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The nonlinear acoustics equation for a dissipative medium is analytically solved. Continuous wave stimulation
and an axisymmetric Gaussian spatial profile of the boundary conditions were assumed. The approximation of
the D’Alambert operator by the wave diffusion operator was applied and justified. In this approximation and
assuming classical absorption (dispersion), the equation to be solved is presented by the Khokhlov-Zabolotskaya-
Kuznetsov model.

A sequence of functions describing the spatial distribution of the harmonic components of the disturbance was
determined. They are the form of spatially modulated Gauss functions for harmonic wave numbers (frequencies).

For a lossless medium a universal numerical sequence describing non-linear interactions and harmonic gen-
erations was determined. In other cases, the description of the cooperation of dispersion and non-linear in-
teractions in the harmonic generation process is given by a sequence of functions dependent on the dispersion
coefficient and with boundary values given by the universal sequence mentioned above.

It was unexpectedly discovered that the influence of geometrical parameters of the beam on nonlinear in-
teractions depends on dispersion, and component of the dispersion, absorption may strengthen harmonic gen-
eration. In general, dispersion spatially modulates the amplitude and phase of nonlinear interactions. This is not
against the law of conservation of energy. The energy exchange between the fundamental (initiating) component

and other harmonics is described.
The analytical solution was compared with the numerical one. The numerical solution was obtained in the
scheme implementing the full Helmholtz operator (no axial - wave diffusion- approximation).

1. Introduction

We cannot analytically solve most of the realistic boundary value
problems for the nonlinear equations of acoustics, so we use numerical
analysis tools. However, the knowledge of solving a suitably complex
problem or an accurate concept of the general structure of the solution
allows for the improvement of these tools [1], their testing and inter-
pretation of the results. When looking for analytical solutions, we also
count on a final or deeper understanding of the phenomenon.

Formulation of mathematical models of nonlinear acoustics and the
search for their solutions took place in parallel. An extensive historical
outline of the formation of contemporary nonlinear acoustics on the
basis of isotropic medium models along with reprinted works by Pois-
son, Riemann, Stokes and others can be found in books [2-5].

The first work that transformed a nonlinear differential description
of sound propagation, or more precisely the motions of a one-
dimensional lossless medium, into a functional description was Pois-
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son’s work from 1808 [2]. The functional description is obtained as a
result of the single integration of the equations of motion and has the
form v(z,t) = V(v(z,t),2,t), where v is the solution to be found (acous-
tical velocity), depending on the z coordinate and time ¢, V() is a given
function resulting from the boundary conditions.

In 1860, Riemann, adopting more general assumptions and methods
than Poisson, transformed the system of differential laws of conservation
of matter and the momentum of the one-dimensional Euler fluid (ideal
isotropic medium in Euler coordinates) into a functional problem for one
dependent variable - velocity [2-4,6]. Earnshaw (1860) obtained an
analogous result in the Lagrange coordinates [3,7]. In 1935, Fubini
solved the Earnshaw equation for the sinusoidal boundary condition
V(v(0,t),0,t) = sin(wot) and presented v as a Fourier time series with
respect to harmonics wo [2,3,5]. The Riemann method, with the given
equation of state, resulted in the remaining relationships between the
dependent variables (most often an adiabatic transformation is assumed,
it may be polytropic). Riemann’s solution describes the nonlinear
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evolution of border disturbances moving to the right or left (there is also
an isentropic mode). They are commonly called simple waves. The so-
called Riemann invariants are related to simple waves - constant quan-
tities in these waves in the whole area of motion [2,8]. The ideas con-
tained in Riemann’s solution still play a key role in the theoretical and
numerical study of fluid dynamics, including non-linear dynamics of
wave motions, the formation, properties and the interactions of shock
waves [9,10].

In this paper, we present non-trivially analytical solution of the
boundary problem for nonlinear acoustics equations of dissipative me-
dium, corresponding to real situations. The problem is physically three-
dimensional but axisymmetric, i.e. mathematically two- dimensional.
The solution is a very good approximation of the NAE (Nonlinear
Acoustics Equation) solution [5,11,12]. For a classically absorbing me-
dium, the NAE is sometimes called the Westervelt equation. The
approximation results from the fact that the basic linear evolutionary
operator in this equation is D’Alembercian, i.e. a strictly hyperbolic
operator, and the proposed solution is based on Gaussian beam (Lager
polynomials of the Oth order).

In a description using variables with retarded times, fast spatial
changes in the direction of propagation are compensated by fast tem-
poral changes of the perturbation. The disturbance slowly changes with
respect to the coordinate in the direction of propagation and the second
derivative in the D’Alambert operator with respect to this coordinate
can be omitted. We get the so-called parabolic or paraxial approxima-
tion. Gaussian beams satisfy a homogeneous wave equation with a
parabolic approximation of this operator. Sometimes, especially in the
space-Fourier frequency coordinates, the approximate operator is called
the wave diffusion operator. The use of this approximation in the Kuz-
netsov equation [13] or NAE leads to the Khokhlov-Zabolotskaya-
Kuznetsov (KZK) equation [5,12,14]. Hence, the presented solution is,
in particular, due to the classic absorption model, a strict KZK solution.

An attempt to solve the KZK equation for Gaussian boundary con-
ditions and sinusoidal excitation in time (as in this work) was made in
[15]. The method of successive approximations was used. Its computa-
tional complexity in nonlinear wave problems grows rapidly. Therefore,
it was limited to obtain a description of the generation of the first har-
monic. The fact that the fundamental component is a solution of the
linearized equation was not used and it can be selected so as to satisfy
the boundary condition. The equation was solved “from the beginning”
using the Green function method. This leads to a more complex notation
of the result, which is to be expected to be a Gaussian beam. The
Gaussian form of the first harmonic was obtained from a complex in-
tegral expression as a result of approximations supported by numerical
calculations.

So far, only in the one-dimensional case, analytical solutions of the
NAE boundary problems in the dissipative medium are known (the case
of classical absorption). In this case, it convey to the Burgers equation
[5,12] and after Cole-Hopf substitution, it becomes linearized to the
form of a thermal conductivity equation [2,3,16].

A method for the integration time fractional Burgers-Hopf equation
is presented in [17]. The orders of derivatives with respect to time from
the interval (0,1] were considered. The obtained solutions are of a
highly a periodic kink type. Solutions for the derivatives of 1/2 and 0.95
were demonstrated. The most important case of integer derivatives (the
base case) was omitted in the discussion. It should be noted that these
solutions do not have a linear asymptotic with respect to the nonline-
arity parameter (or Mach number), and unlike conventional solutions,
they tend to infinity when this parameter tends to zero. Such a situation
may take place in the description of non-linear phenomena, see e.g. [18]
where such a non-physical branch of the solutions of the boundary
problem was indicated for the Burgers equation. The same work [17]
also presents the class of exact solutions of fractional KZK equations, and
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in particular the “normal” KZK equation. In general, the features of these
solutions are identical to those described above for the Burgers equation.
Contrary to the authors, it should be stated that the solutions they ob-
tained represent the non-physical branch of solutions of the Burgers and
KZK equations and have nothing to do with acoustics. However, they are
an interesting and important supplement to the description of the
mathematical properties of equations.

