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A B S T R A C T   

Uniaxial testing methods to characterize materials provide only limited data that is insufficient to 
fully understand all aspects of their behaviour, such as initial texture or anisotropy. Therefore, 
this research aims to conduct complex stress loading experiments to understand the physical 
mechanism accountable for plastic deformation caused by monotonic tension and tension assisted 
by proportional cyclic torsion in the CP-Ti (Commercially Pure Titanium). The yield surface 
approach was applied to assess the variation of mechanical properties in the as-received and pre- 
deformed material. It was found, that such monotonic tension associated with cyclic torsion 
caused a significant decrease of the tensile stress. The initial yield surface obtained for the as- 
received material exhibits anisotropic behaviour, whereas, the sizes of subsequent yield surface 
reflecting pre-deformation were reduced in all directions with exception of the tension direction.   

1. Introduction 

Titanium and its alloys have been widely used in significant engineering disciplines such as medicine (Alipal et al., 2021), aero
space, and marine engineering (Teschke et al., 2022), due to their high specific strength, corrosion resistance, high impact resistance, 
and other properties. However, the mechanical testing of these materials is still primarily performed under simple stress conditions in 
research and commercial facilities. The most common form of testing is tension and compression of solid cylindrical specimens. Such 
types of testing can only generate limited results concerning the mechanical strength and damage of materials in a single direction 
which does not simulate the real-world stress conditions encountered by materials in most engineering applications. 

In recent years, many researchers have performed complex loadings on metals to investigate their behaviour under metal forming 
conditions. Combined tension/compression - torsion loading experiments have been conducted on Mg alloys using solid specimens 
(Shi et al., 2017; Wang et al., 2022) as well as thin-walled tubular specimens (Nazari Tiji et al., 2020; Shi et al., 2022). It should be 
stressed, however, that solid specimens are not adequate for these experiments since the shear stress and strain distributions along the 
specimen’s radial direction are not uniform. For the rolled Mg alloy AZ31B, the maximum strength is in simple tension (300.1 MPa) 
and simple compression (297.2 MPa) whereas the lowest strength is in torsion with slight tension (169.3 MPa), and the strength in 
other loading paths falls in between. This can be attributed to enhanced tension twinning in the tension-torsion loading path (Carneiro 
et al., 2022). Multiaxial loading tests performed on the sintered porous iron reveal, that strength during uniaxial loading conditions 
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was slightly lower than that obtained under combined tension-torsion proportional loading tests with a maximum variation of 10%. 
Furthermore, the sintered iron exhibited significantly higher strength during non-proportional loading tests in comparison to that 
captured under proportional loading paths with a maximum aberration of 35%. Such behaviour indicates the presence of additional 
hardening (Ma et al., 2017). One should highlight, that the evolution of damage in porous sintered metals follows a two-stage process. 
In the initial stage, plastic deformation primarily occurs at the pore edges, while in the subsequent stage, bulk deformation becomes the 
dominant mechanism. Notably, micro-cracks always originated from pores orientated with their major axis perpendicular to the di
rection of tensile loading (Ma et al., 2017; Straffelini and Fontanari, 2011). Commercially pure copper has also been tested under 
combined tension-torsion loading conditions (Zhao et al., 2017). The results showed, that the magnitude of tensile and shear stresses 
assessed at a given strain were significantly lower in the combined-loading conditions compared to the simple tension or pure torsion 
conditions, Fig. 1. The ultimate tensile stress in the simple tension case (β = 90◦) was equal to 274 MPa, whereas, under pure torsion 
conditions (β = 0◦), shear stress was equal to 160 MPa. One should mention, that for combined loading conditions including 
tension-dominated loading (β = 49.9◦) and torsion-dominated loading (β = 42.5◦), the tensile stress of 210 MPa and 223 MPa and shear 
stress of 102 MPa and 141 MPa were obtained, respectively (Zhou et al., 2022). Furthermore, it has been observed, that the simul
taneous tension-torsion deformation of pure copper leads to the formation of an ultrafine-grained microstructure with high-angle 
boundaries. The fractured surface of the specimens subjected to pure torsion exhibited ductile mode with oval cavities. However, 
under combined tension-torsional loading, the fracture mode transits to a mixed fracture pattern, featuring equiaxial dimples and oval 
cavities (Li et al., 2014; Zhou et al., 2022). 

Fatigue life assessment of different materials had been performed under multi-axial proportional and non-proportional loading 
conditions (Song et al., 2021; Zhu et al., 2018). Conventional uniaxial fatigue techniques frequently overestimate the fatigue life of 
engineering components, which might have adverse effects during their critical applications. Over the past few decades, multiaxial 
fatigue testing has been more important for the goal of a reliable and safe design. Additive manufactured IN718 nickel-based alloy 
shows slightly lower fatigue lifetimes in the perpendicular to the building direction during tests under combined proportional 
tension-torsion loading (5295 cycles) than during tension-compression (6081 cycles) and pure torsion (5442 cycles) loading conditions 
at the equivalent strain amplitude of 1%. It has been found (Jin et al., 2022), that fatigue lifetimes under non-proportional cyclic 
loading are significantly lower (maximum of 87% decrease) than those in proportional cyclic loading obtained at the same equivalent 
strain (Jin et al., 2022). Unlike other metals, there have been very limited experimental investigations conducted on Ti and its alloys 
under complex stress loadings. Majority of these investigations did not involve an effect of the multiaxial loading on the mechanical 
properties, in particular, yield strength using the concept of yield surface. 

