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A B S T R A C T

An experimental and modelling study of the properties of a prototype layered beam with a
core made of a non-Newtonian sand mixture is presented. The non-typical dilatant sand was
covered with an elastic envelope that restricted its movement, which allowed us to pressurise
the grains by evacuating the air from within the cover. By applying controlled underpressure,
the compressed sand grains become jammed, which resulted in an increased stiffness and
damping. This gives the possibility to attenuate vibrations of a cantilever in an adaptive
manner. The experiment was performed for free vibrations and prescribed sinusoidal base
motion, to demonstrate the possibility of tuning material parameters in a vast range. The
experimental amplitude, frequency and damping capacity of the kinetic sand are discussed.
An analytical model is proposed to verify how many parameters are necessary to describe
the material behaviour. Based on the experimental results, a parameter identification of a
custom rheological model is performed and practical simplifications reducing complexity of the
problem are elaborated. The performed parameter identification is indispensable for the further
development of potential control strategies for effective vibration abatement of dynamic systems
using such types of alternative smart materials.

. Introduction

Many different types of smart materials (e.g., piezoelectrics, magnetorheological or electrorheological fluids or elastomers) are
eing researched as possible solutions in semi-active vibration reduction systems. Although they are rarely categorised as ‘‘smart’’,
he bulk granular materials that we consider in this paper appear to be another promising solution for reducing unwanted vibrations
hanks to their non-typical dissipating properties. Usually, it is not possible to adjust the dissipation of bulk material because it is
sed passively by placing granules in a container attached to a vibrating system or fitting them into structural voids [1–3].

Although cost effective and robust, the impact damper’s parameters cannot be adjusted once it is setup. Consequently, the passive
ttenuation becomes ineffective when dynamics or disturbances vary with time. The granules in a typical particle impactor are free
o move and collide, similar to a gas-like state. In contrast, the solution that we describe in this paper explores the properties of a
ranular media in a quasi-solid phase, which is also described as a jammed state.

A prototype beam with a dissipating core with jammed spherical granules was previously introduced in [4], along with a
implified study of the system’s parameters. It was mentioned in this study that the issue of modelling the structure is open for
evelopment, taking into consideration additional parameters to allow us to describe the properties of bulk material globally. The
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present work, describes this development by taking advantage of improved beam construction, including a modified concept of the
adaptive damping core, unique material selection and complex parameter identification.

Instead of simply using plastic spherical granules, a non-Newtonian sand suspension was used to fill the core of a prototype
andwich beam. Moreover, the sand was covered with a special elastic envelope to confine the movement of the sand grains,
reventing spilling and allowing us to pressurise the core by evacuating the air from the envelope. Unlike a typical granular
mpactor, in our setup the sand grains remain in constant contact thanks to the envelope. Thus, the non-conservative interactions
mong the jammed particles can be weakened or intensified, depending on the level of material compression, which can be adjusted
neumatically. A study based on experiments concerning free and forced vibrations is performed for different underpressure values.

This paper aims to study the damping effectiveness of special sand by obtaining a set of parameters to allow us to model the
eam system. In the first stage, a mathematical model of a layered beam with a smart core was created and the parameters affecting
ts dynamics were investigated. Elaborating the simplified model that exhibits properties of a more complex reference sandwich
eam model enabled us to determine the rheological type of structural behaviour. However, the identification is difficult because
ilatant sand exhibits properties that differ significantly from the properties of continuous Newtonian materials and depend on
nderpressure. The scale of the task is therefore growing and simplification is necessary. A rheological elastic with the hardening-
iscoplastic model was considered to find the minimum number of parameters to describe the system with a satisfying accuracy.
dditional identification revealed that in the case of a 12-parameter model, some of the parameters become equal to zero and may
e removed, while other may be assumed to be constant. For practical reasons, the simplified rheological model using a set of nine
urrogate parameters is sufficient to adequately represent the dynamics of a sandwich beam with pressurised kinetic sand used as
damping material. Moreover, the number of pressure-dependent variables can be significantly reduced, which is promising for

urther optimisation studies because the computational cost may be significantly decreased.

. Adjustable granular damping

Typically, passive impact dampers are designed as artificial containers with granules colliding inside an enclosure that is attached
o the main vibrating system [5–7]. When the granules vibrate, the energy is dissipated due to complex, non-conservative interactions
ombining friction, slips, exchange of momentum, particle reorientation, local deformations, and so on [8–10]. A complete survey
roviding an overview of various mechanisms accompanying granular dissipation in different types of impact dampers is presented
n [11].

Implementing the concept of semi-active damping requires the possibility of mechanically alternating the material’s parameters
ccording to some control signal. Magnetorheological and electrorheological fluids or elastomers achieve this by modifying a
agnetic field [12,13], piezoelectrics use electric signals [14], while shape-memory alloys undergo thermal and mechanical

ontrol [15]. In contrast, granular dampers usually lack the possibility of semi-active control because they operate in a passive
egime.