Due to the order of non-linearity with respect to the disturbance, we
have two branches of solutions (like the roots of a quadratic equation)
that are significantly separated from each other due to the acoustic Mach
number. One physical one represents the usual solutions of boundary
problems with determined parameters, the other one concerns free space
with a slightly limited set of dispersion parameters.

Symmetry group of the KZK equation, was determined in the work
important from the point of view of investigating the properties of the
KZK equation [19]. The set of invariant transformations allows for the
determination of successive (infinite number), in other words, solution
trajectories from the existing solution. Unfortunately, the paper does not
explicitly provide any non-trivial solution. Although for a given
boundary condition, a new non-linear system of equations has been
proposed. Its solution would constitute the solution of the KZK.

By skillful substitutions and approximations, the cases of spherical
and cylindrical symmetry (as well as flat one-dimensional symmetry)
were included in one universal propagation model described by the so-
called generalized Burgers equation. These are spatial cases, however,
mathematically 1D + t with coefficients dependent on coordinates. This
model, together with approximate solutions, is discussed e.g. in
[3-6,20,21].

A number of works (e.g. [22-25]) announce solutions of the KZK
equation in the title or in the introduction. At the same time, reference is
made to source works, publications [14] or other publications (e.g.
[2,5]) which duplicate the result [14] which is the source of the equation
form. It should be noted that the KZK equation from the source work and
the aforementioned work differ significantly primarily in the differen-
tiation operation of the non-linear term. In the KZK equation, it is dif-
ferentiation with respect to retarded time and not with respect to the
coordinate of slow changes in the direction of propagation. In the KZK
equation, time is defined as retarded time in the sense described above.
Moreover, the equations from these works cannot be transformed by
coordinate transformations in KZK equation. In work [23] there is not
even the “parabolic approximation” characteristic for KZK equation. The
equations in these works correspond to the Kadomtsev-Petviashvili (KP)
model equation.

The role of absorption, or more generally dispersion, in the
description of nonlinear interactions and generation of harmonic beams
is surprising. Then in Chapter 2 we recalled the basic facts for describing
this phenomenon. This may be useful to the reader less familiar with the
problem or in further research. Furthermore, we note that the classical
absorption model is not analytic (fully dispersive) even though it was
derived from the analytic dispersion model for the Navier-Stokes
equations. These issues are developed in Appendix A using examples
of a Maxwell-type medium (remembers dispersive stresses) and a me-
dium with absorption characteristic of biological substances (e.g.,
blood).

Then we introduce a normalized system of variables so that the Mach
number appears explicitly in the equations. We present a solution in the
form of a Fourier series. We transform NAE into a system of nonlinear
equations on the series coefficients. We analyze the order of equations
and the Fourier components. We show that in each equation (for the
disturbance component) there are two types of nonlinear terms. They
differ by two orders respect the Mach number. They are components of
two vectors whose sum constitutes a complete non-linear description.
One of them, for a complete disturbance, is of the first order respect to
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the Mach number. The second is of the second order. NAE was derived
with precision of the first order terms. The above observations resulting
from the analysis of orders in chapter 2 constitute the basis of the
adopted method of solving the NAE and the KZK equation. In chapter 3
we solve a nonlinear system of equations and obtain an analytical and
explicit description of nonlinear interactions. In chapter 4 we present
visualizations of the obtained analytical solution and compare them
with numerical solutions. Chapter 5 discusses the results.

In contrast to optics, Gaussian boundary conditions and Gaussian
beams are rare in acoustics. However, they have sufficiently realistic
features, which also characterize the most common limited sources, that
the presented results can be considered as common to a wide class of
boundary problems of practical importance.

2. Basic equations and relations
2.1. Solution form and order analysis

In the normalized system of variables the NAE describing the prop-
agation of an acoustical disturbance in a lossy and nonlinear medium
has the form [1]

20,.P — AP +20.AP = q0..P* + 0(q") €h)

where A is the Laplace operator; A := A, + 0,,, where A, is the
transverse component of the Laplacian. In this work only axisymmetric
case of propagation in the cylindrical coordinates is considered then,
A, =0, + (1/r)0;; (r,2) denotes the normalized space coordinates; 7 :=
(t —2) is normalized retarded time; t is normalized time; P = P(r, 2,7) is
the normalized acoustic pressure; q is the coefficient of nonlinearity.

Generally A is the convolution-type operator with kernel A(x,t)
describing an dispersion A%'P : = A(E%P. Generalized Fourier transform of

X,

the kernel A, @ (¢, @) = F*![A] is a function of dispersion, where ¢ is the
complex wave number, @ is the complex pulsation. That is @*“ is the
eigenvalue of A corresponding to the eigenfunction f = exp( —icex-x +
iot), Af = a*"f; K = cex is the complex wave vector; i is the imaginary
unit. Using [26] we obtain the analytical form of the dispersion coeffi-
cient @’ (@) = a*”(¢c(®),®), where ¢(®) is the solution to the dispersion
equation. On the real axis o = Re(®) we get d(w) = a(w) + ih(w), where
a(w) is the weak-signal absorption coefficient, n; = (co/w)a, 1 —n, =
(co/w)h; ny, 0, := co/cs(w) imaginary and real part of the refraction
coefficient, ¢f(w) is the phase velocity. As is known a i h related by
Kramers-Kronig relations (Hilbert transforms). We note that the pro-
cedure presented here in brief allows us to replace the time-dependent
(mixed) model of dispersion by a time-dependent (homogeneous)
model since the transition from a“—a” corresponds to A¥!—-A! (details
in [26]). We also have A'f(®,t) = a”f(@,t),f = exp(i@t). Moreover, the
integro-differential operations with respect to time and retarded time
are identical. Because of the relatively easy measurement of the ab-
sorption coefficient, it is usually the basis for the determination of the
full dispersion, i.e. h. However, analytical determination of using the
Kramers-Kronig formulae is difficult or impossible. Similarly, in the case
of experimental data because they are available only from a limited
frequency band and not in the required range € [0,0). In [27], a very
good approximate solution to this problem is presented. In Appendix A,
two dispersion models, specific to acoustics, are presented. The first
represents the Maxwell medium. In the zero relaxation time limit, the
dispersion operator of this medium corresponds to the Navier-Stokes
viscous stress model which is the source of the classical absorption
model. In the second model we follow the opposite direction. For the
absorption coefficient characteristic of many organic media, we deter-
mine the full dispersion. Eq.(1) was normalized according to
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P:= por= Qo =Q ot —7/c0),(r,2) =K o(r,7) )
0
1 1 _. ® | .
0, =—0;,V:=—V 0:=—k:=—-K =Q
Q) Ko Q, Ko o€ o 0

Where P, is the characteristic pressure (here the peak of the absolute
pressure value at the source surface);w’ is the angular frequency; c, is the

equilibrium sound velocity; g, is the equilibrium density; q := P, /g,c2 is
the acoustical Mach number, q is the nonlinearity coefficient; y is the
exponent of the adiabate, for the empirical state equation y := (B/A) +1
where (B/A) is the nonlinearity parameter of the medium. The
normalization of small signal coefficient of absorption and dispersion
coefficient d@(w) was performed as follows a(w) = d (@' /€,)/K,. Usually
coefficient of the absorption is given in the form d' (') = a,-(&'/27)
where a'X is the parameter of the absorption (Np/(m-Hz)); y is the power
of the growth of the absorption, y = 2 for classical absorbing media
(water, glycerine), y ~ 1 for the blood and many other organic media.
Then in this cases a(0) = a,|o| a, = d,-(Qy/ 27)" /K, . The imposition of
the relation K oco = Qy for the values K, and Q, causes that the
fundamental dispersion relation o' (k') = Fk'c, for lossless linear and
unbounded medium (no dispersion) takes the form w(k) = k, k(w) =
+w, where k' = +|k'| k' (') is the wave number. Thus, we introduced a
common measure of time and distance in space in which the equilibrium
speed of sound ¢, = 1. For Fourier series representations of the distur-
bances w and k are discrete variables which numerate the components of
the series fork =w =1, ® = Q,,k' =K, . In not normalized units k' =
kKy, @ =0-Q, ko =1,2,.... For continuous sinusoidal stimulations of

the medium, it is natural to adopt the normalization, in which Q;) is the

pulsation of the excitation and K, = Q,/c, is the wave number corre-
sponding to it.