Yielding process and strain hardening effect are the primary issues studied in the framework of the material plasticity. An evolution 
of the initial yield surface well illustrates the characteristics of plastic deformation (Chouksey and Basu, 2021). In order to better 
understand and describe fairly accurately a mechanical behaviour of the material in question, it is important to carry out the 
comprehensive experimental investigations of subsequent yield surfaces after different loading histories. A challenge in the initial yield 
surface determination and its evolution due to deformation history have received much attention in the literature. The yield surface 
can be described as a region in the stress space where the material always behaves as elastic. The effects of yielding, along with that of 
isotropic and kinematic hardening, can all be described by using the yield surface. It was found, that various materials exhibited a wide 
range of shapes of the yield surface in the stress space (Khan et al., 2010a; Kowalewski et al., 2014). The position and shape of the yield 
surface of a material are substantially impacted by a definition of the yielding, the experimental probe technique (single specimen or 
multiple identical specimens) used and the loading paths (Iftikhar et al., 2022). 

Yield surfaces can be determined by testing a single specimen or multiple identical specimens which are loaded in different stress 
directions (Iftikhar et al., 2022). Previous experiments show, that results obtained using multiple identical specimens are qualitatively 
best in comparison to the single specimen technique. It should be mentioned, however, that multiple specimens method for a single 
yield surface make the experiment costly and machining of geometrically identical testing specimens is nearly impossible (Kowalewski 
et al., 2001). The disadvantage of single specimen probe technique is the accumulation of additional plastic strain from the previous 
loading direction on the same specimen. However, this disadvantage can be successfully overcome if loading in one direction is carried 

Fig. 1. Variation of the ultimate stress under different states of stress of commercially pure copper (Zhou et al., 2022).  
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till very limited measurable plastic strain that leads to defining the yield point at small offset plastic strain and also the loading path is 
following a specific sequence to determine the yield surface. 

Researchers have followed different sequences of loading paths to obtain the yield surface amongst which the most preferable are: 
(1) starting from zero stress level, the specimen is gradually loaded in the tensile direction of a defined stress space and after achieving 
the desired level of plastic strain, further loading stops and the specimen is unloaded to zero stress level, then this loading-unloading 
cycle is repeated in the exactly opposite direction of the same offset strain in the stress space defined. The next loading path differs from 
the previous path by a chosen angular increment (Iftikhar and Khan, 2021); (2) the loading sequence follows a predetermined pro
portional (or radial) loading path, starting from zero stress, the specimen is first loaded in tension direction only till yielding occurs and 
then the specimen is completely unloaded and again loaded with some angular increment in the tension-torsion direction of a fixed 
defined stress space. This loading sequence is carried out till it reaches again the path representing the tension direction only (Dietrich 
and Socha, 2012). The second sequence is the most suitable for the single specimen technique as previous results obtained using the 
first one introduces the Bauschinger effect (Holmedal, 2019). The literature review performed in the area of materials and existing 
methods for yield surface identification enabled to highlight the novelty of this paper, which was mainly expressed by:  

(a) a new database from investigations on CP-Ti alloy carried out under complex stress state;  
(b) complex stress loading experiments to understand the physical mechanism accountable for plastic deformation caused by 

monotonic tension and monotonic tension assisted by proportional cyclic torsion in the CP-Ti;  
(c) application of the yield surface approach to assess the variation of mechanical properties in the as-received and pre-deformed 

material;  
(d) identification of the optimal loading parameters under which tension of titanium could be performed under lower forces. This 

aspect is directly related to the potential applications in the industrial forming processes.  
(e) To the authors’ knowledge, there are no such papers available up to now related to the subject presented in the paper. 

Consequently, yield surfaces were obtained using a single specimen probe technique loaded along the sequential proportional 
loading paths where yield was defined by the designated offset plastic strain method. Experiments were carried out in order to 
investigate the yield surface of CP-Ti alloy in the as-received state and its evolution under monotonic tension and various 
combinations of monotonic tension and cyclic torsion pre-deformation using thin-walled tubular specimens. 

2. Materials and methods 

The material investigated in this research was CP-Ti alloy. The standard dog-bone solid specimen with a gauge diameter of 6 mm 
was used for determination of material tensile characteristics under constant strain rate of 0.005 s − 1. Test was repeated three times to 
guarantee the reliability of the results obtained. Further, complex loading tests were performed on the thin-walled tubular specimens. 
Engineering drawings of the solid and thin-walled tubular specimens are shown in Fig. 2. The wall thickness of the thin-walled tubular 
specimen is large enough to satisfy the thin-walled tube criterion and to avoid buckling during sequential loading. All the specimens 
were machined in a Computer Numerical Control (CNC) lathe machine to ensure precise dimensions. The microstructural analysis was 
performed by using Quanta 3D FEG field emission scanning electron microscope (SEM) operated at 20 kV. The specimens were 
collected from the central part of the strain gauge area and were prepared by conventional metallographic procedures for titanium, 
including, grinding, initial polishing and electropolishing. Fig. 2c represents a schematic of the specimen planes [Extrusion direction 

Fig. 2. Engineering drawing of the solid tubular specimen for uniaxial tensile tests (a); and thin-walled tubular specimen (b) for yield surface 
determination (dimensions in milimeters); scheme of the thin-walled tubular specimen planes for EBSD (c). 
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Fig. 3. Set-up of the MTS 858 biaxial testing machine with the strain gauges bonded to the thin-walled tubular specimen (a); and its magnified view 
(b); image of the strain gauges bonded to the CP-Ti thin-walled tubular specimen (c); schemes of the strain gauge circuits on the specimen (d). 
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(ED) – Transverse direction (TD) – Radial direction (RD)] of the thin-walled tubular specimen for EBSD observations. In this work, 
EBSD scan was acquired for ED – RD plane. 