To overcome this issue, a container filled with bulk granules can be designed in such a way to allow the ensemble to be
ompressed [16]. The concept of a container with adjustable geometry has been explored in [17], where granules were placed inside
rigid cylinder and a special o-ring allowed the pre-compression to be adjusted. In [18], the granule-filled container geometry was
orphed using a shape-memory alloy. In [19], soft encapsulation was used to increase the rigidity of a granular ensemble to make
flexible endoscope guide with controllable rigidity, while in [20] it was used to make a soft robotic gripper. In [21], a soft sleeve

illed with granules was used to cover a steel beam. Pneumatic systems were recently used to maintain pressure on the boundaries
f the cellular damping structure in [22].

A confining pressure preserves the particle arrangement and enhances the rigidity of an externally bounded granular structure.
herefore, it influences the level of energy dissipation, depending primarily on the phase of granular matter. The granular structure
onsidered in this paper exploits reversible phase transition, from fluid-like to semi-solid state. This change of state is called the
amming transition. The driving mechanism causing dissipation in the jammed state is complex. The influence of friction and slips
mong particles, and between the particles and the envelope was covered in [23,24]. Particle intrusion and local deformations
ere discussed in [25], while particle hopping was discussed in [26]. Although the non-trivial properties of granular materials in

he jammed state has been the subject of many studies, very few papers have described solutions exploring this phenomenon for
ffective vibration damping.

Our approach to modelling the non-typical sand mixture is far from the advanced modelling of sand/soil systems considered
n geomechanics. In [27] authors proposed an equivalent linear method of analysis with a set of frequency-dependent moduli
nd damping of inelastic soil. In [28] a generalised three-dimensional nonlinear viscoelastic model for sand system under seismic
xcitation was employed. Groholski et al. proposed a general quadratic model with nonlinear behaviour controlled by a shear
train-dependent curve-fitting function [29]. In [30] authors developed a modified Bouc–Wen (B–W) model to capture the cyclic
tress–strain hysteresis soil. However, identifying a large number of parameters of the B–W model is problematic. In [31] authors
uccessfully used particle swarm optimisation to identify parameters describing the asymmetric hysteresis of the B–W of sand. In [32]
genetic algorithm was used for the identification of a granular system. Our research aimed at finding a model that could represent

he behaviour of the sand/envelope/cantilever system globally. Such a model could be adapted to design an adaptive control system
2

ince fewer parameters promote robust control.
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Fig. 1. Mixture of a 98% of fine sand and 2% coating called kinetic sand.

Fig. 2. Design of the layered beam with a sand-filled core subjected to underpressure.

3. Materials, methods and experimental setup

3.1. Layered beam construction

The granular material examined in this article was a suspension of 98% fine natural sand coated with a thick layer of active
linear silicone polymer. The remaining 2% of non-toxic polydimethylsiloxane dimethicone 500 was used as a polymer. The coating
was viscous and hydrophobic, which helped the sand grains to agglomerate and stuck together. The density of the sand suspension
was 1525 kg/m3. The unique properties of this non-Newtonian suspension allowed it to be easily shaped and made it easy to be
moulded without making a mess because the grains stuck together (Fig. 1). Experiments were conducted at an ambient temperature
of 20–22 ◦C and relative humidity of 40%–45%. In contrast to standard sand, the hydrophobic silicone coating made the mixture
repel moisture, so the influence of humidity on the results was marginal. Over a longer time, or if disturbed, volumes formed of
such sand will collapse. A similarly composed mixture is available as an educational toy, known as kinetic sand.

The sandwich structure proposed in this paper was based on the idea of placing the dilatant sand grains in a thin, airtight, elastic
envelope that merged two beams. The considered sandwich cantilever consisted of two, 690 mm long, parallel aluminium strips
with a Young’s modulus 𝐸 = 69 GPa. The rectangular cross-section of a single strip was 25 × 2 mm and the strips were separated by
15 mm. A 0.8 mm thin layer of PVC foil was used as an envelope covering the space between the strips and preventing the sand
composition from spilling. The total weight of the sandwich beam with a filled core was 0.610 kg. Two pressure connectors were
sealed along the envelope. To ensure uniform underpressure distribution inside the envelope, a hollow, perforated elastic tube was
placed inside the core and attached to the connectors. The design of the specimen and principle of operation are presented in Fig. 2.

3.2. Laboratory stand

The experimental test stand consisted of a massive clamp, fixed to the sandwich cantilever in a horizontal orientation. A steel
spacer separating the outer face layers was placed in the fixture section, to ensure a uniform distribution of the clamping pressure.
Three laser sensors with dedicated amplifiers (type ZS-LD and ZX2-LD by Omron and type Microtrak II by MTI Instruments) were
used to measure transverse displacement at the beam’s tip, and then at 2/3 and 1/3 of the total length 𝑙. The recorded displacement
3



Mechanical Systems and Signal Processing 184 (2023) 109680J.M. Bajkowski et al.
Fig. 3. Scheme of the experimental stand for the free vibration test.

Fig. 4. Photo of the experimental stand used during forced vibration tests.

signals were named A, B and C, respectively. Each of the sensors had different operating parameters but the measurement resolution
was not less than 20 μm at a 1 kHz sampling frequency, which was far beyond the required parameters. A vacuum pump was
connected to a solenoid valve, while an Omron E8CC digital underpressure sensor monitored the vacuum level. Maintaining a leak-
proof and robust pressure control system was essential because underpressure directly influences performance. A 16-bit National
Instruments 6210 data acquisition card was used to acquire the results. Two different experimental configurations were setup because
separate experiments for free and forced vibrations were conducted.