We look for the solutions of Eq. (1) in the half-space z > 0 in the form
of a Fourier series

K K
P(r,z,7) = ;Pk = % ;Fk(n 2)e ™  tcc 3)

In the coordinates with retarded time, the functions Fi(r,z) are
slowly varying spatial envelopes of the quickly varying factor exp(ikz)
(in non-normalized units exp(ik'z') = exp(i(w'/c,)2)), c.c denotes com-
plex conjugation.

After substituting Eq. (3) into Eq. (1) and using the orthogonality of
the set of functions exp(Fikr), L=1,2, ...k, ... we obtain the system of
equations

1 k—1 K -
(2iko, + 2ika(k) + A, + 0. )Fy = 5qkz (Z Fi Fi+2Y  F) Fr |k
=1

I=k+1

=1,2,3,...K )

Theoretically K—co. In numerical calculations, the effective dimen-
sion of the Fourier representation is used according to the increasing or
decreasing intensity of nonlinear interactions K =K(z) (see
[1,11,28,29]). In the case of an infinite dimensional representation of Fy,
the non-linear term in Eq.(4) is a correct form of the reduction of the self-
convolution F; to a given dimension K. Therefore, K can be arbitrarily
enlarged without changing the structure of the description of nonlinear
interactions. Fundamental component F;(r,z) satisfies the boundary
condition, F;(r,z = 0) = F;(r), F1(r = 0) =1 such that P(r,z = 0,7) =
F,(r)exp(—ir) + c.c. So the remained components must meet the con-
ditions Fi(r,0) = 0, l > 2. So F(r,2) is the field that initiates the gen-
eration of the other components.
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0 2F 2F, 2F, 2F , - 2F;
(2i0, + 212(1) + A, +0.)F, F, 0 2F 2F : : Fy
(4i0, + 4ia (2):+ A, +0,)F, F, F 0 oF 11::2
' F;, F, F 0 Fz
: =Ll . : )
(2ik0, + 2ika(K) + A +0.)F, Ay R o BB 0w 26 2F 2w, || P
: 0 2F Fy
Fx.1 Fko Fxo - F Fy 0

To better illustrate the generation cascade, we have presented Eq. (4)
in the matrix form Eq. (5). The first summations in the system of
equations in Eq.(4) are created by rows in triangle matrices below di-
agonal and in sequencel =1,2,....k -1,k =2,..,K—1. By o(f) we denote
the order of magnitude of f with respect to the nonlinearity coefficient
(Mach number). Especially 0(q°) ~ 1, o(q*) ~ ¢*, o(g" + ...+ ¢ + ...+
g™) ~ q™"s, Because o(F;) ~ q° = 1 then nonlinear term in Egs.(4),(5)
of the lowest order with respect to g, determining evolution F is o(Fy) =
o(qF1F1) ~ q. Hence, based on the terms on the right side of the diagonal
in Eq.(5), or on the second sum in Eq.(4), we still have
0(F1) ~ 1+0(qF;F2) ~ 1 + 0(¢?). Then, the lowest-order “source” term
for F3 is o(F3) = o(qF2F;) ~ q%. Wherein, determined on this basis the
correction to the terms on the right-hand side of the diagonal in Eq. (5)
in the lowest row is o(qF;F3) ~ ¢>. Moreover, the initial evolution
(initialization) of the mode Fx (as well as the previous Fy, k = 2,3,...)
depends solely on all existing K—1 (k —1) and does not depend on Fx,
(Fx). Generally, denoting the first term by NL,EU and the second term with

NL,(f) on the right hand side of Eq.(4) and assuming that o(F;) = ¢'"!, we
get

k—1
o(NL") =0 (qz Fk,F,> ~ g O]

=1

K K—k K—k
I=k+1 =1 =1
~ gt
@]

It means o(Fx) = (¢"1)yn + (@€!)nye, which is consistent with the
assumption and the previous specific considerations. Thus o(NL,((Z)) =

qzo(NL,((l)). It should be stressed that from the analysis of orders Fy with
respect to q does not automatically result |Fj| >> |Fi| for 1 < k and
g << 1. This is shown, for example, by the numerical solutions of the
system Eq.(4), where for close [ and k we observe |Fj| > |Fi| rather than
the strong inequality and Fyx ~ F; for ¢ ~ 0.0001, and also Fy ~ 1 for
small k. However, we assume that q is small enough so that for the above
relations |F;| >> g|Fi|. The term NL,((2> is two orders of magnitude with

respect to g smaller than NLf(l) . From a formal point of view it could be
omitted in the system Eq.(4) (triangular matrix over the diagonal in Eq.
(5)). The first term is the source term for the equation on F; and does not
depend on Fy. If NL,(f) is omitted, all previous modes provide energy to Fy
but they do not change themselves. For example, F; generates F,
(without losing energy), further and similarly F; and F, generate F;
without losing energy. The change in the amplitude of the Fx mode due

to the loss of energy on the generation of the remaining modes is
described by NL,((Z). Thus, omitting NL,((Z) means breaking the law of en-
ergy conservation.

Summarizing Eq.(1) is a nonlinear equation of order q with respect to
the full perturbation P (vector F : = [.., F, ..]). Nonlinear “source” vector
NLO = [..,NL,((D, ...] with respect to the full disturbance F is of the same
order. The non-linear “source” vector NL? := [..,NLf), ...] is of the
order of > with respect to the full perturbation. That is, o(NL?®) = q-
o(NLM) and for components of the same order k o(NL{”') = g2o(NL{").
A schematic picture of the relationship between the orders of the non-
linear interaction vectors and between the components of these vec-
tors is shown in Fig. 1.

Equation (1) was derived from the general equations of the isotropic
medium, omitting the terms of the order g> with respect to the full
disturbance (of the q order with respect to the nonlinear term in Eq. (1)).
Formally, this means that NL® is out of the range of precision for which
Eq. (1) was derived and o(NL®) = q-0(qd,;P?). According to the above
considerations, the solution of the system Eq.(4) is presented in the form

Fi=e WG+ Dy) ®

where o(Dy) = q?0(Cx). Substituting Eq. (8) into Eq. (4) and dividing
by 2ik we get

1 1 k& ~ e
<az + ﬁAL + ﬂ@z) Cr= Core Z CiiCrest (C)]
=1
0. +LA +Lﬁ~. Dy :qﬁ gck lc*e*Zi(k.l)z+FZlDle ,e;"(",’)f
ikt T 2ik ¢ 2i \ & - B
(10)

where a,(k, 1) := a(k) —a(k — 1) —a(l), Re(a,) >0, dq(k,1) : = a(k+
) +a(l) —d(k)Re(dq) > 0. For the non dissipative media d,(k,l) = dq(k,
1) = 0. Examples @, and @, for classical absorption and some biological

L og") o)
d+—A+—0_|F (0 2
(z+ . 1+21. zz) 1 , / q3
. q q
H 2 4
={ |+ |re@

[az +i_Al+—1_6

k1 e
2ik ZJZJF" 71

Fig. 1. Relations between nonlinear “source” vectors extracted on the basis of
Eq. (5) and between components of these vectors (horizontal arrow).
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substances see Appendix A. On the basis of Eq.(9,10), it can be seen that
the dispersion modulates spatially, amplitude and phase non-linear in-
teractions. The influence of @, is stronger because it concerns the
equations Egs. (9) of lower order respect q.

