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A B S T R A C T

The paper presents a novel approach for prototyping and modelling of the Adaptive Tuned
Particle Impact Damper (ATPID). After introducing the operation and potential disadvantages
of the classical Particles Impact Dampers (PIDs) the authors propose the concept of single-grain
controllable damper, which can adapt to actual dynamic excitation by a real-time change of
the container height. The investigations focus on the methodology of simplified mathematical
modelling of the ATPID damper based on grain physical properties, nonlinear soft contact
theory, and control function of the absorber height being a novel component used to optimize
dynamic response of the system. The proposed ATPID model is positively verified against
the experimental results obtained from the developed test stand including a vibrating beam
equipped with the proposed innovative attenuator. The conducted analyses clearly reveal the
operating principles of the ATPID damper, the types of grain movement, the influence of shock
absorber parameters on the vibrating system response and the energy balance of the system. The
solution of the formulated optimization problem aimed at minimization of vibration amplitudes
allows to find the optimal damper height for various physical parameters of the grain and the
external excitation and to achieve a high efficiency of the proposed damper reaching 90%. In
addition, a real-time control strategy providing adaptation of the ATPID damper to changing
amplitude of kinematic excitation and effective mitigation of steady-state vibrations is proposed
and verified experimentally.

. Introduction

Mitigation of vibrations has been a popular field of theoretical and experimental research for many years. A literature review
eveals that a lot of different technical solutions based on various physical phenomena can be developed [1]. One interesting example
s a Particles Impact Damper (PID). Such a device is composed of a container filled with granular material and it is characterized
y a passive damping ability resulting from non-elastic grain–grain and grain–container collisions. The energy dissipation process is
ased on a transfer of momentum between PID elements and the change of their kinetic energy into heat via the combined effects
f inelastic collisions and frictional losses. The physical properties of applied particles, which strongly influence damping efficiency,
re resistant to impact of heat and resulting changes of temperature. This allows to effectively apply PIDs to damp vibrations of
echnical systems operating in harsh environments, where standard viscous absorbers fail.
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The current research on Particle Impact Dampers can be divided into two main branches [2]:
– experimental research aimed at modification of the standard and development of novel PID constructions [3–5], determination

f their damping characteristics [6–8] and analysis of the influence of physical, geometrical and excitation parameters on PIDs
fficiency [9–11],

– mathematical modelling of PID absorbers and simulation of their response to the dynamic excitation using physical models
ased on a soft contact theory [12,13], hard contact theory [2,14] and Leidefrost effect [15,16].

The main problem in Particle Impact Damper simulations is proper modelling of the collisions between grains of the applied
ranular material. Kruggel–Emden et al. [17] present a review of the normal force models which can be divided into the following
ategories: linear [18], partly nonlinear [19], fully nonlinear [20–22] and hysteretic [23]. Linear and nonlinear viscoelastic collision
odels were described by Lee– Hermann [19], Kuwabara–Kono [24] and others who defined contact forces using reduced stiffness

nd damping coefficients based on physical and geometrical parameters of grains. The hysteretic model [23] was used to include
lasticity effects in grains collisions. The hard contact model is defined by new initial conditions imposed on the velocities of the
article after impact using the restitution coefficient. The authors of [15] describe a novel PID modelling method, in which one part
f grains is considered as a gas flow with a low Reynolds number and the second part is treated as a solid-state. Such an approach
llows extending the standard contact force model to the model with a changeable damping coefficient which depends on grains
nd system parameters. Such a modelling approach is called by granullar Leidenfrost effect.

To reflect the effects of the collisions between grains in classical particles impact damper construction the authors of the
apers [25–28] propose a reduced system of the multiple colliding particles by the model of the 1–DOF and 2–DOF systems with
quivalent parameters such as connection stiffness, mass ratio and recovery coefficient. Moreover, the impacts are described by the
aw of conservation of momentum and the rolling friction is introduced to the reduced grains. The proposed methods are validated
y experimental research and obtained results show the effectiveness of the damping ability in practical applications.

One of the most interesting aspects of mathematical analysis of Particle Impact Dampers are methods aimed at optimization
f their parameters. Genetic Algorithms were used in paper [29] to optimize an enclosure height, grain mass and coefficient of
estitution to maximize the value of the loss factor. In paper [30] the authors optimize a PID damping effect using bound optimization
y quadratic approximation (BOBYQA) to obtain minimum–maximum amplitude (MMA) of vibrations and minimum total vibration
evel (MTVL). Another interesting example of parameters optimization is presented in [31] where the problem is finding the best
ocations of the damper on the tested plate and the most effective container volume filling ratio. For this approach, the Swarm
lgorithm was used for the optimization process.

From the vibration mitigation point of view, the operation of PID is reflected in the decreased amplitudes of system vibrations,
ostly in a resonance range of excitation. In some cases, this effect can be considered similar to the effect of a Tuned Mass Damper

TMD). The papers [32,33] compare the impact of both devices on the damping of vibrations. The authors also propose modelling
f both absorbers as single or multi degree of freedom systems with similar operation principles.

Regarding PID applications Junling et al. [34] describe an example of using PID in wind turbines to absorb tower vibrations.
nother field of application is automotive environment. In [35] the authors describe experimental and numerical studies verifying

he possibility of using PID to damp vibrations and increase a riding comfort of a dump truck. An interesting approach is presented
n [36], where the authors use PID to absorb saw oscillations and gear vibrations [37]. PIDs can be potentially used in large
onstructions such as high-rise buildings, which are often exposed to seismic excitations and significant dynamic loads. Experimental
nd theoretical studies regarding vibrations attenuations of such structures are described in [38,39].