In the free vibrations test (Fig. 3), the cantilever was fixed horizontally and a wire was attached to the tip to deflect it initially.
Underpressure was set individually before deflecting the beam at a selected level, ranging from 0 to 0.08 MPa. When the wire was
released, the free response of the beam was recorded.

In a forced vibrations test setup (Fig. 4), the horizontal beam fixing is allowed to move transversely up and down, along the
vertical axis. An electric motor with a gear and linear guide allowed the manual setting of different excitation frequencies, ranging
up to 11 Hz. The peak-to-peak displacement of the fixture was 10 mm due to the mechanical construction of the gear and guide.
Laser sensors were used to record the amplitude for different values of underpressure.

4. Experimental results

4.1. Free vibration

The experimental results of the free vibrations were recorded for different initial deflections (15, 30, 45, 60 and 90 mm) and
different underpressure values (0, 0.005, 0.02, 0.04, 0.06 and 0.08 MPa). The combined results of the beam’s tip displacement, for
4
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Fig. 5. Displacement of the beam’s tip, recorded for different initial excitation and underpressure: (a) collection of results and (b) results for initial deflection
of 45 mm.

different initial deflections, are depicted in Fig. 5a. For each series of initial deflections, the top and bottom contour lines of the area
represent the response for maximum underpressure (0.08 MPa) and no underpressure (0 MPa), respectively. The remaining lines
represent amplitudes over time, for the remaining values of underpressure. Fig. 5b presents the selected group of results obtained
after initially deflecting the beam at 45 mm.

It can be seen that increasing underpressure up to 0.08 MPa causes an intense change in the beam’s response but this is restricted,
as the granular jamming interactions start to gain their maximum potential. This is mainly related to the restriction of the movement
of the grains, which cannot be indefinitely compressed, and their relative movement and sliding become much more limited. From
the expanded view of the transient response for initial deflection of 45 mm, one sees that the beam is overdamped. After releasing the
wire, the energy accumulated in the aluminium strips causes a rapid return towards the non-deflected state. For no underpressure,
the deflection amplitude drops from 45 mm to 17 mm in just 0.45 s after the release. Further movement is drastically slowed down
because sand dissipation starts to play a significant role. It takes almost 15 s for the beam to approach the non-deflected equilibrium.

Applying underpressure intensifies granular jamming and, thus, core stiffness and damping properties are altered. For the
minimum underpressure of 0.005 MPa, the beam needed 26 s to return to a non-deflected state; for 0.02 MPa it took 36 s. When
underpressure is increased to 0.04 MPa and further, the beam becomes heavily overdamped and the intensively jammed granules
prevent it from returning to the non-deflected state. For 0.08 MPa, the compressed sand core keeps the beam deflected at 32 mm
from the equilibrium. The beam basically remains plastically deformed but can be forced to return to the non-deflected state by
simply reducing the underpressure by opening the valve or unsealing the envelope. This opens the possibility of dynamically altering
the total stiffness and taking advantage of the parametric modification of the structure.

When granular or porous media is used, the responses may differ from test to test. Although our system resembles more of
a dense liquid or quasi-solid system because the kinetic sand is mixed with an adhesive and pressurised, the statistical analysis
establishes the reliability of the experimental content. All the decay curves were recorded three to five times per single combination
of underpressure and initial displacement, to allow a statistical evaluation of the measurements. A meticulous protocol was followed,
to ensure that all test runs were repeated for the same conditions. Then, average curves for each combination of deflection and
underpressure were calculated. They were used as references to compute and track the standard deviation 𝜎 over time, to quantify
the repeatability of the results. The standard deviation for initial deflection of 30 mm and 90 mm is presented in Fig. 6. Results
for no underpressure and maximum underpressure of 0.08 MPa were presented with bold lines, while the results for the remaining
values were omitted for the sake of readability. The standard deviation value was low for all the recorded results, reaching just
several millimetres for worst cases. It was observed that the standard deviation peaks in the first second after releasing the beam,
and then it stabilises. Generally, higher values of standard deviation were recorded at higher values of underpressure.

4.2. Forced vibrations

Because the beam was overdamped and no oscillatory movement was present in the system, the vibratory movement was forced
to reveal damping performance in a dynamic load scenario. We aimed to design a universal constructional element (cantilever,
strut, rod or pillar) with an integrated feature of adjustable damping. It would allow adapting the system parameters to the load,
e.g. adjusting the stiffness of a traffic signpost to the wind speed. Being aware of the potential exploitation conditions, we tested
the low-frequency response with high displacement amplitudes.

The beam was fixed, as shown in Fig. 4, and the fixture was subjected to a prescribed sinusoidal base motion. Fig. 7 presents
the results for no underpressure and after jamming the grains with 0.08 MPa underpressure. The harmonic excitation frequency
5
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Fig. 6. Standard deviation tracked over time for initial deflection of 30 mm and 90 mm.

Fig. 7. Comparison of dynamic excitation results for no underpressure and under 0.08 MPa.

Fig. 8. Experimental results, showing performance of the beam for different excitation frequencies.

was increased in steps. As plotted along the top row, the frequency was constant at each interval, long enough to stabilise transient
processes. The lower rows present amplitudes recorded at points A, B, and C.

