by the adiabatic constant p,, 4,.
Equation (3.17) is the Helmholtz equation [7] known form the elastokinetics.

Formulae (3.12) and (3.13), derived for coupled problem of thermoelasticity, do not
constitute the complete functions solving the general boundary problem. Therefore we shall
require more general integral representations making use of the direct method of integration
of the basic equations of thermoelasticity or applying the reciprocity theorem [8, 9].
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4. INTEGRAL FORM OF THE GENERAL SOLUTION OF THE
EQUATIONS OF COUPLED THERMOELASTICITY

Our purpose is to represent the vector of the displacement and the temperature at an
internal point x of the region ¥V by means of the integrals on the surface £ bounding the
region.

Let us assume that the causes producing the motion of a medium are expressed by the
boundary conditions.

We shall construct the solution of the following equations of thermoelasticity

Gy, == pu,, (4.1)
6‘_”-}-h§f3+§uhk=0, xeV, 0 k=153, (4.2)
where
a=:—;-§, o =0(x), u;=ulx), 0=0(x)
and the constitutive equations
015= 218+ (A —y0)5;; . (4.3)

The differential equations (4.1) and (4.2) and relations (4.3) describe the amplitudes of the
motion harmonically varying in time.

Let us assume another set of equations corresponding to thermoelastic infinite medium
in which there act a concentrated source of heat of intensity x harmonically varying in time.
All the functions appearing in these equations will be denoted by horizontal bars

Gijy=—’pl; (4.4)
0,557+ W30+ Lty = —8(x — &),
Gy=Gifx, &),  W=idx, &,  0=0(x, & (4.5)
Besides we have to add the Duhamel-Neumann equations
G y= 28+ (At , —0)d;; . (4.6)
Combining the sets of equations (4.1), (4.2), (4.3), and (4.4), (4.5), (4.6) integrating them

correspondingly over the region ¥ and making use of the Green transformation we obtain
the following equation

B 0(&) 00, x)
0(x)= Laz(f)[ﬂ(f, )5, —0O—, ]

v am0tEE An@-uOpE . xev. @)
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Here we have
p;(§)= d!j(é)"j(é) ’ ﬁi(é, x) = EU(E: x)n_f(é) 3

while the differentiation under the sign of surface integrals is performed with respect to the
variables £. Formula (4.7) represents a relation between the temperature @ at a point
xeV and the functions 6, 86/dn, u,, p; on the surface. The comparison of relations (4.7) and
(3.13) gives the relations on the surface ¥ between the values of the potential ¢ and d¢/dn
and the loadings p; and the surface displacements ;. In order to obtain an integral
representation for the vector u;(x) for xeV we must assume two other systems of relations,
namely the set of equations (4.1), (4.2), (4.3) and the set of equations

a3, =— @’ pui—8(x—&)d;s, (4.8)
0%+ h30°+ 13, =0, (49)
o
01 =2pej;+(Aug  —70%)d;;, i.j, k,6=1,2,3,
o1 =03(x, &), ui=ui(x, ), 0 =0(x, &). (4.10)

This set of equations refers to a concentrated force, harmonically varying in time, applied
at a point &, and directed along the x, axis.

Combining correspondingly the sets of equations (4.1), (4.2), (4.3) and (4.8), (4.9),
(4.10) we obtain the following formula

u(x)= Ldz(é)[ui(ﬁa X)pu(&) — u(O)pi(Ex)]

6 ae*(¢, x)] @11)

d
+af ax| o6, 5 -0
where
i D=, D=1 X), il D=0iE DD,

The functions uf, 6° as well as i, § are the Green functions for thermoelastic medium [5]
and are the known magnitudes.