The right side of Eq. (10) is of the order g*!. Terms of the order ¢**3
and higher are omitted. However, for [ > 2 the first sum in Eq.(10)
generates terms of the order gk+2!-!
C.1C; term should be kept.

In the case that there were o(Dx) = q-0(Cy)(not o(Dx) = q%-0(Cx))
and we limited ourselves only to determine Cy, we could talk only about
an asymptotically strict solution Cy—Fy, g—0,q # 0. Relation o(Dy) = ¢
0(Cy) is much stronger. Therefore, according to the above order analysis,
it can be concluded that the exact solution of the system Eq. (5) is also
one that is based only on C satisfying Eq. (9), it means F; tends to Cy
very quickly when g—0, g # 0. We will call the Cy coefficients the “core”
of the solution, while coefficients Dy “supplement”. Nevertheless, C;
should be considered an exception as it is a solution of a linear problem.
The harmonics are generated at a cost of the energy of the fundamental
component. It is therefore necessary to add an explicit form to the
description of the solution, at least D; so to get F; and a description of
the basic process of energy transfer from the fundamental mode to the
remaining ones. Next we present the solutions for Dy in particular, in the
explicit form for D; and Ds.

and as a consequence only the

2.2. The basic properties of Gaussian beams

The Lager polynomials of the order 0 (popular Gauss) are of the form

N k}’z o S
Wi(z,7) :@exp<—m>,g(z) =z0+i(z—2z) 11
= = e (2
G "( di(z)) () 42

where, zy := [¢(0)| = \/2Z + 22 is the normalization constant that
|¥(0,0)| =1,z is the Rayleigh length which characterize convergence-
divergence of the beam, 2, is the position of the maximum and the waist
of the beam Wk (2.,0) = 2n/20, ¢(2) is the Kogelnik parameter [30], d?(z) :
= l¢(2)]*2/20k = &2 |c(2)* /22, R(2) : = |¢(2)|*/ (2. — 2). The waist of the
beam is dox : = di(2.) = \/220/k = do/Vk, dy = /2%,. In dimensional
units dy, = d,/vk, d, = /22, /K,. Although 2, is the basic parameter,
we can set it for all k through task dy, which is intuitively more palpable

and it makes easier to make the beam similar to other types of beam. The
Gaussian beam satisfies the equation (wave diffusion)

1
<6—%2kAL>qQ470 13)

in hemi space z > 0, assuming a boundary value ¥ (0,r), |¥x(0,0)| =
1. For the same boundary conditions (Gaussian) the function

o 21

5z [ [ 0950

0 0

14)

where R := /2% + 12+ s2 — 2rscos(¢), is the Rayleigh-Sommerfeld
solution of the Helmholtz Eq.(15) for Dirichlet boundary conditions,
6+1A+10 v =0 (15)
2k T 2ik <) R T
It means that W,(z,1) # ¥/ (z,7) and ¥, don’t satisfy Eq.(15). How-
ever if kzp = (dok)®/2>1 then ¥x =~ W and Gaussian beams are very
good approximations of the solution of the Eq.(15) see Appendix B. For
k = 1, this condition occurs even for highly focused (converging -
diverging) beam. In non-normalized units, fork =1,k =K, , supposing
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d, = 27/K, we obtain z, =Kz, = (d,K,)’/2 = 21%>1. A large relative
phase error occurs in an area where the Gaussian beam amplitude is
negligibly small.

Even more so, under the described conditions, for k > 1 the
approximation of Eq.(13) of the Helmholtz operator is justified. Typi-
cally, replacing the Helmholtz operator Eq. (15) with the wave diffusion
operator Eq. (13) is called a paraxial or parabolic approximation. The
omission 0d,, averages the spatial distributions of the disturbance along
the axis z (ie “elimination” of the Fresnel zones between the boundary
condition surface and the far zone). Hence, for smooth boundary con-
ditions, in Helmholtz’s description, these zones are poorly manifested,
and in the case of Gaussian conditions not at all, and the approximation
describes well the convergent-divergent beams.

For classically absorbing media in approximation A = A |, from Egs.
(1), (4) we get the so-called KZK model [5,12,14]. Here we assume that,
1/kz, is a small parameter and z, = K,%, > 7 holds. We will use the
following properties of Gaussian beams

Vo =y, (16)
s(2)
( ) 272
PP, = = g(z)f.‘PkexP< - %>
% 2 ks(2)” + 220l )
= sexp| — rr A 2 a7
ls(x) ( 2l¢(z)?

3. Solutions
3.1. Solution for Cy

We search the solutions of the system Eq. (9) in the form
Ci(z,r) = Wi(2)¥i(z, r)Wi(z) = 1W,(0) = 0 18

After substituting Eq.(18) into Eq.(9), using of Eq.(16) we obtain

1

The solution of this equation is

[
g W (19)

W, = 2ik / 2K Wy Wi(2) = / Si(z)dz (20)
0 0
AW,
W, = Wy — /e,z,m,,_)aZ, Wed? = W, — é‘kk+"' 1)
L.
0

Due to the form of W; and S,, it is reasonable to assume that all

0y Wi = Si are slowly varying functions with respect to the quickly
varying exponential factor. Then we will show that |d,W/2k| ~
o(1/20)|Wix| or  [0Wi/2k| ~0(1/20)|0:Wk|. So  we  have
Wi = Wi +0(1/2) and

. k=l
_ —igzyk 2y (kD)7 dz _
W, = ) / E:] Wi We pE )k 2,3, ..., (22)

W, = _qij O/ (Zwk Wtk )a 1n(g(((;))))dz’ (23)

The system of integral equations Eq.(22), (23) is also a recursive
solution of the differential system formed from Eq.(9). Knowing the
previous W), [ < k allows to calculate W;. Equations Eq.(20), (21) are
exact solutions in the NAE model. For a medium with classical absorp-
tion, Eq.(22), (23) are strict solutions of the parabolic approximation of
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NAE, in particular of the KZK model. Below we present examples of
unraveling this recursion, that is, determining the W without referring
to the previous ones. Strictly speaking, we reduce functional recursion to
a series of recursively determined constants.