The mentioned papers are only a part of the world literature. A lot of articles related to different approaches to modelling,
imulation and optimization of phenomena occurring inside PIDs can be referenced. However, a few of these analyses allows for
modification of damper parameters during a vibration mitigation process. For this reason, the authors focus on the proposed in

revious papers [40,41] a new concept of PID assuming the possibility of dynamic tuning. The proposed damper is called Adaptive
uned Particle Impact Damper (ATPID) and enables control of the selected damper parameter (height of the container) during the
rocess of vibrations damping. The paper [42] describes active parameter control of the impact damper. Despite many similarities
etween the considered impact damper and the ATPID absorber, there are significant differences in the dynamics of these systems.
n both cases, different assumptions concerning the movement of the considered system are made and different corresponding
umerical analyses are performed. This leads to a different description of the principle of the auxiliary mass optimal behaviour,
hich corresponds to the most effective process of vibration damping. The semi-active control algorithm presented in the paper [42]

s based on two assumptions: (a) the impacts occur when velocity of the primary system is maximal; (b) the velocities of the colliding
asses are opposite during the impacts. The analysis of the dynamics of the system considered in this manuscript, reveals that in

rder to find the optimal height, the mentioned conditions have to be modified and enriched with two additional requirements
hich are described in details in the following sections.

The additional novelty of the current paper is the approach adopted for the ATPID modelling. The proposed model is based on
he extension of Hertzian contact theory to the nonlinear viscoelastic contact force model and reflects the physical phenomena of
rain–container collisions, which are crucial for damper operation. The proposed model allows to reveal the operating principle of
he ATPID damper and to conduct sensitivity analysis of the vibration damping process with respect to the height of the container,
he variable mass of the granular material and the amplitude of the excitation. The obtained results are further used to optimize the
TPID parameters for the applied type of external excitation in order to maximize the effectiveness of vibration damping. Eventually,

he conducted holistic analyses allow to propose a real-time control strategy providing adaptation of the ATPID damper to changing
2

he amplitude of a kinematic excitation. Experimental verification of the proposed control strategy proves its high effectiveness.
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2. ATPID construction and modelling

2.1. ATPID construction

In the classical design the, PID absorber consists of a container and granular material enclosed inside. As a result of applied
external excitation the particles move and collide against the walls of the container. These collisions influence the motion of the
mechanical system to which the Particle Impact Damper is attached and cause a decrease of its vibration amplitudes. One of the
most important parameter influencing the damping ability is a damper height. Therefore, the main goal was to design a damper
construction with the possibility of control of the container ceiling (Fig. 1).

A single grain system is often used for describing PID operations and such an approach is also implemented in the proposed
concept. The considered ATPID absorber consists of the cylindrical container (1) containing a single grain (2) made of the Polylactide
(PLA), moveable plate (3) joined by screw connections (4) and clutch (5) with an electric engine (6). Rotation of the engine shaft
(7) is transformed into the linear movement of the plate in a vertical direction. A simple electromechanical system allows control
of the electric motor, in particular the direction of movement and the velocity of the upper damper wall. This approach allows for
dynamic tuning of the distance between a lower wall (floor) and an upper wall (ceiling) of the damper, and changing the volume
of the chamber occupied by a particle in real-time. The 3D model and prototype of the ATPID damper are presented in Figs. 1(a)
and 1(b), respectively.

Fig. 1. ATPID model and prototype.

2.2. General problem of the contact modelling

The crucial phenomena in PID modelling are the impacts between the particle and container walls and the corresponding process
of energy dissipation. In the previous studies of the modelling stage, soft and hard contact models were applied. The first group of
them is based on a definition of the contact force in terms of grain overlap and overlap rate. These two parameters allow to describe
the most possible contact schemes and include the effects of an elastic repulsion and viscous dissipation. In such an approach linear
and nonlinear definitions of the contact force are based mainly on Hertz theory. On the other hand, described in the previous section
the hard contact model can also be used. In our research we have decided to apply a soft contact model which describes physical
effects occurring during collisions of grain more precisely, accepting a larger computational cost.

The phenomenon of the interaction of two bodies requires a general mathematical description of the contact mechanics. Several
fundamental laws describing an elastic contact have been proposed by Hertz. [43]. In particular, Hertzian contact theory allows to
determine the interaction between a flat surface of the specimen and a spherical indenter, where a radius of contact circle 𝑎 takes
the form:

𝑎3 =
3𝑅𝐹𝑐
4𝐸𝑒𝑓𝑓

(1)

where 𝑅 is the indenter radius, 𝐹𝑐 is the indenter force and 𝐸𝑒𝑓𝑓 is the effective Young’s modulus of the specimen and indenter
defined as:

1 =
1 − 𝜈2𝑤 +

1 − 𝜈2𝑝 (2)
3

𝐸𝑒𝑓𝑓 𝐸𝑤 𝐸𝑝
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where 𝐸𝑤 is the specimen Young’s modulus, 𝐸𝑝 is the indenter Young’s modulus, 𝜈𝑤 is the specimen Poisson’s ratio and 𝜈𝑝 is the
indenter Poisson’s ratio. Subscripts 𝑤 and 𝑝 correspond to the container wall and particle (grain), respectively. Hertz also described
the overlap 𝜉 in terms of radius of contact circle 𝑎 and indenter radius 𝑅:

𝜉 = 𝑎2

𝑅
(3)

Using Eqs. (1) and (3), the overlap can be written as:

𝜉3 =
(

3
4𝐸𝑒𝑓𝑓

)2 𝐹 2
𝑐
𝑅

(4)

The transformation of the Eq. (4) allows to define a function of the elastic contact force:

𝐹𝑐 =
4
3
𝐸𝑒𝑓𝑓

√

𝑅𝜉
3
2 (5)

In most cases, two colliding bodies exhibit viscoelastic properties which require simultaneous consideration in the modelling
rocess. In such a case, the general solution is described by an extension of the Hertz elastic contact force by an additional viscous
art:

𝐹𝑐 =
4
3
𝐸𝑒𝑓𝑓

√

𝑅𝜉
3
2 + 𝛼𝜉̇ (6)

where 𝛼 is a damping factor and 𝜉̇ is an overlap rate. According to the classical theory of the mechanical system oscillation, the
damping factor 𝛼 can be expressed as a function of the system damping ratio 𝛽, mass 𝑚 and stiffness 𝑘.

𝛼 = 2𝛽
√

𝑘𝑚 (7)

Following the approach proposed by Tsuji [21], the stiffness 𝑘 can be expressed as:

𝑘 = 4
3
𝐸𝑒𝑓𝑓

√

𝑅𝜉
1
2 (8)

sing Eqs. (6)–(8), a viscoelastic form of the contact force can be found:

𝐹𝑐 =
4
3
𝐸𝑒𝑓𝑓

√

𝑅𝜉
3
2 + 2𝛽

√

4
3
𝐸𝑒𝑓𝑓

√

𝑅𝜉
1
2𝑚𝜉̇ (9)

By introducing reduced parameters of effective stiffness 𝑘𝑒𝑓𝑓 and damping 𝑐𝑒𝑓𝑓 :

𝑘𝑒𝑓𝑓 = 4
3
𝐸𝑒𝑓𝑓

√

𝑅 (10)

𝑐𝑒𝑓𝑓 = 2𝛽
√

𝑘𝑒𝑓𝑓𝑚 (11)

the viscoelastic contact force can be eventually defined by the formula:

𝐹𝑐 = 𝑘𝑒𝑓𝑓 𝜉
3
2 + 𝑐𝑒𝑓𝑓 𝜉̇𝜉

1
4 (12)

2.3. ATPID modelling

In the proposed approach the ATPID damper is described as a system consisting of a container and a single particle (grain),
see Fig. 2. The main assumption of the mathematical model is that the direction of grain movement is the same as the direction
of the absorber motion. This means that the movement of a particle in the direction perpendicular to the direction of absorber
motion (and corresponding contact forces) is omitted in the model. As it was previously mentioned the only type of contact that
occurs in the ATPID damper is the grain–container contact. The result is the appearance of two contact forces: grain–floor 𝐹𝑐1 and
grain–ceiling 𝐹𝑐2 .
4
Fig. 2. Mathematical basic model of the ATPID damper.
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The contact forces are described by nonlinear contact model (Eq. (12)). In the proposed approach, the forces 𝐹𝑐1 , 𝐹𝑐2 are the
unctions of grain overlaps (𝜉𝑐1 , 𝜉𝑐2 ) and overlaps rates (𝜉̇𝑐1 , 𝜉̇𝑐2 ) and they are defined as follows:

𝐹𝑐1 = 𝑘𝑐𝜉
3∕2
𝑐1 + 𝑐𝑐 𝜉̇𝑐1𝜉

1∕4
𝑐1 (13)

𝐹𝑐2 = 𝑘𝑐𝜉
3∕2
𝑐2 + 𝑐𝑐 𝜉̇𝑐2𝜉

1∕4
𝑐2 (14)

where: 𝜉𝑐1 , 𝜉̇𝑐1 — overlap and overlap rate of the grain during the floor impact, 𝜉𝑐2 , 𝜉̇𝑐2 — overlap and overlap rate of the grain during
he ceiling impact, 𝑘𝑐 — reduced effective stiffness, 𝑐𝑐 — reduced effective damping. The grain–container reduced effective stiffness
s calculated using geometrical parameters and elastic material properties of grain and container walls, according to Eq. (10):

𝑘𝑐 =
4
3
𝐸𝑒𝑓𝑓

√

𝑟 (15)

where 𝑟 is the grain radius and effective Young’s modulus has a form given by Eq. (2). The reduced damping parameter 𝑐𝑐 is
determined according to Eq. (11), assuming a critical damping condition (𝛽 = 1) and mass of the grain 𝑚𝑔 :

𝑐𝑐 = 2
√

𝑘𝑐𝑚𝑔 (16)

nalysis of Eqs. (13) and (14), for specific values of stiffness and damping parameters, shows that defined contact forces can take
egative values. In order to eliminate the above non-physical effect in further computations, we will consider only positive values
f contact forces by limiting the overlap value during rebound of the grain from each container wall.