When the frequency is below 3.5 Hz, the beam replicates the transverse movement of the fixture. After the initial 15 s, when
the excitation frequency increases above 3.5 Hz, the beam experiences the first vibration mode and resonance is observed. For no
underpressure, the beam reaches resonant vibrations close to 20 s when the frequency reaches 4.56 Hz, resulting in a peak-to-peak
displacement of 44 mm at the beam’s tip (point A). For underpressure of 0.08 MPa, the resonance is reached after 28 s at the
frequency of 6.1 Hz. The displacement reaches a peak-to-peak value of only 12 mm.
6
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Fig. 9. The three-layered sandwich beam and basic notation.

Fig. 8 compares the amplitudes of the beam’s tip for each frequency step and different underpressure values. The unitless
amplitude in FFT plots is the relative strength of the harmonic component present in the original signal. When sand is pressurised, the
increased stiffness moves the resonance frequency up to higher values, while the increased dissipation results in lower amplitudes.
The amplitude at each frequency is always lower when underpressure is applied because the dissipation is intensified.

The results indicate a decent possibility of altering the beam’s damping by the underpressure signal. A proper model of the
granular structure and identifying of its parameters is necessary for further study of an optimised control system; this should allow
us to mitigate the vibrations by alternatively selecting underpressure to achieve maximum damping capacity.

5. Mathematical model of a layered beam

This section aims to present a relatively simple mathematical model of vibration of a three-layer beam with a core filled
with dilatant sand to determine how far the system could be simplified. The analytical parameters do not translate directly into
the rheological model, and they were derived and identified in a separate procedure. The assumptions of the Mead and Markus
model [33] were partially used. The presented equation of motion shows that the mechanical properties of the middle layer can be
represented by a small number of phenomenological parameters tuned to the model using the experimentally obtained results.

Instead of a cantilever configuration, a simply supported sandwich beam was considered for mathematical reasons. The
mathematical analysis of such a system is much more convenient than in the case of a cantilever beam, while the initial distribution
of the bending moment is identical to the half of the simply supported beam.

This assumption is valid in the case of static deformations for point and continuous loads. In free vibrations, the initial static
deflection of the beam’s tip initiates a motion similar to the first natural mode, which in the case of a cantilever configuration,
gradually deviates from the transverse motion of the simply supported beam. In the case of the analysed system, the movement
motion is strongly suppressed in the overdamped range, so the displacement differences that appear in both support schemes can
be ignored.

The curvatures of both deflection lines are identical. Let us consider a sandwich beam of length 𝐿 and width 𝑏. The thickness of
layer 𝑖 was denoted by ℎ𝑖. Mass per unit length of the beam was denoted by 𝜇. According to Fig. 9 the transverse displacements in
the 𝑧 direction were denoted by 𝑤, while the longitudinal displacements in the 𝑥 direction of the face-plate 𝑖 were denoted by 𝑢𝑖.
The beam vibrations are induced by initial displacement with a maximum amplitude 𝑤0 and zero initial velocities.

The proposed linear model enables an analytical solution to the given problem. The mathematical model assumes elastic outer
layers described by the Young modulus 𝐸𝑖, in which shear strains are neglected. The core is linearly viscoelastic, neglecting
longitudinal stresses. Shear was assumed to be constant in the core and described by the Kirchhoff modulus 𝐺. Concerning the
Mead and Markus model, the shear stresses were supplemented with a damping term according to the Voigt model

𝜏 = 𝐺
[

𝑑
ℎ2

(

𝜕𝑤
𝜕𝑥

+ 𝛽 𝜕2𝑤
𝜕𝑥𝜕𝑡

)

+
𝑢1 − 𝑢3
ℎ2

]

. (1)

The new parameter 𝛽 introduces the internal damping in the term describing shear stress in the core. According to the balance of
force and balance of strain stress, the system of two conjugated differential equations can be written in the following form

𝜕4𝑤
𝜕𝑥4

− 𝑔𝑌
(

𝜕2𝑤
𝜕𝑥2

+ 𝛽 𝜕3𝑤
𝜕𝑥2𝜕𝑡

)

+
𝑔𝐸3ℎ3𝑑

𝐷𝑡

𝜕𝑢3
𝜕𝑥

+
𝜇
𝐷𝑡

𝜕2𝑤
𝜕𝑡2

+ 𝑐
𝐷𝑡

𝜕𝑤
𝜕𝑡

= 0, (2)

𝜕2𝑢3
𝜕𝑥2

−
𝑔
𝑏
𝑢3 = −

𝑔𝑌 𝐷𝑡
𝐸3ℎ3𝑑𝑏

(

𝜕𝑤
𝜕𝑥

+ 𝛽 𝜕2𝑤
𝜕𝑥𝜕𝑡

)

, (3)

where

𝑔 = 𝐺𝑏
ℎ2

(

1
𝐸1ℎ1

+ 1
𝐸3ℎ3

)

, (4)

𝑌 = 𝑑2 𝐸1ℎ1𝐸3ℎ3 . (5)
7
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Parameter 𝑐 is responsible for damping in the entire beam. The distance between face-plates 𝑑 according to Fig. 9 can be written
in the following form

𝑑 = 1
2
ℎ1 + ℎ2 +

1
2
ℎ3. (6)