Formulae (4.7) and (4.11) constitute the coupled integral representation of the general
solution of thermoelasticity. These formulae constitute the generalization of the Somigliana
formulae known in elastostatics on the case of thermoelasticity [1]. Observe that the
functions 0° and ii are not arbitrary and satisfy the following relations

ihy(x, &)=l x), #(x, O)=—6(, x). (4.12)

This relation can be obtained either by the appropriate combination of the sets of equations
(4.4-4.6) and (4.8-4.10) or directly from the reciprocity theorem.
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If the Green functions i, 8 and uf, 0% are chosen in such a way that they refer to a body
occupying the region ¥ and bounded by a surface £ and if the boundary conditions

i; =0, =0, ui=0, =0
hold on the surface X, then equations (4.7) and (4.11) can be reduced to the form

2o, L one x)] @13)

0(x)=— J. dE(ﬁ)[e(r:)

uy(x)= —j dz(é)[uk(f)pk(é, 0+ ap e ")]

(4.14)

Formulae (4.13), (4.14) constitute the solution of the first boundary problem for which the
displacements #; and the temperature () are given on Z.

If the functions i;, O and uf, 6° referred to a body occupying a bounded region ¥ and
free from stresses and temperature on the surface then the magnitudes

p:=0, 0=0, pi=0, 0°*=0on X,

would have to be substituted in equation (4.7) and (4.11). Then formulae (4.7) and (4.11)
take the form

a0, x) 1

0x) = —J dz(e)[a(c) b, )p[(e)] @.15)

(4.16)

()= fdz(:)[uk(c, o) — () e ")]

and constitute the solution of the second boundary problem for which the loadings p, and
the temperature @ are given on X.

But the application of formulae (4.13-4.16) is limited on account of the difficulties
arising in course of determination of the Green functions ii;, 8, uj, 6° satisfying the pre-
scribed boundary conditions.

5. THERMOELASTIC POTENTIALS AND INTEGRAL EQUATIONS FOR
BOUNDARY VALUE PROBLEMS

Let us introduce the thermoelastic surface potentials similarly as for the potentials of
elastokinetics [10]. The system of relations

Vi(x)= 2J dZ(&)@u(&)us(S, x)+ 2«[ dZ(OY()I°(E, x)

V(x)= 2f dZ( YOI, x)+ Jdﬂﬁ)¢x(§)un(és x), (5.1
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will be called the thermoelastic potential of single layer. Here @, =), ¥ =y({) are
unknown surface densities of an appropriate regularity. The functions @iy, 0, uy, 0° are the
Green functions given by equations (4.4-4.6) and (4.8-4.10) and they refer to the thermo-
elastic infinite space. The system

0’(6, x)

ws(x)=2f SS(OPORE x)+2aj dBEOWE)
x

3“’ x) Zf dXO 0 OBLE, %), (5.2)

W(X)=2j dZ(EW(E)——

will be called the thermoelastic potential of double layer. The following symbols have been
introduced in formulae (5.2)

P&, x)=[2pe;;+(Auy, ,— 10010,

ﬁk(é: x)=[2“5kj+(lﬁp.p_-?0)5kj] nj » (53)

Now, let us define a thermoelastic potential which is a combination of the potentials of
single and double layer.

M,(x)=2Ldz(¢)fpk(:)p:(¢, X)+ 2 L AEEWE0E, ),
M(x)=2j.£dz(e)w(e:)6(c, ")J’EL dEOPUDP(E ). (5.4)

Investigating the jumps of the potentials (5.1), (5.2) and (5.4) at the passage through the
surface X we introduce the following notation. Let W (&), WP(&,), and W©(&E,) denote
the limits of the vector W (&) for é—¢yeX over the surface Z, W (&) for £—£&qeV inside the
region ¥, and W (&) for £-¢&,eX for EeE—V, respectively. It can be proved that the
potentials ¥ (x), V(x) are the continuous functions of points xeX. We show, however, that
the potential of double layer W (x), W(x) is discontinuous on this surface. We have

WO (Eo)=— ol +Wille),  WOE)= —W(Eo)+ W(Ey),
W E) =l +Wlle)s WO =Y(Eo)+ W(Ey). (5-2)

These relations are analogous to those for jumps of the harmonic potential of double layer.
We prove that the first surface integral in formulae (5.2) is a discontinuous function while the
second one represents a continuous function.