Eq.(23) suggests changing the measure from dz' to dw = din[-|, w =
In[¢(2)/¢(0)] . In the case of a medium that is lossless or has an absorption
coefficient a(k) = a1k, and Im(ag(k7 l))zp,<<7z, where 2, is the propa-
gation range along z axis. Eq.(23) takes the form

(24)

It is easy to see that the system Eq.(24) has a solution in the domain
of monomials with respect to w. Omitting details, substitution into Eq.
(24) expressions

W, = by(gzyw) ™ 1= 2,3, ...k, .. W, =1 (25)
shows that they are solutions of the system Egs. (23), (24) if
k=
by = WD ; byibiby =1 (26)

Where by, k=1,2,..., is an alternating sequence of numbers 1,
—-1/2,3/8,—1/3,125/384,... with initially decreasing and then for k >
5 increasing absolute values. For k—oo, |bx/bk-1| < 3/2. In fact, it is Eq.
(26) that is the basic element of the description of the nonlinear gen-
eration of harmonics (in the case of excitation with a continuous wave).

Wi(z) = bi-(gay-w(z)) 'k =1,2,3, ... 27)
D7 _ i
) =[] =1+ 5] @8

In Appendix C, the range of the applied approximations allowing the
omission of d,, Wy was determined. In order to solve the recursion of Eq.
(23) in the general case of the loss medium we proceed as above. We use
substitutions

Wi(z) = bi(gaxw(z)"™" (29)

where now El = El (2). From Eq. (23), we get a recursive solution on

bx

— & AR 4= SURNA W
bow(2) ‘:m / 9, (w(z)' ‘)(;bk,b,ew’”‘)dz (30)
0

Integrating by parts we get by in the form corresponding to Eq. (26),

PRI o A FoU /Z<W<Z’>)k*1a S B et
t 1D e = — o v—1by rdz
4k —1) & 4(k—1) ) w(z) ¢

(BD

b, (2) = by = 1. Now, dispersion has a significant influence on the
description of non-linear interactions and the generation of harmonics,
and by () is a sequence of complex functions with real boundary values.
For z = 0, the term on the right of Eq.(31) is zero, hence Bk(O) = by +
0-i. Further discussion of Eq. (31) is provided in the conclusions. For the
above-discussed case ag(k,l) = 0, Egs.(30), (31) change into Eq.(26).

The functions Cy(z,r) have the form,

Cilz. 1) = Wi(2)¥e(z.7) = (qaww(2) " bu(2) Wi(z, 1)

= (gw(2)6(2))" " be(2) Wi (20

= (q~zN~ln [%] )H -Zk(zy%exp( - %)k —1,2,3,.. (32)
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The Ci functions satisfy the required boundary conditions.

3.2. Solution for Dy

After substituting Eq.(32) into Eq.(10), we obtain a recursive system
of equations on Dy. In the wave diffusion equation approximation, the
solution is of the form Dy =D{ + D?, where D; = D§. The explicit parts
of Dy, are given below

o (gz)avk [ w(s) &4 20T N e au(kds
pp =tk / 3 (qan ()] Bran(s)B, (5)e 40 Gy (z,5,1)ds
0

le(s)*
(33)
P (-
Gulesr) = £(8)Zui(z,5) p<Zk,/(sz)> @9
6us) = (66) + 20/0).Z219) = £+ =) (35)

while D? is a solution of the following recursive system for zero
boundary conditions

1 D k&t (k)2

(dz +ﬁAL)Dk =a3; ;D,ckfles k=2,3,..K,.. (36)
k Y k=1 ~

DY(zr) = a5 / / Gi(z—5,7,p) > Dils,p)Cei(s, p)e*“Ppdpds  (37)
lo 0 =1
k ik ki

Gi(z,r,p) :== —exp (l— (P +p%) )Jo (L/)) (38)
iz 2z z

As one can easily see, sequentially for each k, the integration with
respect to p can be done based on equation 11.4.29 in [31]. From the
above, it follows that all Dy have a Gaussian transverse profile and are k-
fold integrals with respect to the coordinate z.

Since the dependence of Df on ris explicitly defined by Egs.(33),(34)
then the part of the integral Eq.(37) with respect to p can be calculated.
Particularly, the explicit form of DY is obtained. The result is shown in
Appendix D. Thus we have F, = C; + D= C; + D§ + Db.

The quantity D; = DS is important for the description of nonlinear
interactions because it determines the change in amplitude of the
fundamental component resulting from the generation and transfer of
energy to the harmonics. In general, the energy exchange between the
fundamental and the harmonics is proportional to the difference be-
tween the power intensity of the solution of a linear and a nonlinear

problem, i.e.
8l(z,r) = |Cif* = |Fi[* = = 2Re(C,Dy) — Dy} (39)

The importance of D; for the solution F; and the energy flow direc-
tion map (fundamental component « harmonics) are illustrated in the
next section. According to the remarks after Eq.(10), for consistency,
only the [ = 1 component should be preserved in Eq.(33).

3.3. Convergence of the solution

Based on the considerations in Chapter 2, we have
|F| = exp( — a(k)-z)|Cr + Dy|
< exp(—a(k)z)-(|Cx| + |Di|) (40)

= exp(— a(k)2)|C| +o(q?)

Mathematically rigorous demonstration that |Fi| < |Cy| if possible is
very difficult or tedious. From the considerations in Chapter 2, the
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“supplement” Dy, o(Dx) = q?-0(Cy) describes the transfer of energy from
Fi to the others, especially the newly generated ones. So, based on
physical considerations it should be |F| < |Cy|. Also, the results of nu-
merical calculations, presented below, confirm this inequality. That is,
the terms of the series Eq. (3) are majorized by |Cy|exp( —a(k)-z) and the
convergence of the series Eq.(3) is characterized by the quotient ¢ of the
sequence Cy-exp(—a(k)-z) in Eq.(8) for k—oo

’ Zkexp( —a(k)-z)
’quexP( —a(k—1)-z)

e(2) = g-an-w(2)| (41)

For &(2) < 1, (k—) the series Eq.(3) converges to a regular func-
tion. At points z where & (z) > 1, the solution on P“blows up” that is, it
takes a distributional character. The form & based only on Cy is
particularly simple and overtly shows the factors that determine the
nature of convergence of a strict series based on Fy. Defining &f :=
|Fis1/Fi| with overtly typed Dy does not mean that we obtain an
expression that is more quantitatively accurate or that brings new
qualities to the analysis. Rather, we obtain an expression that is not clear
with large sizes. It can be shown that ] = &¢(1+ 0(¢?)). The core Ci of
the solution is therefore the carrier of the analytical properties of solu-
tion Fy.

4. Numerical calculations and solutions comparison.

In the following, we present the numerical solutions of Egs.(1),(4),
(5) and compare them with the obtained analytical solution. The nu-
merical algorithm to solve the above equations is based on the full
Helmholtz operator [1,28,29]. We recall that the analytical solution on
Fy of the form Eq.(8), Eq.(32) was obtained by approximating the
Helmholtz operator in Egs.(4,5,9,10) with the wave diffusion operator
Eq.(13) (quasi parabolic).