𝐷𝑡 is the total flexural stiffness of the outer layers described, as follows

𝐷𝑡 = 𝐸1𝐼1 + 𝐸3𝐼3, (7)

where 𝐼1 and 𝐼3 are the second moment of area of the face-plates. The Eqs. (2) and (3) can be presented in the form of one equation
depending only on the transverse displacements 𝑤

𝜕6𝑤
𝜕𝑥6

− 𝑔𝑌
(

𝛽 𝜕5𝑤
𝜕𝑥4𝜕𝑡

+ 𝜕4𝑤
𝜕𝑥4

)

−
𝑔
𝑏
𝜕4𝑤
𝜕𝑥4

+
𝜇
𝐷𝑡

(

𝜕4𝑤
𝜕𝑥2𝜕𝑡2

−
𝑔
𝑏
𝜕2𝑤
𝜕𝑡2

)

+ 𝑐
𝐷𝑡

(

𝜕3𝑤
𝜕𝑥2𝜕𝑡

−
𝑔
𝑏
𝜕𝑤
𝜕𝑡

)

= 0. (8)

o solve the above equation of motion the Fourier transformation was used. The transverse displacement of the sandwich beam in
he case of simply supported ends can be written in the following form

𝑤(𝑥, 𝑡) = 2
𝐿

∑

𝑗
𝐴𝑗 (𝑡) sin 𝜆𝑗𝑥, (9)

where

𝐴𝑗 (𝑡) = ∫

𝐿

0
𝑤(𝑥, 𝑡) sin 𝜆𝑗𝑥d𝑥. (10)

After necessary amendments, Eq. (8) can be transformed into the following form
𝜇
𝐷𝑡

(

𝜆2𝑗 +
𝑔
𝑏

)

𝐴̈𝑗 (𝑡) +
(

𝑔𝑌 𝛽𝜆4𝑗 +
𝑐
𝐷𝑡

𝜆2𝑗 +
𝑐𝑔
𝐷𝑡𝑏

)

𝐴̇𝑗 (𝑡) + 𝜆4𝑗
(

𝜆2𝑗 +
𝑔
𝑏
+ 𝑔𝑌

)

𝐴𝑗 (𝑡) = 0, (11)

here the eigenfunction 𝜆𝑗 according to applied boundary conditions is as follows

𝜆𝑗 =
𝑗𝜋
𝐿

. (12)

To solve Eq. (11) the Laplace–Carson transformation was taken into account

𝐴̂𝑗 (𝑝) = 𝑝∫

∞

0
𝐴𝑗 (𝑡)𝑒−𝑝𝑡 d𝑡. (13)

According to assumed initial conditions the transformation of Eq. (11) can be presented in the following form
𝜇
𝐷𝑡

(

𝜆2𝑗 +
𝑔
𝑏

)

[

𝑝2𝐴̂𝑗 (𝑝) − 𝑝2𝐴𝑗 (0)
]

+
(

𝑔𝑌 𝛽𝜆4𝑗 +
𝑐
𝐷𝑡

𝜆2𝑗 +
𝑐𝑔
𝐷𝑡𝑏

)

[

𝑝𝐴̂𝑗 (𝑝) − 𝑝𝐴𝑗 (0)
]

+ 𝜆4𝑗
[

𝜆2𝑗 +
𝑔
𝑏
+ 𝑔𝑌

]

𝐴̂𝑗 (𝑝) = 0.
(14)

𝐴𝑗 (0) is the sine Fourier transformation of the initial deflection of the sandwich beam given by the formula

𝑤(𝑥, 0) = 4𝑤0
𝑥
𝐿

(

1 − 𝑥
𝐿

)

. (15)

According to (10)

𝐴𝑗 (0) =
8𝑤0

𝜆3𝑗𝐿2

[

1 − (−1)𝑗
]

. (16)

The decomposition into simple fractions allows to perform the inverse Laplace–Carson transformation. Finally, we obtained

𝐴𝑗 (𝑡) = 𝐴𝑗 (0)

√

𝑧
𝑧

𝑒−
1
2

(

𝛽𝑞+ 𝑐
𝜇

)

𝑡
[(

𝛽𝑞 + 𝑐
𝜇

)

sinh 𝑡
2
√

𝑧 +
√

𝑧 cosh 𝑡
2
√

𝑧
]

, (17)

where

𝑞 =
𝑔𝑌 𝜆4𝑗𝐷𝑡𝑏

𝜇
(

𝑔 + 𝑏𝜆2𝑗
) , (18)

𝑧 =
(

𝛽𝑞 + 𝑐
𝜇

)2
− 4

(

𝑞 +
𝐷𝑡𝜆4𝑗
𝜇

)

. (19)

or the solution (17) to be true in the current form, the following condition must be satisfied

𝑧 > 0. (20)

Finally, according to (9) and (17) the transversal displacements 𝑤 can be written in the following form

𝑤(𝑥, 𝑡) = 2
𝐿

∑

𝑗
𝐴𝑗 (0)

√

𝑧
𝑧

𝑒−
1
2

(

𝛽𝑞+ 𝑐
𝜇

)

𝑡
[(

𝛽𝑞 + 𝑐
𝜇

)

sinh 𝑡
2
√

𝑧 +
√

𝑧 cosh 𝑡
2
√

𝑧
]

sin 𝜆𝑗𝑥 (21)
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+ 𝑤𝑓 tanh 𝛼𝑡.
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Fig. 10. Comparison of the displacements at the tip of the sandwich cantilever for initial displacement of 90 mm and: (a) no underpressure, (b) 0.04 MPa and
(c) 0.08 MPa underpressure.