The mechanical testing was performed on the MTS 858 biaxial testing machine (Fig. 3a-b) at room temperature (23 ◦C). Vishay 
120Ω temperature compensated strain gauges were bonded on the outer surface of the tubular specimens to measure and control axial, 
shear and hoop strain, Fig. 3c-d. The axial and shear strain components were measured using three-element 45◦ rectangular rosette EA- 
05–125RA-120 with a gauge length equal to 3.18 mm and the hoop strain using linear pattern rosette EA-13–062AK-120 with a gauge 
length equal to 1.57 mm. Both gages were produced by Vishay. The gages were bonded using M-Bond 610 adhesive produced by 
Measurements Group Inc. The three-element rectangular rosette was arranged in a manner, that one strain gauge cemented along the 
longitudinal axis of the specimen was used as the quarter bridge circuit to measure the axial strain, whereas, the other two strain 
gauges located at +45◦ and − 45◦ angle with respect to the longitudinal axis of the specimen were used as the half-bridge circuit to 
measure the shear strain. The hoop strain was measured using a linear rosette by means of the additional half-bridge circuit 
perpendicular to the longitudinal axis of the specimen. This strain gauges measurement systems enabled independent monitoring of 
strain. Since they were directly connected to the machine controller, the precise strain control of tests was ensured. Before each test, 
bridge circuits were calibrated to guarantee the high accuracy of the test. 

The experimental programme comprised three essential steps:  

(1) Determination of the initial yield surface of the as-received material;  
(2) Introduction of the following plastic pre-deformation in the specimens:  

(a) Monotonic tension up to 1% permanent strain under a constant strain rate of 5 × 10-6 s-1. 
(b) Combination of monotonic tension up to 1% permanent strain under a constant strain rate of 5 × 10− 6 s − 1, and pro

portional torsion-reverse-torsion cyclic loading for two magnitudes of strain amplitude (0.2% and 0.4%) at two different 
values of frequency (0.5 Hz and 1 Hz), Fig. 4.  

(3) Determination of the subsequent yield surfaces of the pre-deformed specimen. 

The yield surface concept in the two-dimensional stress space (σ, τ) was applied to identify the impact of plastic pre-deformation on 
the material by evaluation of the yield points. Yield points were determined by the technique of sequential probes of the single- 
specimen along different paths in the plane stress state. Starting from the origin, loading in each direction took place until a 
limited plastic strain was observed (in our case it was 2 × 10− 4). The limited plastic strain of 2 × 10− 4 (0.02%) was employed for 
probing in individual loading paths to ensure, that the plastic offset strain falls within the appropriate range of yield definition 
assumed. The loading components were strain controlled maintaining a constant ratio of the strain components. Subsequently, the 

Fig. 4. Strain controlled complex loading programme with monotonic tension and cyclic torsion with strain amplitudes of 0.2% (a); and 0.4% (b) at 
a frequency of 0.5 Hz. 
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unloading was carried out under stress control until zero force and torque were reached. The experimental procedure was performed 
along 17 stress paths (Fig. 5), starting with simple tension and finishing with tension in the same direction. The loading and unloading 
were carried out for the following strain paths 0◦, 30◦, 45◦, 60◦, 90◦, 120◦, 135◦, 150◦, 180◦, 210◦, 225◦, 240◦, 270◦, 300◦, 315◦, 330◦, 

360◦ in the (εxx, 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(3/(1 + ν)2
)

√

εxy) strain plane, Fig. 5. Separate specimens were utilized for each yield surface (initial and pre- 
deformed) following the aforementioned sequential loading paths, resulting in a total set of six thin-walled tubular specimens. It 
should be noted, that all specimens after pre-strain in tension or combined tension-torsion were relaxed for 1 hour, and then, subjected 
to the yield surface determination procedure. By incorporating the relaxation step, it was aimed to limit the effect of different strain 
rates during pre-deformation and probing since CP-Ti has relatively high strain rate sensitivity. 

A selection of the proper methodology to determine yield points in different loading directions is the most important aspect of the 
yield surface identification procedure. One could distinguish many methods to define the yield point:   

(1) the physical yield point clearly observed on the stress-strain curve (for example stress-strain characteristics of mild steel) (Iqbal 
et al., 2015);  

(2) a “Designated Offset Strain” represented by a parallel line maintaining the slope of the elastic part of the stress-strain curve 
drawn at a predetermined offset amount of strain, where the point of intersection between the stress-strain curve and the offset 
line represents the yield point (Wang et al., 2020);  

(3) a point captured by using “Double Secant Line” method in which two lines are drawn on the stress-strain curve, where one line 
reflects the elastic deformation behaviour and the other reflects the plastic stage deformation behaviour. The point of inter
section of these two secant lines corresponds to the yield point (Zhao and Chen, 2021); 

(4) a point reflecting “Thermoelastic Effect” (specimen temperature is measured during loading condition and the stress corre
sponding to the minimum of the specimen temperature defines the yield point. It has to be mentioned, however, that this 
method can only be used for materials having a positive thermal expansion coefficient (Vitzthum et al., 2022). 

In this work, the designated offset strain method was used to obtain the yield point since it was found as the most reliable for Ti-like 
metals, where probes are following a small measurable plastic strain in a loading direction. 

One should highlight the importance of careful selection of the plastic offset strain value as a definition of yield point in the yield 
surface characterization. In several investigations presented in the literature, the plastic offset definition of yield ranging from 
0.0005% to 0.2% was often used for determination of the yield surface (Gil et al., 1999; Iftikhar et al., 2021; Ishikawa, 1997; Khan 
et al., 2009; Phillips and Das, 1985; Tozawa, 1978; Wu and Yeh, 1991). A small plastic offset strain is recommended for the yield 
definition when only single specimen is used to determine the yield surface. This is due to the fact that the accumulation of additional 
plastic strain from the previous loading path should be as small as possible to be treated as negligible (Khan et al., 2009). Therefore, to 
provide a more realistic elastic-to-plastic transition, the yield stress was defined as the effective plastic offset strain equal to 0.01% for 
each of the loading directions considered. The chosen plastic offset strain definition of yield in this investigation exceeded the 0.001% 
used in (Khan et al., 2009) due to the selection of a different sequential probing path for yield surface determination. The yield surfaces 
investigated using these probing parameters showed negligible effect from the history of previous loading paths of the same specimen. 
The yield surface is formed using yield point values determined for 16 different loading directions in the strain space under consid
eration (Fig. 5). The last loading path, designated as 17, corresponds to pure tension, and it coincides with the initial loading path, 
denoted as 1. It was assumed, that 16 different directions of loading in the stress space would be sufficient for determination of a yield 