Assuming the controllable container height ℎ, its velocity ℎ̇, the initial position of grain 𝑥𝑔𝑖 , its radius 𝑟, displacement of the
container 𝑥𝑠, displacement of grain 𝑥𝑔 , velocity of the container 𝑥̇𝑠 and velocity of the grain 𝑥̇𝑔 the overlaps and overlaps rates can
be described by the following equations:

𝜉𝑐1 =
{

−𝑥𝑔𝑖 + 𝑟 + 𝑥𝑠 − 𝑥𝑔 if − 𝑥𝑔𝑖 + 𝑟 + 𝑥𝑠 − 𝑥𝑔 > 0
0 if − 𝑥𝑔𝑖 + 𝑟 + 𝑥𝑠 − 𝑥𝑔 ≤ 0

(17)

𝜉̇𝑐1 = (𝑥̇𝑠 − 𝑥̇𝑔)𝑠𝑔𝑛(𝜉𝑐1 ) (18)

𝜉𝑐2 =
{

𝑥𝑔𝑖 + 𝑟 + 𝑥𝑔 − 𝑥𝑠 − ℎ if 𝑥𝑔𝑖 + 𝑟 + 𝑥𝑔 − 𝑥𝑠 − ℎ > 0
0 if 𝑥𝑔𝑖 + 𝑟 + 𝑥𝑔 − 𝑥𝑠 − ℎ ≤ 0

(19)

𝜉̇𝑐2 = (𝑥̇𝑔 − 𝑥̇𝑠 − ℎ̇)𝑠𝑔𝑛(𝜉𝑐2 ) (20)

Taking into account the definitions of the overlaps Eq. (17), Eq. (19) and overlaps rates Eq. (18), Eq. (20) the definitions of both
contact forces for the case of positive overlaps take the form:

𝐹𝑐1 = 𝑘𝑐 (−𝑥𝑔𝑖 + 𝑟 + 𝑥𝑠 − 𝑥𝑔)
3∕2 + 𝑐𝑐 (𝑥̇𝑠 − 𝑥̇𝑔)(−𝑥𝑔𝑖 + 𝑟 + 𝑥𝑠 − 𝑥𝑔)

1∕4 if 𝜉𝑐1 > 0 (21)

𝐹𝑐2 = 𝑘𝑐 (𝑥𝑔𝑖 + 𝑟 − ℎ + 𝑥𝑔 − 𝑥𝑠)3∕2 + 𝑐𝑐 (𝑥̇𝑔 − 𝑥̇𝑠 − ℎ̇)(𝑥𝑔𝑖 + 𝑟 − ℎ + 𝑥𝑔 − 𝑥𝑠)1∕4 if 𝜉𝑐2 > 0 (22)

The novel and one of the most interesting components of the model is a controllable ATPID height ℎ. Its influence on the damper
response is revealed by Eq. (22) which shows a strong nonlinear dependence between time-dependent damper height, its time-
derivative and upper contact force 𝐹𝑐2 . Let us note that the ATPID height influences particle velocity after the collision with the
damper ceiling and thus it indirectly affects the value of the lower contact force 𝐹𝑐1 .

The function of height of damper container is defined using a minimal position of the ceiling ℎ𝑚𝑖𝑛 which indicates the case
when the grain is blocked, the controllable range of ceiling movement 𝛥ℎ and dimensionless control function 0 < 𝜓 < 1 describing
characteristics of the changes:

ℎ = ℎ𝑚𝑖𝑛 + 𝛥ℎ𝜓 (23)

The proposed control function 𝜓 can take an arbitrary form which can describe a real movement of the damper height controlling
element. Herein, we use a linear control function with two different tuning times. The application of the linear change of the damper
height is also caused by practical aspects of system implementation. The proposed control function directly depends on the method
of changing the position of the container ceiling during experimental tests. These depend on the used electric motor. The motor was
powered by a constant current, which caused a linear change of the position of the damper ceiling.

𝜓 =

⎧

⎪

⎨

⎪

⎩

0 if 𝑡 < 𝑡1
𝑡−𝑡1
𝛥𝑡12

if 𝑡1 < 𝑡 < 𝑡2
1 if 𝑡 > 𝑡2

(24)

where: 𝑡 — control time, 𝑡1 — activation start time, 𝑡2 — saturation start time, 𝛥𝑡12 = 𝑡2 − 𝑡1 — activation period.
Eventually, the complete model of the ATPID damper contains definition of generated force expressed with the use of contact

orces defined by Eqs. (21) and (22) and equation of motion of the grain:
5
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𝐹𝐴𝑇𝑃𝐼𝐷 = −𝐹𝑐1 (𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔) + 𝐹𝑐2 (𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔 , ℎ, ℎ̇) (25)

𝑚𝑔 𝑥̈𝑔 − 𝐹𝑐1 (𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔) + 𝐹𝑐2 (𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔 , ℎ, ℎ̇) +𝑄𝑔 = 0 (26)

where 𝑄𝑔 is the grain gravity force. Solution of the equation of grain motion is necessary to obtain the displacement of the grain
𝑥𝑔 and contact forces resulting from applied kinematic excitation given by displacement 𝑥𝑠. The model composed of Eqs. (25) and
(26) allows to determine the force generated by the ATPID absorber under an arbitrary kinematic excitation.

3. Experimental and numerical study

3.1. Test stand and numerical scheme

The designed laboratory testing stand allows to investigate the effectiveness of the ATPID absorber in damping of vibrations of
the cantilever beam (Figs. 3 and 4). The test stand consists of an electric motor with an eccentric disc (1), a system that converts
rotary motion into a linear one (2), a beam (3), a designed ATPID damper (4), a data transmission system (5), a control system (6),
two inverters (7), a power supply (8) and a data analysis system (9). To perform the described experimental research, the authors
applied: excitation amplitude ±10 [mm], maximum excitation frequency 3.5 [Hz]. The quantity measured during the experiment was
the displacement of the beam free end. For this purpose, a laser sensor ZX1-LD300A81 Omron and measuring card Labjack T7-pro
were used.

Fig. 3. Scheme of the experimental test stand.