Fig. 11. Dependence of parameters 𝐺 and 𝛽 on underpressure.

The solution (21) was supplemented with a term responsible for reinforcing the sandwich beam. The presented mathematical model
does not consider the phenomenon of friction between grains, which ultimately leads to blockage of the middle layer of the layered
beam. Function 𝑤𝑓 tanh 𝛼𝑡 stabilises the solution at the level indicated by the parameter 𝑤𝑓 , which is the final displacement of the
beam. The 𝛼 parameter is responsible for the reinforcement characteristics of the sand core.

The solution of the Eq. (21) with three terms of series compared with the experimental results is presented below. Parameters
with the subscript ‘‘00’’ apply to the case without underpressure in the core, while the subscript ‘‘08’’ means underpressure in the
core at the level of 0.08 MPa. The following set of data, consistent with the values used in the experiment, was used:

𝜇 = 0.842 kg/m, 𝐿 = 1380 mm, 𝐸1 = 𝐸3 = 69 ×103 MPa,
𝑏 = 25 mm, ℎ2 = 15 mm, ℎ1 = ℎ3 = 2 mm,
𝐺00 = 0.032 MPa, 𝐺04 = 0.066 MPa, 𝐺08 = 0.10 MPa,
𝛽00 = 0.01 s/m, 𝛽04 = 0.05 s/m, 𝛽08 = 0.1 s/m,
𝑐 = 100 kg/s/m, 𝛼 = 2.5 1/s.

A comparison between the experimental results and calculation results is shown in Fig. 10. The influence of underpressure on the
shear stiffness 𝐺 and the shear viscosity 𝛽 is monotonic but not straight. Fig. 11 shows these dependencies, which were based on
the analytical solution. The analytical responses were fitted to the experimental curves. Because only two parameters describe the
rheological properties of the filling layer, the fitting of the analytical results is not perfect. There is a displacement discrepancy in
the first stage of tip motion, which diminishes after several seconds.

Other initial deflections result in the exact coincidence of simulated displacements with experimental curves. The adjustment
between analytical and experimental results is not perfect because the friction phenomenon between the grains in the core was
not taken into account. Nevertheless, the obtained comparison shows that the analytical solution of the problem (21) depends only
on a few parameters to describe the sandwich beam core with modified mechanical properties. The closed-form solution enables
very fast calculations, which are especially favourable in complex optimisation. It also allows us to easily determine velocities and
accelerations at any point of the beam. However, the obtained analytical solution is not general since of its undeniable limitations.

Although the above mathematical analysis is limited, it showed that a small number of material parameters is sufficient to
describe the dynamics of a relatively complex task well. The mathematical model deviates from the physical model in the final
stage of motion when the frictional jamming of the grains begins to dominate.

The following section will discuss the complex and simplified rheological beam model with a core filled with pressurised sand,
which can be conveniently used for numerical simulations.
9
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Fig. 12. Rheological model of a beam with a pressurised sand core: (a) full model with two frictional elements, and (b) simplified model with one frictional
element.

6. Rheological model

The considered granular material exhibits non-classical properties because sand grains are suspended in a silicone polymer and
compressed with underpressure, promoting agglomeration and sticking, while relative movements are small. The material properties
tend to shift towards dense, viscous fluid.

A number of papers are devoted to the analysis and improvement of friction models for particular purposes, see for example the
review paper [34] with a long list of references or [35,36], as well as a paper devoted to the identification of parameters [37,38]. In
the academic literature, a generalised Maxwell model, models with a plastic flow without or with hardening, an elastic–viscoplastic
and elastic with hardening-viscoplastic models are usually considered. Ultimately, the latter was chosen for further study. The
frictional element is established with three parameters: the stick force limit 𝑇𝑧, hardening modulus 𝑘𝑧, and the flow rate coefficient
denoted by 𝛾̇𝑧. The role of the model is to replicate the dynamics of such a complex system with a set of surrogate parameters, so
neither the given parameters nor their values correspond to the physical parameters of the real sandwich beam.

The proposed rheological model consists of a pair of nonlinear oscillators with frictional elements connected in series (Fig. 12a).
The task of two nonlinear frictional elements is to activate springs 𝑘1 and 𝑘2 along with the accompanying dashpots 𝑐1 and 𝑐2 at
proper moments. Although a higher number of degrees of freedom would increase the fitting accuracy, a large number of parameters
leads to an extensive computational effort. Identifying fewer parameters is favourable for introducing control strategies of switching
underpressure between low (unjammed grains) and high value (jammed grains).