From the first equation of the set (4.8) the following relation results

Pi(x)aij, (%, &)= —(x— &) — w?pui(x, E)py(x) (5.6)
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Observing that

" 1 for éeV,
J AV()d(x—E)=h()=1 } for &%, G.7)
0 for (eE—V

and integrating relation (5.6) with respect to xel” and changing the variables we get

2 J AE()u(OIP(E, X)= —2h(xX)g,(x) +(x) (5.8

where
gs(x)=2j dv(&)e; ;(Oai&, x)—2pwzj dV(Oug(x, E)pi(8).
v v

It can be proved that g,(x) is a combination of volume integrals is continuous for xeX.

Similarly, taking into account equation (4.9) we verify that the second term of the
potential W, is a continuous function. Formulae (5.8) and (5.2) furnish the first group of
relations (5.5). The discontinuity of the function W= W(x) can be derived in the same way
by the integration of equations (4.4) and (4.5). The second term in formula for W(x) is
continuous on the surface Z.

We introduce the notation
Bx)=[2uVy, jy+ AV k01— Vo lnfx),
0(x)= V. ini(x). (5.9

where the functions ¥V, ¥ are given by formula (5.1). It can be shown that

(o) =u(&o) + Pu(&o) » 0D(Eo)= (o) + (o),
PO(Eo)=—@u(Eo)+PlEo)s BO(E)=—P(Eo)+D(&o). (5.10)

The thermoelastic potentials (5.1-5.4) and the jump relations for these potentials allows us
to reduce the basic boundary problems of thermoelasticity to the solution of singular
integral equations.

Let us confine our considerations only to certain typical problems. We consider the
case when the displacements are given on the boundary and simultaneously the temperature
or flux of temperature are prescribed on the surface Z.

Let us assume that the displacements u (o) =f.(¢,) and the temperature 0(&o) =g(&o)
are given on the boundary .

The solution to the problem is required in the form of the potential of double layer (5.2);
we assume

U (x)= W (x), 0(x)=W(x) . (5.11)
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We can verify easily that the functions U,(x), f(x) satisfy the equation

LaU,—79,0=0, O 9+-akU,‘_0 xeV, (5.12)

where
Lsk = ()u'apap i mzp)ask 3 (‘J' i ."'L)a.rak =

Taking into account relations (5.5) for the functions @,(&), Y(£) we obtain the system of
coupled integral equations

Bs(és 60)

Ps(&0)—2 L dZ(S)u(SIPi(Ss Go)— 2 j d2(OY(E)—F——=—1(%0),

dZ(Dpi(E)Pi(E, Eo)=—3(Co)- (5.13)

w(&o)~2j a2t 2[

Equations (5.13) have the form of Fredholm singular integral equations of the second kind;
the integrals appearing there should be understood in the sense of Cauchy principal values.
For the uncoupled problem we obtain from equations (5.11) and (5.13)

B
Us|a=0=2J. dEtPu(Pi)e=o+2J dz‘!’(a—) g
I b

n e=0

o],=°=2Ldz¢@—3) N (5.14)

respectively. Here the functions ¢, and  satisfy the uncoupled integral equations

e=0

?s(E0)— ZJ dZ@u(Pp)e=0=—f(S0) + zj dzw(‘;ﬁ-‘) :
b 5 n
a0
x e=0

Let us assume that the displacements u(&,) =/(&;) and the flux of heat 60;’6n|§:¢°=5’(§0)
are given on the boundary . The solution is required in the form

0,(x)=M|(x), I(x)=M(x), xeV, (5.16)

where the functions M,, M are given by formulae (5.4). We easily verify that inside the
region V equations (5.12) are satisfied and that the unknown densities ¢ (&), /() satisfy
the following system of singular integral equations

o€ 2 J _AXOROME, fo)~2aJ£dE(§)9'“(£. E0)=— o),

39(5., o) 2 J‘ pk(é. cfe)

dZ(Qpu(O)—F—

'Méc)”"zj dZ((E)—— =5(0) (5.17)
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where

20(¢, &) 0 )
on. o O(¢, x) for xeX,

and in the same way we define dp (&, &,)/dn,.