A medium with material parameters similar to water, speed of sound
¢, =1500 m/s, density g, =1000 kg/m® nonlinearity parame-
tery -1 = B/A = 5, absorption parameter a, = 2.8-10* Np/m was
assumed. Based on the data in Appendix A, dispersions of the speed of
sound were omitted. The following boundary conditions corresponding
to a Gaussian beam Eq.(12) were used for k = 1, z, = 80 mm, z, = 12.47
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Fig. 3. Harmonic’s generation. Solutions of Eq.(31) describing harmonic gen-
eration in the case of classical absorption. Subsequent numbers (1)...(8) denote

the moduli of the functions Ek(z), by = Ek(O), k=1,...,8, of the solution in the
case of either an ideal medium or one with absorption linearly dependent
on frequency.

mm which gives a beam width at the boundary d; (0) = 9.147 mm and
at the waist d, (z,) = 1.41 mm, z), = |¢ (0)] = 80.97 mm. The excitation
frequency was equal to ' /27 = Q,/27 = 3 MHz, K, = 12.57 1/mm.
2.01-10%, 2z = K,2,=1005.31, 2 =
Ky2,=156.7, zy =2zyK,, = 1017. Calculations were performed for two
cases of boundary pressures P, = 0.18 MPa and P, = 0.20067 MPa,
corresponding to g = 2.8-10* and ¢ = 3.122-10"*, and in a limited range
for Py = 0.22 MPa, q = 3.422:10.

The plots of the function w(z) := Injg(2)/s(0)] and for example w2,
w°, w'0 are shown in Fig. 2

After normalization ap =

It should be noted that all by (2)-exp(—a(k)z) are decreasing. It can be

seen that with increasing z the index of the minimal function b/ in the

3 T T T T T T T
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Fig. 2. Harmonic’s generation. Example solution factors of Eq.(19) forming the harmonic form of Eqs.(29,30,31,32) along the z axis w(z) = In(¢(2)/¢(0))
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Fig. 4. Convergence conditions. Convergence of series Eq.(32) and convergence characteristics of series Eq.(3). (a) - Dependence of the series quotient on pressure
and coordinate. (b) - Stabilization of the quotient of the series ¢ for increasing wave number k as a function of pressure and at a distance for which the limit of

classical convergence ¢ = 1 occurs.
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Fig. 5. Fourier spectra Cy in focus z, and in maximum of the function e(z),_g,(Fig. 4.a.), for pressure (a) -P, = 0.18 MPa and (b) -P, = 0.20067 MPa. On axis,

normalized amplitudes versus normalized frequencies.
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Fig. 6. Spatial distributions (axial z- radial r) of numerically calculated of the
fundamental and the harmonics components of the Gaussian beam for the
pressure P, = 0.20067 MPa.

set Ek, decreases. In the range z in Fig. 3, from k = 5 to k = 3.
Plots of the function &(z) = e (2) = €(2z),_50 Eq.(41) for the

applied pressures are shown in Fig. 4.a. The approximation follows from
the number of by (2) calculated and the numerically observed rapidly
decreasing changes in &(z), for k > 30 Fig. 4.b. Of course, such ap-
proximations are reasonable if the last factor in Eq.(41) is bounded for
k—oo.

As can be seen in Fig. 5.(b) in the limit of classical convergence, the
Fourier spectrum does not go to zero. For this case Fig. 6 showes the
spatial distribution of the first few Fourier components of pressure.

A comparison of axial and radial distributions of Fourier coefficients
of the analytical and numerical solution is shown in Fig. 7. and Fig. 8, for
pressures P, = 0.18 MPa and P, = 0.20067 MPa.

We take the numerically obtained solution F; as reference. We find
from Fig. 7,8. that the supplement D; = D¢ of Eq.(33) leads to an
analytical solution F; = C; +D§ consistent with the numerical one. This
confirms the correctness of Eq.(33). For k > 2 in the range z to ~ 2, D,f
although not a complete addition to the solution improves it bringing
F = Cx +D,f closer to the numerical Fig. 7,8. For P'0 =0.18 MPa k >3
and z > 0.1 m considering only DS even worsens the solution relative to
the “core”Cy. This is all the more evident for P/0 = 0.20067 MPa.

The comparison of pressure time profiles on the propagation axis at
different distances from the source at z = 0, for pressures P6 =0.18 MPa,
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Fig. 7. Comparison on-axis Fourier components of the normalized pressure distributions without correction (a) and with correction (b), for boundary pressures P, =
0.18 MPa on the top figer and P, = 0.20067 MPa on the down. The boundary values for z = 0 corresponds to 1

and P, = 0.20067 MPa is shown in the Fig. 9. and Fig. 10.

In Fig. 9, we observe very good agreement between the analytical
and numerical results, even though &s0 = 0.9 and no D applications.

The Fig. 10. corresponds to the situation where the limit of classical
convergence ¢s9 = 1 is reached. We observe a very good agreement of
the wave profiles in the range z < 2,. In the z € (90,100)mm range s is
very close to or equal to 1 what is marked by characteristic peaks visible
on the wave profiles. The solution not including D?, significantly de-
viates from the numerical one in terms of the mapping of the rising edge.
These edges are formed by the high frequency components of the
spectrum. Although the occurrence of Blow up in Fig. 10 for the
analytical solution is due to omission of D?, this effect is present in
numerical solutions and is observed experimentally, however, for higher
pressures. Fourier spectra of such time profiles are of the type presented
in Fig. 5.b. down.

The sign map of Eq.(39) is shown in the Fig. 11. Although it is not
visualized, the intense energy transfer to the harmonics takes place in a
narrow region along the propagation axis and in the focal area.

5. Conclusions and discussion

A exact solution of the parabolic approximation of NAE equation for
any dispersive (dissipative) medium was determined. The approxima-
tions used were justified. In particular, for classical absorption it is a
exact solution of the KZK equation. Gaussian boundary conditions and
time excitation of the medium with a sinusoidal continuous wave form
were assumed.

The solution has the form of a Fourier series Eq.(3) with coefficients
Fr = exp(—a(k)z) -(Cx + Dx) Eq.(8). Where the dominant “core” of the
solution, the components of C, has been determined in explicit form. It
was shown that for the “supplement” Dy of the solution gives o(Dy) =
q%-0(Cy). That is, the properties of the “supplement” Dy (e.g., amplitude)
decay g times faster than the core C; when q—0. As stated at the end of

chapter 2.1, Fy tends to Ci very quickly when g¢—0, g # 0. Formally, the
forms of Dy = DS +D? including “explicitly” all D{ have been deter-
mined (by which we mean that the integral with respect to p in the
formal solutions has been calculated). In the important case k = 1 this
gives D; = DY, D? =0. On this basis, the energy flow between the
fundamental and harmonic components is described - see Eq.(39) and
Fig. 11. Until now, this effect could only be analyzed numerically. It has
also been explicitly determined D5 that is D, = DS + D). However we
obtained factorization for DY we did not use it to demonstrate the effect
on the solution. It does not have the same important descriptive and
quantitative meaning as D (or D$).

As shown by the relation between ef and ¢ in section 3.3, and also
due to the asymptoptic properties of the solution (F=C for g—0, g # 0)
the analytic and essential properties of the presented solution Fy are
concentrated in the “core” C and in D; = D§ describing the total energy
transfer from F; to the remainder and the marginal off-axis energy re-
turn transfer as seen in Fig. 11.

Of course, if we are interested in a more precise description of the
energy exchange between F; and the others (not only the explicitly
available description DY) then a recursive complement D? for k > 2 Eq.
(37), Eq.(D1) is necessary. In principle, however, a deeper analysis of
DPk > 2, due to the high complexity of Eq.(D1), requires a separate work
with a large numerical contribution. Moreover, the visualization of the
influence DS on the solution was intended to check the correctness of the
derivation of these complex analytical formulas since only in the small
range k the numerical solution can be considered as a reference. If for
k =1 no consistency was obtained it means that an error was made for
all k.