Fig. 4. Experimental test stand.
6



Journal of Sound and Vibration 564 (2023) 117799M. Żurawski et al.

d
g

𝑥
𝑚
i
d

f
a

w

The scheme of the tested mechanical system is presented in Fig. 5. The corresponding mathematical model of the system is
eveloped using the damper model derived in Section 2. The governing equations and initial conditions of the proposed model are
iven by Eqs. (27)–(29).

Fig. 5. Scheme of the ATPID construction.

𝑚𝑠𝑥̈𝑠 + 𝐹𝑒𝑥𝑡 − 𝐹𝐴𝑇𝑃𝐼𝐷(𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔 , ℎ, ℎ̇) +𝑄𝑠 = 0 (27)

𝑚𝑔 𝑥̈𝑔 + 𝐹𝐴𝑇𝑃𝐼𝐷(𝑥𝑠, 𝑥𝑔 , 𝑥̇𝑠, 𝑥̇𝑔 , ℎ, ℎ̇) +𝑄𝑔 = 0 (28)

𝐹𝑒𝑥𝑡 = 𝑘𝑠[𝑥𝑠 − 𝑢𝑠] + 𝑐𝑠[𝑥̇𝑠 − 𝑢̇𝑠] (29)

𝑥̇𝑠(𝑡 = 0) = 0, 𝑥𝑠(𝑡 = 0) = −
(𝑚𝑠 + 𝑚𝑔)𝑔

𝑘𝑠
(30)

𝑥̇𝑔(𝑡 = 0) = 0, 𝑥𝑔(𝑡 = 0) = −
(𝑚𝑠 + 𝑚𝑔)𝑔

𝑘𝑠
+ 𝑥𝑔𝑖 (31)

The model contains the beam (primary system) parameters: 𝑚𝑠 — reduced mass, 𝑘𝑠 — reduced stiffness, 𝑐𝑠 — reduced damping,
̈𝑠 — beam acceleration, 𝑥̇𝑠 — beam velocity, 𝑥𝑠 — beam displacement, 𝑄𝑠 = 𝑚𝑠𝑔 — beam gravity force; the grain parameters:
𝑔 — grain mass, 𝑥̈𝑔 — grain acceleration, 𝑥̇𝑔 — grain velocity, 𝑥𝑔 — grain displacement, 𝑥𝑔𝑖 = 𝑟 — initial position of the grain

n the container, 𝑄𝑔 = 𝑚𝑔𝑔 — grain gravity force; 𝑔 — gravity; and excitation parameters: 𝑢̇𝑠 — support velocity, 𝑢𝑠 — support
isplacement. Moreover, 𝐹𝐴𝑇𝑃𝐼𝐷 is a total force generated by the ATPID damper defined by Eq. (25).

The introduced initial conditions allow to obtain a static equilibrium of the system at the initial stage of the simulations. In the
urther part of the analysis, the displacements of the beam, container and grain are shifted by 𝑥𝑠(𝑡 = 0) to get the beam’s oscillations
round the initial equilibrium position.

The applied kinematic excitation is defined by function describing the motion of the structure support, given by the equation:

𝑢𝑠 = 𝐴𝑠𝑖𝑛(2𝜋𝑓𝑡) (32)

here the resonance frequency 𝑓 depends on mass 𝑚𝑠 and 𝑚𝑔 as follows:

𝑓 =

√

𝑘𝑠
2𝜋

√

𝑚𝑠 + 𝑚𝑔
(33)

and amplitude of excitation 𝐴 = 10 [mm].
The simulation of the dynamic response of the system subjected to above defined excitation includes phenomena such as multiple

grain–walls collisions described the nonlinear contact model and characterized by very short duration time. Therefore, the equations
of motion require numerical solutions using appropriate time-integration methods and a detailed analysis of their accuracy. In
practice, several different numerical methods were used to conduct numerical simulation, including Fehlberg fourth–fifth order
Runge–Kutta method (RKF45), Cash–Karp fourth–fifth order Runge–Kutta method (CK45), Implicit Rosenbrock third–fourth order
Runge–Kutta method (Rosenbrock) and Livermore Solver for Ordinary Differential Equations (LSODE). A series of the calculations
performed in the MAPLE software revealed that the results for various methods are similar when an absolute error tolerance and a
relative error tolerance are very small and close to 10−10.

In the following parts of the paper, the attention is focused on the influence of various grain and container parameters on the
response of the system, including generated contact forces, system kinematics and resulting efficiency of vibrations damping. At the
7

beginning of each simulation, such parameters are presented in the form of tables.
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3.2. Comparison of experiments and numerical simulations

In order to validate the proposed mathematical model given by Eqs. (27)–(31) the results of basic experiments and numerical
imulations assuming reduced parameters of the system were thoroughly compared against each other. The experimental object was
cantilever beam with mass 𝑚𝑏 = 0.36 [kg], which was reduced to the 1-DOF system in the numerical simulations. Reduced stiffness

𝐾𝑠 corresponding to the first mode of vibrations was calculated in a standard manner. Natural frequencies of the system were found
by spectrum analysis of experimental free vibrations of the tested object. The reduced mass was determined as 𝑚𝑠 = 0.905𝑚𝑏 in
order to obtain the mathematical model with an exact value of the first natural frequency (3.02 [Hz]) for the calculated reduced
stiffness. Reduced damping 𝐶𝑠 was identified to obtain similar numerical and experimental amplitudes of the free vibrations.