Fig. 5. Loading sequence of strain paths for yield points determination in the biaxial strain space.  
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surface shape represented by the ellipse. 
During all tests, the stress state components were defined by the following well-known relationship for thin-walled tubes: 

σxx =
4 × F

π ×
(
D2 − d2

) (1)  

τxy =
16 × T × D

π ×
(
D4 − d4

) (2)  

σeq =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2

xx + 3 × τ2
xy

√
(3)  

εeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ε2
xx +

3
(1 + ν)2 × ε2

xy

√

(4)  

εp = εeq −
(σeq

E

)
(5)  

ϑ = −
εyy

εxx
(6)  

where, σxx - axial stress; F - axial force; D - initial outer gauge diameter of the specimen; d - initial inner gauge diameter of the specimen; 
τxy - shear stress; T - twisting moment; σeq - equivalent stress; εeq - equivalent strain; εxx = Eσxx - total axial strain; εxy = τxy(1+ϑ) /E - 
total shear strain; εp - total plastic strain; E - Young’s modulus; ϑ - Poisson’s ratio and εyy - hoop strain. 

The Poisson’s ratio for the titanium was experimentally determined as the negative value of ratio of hoop (circumferential) to axial 
(longitudinal) strain values (Eq. (6)). These strains components were precisely recorded by the strain gauges attached to the surface of 
the specimens gauge length. The average value of the Poisson’s ratio was equal to 0.3, and it was simultaneously used in Eq. (5) for a 
given range of plastic deformation determined for the material in preliminary tests. 

The use of Eqns. (1)-(6) was solely intended for controlling the tests in order to obtain a predetermined pre-strain value. It is 
important to note, that these equations did not have any influence on the actual mechanical response of the material during the loading 
program, which was the main focus of the study. However, during the experiments, individual components of stress and strain were 
recorded as the function of time. On their basis, the components of stress are recalculated as functions of the corresponding strain 
components. 

The yield surface is the limit of a region in the stress space where the elastic domain of material behaviour is encompassed (Phillips 
and Sierakowski, 1965). Thus, when a body transforms from elastic to plastic state, the yield condition gives the best description of the 
mutual relationship between stresses. Mises yield condition (Mises, 1928) has been used for the isotropic materials in the form SijSij =

K2, where Sij is the stress deviator and K represents material constant. It should be stressed, however, that materials are not usually 
isotropic and to study the anisotropic behaviour of materials, yield surface concept belongs to the most effective methods. On the basis 
of Mises general yield function for crystals (Mises, 1928), Szczepinski has been proposed more general form of the yield function 
reflecting anisotropy, also reported in the Gol’denblat-Kopnov criterion (Gol’denblat and Kopnov, 1965) and other important effects 
affecting yield points such as the Bauschinger effect (Szczepinski, 1993). In this paper, such yield condition was applied for the nu
merical calculation of yield surface. 

The experiments were performed in the plane stress conditions, i.e. except of σxx and τxy, all other components of stress were equal 
to zero. The following relationship was derived from Szczepinski anisotropic yield condition for the plane stress state (Szczepinski, 
1993): 

A × σ2
xx + 2 × B × σxx × τxy + C × τ2

xy + 2 × D × σxx + 2 × F × τxy = 1 (7) 

It represents the second-order curve, where, coefficients A, B, C, D, F can be expressed as following: 

A =
1

Yxx × Zxx
(8)  

B = − k16 (9)  

C =
1

Rxy × Sxy
(10)  

D =
1
2

×

(
1

Yxx
−

1
Zxx

)

(11)  

F =
1
2

×

(
1

Rxy
−

1
Sxy

)

(12) 
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Fig. 6. Tensile stress-strain characteristics of solid tubular (1) and thin-walled tubular (2) specimen of CP-Ti (a); Comparison of material characteristics of pure titanium for different loading paths: 
simple tension (1); tension-torsion (2) and pure torsion (3) on thin-walled tubular specimen (b). 
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where, Yxx - yield limit at tension; Zxx - absolute value of yield limit at compression; Rxy - shear yield limit for positive value of τxy and 
Sxy - absolute value of shear yield limit for negative value of τxy. The coefficient B has no simple physical interpretation, it is pro
portional to the yield surface rotation in plane stress co-ordinate system (σxx, τxy). In order to define its value, at least one test in the 
complex stress state is required. 

The yield surface for the anisotropic materials can be determined by the five main ellipse parameters, that can be expressed by 
coefficients of the above mentioned second-order equation in the following way:  

(1) Co-ordinates of the ellipse centre: 

x0 =
B × F − C × D

δ
(13)  

y0 =
B × D − A × F

δ
(14)    

(2) Rotation angle of the ellipse axes with respect of (σxx, τxy) co-ordinate system: 

∅ =
1
2
× atan

(
2 × B
A − C

)

(15)    

(3) Major and minor ellipse semi-axes: 

a =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
Δ

a∗ × δ

√

(16)  

b =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
Δ

b∗ × δ

√

(17)  

where, 

Δ = − A × C + 2 × B × D × F − C × D2 − A × F2 − B2 (18)  

δ = A × C − B2 (19)  

a∗ =
1
2

×

(

A+C −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(A − C)2
+ 4 × B2

√ )

(20)  

b∗ =
1
2

×

(

A+C+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(A − C)2
+ 4 × B2

√ )

(21) 

To fit the experimental data by the equation of ellipse, the least squares method is used to calculate all coefficients of the Eq. (7). As 
a result of this approach, all values of the coefficients can be calculated, and necessary data regarding the anisotropic properties of the 
tested material can be captured. One should note, that the Szczepiński anisotropic yield criterion (Szczepinski, 1993) for plane stress 
(Eq. (7)) can be turned into the von Mises anisotropic yield criterion (Mises, 1928) by imposing D = F = 0 and the Hill criterion (Hill, 
1948) by imposing B = D = F = 0. 