From the numerical calculation and also from the effect of the
correction on the total sum it follows that |Fi(2,0)| < |Ck(2,0)| and the
convergence characteristic determined on the basis of the series Ci also
applies to the full solution of Fi(z,0).

In the compared numerical and analytical solutions, we applied
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Fig. 8. Comparison radial Fourier components of the normalized pressure distributions in the focal plane z = z, = 80 mm, without correction (a) and with
correction (b), for boundary pressures P, = 0.18 MPa on a top figures and P, = 0.20067 MPa on the down. The boundary values for z = 0 corresponds to 1.
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Fig. 9. On-axis Waveforms for boundary pressure P, = 0.18 MPa (=1 in normalized units). Analytical solutions - continuous lines, numerical solutions - dashed lines.

pressures that give large or borderline values of the classically under-
stood convergence condition of the solving series Eq.(41). The analysis
of the spectrum in Fig. 5.b (down) and the time profiles in Fig. 10 (the

borderline case of classical convergence) suggests that the solution in
the spatial regions where ¢;_, > 1 can be represented as a sum of the
regular functions and distribution. The obtained results show that, due

10
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Fig. 10. On-axis waveforms for boundary pressure P;) = 0.20067 MPa (=1 in normalized units).
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Fig. 11. Map of energy exchange between the fundamental component F;
(initiating) and harmonics. Green - area of energy transfer to harmonics; deep
blue - from harmonics to fundamental component.

to the relations between the orders of Cy and Dy, even the complete
omission of Dy leads to a stronger solution than the asymptotically
analytical one. That is C=F for g—0,q # 0 (instead of C—F).

Equation (31) (recursive solution) describing the generation of new
harmonics from existing ones, reveals a new surprising aspect of the
influence of dispersion. We can speak of external absorption finally
suppressing the beam (real part of the exponential factor in Eq.(8)) and
internal absorption expressed by the coefficient a,(k,l) = Re(dg(k,1)),
enhancing the harmonic generations by amplifying the coefficients

bi (2). According to the results of work [11], an increase in the number of
harmonics increases the dissipation of the acoustic field energy.
Dispersion, in addition to influencing the harmonic generation level it-
self, incorporates, through w(z) functions, the geometric parameters of
the beam 2, and z, into the description. In the case of linear frequency-
dependent absorption, characteristic or similar to the absorption of a
number of organic substances, intrinsic absorption does not occur ag(k,
I) = O(as in a lossless medium). However, there is a spatial modulation
of the phase of the components describing nonlinear interactions in Eq.
(3D.

It is interesting that Ek (2) Egs.(26),(31) have a minimum with respect
to the index (wave number), which with increasing z shifts towards

11

Analytical solutions - continuous lines, numerical solutions -

smaller k. Note that Egs.(26),(30), (31) are invariant due to trans-

formations by (z) = I)Jk(z)fk, ¢ # 0+i0 is a complex constant.

The transverse sizes of the harmonic beams are given by do : =
di(z.) = dy/Vk, which follows from the property of Gaussian beams.
Nevertheless, the property of dy := di(2.) ~ 1/Vk for other types of
beams seems to be preserved, which is confirmed by the results of nu-
merical harmonic calculations.

In the case of impulsive boundary conditions, the form of the solution
and the procedure for its factorization are identical to those presented
above. However, the sense of the indices in Eq.(3) change, since the
boundary spectrum is composite due to the limited duration and the
relationship between pulse duration and repetition time. The harmonic
bars are similarly complex. The index corresponds to the pulse repetition
frequency () /27). The carrier frequency (envelope filling) corresponds
to some index k = k. (pulsation . = k.w; in not normalized units). The
time spectrum of the excitation and the initiating pulse is centered
around k.. The harmonic bars are clustered around k =k, : = m-k., m =
1,2,3, ..., although these are not necessarily local maxima of the spec-
trum see [11] (overtone generation).
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Appendix A

In the following formulas, we can either assume that the dependent and independent variables are dimensional or, for ¢y = 1, assume that they are
normalized as shown in Chapter 2.
For a Maxwell medium that remembers viscous stresses, we have

t

ap =1 / e O AP(x, ()i Alx, 1) := - eV AS(x). A1)
2cot, Colr

—

For t,—0, (1/t;)exp(—t/t;)—>4(t) . By calculating the generalized Fourier transform Eq.(A.1)

n_ g
F’“[A] :at;-z (g, w) = a . ia\)[ (A2)

The dispersion equation for the D’Alambert wave equation with dispersion has the form

~2

L GO
F-= {uiz“’i } =0 (A3)
Cy @

Its solution ¢(&)> for @ of the form Eq.(A.2) is

~2

(@) = % e izcoaz-%/(l o) '7/C8 (A4
Thus
00"
(@) =a"(¢(v), ®) = m (A.5)
and

(1 +iw(2cm +1,))

a(w
(@) 1+ @*(2cor + fr)z

(A.6)

Based on Eq.(A.1) for t, = 0 operator A**—A* = —(57/co)A is local in space and corresponds to the Navier-Stokes model with hybrid kinematic
viscosity #, (accounting for thermal conductivity) and thermo viscous stress cocA* = —nA. While the operator At corresponding to @” is not local in
time. However, the nonlocality and full dispersion associated with the h(w) coefficient is of order a? and can almost always be neglected. This justifies
(for t, = 0) the commonly used model of classical absorption A! : = a»d,; + 0(a?), which is in fact not analytically correct. For the expressions defined
below Eq.(10), in normalized units ¢, = 1, w—k, I, we obtain from Eq.(A.6), @, : = a, + ih,, dq := aq +ihy where: ay(k,1) = ax2l(k — 1), hy(k,1) =
6a2kl(k — 1), hy/a, = 3ask, ag(k,l) =ay2l(k+ 1), ha(k,1) =2a2l(3k? + 3kl+ 1), ha/aq ~ 3azk, | < k. For water ay = 2.5-10'*Np/(m-Hz?) 2¢coa, ~ 7.5
10719 5. In normalized units and for Q, /27 = 3MHz a, =1.79-10°5. Thus, in the band up to 100 MHz (k = = 35) hya)/ae = 3ask< 5.4-102 and the
amplitude modulation effects of nonlinear interactions far outweigh those of phase modulation. On this basis, the calculations for water omit h, and hy.

For many organic (biological) media, the following interpolation of the absorption coefficient is assumed from measured data a(w) = a1 |w|, € [0,
o). We will determine the full dispersion using the method of analytical extensions (see [32]). We have |o| = w-sig(w) = o(—H(-w) + H(w)), H(-) is

the Heaviside distribution. Based on [32] H(®) = —(1/27i)In(—®) and H(®) = (1/2i)In(&) are analytic extensions of H(w) and H( —w) respectively.
Thus analytical form of a(w) = a1 || is

@’ (@) = —a(®/271)(In(®) + In( — @)) (A.6)
The real and imaginary part of the dispersion coefficient is obtained by determining the jump of the dispersion function on the real axis (see [32]),
a(w) = l;’ng(ﬁ‘”(w +ie) —d(w — ie)) = a1 |o| (A7)
h(w) = ling(a‘”(w +ie) + d(w — ie)) = (2a, /m)win(|w|) (A.8)
In the works [11,26] it was shown that the absorption operator in spatial coordinates, (corresponding to a‘(¢)) has the form A* =
(al/ﬂ)V~[<x/\x|4>§...].
Analogously to classical absorption we have a, = 0+ ih,, where taking into account Eq.(A.7) and Eq.(A.8) hg(k, 1) =
a (2/ﬂ)ln[(k/k —Dk-(k - l/l)l] < a1(2/7)kIn(2), dq(k,l) =2ml+ i2a; /7)in [(k + l)k”ll/k"], hg < (2a1/7)-(2k — 1)In(2k — 1), 1 <1< k. For blood

1 = 5-107% Np/(m-Hz). In normalized variables a; =~ 1.2-1073.