The next stage of modelling was finding the reduced mass of the grain 𝑚𝑔 . In the experimental study, the mass of the grain was
assumed as 10% and 5% of the total mass of the tested system and the first natural frequency were 2.862 [Hz] and 2.944 [Hz],
respectively. In the numerical case, a similar approach was implemented and the reduced mass of the grain was assumed as 10% and
5% of the total mass of the reduced system, which resulted in similar values of the first system eigenfrequencies equal to 2.868 [Hz]
and 2.947 [Hz], respectively. Physical parameters of the reduced tested object (𝑘𝑠, 𝑐𝑠, 𝜈𝑤, 𝜈𝑝, 𝐸𝑤, 𝐸𝑝) are either a priori known or
computed based on the preliminary experiments and presented in the Table 1.

Table 1
Basic simulations parameters.
𝑘𝑠 𝑐𝑠 𝜈𝑝 = 𝜈𝑤 𝐸𝑤 = 𝐸𝑝
117.6 [N/m] 0.56 [Ns/m] 0.2 2.1⋅108 [Pa]

The assumed control function 𝜓 was based on the activation start time 𝑡1 = 6 [s] and the activation period 𝛥𝑡12 = 1 [s]. The
ontrollable damper height described by Eq. (23) assumed two various minimal heights: 0.01 [m] for grain mass equal to 0.05𝑀
Fig. 6(a)) and 0.017 [m] for grain mass equal to 0.1𝑀 (Fig. 6(b)). In both cases, the maximal container height (ℎ𝑚𝑎𝑥) was equal
.1 [m].

Fig. 6. Controllable damper heights.

All other parameters of the container and particle required for the simulation can be found in the Table 2. Results of the conducted
imulations of system vibrations are presented in Figs. 7 and 8.

Table 2
Parameters used in simulations.
𝑚𝑔 ℎ𝑚𝑖𝑛 [m] ℎ𝑚𝑎𝑥 [m] 𝑟 [m] 𝑘𝑐 [ N

m3∕2 ] 𝑐𝑐 [ Ns
m5∕4 ]

0.05𝑀 0.01 0.1 0.05 1.031 ⋅ 107 841

0.1𝑀 0.017 0.1 0.085 1.344 ⋅ 107 1395.3

Fig. 7. Comparison of the experimental and numerical results, 𝑚𝑔 = 0.05𝑀 .
8
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Fig. 8. Comparison of the experimental and numerical results, 𝑚𝑔 = 0.1𝑀 .

Response of the beam under proposed harmonic excitation can be divided to the three main stages:

• The first stage when the grain is blocked (ℎ = ℎ𝑚𝑖𝑛) and then the vibration is resonant and stabilized in range 4 [s]< 𝑡 < 6 [s].
• The second stage when the controlling process was activated and the damper ceiling reached the maximum height in one

second but the stabilization time of the beam vibration takes more than three seconds in both considered cases.
• The third stage when beam vibrations are damped and a steady-state can be observed in range 12 [s]< 𝑡 <14 [s].

Presented results enable effective validation of the proposed mathematical model for two different grain mass values. In
both presented cases the amplitudes of displacements obtained from the experiments and numerical simulations closely coincide.
Moreover, the agreement of both results holds for various amplitudes and frequencies of the kinematic excitation. The above
comparison indicates that numerical simulations based on the proposed mathematical model can be efficiently used to investigate
an operation of the ATPID damper.

For each simulation 𝑋𝑆𝑖𝑚 and experimental 𝑋𝐸𝑥𝑝 result, the Root Mean Square Errors (RMSE) of the beam displacements
corresponding to intervals of the transient (6 [s] < 𝑡 < 10 [s]) and damped (𝑡 > 10 [s]) vibrations were calculated according
to the formula:

𝑅𝑀𝑆𝐸 = 𝑅𝑀𝑆
(𝑋𝐸𝑥𝑝 −𝑋𝑆𝑖𝑚

𝑋𝐸𝑥𝑝

)

(34)

The above parameter was calculated for 5 different masses of grain (1%, 2.5%, 5%, 10%, 20%) and for various excitation frequencies
(0.9, 0.95, 1, 1.05, 1.1 of resonance frequency value). The values of the RMSE of beam displacements for a range of transient
vibrations are presented in the Table 3 and for a range of steady-state damped vibrations in the Table 4. The proposed approach
allowed to present the errors between the experiment and the simulation in the resonance range and in its vicinity when the grain
collides against both container walls.

Table 3
RMSE comparison of vibrations in transient range.

0.9𝑓𝑟𝑒𝑠 0.95𝑓𝑟𝑒𝑠 𝑓𝑟𝑒𝑠 1.05𝑓𝑟𝑒𝑠 1.1𝑓𝑟𝑒𝑠
0.01𝑀 0.016 0.079 0.059 0.062 0.019
0.025𝑀 0.018 0.09 0.067 0.7 0.025
0.05𝑀 0.019 0.1 0.075 0.079 0.032
0.1𝑀 0.022 0.115 0.084 0.089 0.035
0.2𝑀 0.027 0.129 0.094 0.101 0.039

Table 4
RMSE comparison of vibrations in steady-state range.