3. Results and discussion 

3.1. Results of the basic mechanical parameters of the material 

The room temperature tensile properties of CP-Ti can be determined on the basis of stress-strain curve (Fig. 6a), they are listed in 
Table 1. Tensile tests were carried out using solid tubular and thin-walled tubular specimens. The variation of the results obtained in 

Table 1 
The mechanical properties of CP-Ti.   

0.2% Yield strength [MPa] Tensile strength [MPa] Elongation [%] Young’s modulus [GPa] 

Solid tubular specimen 390 (± 2) 503 (± 1) 29 (± 0) 107 (± 1) 
Thin-walled tubular specimen 400 (± 3) 531 (± 1) 37 (± 1) 100 (± 1) 
ASTM standard 350 - 450 > 485 > 28 103  
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Fig. 6a for both types of specimen was attributed to the specimen geometry differences. It is challenging to compare the findings given 
here with those in the available literature presented, since the mechanical properties of commercially pure titanium are significantly 
dependant on the microstructure, interstitial elements (O, N, C) concentration and manufacturing method. As the reference, the yield 
and tensile strengths published in earlier studies (Attar et al., 2014; Bajoraitis, R., 1988; Bathini et al., 2010; Mouritz, 2012) fall in the 
ranges of 170–550 MPa and 240–750 MPa, respectively. One can indicate, that the values of these parameters for the material tested 
are within those ranges. 

3.2. Effective mechanical parameters of the material tested under combined loading 

Fig. 6b shows the effective stress-strain curve for the comparison of material characteristics determined on the thin-walled tubular 
specimen subjected to tension (1), tension-torsion (2) and pure torsion (3). It can be observed from the Fig. 6b that all three curves are 
not very close to each other, i.e. material characteristics varies in different loading conditions for the same material. These differences 
are probably the result of initial anisotropy introduction to the material during the manufacturing process. This anisotropy will be 
further discussed in details using the yield surface of ‘as-received’ material in the Section 3.4. 

Fig. 7. Comparison of standard tensile curve (1) with tensile characteristics and curves representing equivalent stress captured during monotonic 
tension assisted by the torsion-reverse torsion cycles of strain amplitude equal to: 0.2% (2) and 0.4% (3) and frequency of: (a, c) 0.5 Hz and (b, d) 
1 Hz. 
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3.3. Results of the material under complex loading 

An influence of the cyclic torsion of different strain amplitudes and frequencies on the monotonic tension of CP-Ti was investigated. 
The main objectives of these tests were to introduce plastic pre-deformation of the material and to investigate variation of the tensile 
characteristics in the presence of torsion-reverse-torsion cycles. Figs. 7a and 7b clearly show that tensile characteristics of pure tita
nium significantly varies if tension is associated with cyclic torsion. A tendency of decreasing axial stress, looking like the softening 
effect, can be clearly observed with the progressive increase of the cyclic strain amplitude. Also, an increase of the frequency led to the 
decrease of the axial stress. In the case of 0.2% cyclic torsion strain amplitude and frequency of 0.5 Hz, the tensile stress for 0.2% axial 
strain decreased from 205 MPa to 181 MPa. For the same level of axial strain in the case of cyclic torsion strain amplitude of 0.4% such 
decrease takes 110 MPa, Fig. 7a. The effect is strengthened for higher value of frequency. The respective values of tensile stress at strain 
of 0.2% equal to 205 MPa, 178 MPa and 90 MPa, Fig. 7b. The magnitude of axial stress dropped nearly 46% and 56% in the case of 
frequency equal to 0.5 Hz and 1 Hz, respectively, in comparison to that obtained at tension only for the axial strain equal to 0.2%. 

This decrease in tensile stress is expected due to the introduction of shear stress indeed. To address the effect of shear stress on the 
equivalence of stress in the three cases of loading, Figs. 7c and 7d provide the equivalent stress-strain curves. These curves depict the 
material’s response under different loading conditions. The courses of equivalent stress-strain curves variation clearly demonstrate a 
softening effect in the material’s response as the cyclic torsional strain amplitude increases. This further emphasizes an influence of 
shear stress on the material’s behaviour during simultaneous tension. 

The aforementioned tendency of decreasing tensile stress is shown in Fig. 8 for 0.5% axial strain at both cyclic torsion strain 
amplitude and frequency (Note that the 0% cyclic torsion strain amplitude represents monotonic tension). The same effect has also 
been reported for Mg-alloy (AZ31B) (Carneiro et al., 2022), commercially pure Cu (Zhou et al., 2022) and aluminium alloy 
(Al-6061-T6) (Scales et al., 2016) due to typical reduction of the tension twining volume fraction in Mg alloy and shallow more 
elongated dimples on Cu fracture surface with the increase of cyclic torsion strain amplitude during combined tension-torsion loading. 

3.4. Yield surface of the pure titanium in the as-received state 

The yield points describing initial yield surface of CP-Ti were determined by loading-unloading of a single specimen in different 
strain directions (axial-shear strain) through the specified offset strain method. Fig. 9 shows the pure titanium response in biaxial stress 
plane on the strain controlled loading program, shown in Fig. 5. It can be observed, that there is negligible deviation from linearity 
during loading and unloading for each paths. The total plastic strain was equal to 0.02%. The Poisson’s ratio for all directions taken 
into account was equal to 0.3. 

A graphical representation of the variation in the effective Young’s modulus for the as-received pure titanium specimen under plane 
stress loading in various directions is shown in Fig. 10. The maximum variation of this parameter is approximately 10%, which 
emphasizes the existence of texture even for the as-received material. The material texture can be identified by comparison of 
characteristics determined in all directions considered. CP- metals often exhibit directionality due to preferred texture or crystallo
graphic orientation, as their crystal structures are frequently anisotropic (Omale et al., 2017). In previous studies, it has been reported 
that the Young’s moduli of aluminium and some hexagonal metals, such as titanium and magnesium, exhibit relatively uniform 
variation compared to other metals such as steels and copper, which exhibit a significant degree of anisotropy (Hutchinson, 2015; 
Nakajima, 2007). However, the differences in Young’s modulus for different directions in plane stress alone do not provide a satis
factory explanation of the initial anisotropy observed in the as-received pure titanium specimen under examination. 