Finally, note that dispersion is a linear phenomenon. However, it occurs under non-linear propagation conditions and one should speak rather
about quasi-dispersion. Solutions of the quasi-dispersion equations corresponding to NAE are of the form ¢ = ¢(®) +o(q) [11,26]. So if the dispersion is
not a given function of only frequencies, then an attempt to go to such a description in the indicated manner may require the omission of non-linear
terms. However, please note that it may be o(a) ~ o(q) .

Appendix B

For finite radius r, of circular area integration (cut beam) and for on the axial distributions r = 0 the Eq.(14) takes the form

W (z) == Wi (2) — ¥ (2)

12
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©

> / / exp ) !deR (B.1)

where 2, = 2,(2) : = r2 Integrating by parts we obtain for the first integral in Eq.(B.1)
W) e (1 * ( o ) ) /"’ <7kR2 . .kR) " 52
z) = — = — ——exp — ikz exp| =——+1i .
¢ 5(0) ¢(0) " \2¢(0) / 2¢(0)

|y zk 2g7(mexp(—kg(z)2>

co| <oV & 2¢(0)

N —ikz
= - ik

5(0)

/ exp(— &)dé | d¢
—in/k/5(0)¢(2)

(ko (ke@ ok
‘g()(l Voo )V f( \/g<o>g(2)>>

Similarly for ¥} ()

Wiz = 2 (iexp (M)

$(0) \z 26(0)

k —k¢(z)° |k
20" ( 2¢(0) )ﬁ'erk(_l T(O)g@)» (B.3)

For finite ry = 1, := di(0) = [¢(0)|\/2/20k the Eq.(B.1) represents realistic on axis field distribution generated by source radius r;, appodized by
parabolic phase lens with focal length R(0). With growth of r,, the function W} (z) quickly disappears and for r, > 2r,, ¥; (z) = 0. Using asymptotical
expansion [31]

A (21— 1)!
erfe( — i€) = 7z p(&) y (1 + ;—52,2,(17 1)!> (8.4
we obtain for |£[*>1
HeN _wl(y _ SN (0) _ (0)
W@ =W =25 (1+ k@’ <) =40 (1 e ) ®5)
my . ANZ X k(g(zg)z - g(z)z) 5(0)
O = ) () (1 k() <) ®-©)

It follows from Eq.(B.5) that the difference and relative difference (on the axis) between the solutions of the Helmholtz and “wave diffusion”
equations of Eq.(13) have estimation

¥ (2) — Wu(2)] < 57 W, (2)| B.7)
W (o) —W(3)| _ [c0)¥a) | _ 1
¥ (2) = ¢(0)|k¢(z) = kzo “P"( )| (B.8)

for every z. The maximum of the deviation of ¥ (z,0) from W} (z,0) is reached at z = z, and quickly goes to zero for z—0 and z—co.
Appendix C

Based on the relation |d, Wy /2k| ~ o(1/20)|Wk| we request that 2o-|0, Wi /2k| < |Wg|. Hence, based on Eq.(28) we have

=l |

It is easy to see that for sufficiently small z this inequality will not be satisfied. Using the expansion of the logarithm with respect to iz/¢(0) we have
(for sure) for z/zy = 2/|c(0)] < 1

z iz
—=< |ln|1 +—:| ‘ (C.2)
VB +2 { 5(0)
Hence, if
(k— 1)z

(C.3)
2k\/73 + (2 — z) \/ZO ta

then all the more Eq.(C.1). Assuming the equality in Eq.(C.3), we obtain an equation that allows us to determine the limiting value of z, for which it

13
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is satisfied. This equation can be strictly solved, however, it misses the point. It can be seen that inequality (C.3) is satisfied for z = 2z,. Thus we
consider small values of z compared to zy. For 0 < z < 2, the left-hand side of Eq.(C.3) is almost constant compared to the right-hand side. By
substituting z = 0 into the left-hand side of Eq.(C.3) we obtain, as a first and very good approximation

(k—1)zo _ 20

=z =< .
=2 % =5 ((ex))]

The inequality (C.3) is thus satisfied for 2, < 2. Accordingly, for the second derivative of zy-|0,, Wi /2k| < |0,Wi| we obtain
((k—2) — In(1 +iz/¢(0)))zo ‘ { iz }

<|ln|1+—

‘ 2kg(2) 5(0)

For k = 2, the inequality Eq.(C.5) is satisfied for each z > 0. For k > 3 we obtain the problem which was solved above for the first derivative.
We can calculate the integral in Eq.(21) analytically for the above-used expansion of the logarithm power with respect to iz/¢(0). Leaving aside the
details we obtain a very good estimation

(C.5)

/e*’“ )9, W,d7 < S ‘Wk k>2 (C.6)

Hence if 2, is a large parameter (however if zy<zy = |¢(0)|) then for z > 2,/2 the integral in Eq.(21) can be neglected and W, = Wj + o(1/zo).
According to the introduced normalizations, z, := Kz, is the number of wavelengths of the fundamental disturbance (k = 1) k = 1 with pulsation
Q, = c,K, on the section z, multiplied by 2z. It should be noted, however, that the restrictions on the magnitude of the second derivative of the
function W; are not significant because in the region 0 < z < z,/2 in which they are not satisfied, for k > 2,W; ~ (z/ z,\,)k’1 are close to zero and do not

differ much from each other see Fig. 2. .

Appendix D

After substituting D; = D +-D? into Eq.(37) and calculating the integral with respect to p of the expression containing Df, we obtain

P % k=1
D?(z,r) =45 //Gk(zfs, rp Z (5,0)Cii(s,p)e s kD *pdpds (D.1)
=1

0 0

4i z—s

z exp | 55— ) s ,
7(qZN)k+l/ P(gs kzl‘ 1B(s k,]/w(s).
=1 0

0

K-1 . e , , ,
(gzwIw(s) )" Vbiem(s)b,, (s Ve ™ Gyy(z, s, r)ds ds

m=1

szm(Z, 5,8,1) =k /Gk — 5,7, 0) (8, p) G (s, 5, p)pdp (D.2)
0

~ , w le(sHP k? ( —k*r? )
Giim(2, 8,8 ,1) = —= 7 7 €X] (D.3)

il ) 6(5) Zim(5.5)Em(8) 20z 5,5V T \A(z — 5)°k(z,5,5)’

ro k k—1 ik
A = _— _ D.

K(z,5,5) (ZW(M,) t2ee) 2=y (D.4)

Since, D?(s, p) = 0 then for k = 2, the first integral in Eq.(D.1) is equal to zero and we obtain the factorization D, = DS +D5 where D5 depends on
two integrals. Of course, writing out the explicit forms of Eq.(D.1) for k > 2 makes no sense due to the rapidly increasing size of the expressions.
Moreover, explicitly o(DP) = g<*1.
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