0.9𝑓𝑟𝑒𝑠 0.95𝑓𝑟𝑒𝑠 𝑓𝑟𝑒𝑠 1.05𝑓𝑟𝑒𝑠 1.1𝑓𝑟𝑒𝑠
0.01𝑀 0.019 0.087 0.075 0.08 0.023
0.025𝑀 0.019 0.079 0.07 0.073 0.02
0.05𝑀 0.018 0.073 0.064 0.067 0.017
0.1𝑀 0.015 0.067 0.058 0.062 0.015
0.2𝑀 0.012 0.061 0.053 0.057 0.014

The results presented in the Tables 3 and 4 show that the differences of system response for resonance excitations are acceptable
n both assumed ranges: from 0.059 to 0.094 for a transient vibrations and from 0.053 to 0.075 for steady-state vibrations. The
ncrease of the RMSE coefficient for the ranges around resonance is visible, however, their values are also small (maximum 0.129
or a transient range, and maximum 0.087 for a steady-state range). The obtained results prove that the proposed mathematical
odel can be successfully used for further numerical analyses.
9
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4. Principles of the ATPID operation

The analysis of the governing equations of the proposed system (Eqs. (27) and (28)) shows that the operation of the ATPID
amper is complicated and requires further investigation. A better understanding of the analysed dynamic process can be gained
y introducing the relation between contact forces determined from the equation of grain motion (Eq. (28)) into the equation of
ystem motion (Eq. (27)). The resulting equation can be written in two equivalent forms:

(𝑚𝑠 + 𝑚𝑔)(𝑥̈𝑠 + 𝑔) − 𝑚𝑔

(

1 −
𝑥̈𝑔 + 𝑔
𝑥̈𝑠 + 𝑔

)

(𝑥̈𝑠 + 𝑔) + 𝐹𝑒𝑥𝑡 = 0 (35)

(𝑚𝑠 + 𝑚𝑔)(𝑥̈𝑠 + 𝑔) + 𝑚𝑔(𝑥̈𝑔 − 𝑥̈𝑠) + 𝐹𝑒𝑥𝑡 = 0 (36)

The first component of Eqs. (35) and (36) describes an initial state of the analysed system when the grain cannot move inside
the container (ℎ𝑚𝑎𝑥 = 2𝑟) and thus the total system mass is the sum of basic structure mass and grain mass (𝑀 = 𝑚𝑠 + 𝑚𝑔).
The second component is identical in both equations but can be interpreted in two different manners as two distinct principles
of ATPID operation. In Eq. (35) the first term of the second component describes the Mass Modification Effect (𝑀𝑀𝐸), which
represents a change of system mass 𝛥𝑀 resulting from the presence of the moving grain. In turn, in Eq. (36) the second component
describes the Pseudo-Inertial Force Effect (𝑃𝐼𝐹𝐸), which represents additional force 𝐹𝑖𝑛𝑒𝑟 resulting from grain movement. The
PIFE effect is introduced in order to reveal the mathematical relation and mathematical similarity between the ATPID damper
and currently popular mechanical systems called inverters, which utilize inertial forces depending on the relative acceleration of
the system components [44,45]. Both above operating principles describe a transition between three possible specific states of the
system.

The first state occurs when the accelerations of the container and the grain are approximately equal 𝑥̈𝑔 ≈ 𝑥̈𝑠, which corresponds
o the mentioned above initial state of closed damper or to the situation when grain can move (ℎ𝑚𝑎𝑥 > 2𝑟) and is pushed by one
f the container walls. In such cases, both the terms indicating mass modification in Eq. (35) and the term indicating inertial force
n Eq. (36) are equal to zero. Consequently, the two degrees of freedom (2–DOF) system can be replaced by 1–DOF system of total
ass 𝑀 = 𝑚𝑠 + 𝑚𝑔 , described by the equation:

(𝑚𝑠 + 𝑚𝑔)(𝑥̈𝑠 + 𝑔) + 𝐹𝑒𝑥𝑡 = 0 (37)

In turn, the second state is when the grain is free-flying without any collisions with container walls (𝑥̈𝑔 = −𝑔). Then, the terms
indicating mass modification in Eq. (35) and inertial force in Eq. (36) are equal:

𝛥𝑀 = −𝑚𝑔 , (38)

𝐹𝑖𝑛𝑒𝑟 = −𝑚𝑔(𝑥̈𝑠 + 𝑔) (39)

In such a case, mass modification term indicates a reduction of total system mass by grain mass, while pseudo-inertial force term
has untypical form including grain mass and system acceleration. Consequently, the equivalent 1-DOF system consists only of beam
mass (𝑀 = 𝑚𝑠) and it is described by the equation:

𝑚𝑠(𝑥̈𝑠 + 𝑔) + 𝐹𝑒𝑥𝑡 = 0 (40)

Finally, the third state indicates the situation when the accelerations of the grain and container are significantly different 𝑥̈𝑔 ≠ 𝑥̈𝑠,
which corresponds to the phenomenon of the occurrence of a short impact with the rebound of the grain from the container wall.
Then, the terms indicating mass modification in Eq. (35) and inertial force in Eq. (36) take general forms:

𝛥𝑀 = −𝑚𝑔

(

1 −
𝑥̈𝑔 + 𝑔
𝑥̈𝑠 + 𝑔

)

(41)

𝐹𝑖𝑛𝑒𝑟 = 𝑚𝑔(𝑥̈𝑔 − 𝑥̈𝑠) (42)

In such a case, the mass modification term describes a short and rapid change of the system mass, while the pseudo-inertial force term
indicates the short and rapid change of additional force. Both these terms depend on the mass of the grain as well as accelerations
of grain and mass. Moreover, they can assume both positive and negative values depending on the scenario of grain–wall collision.
The model of the equivalent 1-DOF system contains full definitions of mass modification terms and pseudo-inertial terms, and it is
defined by two equivalent equations Eqs. (35) and (36).