Considering the low magnitude of the plastic strain probing involved in the study, such variation of the Young’s modulus can have a 
significant impact on the results of yield surface, if only the Young’s modulus of initial elastic curve is used for each stress direction. 
The authors have performed the experiment while using the initial elastic curve for each direction during plastic strain probing but the 
obtained results were deemed unacceptable. Specifically, for a limited plastic strain (0.02%) in each direction, which depends on the 
Young’s modulus (Eq. (5)), a lesser equivalent strain was necessary in directions other than the initial direction. The Young’s modulus 

Fig. 8. Variation of the tensile stress corresponding to the 0.5% axial strain value, in response to combined monotonic tension and cyclic torsion of 
strain amplitude equal to: 0.2% and 0.4% (a) and frequency of: 0.5 Hz and 1 Hz (b). 
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obtained for the initial direction is the lowest amongst the directions examined, as shown in Fig. 10. When this variation of the Young’s 
modulus ignored, specimen experienced a higher plastic strain in other directions than the pre-defined value. Therefore, to account for 
the elastic anisotropy in the estimation of plastic strain during probing in different stress directions, the effective Young’s modulus 
specific to each respective direction is utilized. Through this approach, the authors sought to improve the accuracy and reliability of 
their analysis by considering the elastic anisotropy and its impact on the estimation of plastic strain during probing in various stress 
directions. 

The yield surfaces of the pure titanium in the as-received state were determined using a sequential loading procedure on a single 
specimen at 0.01% and 0.005% offset strain, as shown by the continuous line and dotted line, respectively, in Fig. 11a. These yield 
surfaces show the dependence on the chosen definition of yield. After obtaining the yield loci for different directions from experimental 
results, ellipses were obtained by fitting the A, B, C, D, and F coefficients in Eq. (7) using a least squares evaluation method. The main 
ellipse parameters for the initial yield surface of the titanium at both selected offset strain values are listed in Table 2. The results for 
the as-received state of the titanium indicate some level of initial anisotropy, as the yield surfaces are shifted in the compression 
direction and the axis ratios are significantly lower than 1.73 (the value for an isotropic material according to the von Misses-Huber 

Fig. 9. Stress responses to the strain controlled loading program used for determination of the initial yield surface of CP-Ti.  

Fig. 10. Variation of the effective Young’s modulus in different loading directions in the biaxial strain space for CP-Ti.  
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yield condition). 
In order to compare the yield surface of CP-Ti, an isotropic yield surface was determined by fixing the yield point in tension 

(direction 0) of the 0.01% offset initial yield surface of pure titanium. The isotropic yield surface was centred at the origin, had a zero 
rotation angle, and had an axis ratio of 1.73 according to the von Misses-Huber yield criterion. Fig. 11b shows the resulting yield 
surface. It can be observed from Fig. 11b, that the initial anisotropy present in the material is mainly a distinct hardening behaviour in 
the shear strength and that is likely a result of the thin-walled tubular specimen manufacturing process from solid specimen or material 
production process applied to the as-received state of the material. 

3.5. Yield surface of the pure titanium in the pre-deformed state 

The effect of monotonic tension and complex monotonic tension-cyclic torsion plastic pre-deformation on the mechanical pa
rameters of CP-Ti was assessed based on the evolution of the initial yield surface. All pre-deformations of specimens were carried out 
until an axial strain of 1% was achieved. Subsequently, the yield surfaces of the pre-deformed specimens were determined using the 
same procedure as was previously used for the as-received specimen at a 0.01% offset strain. 

The yield surface determined for 1% tensile pre-deformed titanium is shown in Fig. 12 as a dashed line. The shape of the yield 
surface is similar to the initial one, but with an increase in the tensile direction. This indicates that monotonic tensile deformation has 
induced kinematic hardening of the titanium. The yield point increase in tension is about 45 MPa, which is approximately a 16% 
greater in comparison to the initial value. 

Fig. 11. Yield surface of CP-Ti in the as-received state determined by least square fitting method of yield points (square and triangular points) 
obtained using a sequential loading technique for two values of plastic offset strain, 0.005% (dotted red line) and 0.01% (continuous blue line) 
(a); comparison of the initial yield surface (0.01% offset strain) of the CP-Ti (continuous blue line) with the yield surface assuming isotropic 
material (dashed red line) (b). 

Table 2 
Five ellipse parameters that define the initial yield surface for CP-Ti.   

Centre (x0, y0) [MPa] Rotation angle (∅) [Radian] Semi-axes (a,b) [MPa] Axis ratio (a/b) 

0.01% offset strain − 11.36, 1.15 0.14 293.61, 237.11 1.24 
0.005% offset strain − 16.82, 1.99 0.22 270.25, 227.17 1.19  

Fig. 12. Comparison of the yield surface for pure titanium after tensile pre-deformation (2) to the initial yield surface (1). Both were obtained at 
0.01% offset strain. 
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Fig. 13 shows the yield surfaces determined after plastic pre-deformation caused by monotonic tension assisted by proportional 
torsion-reverse-torsion cyclic loading. These yield surfaces are plotted together with the initial yield surface (continuous line) of the 
material tested. The combined preloading leads to anisotropic hardening of the material. For the torsional strain amplitude of 0.2%, 
the subsequent yield surface exhibits an increase of the tensile yield and a significant reduction of the compressive yield at frequency of 
0.5 Hz (Fig. 13a), which decreases in both directions when the frequency is increased to 1 Hz (Fig. 13c). 