The force/displacement friction relation formulation uses the rate-independent perfect plasticity model. The total displacement
is split into reversible elastic 𝑤𝑒 and irreversible permanent 𝑤𝑓 parts

𝑤 = 𝑤𝑒 +𝑤𝑓 . (22)

The force/displacement constitutive equation contains the coefficient of elastic stiffness 𝑘𝑧

𝐹 = 𝑘𝑧(𝑤 −𝑤𝑓 ) . (23)

The Coulomb friction law depends on the kinetic friction 𝑇𝑧

𝑓 (𝐹 , 𝑇𝑧) = |𝐹 | − 𝑇𝑧 . (24)

The motion equation is similar to the plastic flow 𝑤̇𝑝

𝑤̇𝑝 = 𝛾̇ sign(𝐹 ) . (25)

The loading and unloading conditions are

𝛾̇ =

⎧

⎪

⎨

⎪

⎩

0 if 𝑓 < 0,
𝛾̇0 if 𝑓 = 0 and ̇𝑓 = 0,
0 if 𝑓 = 0 and ̇𝑓 < 0.

(26)

Practically, in numerical time-stepping simulation the equality condition is never fulfilled. The second condition in (26) is active
when the friction flow function equals to zero in the intermediate time in the interval [𝑡, 𝑡𝑖+1]. The full rheological model is described
with 12 unknowns, combining nonlinear friction, springs, dashpots and masses, all of which depend on the underpressure value.
Thus, the inverse problem that leads to minimisation of the norm of differences between the measured and computed response
becomes significant. Consequently, it is necessary to reduce the number of parameters without harming the accuracy of the model.
Identification and analysis of the variability of parameter values were performed to decide which parameters may be reduced, which
may be assumed constant, and which depend heavily on the underpressure value.

The parameters of the simplified phenomenological model cannot be directly translated into the particular parameters of the
physical system. The immanent feature of such a model is that specific rheological properties are combined, e.g. the internal damping
of the metal face layers is merged with the core damping and some of the dissipation energy related to friction. These phenomena
are combined in a single parameter 𝑐2 and cannot be decomposed. In turn, the particular friction of the core material is described
with parameters 𝑇 and 𝛾̇, which both depend on the value of underpressure.
10
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𝛾

7. Identification

The experimental results for free vibration were conducted for five initial deflections 𝑢0 and six underpressure values 𝛥𝑝 from 0
to 0.08 MPa, so a total number of 30 curves representing displacement in time for each pair of values (𝑢0, 𝛥𝑝) were collected and
used for identification.

The parameter identification of the rheological model, leading to the best possible agreement between the experimental and
estimated response, can be achieved using either one of two approaches. In the first approach, the statistical analysis of multiply
repeated measurements is traced. In the second, more meticulous approach, the identification procedure is based on the individual
analysis of each of the experimental tests. The second approach was chosen to trace the variability of the model’s parameters
depending on the underpressure. It was anticipated that some parameters would be more vulnerable to underpressure, while others
were expected to be less related.

When identifying parameters, the criterion of minimum difference between experimental and numerical displacements of the
beam tip in time was assumed

𝐼 = min (max
𝑖=1..𝑛

‖𝑤exp −𝑤num‖2). (27)

where 𝑛 is the number of curves taken in simultaneous identification. The standard norm ‖ ⋅‖2 was assumed as the measure of error
in the entire time interval.

The evaluation takes a lot of computation effort and is quite time-consuming, but estimating the parameters over the entire
catalogue of experimental results allowed to simplify the rheological model further. Selecting which of the estimated parameters
can be assumed to be constant or even entirely removed allows us to establish a simplified model that would be more favourable
for further optimisation of the damping control strategy.

Simplified models can conveniently replace realistic models requiring many parameters describing physical quantities. If some
parameters having a similar influence on the response can be merged, adjusting the simplified model to the realistic one can be
reasonable. In our case, these may be damping parameters describing dry or viscous friction or stiffness, as they directly rely on
underpressure. On the other hand, these cannot be geometric parameters or inertia, as they are unrelated to underpressure changes.

The resulting parameters identification is depicted in Fig. 13, showing how the underpressure influences the decision variables
under various initial conditions. The points for every abscissa as an applied underpressure value were determined for grouped five
initial deflections. Index 𝑖 in (27) runs over five experimental curves registered for various initial deflections of the free end at
a single selected underpressure. We found that some of the values are less vulnerable to underpressure than others. The dashed
lines show parameter distribution assumed after respective simplifications. We assumed that parameters that change from 0 to 1
would be considered the ones that were influencing the model more than parameters changing in a narrower range. The parameters
that influence the system’s response to a decisive extent are displayed in this case. Thus, 𝛾̇𝑧1 and 𝑇𝑧2 that change from 0 to 1 were
assumed to influence the model more than 𝑚1 that changes from 0.6 to 0.2, and 𝑚2 that changes from 0.18 to 0.22. Nevertheless, the
masses 𝑚1 and 𝑚2 were assumed constant to stay faithful to physical limitations. The parameters responsible for dashpot damping
𝑐1 and spring stiffness 𝑘1 are close to constant zero, so they may be practically dismissed from the model. The flow rate coefficient
̇ 𝑧2 is also constantly close to zero. The second spring stiffness 𝑘2, may be assumed as constant non-zero. Parameters such as 𝑘𝑧1,
𝑘𝑧2, 𝑐2 and 𝑇𝑧1 were also assumed as non-zero constants.

The remaining parameters, which are 𝛾̇𝑧1 and 𝑇𝑧2, highly depend on underpressure. They are close to 0 for no underpressure,
and reach saturation for underpressure of 0.08 MPa. They were assumed as linearly dependent on the underpressure 𝛥𝑝.