= lim

x=+fp Y x

In the case of the uncoupled problem equations (5.17) can be considerably simplified

40.;(50)—2]- dZ(Deu(E)(PiS, §o))c=o—2j AZ(OW(EN (S0, E)e=0=—1(C0),
b b

weo+2| amone(Ze)  —seo. (5.18)

We are not going to rewrite the integral equations for a boundary problem for which
loadings are given on the boundary. We observe, however, that if a loading p;=p (&) and
a flux §=S(&,) are given on the boundary I then the required solution is given in the form
of the potentials of single layer V(x), V(x). By means of relations (5.9) and (5.10) the
corresponding singular integral equations can be written down in the explicit form.

The investigation of the existence and the uniqueness of the obtained integral equations
can be proved in a similar way as it was done for the elastic potentials [10].

6. CANONICAL FUNCTIONAL INTEGRAL EQUATIONS AND
APPROXIMATE SOLUTIONS

Let us assume that the normal derivative of the thermoelastic displacement potential
d¢/on|g=/(¢) and the temperature 0(£)=g(¢) are given on the boundary = of a body.
Taking into account relations (3.12), (3.13) we arrive at the following functional equations
for xeE-V:

- j zdt(&){[&(& D) _ (a\am’ ")}

+ %[(Df&(é x) (&) —$(&) (%(DE&(&, x))]}, (6.1)

j dz(:)[ﬂ(a, S o ")}

—f dz(é)[éﬁ(c VO (A ")} 62)

In equations (6.1) and (6.2) the unknown functions are 80/0n and ¢ on the surface Z.

If these functions are known then also 6 and ¢ for xeV are known in accordance with
formulae (3.12) and (3.13). Equations (6.1) and (6.2) for which the functions ¢, d0/dn
appear only under the sign of integral, and for which the regions of variability of the points
x and ¢ do not coincide, are called the canonical functional equations. It can be proved
that equations (6.1) and (6.2) have only one solution for the functions ¢ and 30/dn for £€X.
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Let us introduce the symbols

oxe,  #O=1©. 6.3)

Equations (6.1) and (6.2) can be solved in an approximate way replacing them by linear
algebraic equations by means of the mechanical quadrature.

We select N points x;(j=1,2, . .., N) on a certain surface ¥’ containing the entire region
V. The points x; may be taken the points of intersection of the N normals to the surface X
with the surface ¥'. As a rule, these normals are uniformly distributed on Z. In this case
the kernels of the integrands in equations (6.1) and (6.2) are bounded functions for x;eX’
and £eZ. Thus we can apply the mechanical quadrature.

Fic. 1.

Equations (6.1), (6.2) lead to the approximate relations

T AP 2)XE) = T A2 O X))V E)=ay, 64
Z A‘"’U(éa. x_f)X(fi)-—*" Z Aw)""-ﬁ(fia xj) Y(&)=b;, (6.5)

i=1
where

d
a;= J; dE(ﬁ)[g(é‘ )Ei_rl(;(é ) X5)— ?%f (&P, xj))] )
a 2
- f Edﬂ(é)[g(é)aﬂnﬂ(é, x) =" O, x;)].

Here A{ are the coefficients of the given mechanical quadrature. The set of equations
(6.4), (6.5) has 2N unknowns X(¢,), Y(¢,), i=1, 2,... N, and can be solved when its
fundamental determinant is not equal to zero, this, as a rule, can be achieved by an appro-
priate selection of the points x; on the surface X.

The approximate form of the potential ¢(x), 8(x) for the points situated inside the region
V is given by the formulae

#9= 5. Af”’[a@u DX - Loz, x))Y(&;)}

- [ x| 002 Lroniae 9] 6o
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pcua

()= . A("’[U(ﬁa )X(&)—"— $(¢n X) Y(ﬁ;)]

i=1

- Ldz(e:)[ O 02 e, x)] 6.7)

Let us consider an arbitrary, bounded, thermoelastic body with the displacements
fi(€) and the temperature g(&) prescribed on X. Making use of relations (4.7) and (4.11) and
applying the analogous procedure of the approximate solution we obtain for the displace-
ments and the temperature inside the body the following relations