On the other hand, for the torsional strain amplitude of 0.4%, the yield surface size of the pre-deformed material is reduced in both 
the compression and shear directions, but there is an increase in the tensile direction at a frequency of 0.5 Hz (Fig. 13b). However, at an 
increased frequency of 1 Hz (Fig. 13d), it is interesting to note that the compressive yield is nearly the same as that observed for the 
initial yield surface, with a further reduction in the shear yield stress. When the frequency is increased from 0.5 Hz to 1 Hz for 
monotonic tension assisted by cyclic torsion of strain amplitude equal to 0.4%, the higher reduction of shear stress is compensated by 
an increase of axial stress. One should observed, that regardless the introduced pre-deformation, including monotonic tension and 
combined tension-cyclic torsion, an increase of the tension stress and a decrease in shear stress at higher torsional strain magnitudes in 
the titanium could be found. Many studies have been conducted on the effects of pre-deformation on materials, but most of them focus 
on changes in cumulative mechanical properties (Ghafari and Rezaeepazhand, 2020; Qvale et al., 2021), while only a few researchers 
have published the results related to changes of directional mechanical properties, specifically using the yield surface evolution 
approach (Khan et al., 2010a; Kowalewski et al., 2014). Therefore, it is difficult to make an exact comparison to the findings of this 
work. A similar tendency of pronounced kinematic hardening after 1% tension pre-strain (shown in Fig. 12) was also observed in 
P250GH and S235JR steel (Štefan et al., 2021) and aluminium alloy (Al 6061-T6511) (Khan et al., 2010b), and it was stated that the 
existence of incoherent, non-shearable precipitates, which serve as an obstacle to dislocation motion, may contribute to this effect. On 
the other hand, the evolution of the yield surface after monotonic tension assisted by cyclic torsion was rarely studied by researchers. 
The yield surface evolution of X10CrMoVNb9–1 steel and Cu 99.9 E copper (Kowalewski et al., 2014) due to combined monotonic 
tension-cyclic torsion pre-deformation is in good agreement with the findings of this work, as the size of the subsequent yield surfaces 
is smaller in all the directions except that representing pure tension. 

The least squares method was used to calculate the coefficients of the yield equation by fitting the experimental data. The yield 
surface equation coefficients (A, B, C, D, F) were taken to describe the ellipse representing the approximation yield surface of the tested 
material. The fitting errors obtained while minimizing the sum of squares of the distances of experimental points from the approxi
mation curve were presented in the Table 3 for each yield surface determined. 

The fitting error values obtained for each yield surface were found as minimal, indicating an accurate match between the 
experimental data and fitted ellipse. Such low fitting errors confirm the suitability, accuracy and reliability of the yield surface 
equation as well as the quality of the yield surface approximation. 

Fig. 13. Comparison of the initial yield surface (1) of CP-Ti to the yield surfaces of pre-deformed titanium due to combined monotonic tension and 
cyclic torsion of strain amplitude equal to:0.2% (3, 5) and 0.4% (4, 6) and frequency of: 0.5 Hz (a, b) and 1 Hz (c, d), respectively. 
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Fig. 14 illustrates the variation in the ellipse parameters that represent the yield surface (YS) of CP-Ti in the pre-deformed state. Pre- 
deformation caused by monotonic tension is denoted by 0% cyclic torsion strain amplitude. The axes ratio of the yield surface was 
compared to that representing the initial yield surface (Table 2) and Huber-von Mises-Hencky isotropic yield surface (HMH YS) (1.73) 
in Fig. 14b and 14e. The results show that the yield surface obtained after monotonic tension assisted by cyclic torsion strain amplitude 
of 0.4% closely resembles the HMH yield criterion at both frequencies considered (0.5 Hz and 1 Hz). This observation is further 
supported by the near-zero rotation angle (Ø) of the axes with respect of (σxx, τxy) co-ordinate system, as shown in Fig. 14c and 14f. 

Subsequently, the analysis of the centre of all the yield surfaces was performed (Fig. 15). One should highlight the presence of back 
stress components which is often observed in materials that have undergone plastic deformation. Fig. 15 shows, that the back stress 
components are minimal in the as-received state, however, for the pre-deformed state they increased significantly. The back stress 
arises due to the formation of dislocations, which can block the movement of other dislocations and create areas of high stress in the 
material. 

Fig. 16 depicts a cumulative representation of the evolution of the initial yield surface in the axial-shear stress space that were 

Table 3 
The fitting errors for the yield surfaces in as-received state and after pre-deformation caused by monotonic tension; combined monotonic tension with 
cyclic torsion of strain amplitude equal to:0.2% and 0.4% at frequency of: 0.5 Hz and 1 Hz.  

As-received Monotonic tension deformed 0.2% at 0.5 Hz deformed 0.4% at 0.5 Hz deformed 0.2% at 1 Hz deformed 0.4% at 1 Hz deformed 

2.31E-01 5.73E-02 1.06E-01 1.07E-01 1.62E-01 5.01E-02  

Fig. 14. Variation of the yield surface parameters of CP-Ti due to pre-deformation caused by monotonic tension (0% strain amplitude); combined 
monotonic tension with cyclic torsion of strain amplitude equal to:0.2% and 0.4% at frequency of: 0.5 Hz (a, b, c) and 1 Hz (d, e, f), respectively. 
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obtained from experimental results following pre-deformation of the material at 0.5 Hz and 1 Hz. It can be observed, that the yield 
surfaces have distinct shapes on the one hand and the size of the subsequent yield surfaces decreases in the direction opposite to the 
pre-deformation loading on the other. As shown in Fig. 16, the subsequent yield surface for monotonic tension exhibits the largest 
dimensions. By examining Fig. 16, it becomes evident that the pre-deformed material exhibits both:  

- kinematic hardening towards the applied axial pre-deformation direction in comparison to the as-received material surface;  
- kinematic softening after the introduction of cyclic torsion during monotonic tensile pre-deformation in comparison to monotonic 

tensile deformed yield surface. 