Based on the results of the identification, the full model was simplified to a rheological model consisting of nine parameters, only
two of which linearly depend on underpressure, namely: 𝛾̇𝑧1 and 𝑇𝑧2. Such a simplified model serves as a good feed for designing
some advanced control strategy allowing to adjust underpressure to the type of dynamical load without performing multi-parameter
time-consuming parametric optimisation. The simplified rheological model is presented in Fig. 12b. In this reduction, the number of
parameters is decreased, but we do not necessarily remove those parameters that are equal to zero in Fig. 13. There are equivalent
models that respond in the same way, although their schemes differ. This happens with both parallel and series connections. The
parameters determined with the criterion (27) are listed below:

𝑘𝑧2= 7.87 N/m, 𝛾̇𝑧2= 500,000 m2 s/kg ⋅𝛥𝑝 + 25,000 m/s, 𝑇𝑧2 = 1,250 m2 ⋅𝛥𝑝 + 100 N,
𝑚1 = 2.12 kg, 𝑚2= 29.85 kg,
𝑘1 = 4,909.90 N/m, 𝑘2 = 3.97 N/m,
𝑐1 = 25.00 N s/m, 𝑐2 = 135.66 N s/m

After such far-reaching reductions, the question is whether the simplified model properly mimics the non-linearity of the system.
The average relative error measure in the case of individual identification was lower than 0.0005. The biggest discrepancy is

observed when exhibiting major dissipation at the initial stage of vibrations when the beam is released from deflection. At the first
stage of the movement, the coupled oscillators in Fig. 12a are stiff and have low inertia 𝑚1. The initial deflection induces quick
relaxation of the potential energy related to parameter 𝑘1, while spring 𝑘2 is stretched because point 1 shifts back faster than point
2. After merely 0.35 s the second oscillator slowly relaxes, exhibiting high damping 𝑐2 and notable frictional dissipation. In the
model identified for five curves differing with initial deflections the same error measure reaches 0.002–0.02, i.e. can be expressed
11
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Fig. 13. Set of estimated decision variables of rheological model for different underpressure 𝛥𝑝.

Fig. 14. Simulations compared with experimental results for various underpressure and initial deflections: (a) 30 mm, (b) 60 mm and (c) 90 mm.

Fig. 15. Displacements in time for (a) no underpressure, (b) 0.04 MPa, (c) 0.08 MPa underpressure, and different initial deflection.

Fig. 14 presents a comparison of experimental results and the estimated curves for the simplified rheological model. The results
of identification for different initial deflection shows that the simplified rheological model was capable of capturing the basic
characteristic of the beam with a tunable core. The charts are consistent when displacement over time is considered for each of
the selected initial deflections. When studying Fig. 15, one can see that for all cases of considered underpressure, no matter what
deflection is imposed, the estimated results reasonably replicate the displacement over time. However, one has to notice that the
stage of vibrations that is not accurately simulated is the initial stage at which the beam rapidly comes back to the equilibrium, and
then sand grains start to heavily damp the vibrations. The exact moment of switching from high potential energy to high dissipation
is less rapid during simulations, while the experimental result exhibits a sudden change.
12
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Fig. 16. Comparison of experimental and simulation results for different excitation frequencies.

One can notice a good agreement between the experimental and estimated results, showing that the simplified model can be
used to accurately describe the system’s dynamic, while being simple and consisting of only two pressure dependent parameters.
The comparison of the experimental and simulation results obtained for the prescribed base motion show that the model captures
well the shape of the maximum value of amplitude distribution and the maximum of the peak, which holds information about the
damping properties of the system (Fig. 16). Nevertheless, the simulation results exhibit higher damping, demonstrating broader
peaks for most tested frequencies.

8. Conclusions

Encapsulating dilatant sand in a special elastic envelope enables us to adjust the material’s dissipating properties with a pneumatic
control signal, resulting in an interesting and cost-effective alternative to smart materials.

The complex behaviour of the system can be fairly estimated with a mathematical model of a layered beam with a linearly
viscoelastic core and shear stresses supplemented with a damping term, according to the Voigt model. The solution to the problem,
supplemented with a term responsible for the pressure dependent reinforcement of the sand core, gave a fair agreement with the
experimental results. The best agreement between the experimental and theoretical results was achieved for a twelve parameter
rheological model of the system. Although accurate, the number of parameters to be identified and optimised makes this model
less favourable. A relatively simple, nine parameter rheological model, with only two variables depending on underpressure, gives
results one order worse than the full model. After identification, a set of two pressure-dependent parameters allowed good agreement
between the model and the experimental results to be achieved, providing a fair amount of simplification while remaining faithful
in describing the system’s dynamics. Although the simplified model is less accurate, it is easier to adapt for further numerical
optimisation problems.

The damping capacity of the system, using pressurised sand, may benefit from implementing a proper control strategies to release
the strain energy accumulated during deformation, to achieve the ideal degree of vibration attenuation through the appropriate
tuning of the underpressure control signal. This would allow for the efficient mitigation of vibration in structures subjected to
dynamic excitation. Given that it has been proved experimentally, that it is plausible to use underpressure to adjust the properties
of the dilatant sand to fit particular operating conditions, the identified parameters are relevant and indispensable for further study
of control strategies for effective vibration abatement using the concept of switched jamming.
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