N
uy(x)= j}z:l AL EDui(x, &) +api(E)0°(E;, X))

a0°(S, x)]’ 6.8)

on

& J' . dE(ﬁ)[f;(é)P (&, x)+ag(&)

N
0(x)= 12:1 A}N}[i‘pi(fi)ﬁk(’fh x)+P(ENB(E;, x):'
'f dz(é)[ L O %)+ ")], 69)

where 3N+ N unknown values @, (&), W(&)) k=1, 2, 3,i=1, 2, ..., N constitute the solu-
tion of the following linear system of algebraic equations

uy(x;)=0, 0(x;)=0, xEexr, VoV, j=1,2,...,N. (6.10)
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Résumé—Les relations intégrales analogues & celles de Somigliana et Helmoltz en élastocinétique ont été
utilisées pour lintégration des équations différentielles de base de thermoélasticité couplée. On obtient
ainsi la représentation des déplacements, de la température et du potentiel thermoélastique du déplacement
sur les intégrales de surface.

On a utilisé les solutions pour déterminer les potentiels thermoélastiques généraux de simple ou de
double couche. Au moyen de ces potentiels le probléme de la base des limites de thermoélasticité couplée
sont ramenés a Ia solution d’un systéme d’équations intégrales simples.



68 J. IeNaczAK and W, NowWACKT

Zusammenfassung—Durch das Integrieren der Grunddifferentialgleichungen war es méoglich integrale
Beziehungen einzufiihren, welche den von Somigliana und Helmholtz gefundenen elastokinetischen Bezie-
hungen analog sind. Auf diese Weise konnten die Verschiebungen, die Temperatur und das thermoelastische
Verschiebepotential in der Form von Oberflichenintegralen erhalten werden.

Die Losungen wurden dazu herangezogen, die allgemeinen thermoelastischen Potentiale von Einzel-
und Doppelschichten zu konstruieren, Mit Hilfe dieser Potentiale konnte die Lésung des grundlegenden
Grenzwertproblems der gekoppelten Thermoelastizitiit auf die Losung eines Systems singulidrer Integral-
gleichungen reduziert werden.

Sommario—I rapporti integrali analoghi a quello del Somigliane ¢ dell’Helmholtz nell’elastocinetica sono
stati introdotti con lintegrazione di equazioni basiche differenziali di termoelasticita accoppiata. In tal
modo abbiamo ottenuto la rappresentazione degli spostamenti, della temperatura e del potenziale di
spostamento termoelastico mediante integrali di superficie.

Le soluzioni sono state utilizzate per costruire i potenziali termoelastici generali di strato singolo e
doppio. Tramite tali potenziali, il problema fondamentale limite della termoelasticitd accoppiata & stato
ridotto alla soluzione di un sistema di equazioni integrali singolari.

AberpakT—C MOMONIBIO MHTErPHPOBAHHA OCHOBHEIX HHbdepeRmManLHEIX YpaBHEHHH TepMOYNPYTOCTH ¢
B3aMMOeliCTBEEM BBOJIATCSH WHTErPasbHble COOTHOILEHHS AHANIOTHYHBIE ¢ COOTHOWEHHaMH COMMIARA U
TensMroneTila B TEOPHM AMHAMWYeckoll ynmpyroctH., Takem ofpa3oM MonydaeTca NpeACTaBlieHHE
nepeMelleHuit, TeMmepaTypsl M IOTEHOHWANd TEPMOYIPYrOro MNepeMelleHds B BHJE [OBEPXHOCTHBIX
HHTETPaJioB.

PenieHus HCMOMB3YIOTCA JUTs NOCTPOSHUA OBLIUX TEPMOYNPYTHX HOTEHIHATIOB POCTOr0 ¥ ABOHHOIO
cios. C noMoulbio 3THX MOTEHIHAIOB OCHOBHAA KpaeBad 3a/1a¥a TEPMOYNPYrOCTH C B3aHMOJEHCTBHEM
CBOIMTCA K PEIIEHHIO CHCTEMBI CHATYJIAPHBIX HHTErPATbHBIX yYPaBHEHHH.