This is demonstrated by the decrease of subsequent yield loci compared to those for monotonic tensile pre-deformation. For 
example, the yield surface obtained after combined tension-cyclic torsion with a strain amplitude of 0.2% pre-deformation exhibits a 
similar shear yield strength but a decrease of axial yield strength compared to that obtained for monotonic tension deformation. 

Fig. 15. Analysis of the yield surface origin position of CP-Ti in the as-received state and after pre-deformation caused by monotonic tension; 
combined monotonic tension with cyclic torsion of strain amplitude equal to:0.2% and 0.4% at frequency of: 0.5 Hz and 1 Hz. 

Fig. 16. Evolution of the initial yield surface (1) of CP-Ti due to pre-deformation caused by monotonic tension (2); monotonic tension assisted by 
cyclic torsion of strain amplitudes equal to: 0.2% (3, 5) and 0.4% (4, 6) at frequencies equal to 0.5 Hz (a) and 1 Hz (b). 
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Fig. 17. Inverse pole figure (IPF) maps of the as-received material (a); after monotonic tension to 1% (b); monotonic tension assisted by cyclic 
torsion of strain amplitudes equal to 0.2% at frequencies equal to 0.5 Hz (c) and 1 Hz (d); and 0.4% at frequencies equal to 0.5 Hz (e) and 1 Hz (f). 
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Conversely, in the case of combined tension-cyclic torsion with a strain amplitude of 0.4% pre-deformation, the opposite trend is 
observed. Similar tendencies can be observed for both frequencies of 0.5 Hz and 1 Hz, respectively. The shape analysis of these 
subsequent yield surfaces reveals that the dimensions of the yield surface are dependant on the preloading direction. 

3.6. Microstructural characteristics of the pure titanium in the as-received and pre-deformed state 

The microstructure of titanium in its as-received state and its evolution after deformation was presented in the form of Inverse Pole 
Figure (IPF) maps and (0001) pole figures as shown in Figs. 17 and 18. Each map was related to the specific yield surface presented in 
Fig. 16. All the specimens were fully recrystallized after the pre-deformation and exhibited similar average grain size. In the as- 
received state of the material (Figs. 17a and 18a), two ED split basal texture could be observed. The stronger basal texture with 
most of the c-axes is inclined at + (20◦ – 55◦) from the TD towards the ED with narrow distribution in the extrusion direction ED-TD 
plane and a weaker texture component with the c-axes inclined at – (45◦ – 60◦) from TD towards ED. However, with the 1% tensile pre- 
deformation (Figs. 17b and 18b), both texture component with the c-axis tend to align parallel to the TD as inclination towards the ED 
decreased maximum of 30◦ When material is deformed with combined tension-cyclic torsion with 0.2% strain amplitude (Figs. 17c and 
18c), the weaker texture component is intensified and its c-axis aligned more towards the TD. Whereas, the other texture component is 
weakened. However, with the increase of frequency from 0.5 Hz to 1 Hz (Figs. 17d and 18d), the previous weaker texture component 
disappeared and a new texture component with the c-axis distributed narrowly in the negative extrusion direction (-ED) – RD plane 
appears. Simultaneously, the stronger texture component shifts towards negative RD. One could observe a new basal texture with most 
of the c-axes aligned parallel to the TD and rest distributed in the positive ED-TD plane when pre-deformation caused by combined 
monotonic tension-cyclic torsion with 0.4% strain amplitude was applied (Figs. 17e and 18e). Whereas, with 0.4% strain amplitude at 
the frequency equal to 1 Hz (Figs. 17f and 18f), a significantly different grain orientation was observed. The basal texture was 
distributed widely with the c-axis in the whole ED-TD plane with 3 different high-intensity orientations. First, with most of the c-axes is 
inclined at – (50◦ – 68◦) from the TD towards the ED; second, with the c-axis aligned to be parallel to the TD and third, with the c-axes 
inclined at + (45◦ – 50◦) from the TD towards the positive ED-RD plane. These results clearly support the presence of anisotropy and 
evolution of the initial yield surface of CP-Ti due to pre-deformation, presented in Fig. 16, as texture evolution and preferred grain 
orientation can be clearly observed in Figs. 17 and 18. 

4. Conclusions 

In this paper, an experimental approach was performed to investigate the effect of monotonic tension and combined monotonic 
tension-proportional cyclic torsion on the pure titanium behaviour using the single specimen method. The 0.01% plastic offset strain 
was adopted as yield definition. Such approach was found to be suitable for sequential probing paths during the yield surface 
determination. The initial yield surface and its evolution reflecting the pre-deformation history were identified. The main conclusions 
were drawn as follows:  

• Under complex stress states (tension + cyclic torsion), restructurization of the material is responsible for significant decrease of the 
normal stress. This reduction of the axial stress becomes more prominent with an increase in torsional strain amplitude and 
frequency.  

• The initial yield surface of the as-received titanium for the 0.01% and 0.005% offset strain exhibits anisotropic behaviour and 
shows clear dependence of yield surfaces on the chosen definition of yield. The manufacturing process of the material or the 
specimen machining may have caused the initial anisotropy. 

• The size of subsequent yield surfaces after pre-deformation of the material were reduced in all directions, except of that repre
senting the pure tension. This indicates, that the introduction of plastic anisotropy caused by the complex loading leads to sig
nificant softening in the direction opposite to axial loading.  

• CP-Ti exhibits both, kinematic hardening towards the applied tensile pre-deformation direction in comparison to the initial yield 
surface, and kinematic softening after the introduction of cyclic torsion in monotonic tensile pre-deformation in comparison to 
monotonic tensile pre-deformed yield surface.  

• The low fitting error values obtained for each yield surface after fitting the experimental yield points in the Szczepiński anisotropic 
yield criterion confirmed the accuracy and quality of the yield surface approximation.  

• The analysis of Inverse Pole Figure (IPF) maps and (0001) pole figures reveals a good agreement with the yield response of the as- 
received and pre-deformed CP-Ti, as texture evolution and preferred grain orientation can be clearly observed in the material. 
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