The MME effect can be revealed by considering free vibrations of the system with ATPID damper (Fig. 9) and analysing their
spectrum (Fig. 10). All parameters used in the further simulations are as follows: 𝑚𝑠 = 0.905𝑚𝑏 [kg], 𝑚𝑔 = 0.1𝑀 , 𝑘𝑠 = 427.6 [ Nm ],
𝑐𝑠 = 0.56 [Nsm ], 𝜈𝑝 = 𝜈𝑤 = 0.2, 𝑘𝑐 = 1.334 ⋅ 107 [ N

m3∕2 ], 𝑐𝑐 = 1395.3 [ Ns
m5∕4 ], 𝐸𝑝 = 𝐸𝑤 = 2 ⋅ 108 [Pa].

The presented spectrum change can be considered as an example of the 𝑀𝑀𝐸. The natural frequency of vibrations the whole
ystem for a low container height (ℎ = 0.017 [m]) is 𝑓 = 5.49 [Hz], which corresponds to the mass of the system consisting of a

beam, ATPID compartment and grain. In turn, the natural frequency of vibrations for a larger container height (ℎ = 0.4 [m] or
ℎ = 0.6 [m]) equals 𝑓 = 5.77 [Hz], which refers system composed of a beam and the damper container without the grain. For other
cases of the container height, the eigenfrequencies are between above extreme values, which means that the dynamic characteristics
of the system are changeable and generally depend on the damper ceiling position. Although the natural frequencies of the system
for two cases ℎ𝑚𝑎𝑥 = 0.4 [m] and ℎ𝑚𝑎𝑥 = 0.6 [m] are very similar (𝑓 = 5.77 [Hz]), the amplitude of the vibrations for a larger
10

container height is significantly higher.
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Fig. 9. Free vibrations for various ATPID heights.

Fig. 10. Spectrum of free vibrations.

It should be noticed that the effective mass of the system for two cases of the container heights ℎ𝑚𝑎𝑥 = 0.4 [m] and ℎ𝑚𝑎𝑥 = 0.6 [m] is
imilar what is observed in the eigenfrequencies (𝑓 = 5.77 [Hz]) but the amplitude of the vibrations for a higher container height is
ignificantly larger. In order to reveal the reason of the worse damping of the system for larger container height, the complete
inematics of the system (ATPID floor, ceiling and grain displacements) for two mentioned container heights were presented
n Fig. 11.

Fig. 11. Damper (floor and ceiling) and grain movement for various container heights.

In the case ℎ𝑚𝑎𝑥 = 0.4 [m], the regular collisions of the grain with container floor and ceiling are observed during the initial
two cycles of vibrations. In contrast, in the case ℎ𝑚𝑎𝑥 = 0.6 [m] the grain impacts occur irregularly in random cycles of the process.

etter damping of the system is observed in the first case because collisions occur during a longer period of vibrations. Moreover,
orse damping capabilities in the second case are described by the Mass Modification Effect and the Pseudo-Inertial Force Effect

second components of Eqs. (35) and (36)), which become unpredictable and occur in random states of beam response.
The principle of ATPID operation can be explained by analysing the change of system energy during the analysed process of free

ibrations. The energy balance of the system can be obtained by integration of the equation of beam motion over its displacement:

∫𝛥𝑥𝑠
𝑚𝑠𝑥̈𝑠d𝑥𝑠 + ∫𝛥𝑥𝑠

𝐹 𝑠𝑒𝑥𝑡d𝑥𝑠 + ∫𝛥𝑥𝑠
(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑠 + ∫𝛥𝑥𝑠

𝑄𝑠d𝑥𝑠 = 0 (43)

y identifying the subsequent terms of Eq. (43) as the change of kinetic energy 𝛥𝐸𝑠𝑘, change of elastic energy 𝛥𝐸𝑠𝑒𝑙, viscous dissipation
𝑠
𝑑 and change of potential energy 𝛥𝐸𝑠𝑝 the equation of the energy balance can be written in a form:

𝛥𝐸𝑠𝑘 + 𝛥𝐸
𝑠
𝑒𝑙 +𝑊

𝑠
𝑑 + ∫𝛥𝑥𝑠

(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑠 + 𝛥𝐸
𝑠
𝑝 = 0 (44)
11
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The total energy of the beam 𝐸𝑠𝑡𝑜𝑡 can be defined as a sum of kinetic 𝐸𝑠𝑘, elastic 𝐸𝑠𝑒𝑙 and potential energy 𝐸𝑠𝑝 , and according to
Eq. (44), its change 𝛥𝐸𝑠𝑡𝑜𝑡 is caused by work done by contact forces generated in ATPID damper and viscous dissipation 𝑊 𝑠

𝑑 :

𝛥𝐸𝑠𝑡𝑜𝑡 = −∫𝛥𝑥𝑠
(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑠 −𝑊

𝑠
𝑑 (45)

Since viscous dissipation is uncontrollable process, the change of total beam energy and the effectiveness of the vibrations damping
process is strongly influenced by work done by contact forces generated in the ATPID damper. Thus, the following numerical
examples will be focused on the analysis of the changes of the integral quantity 𝑊 𝑠

𝐹𝑐
defining work of contact forces:

𝑊 𝑠
𝐹𝑐

= −∫𝛥𝑥𝑠
(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑠 = ∫𝛥𝑥𝑠

𝐹𝐴𝑇𝑃𝐼𝐷d𝑥𝑠 (46)

which has to be positive and possibly large in order to cause the decrease of total beam energy and efficient process of vibrations
damping.

The plots presented in Fig. 12 reveal the change of work done by forces generated by ATPID damper 𝑊 𝑠
𝐹𝑐

during the first impact
of the grain against the lower container wall. The work is calculated between the initial time instant of contact and time instant of
the permanent detachment of both objects.

Fig. 12. Change of work done by contact forces during the first impact of grain and container wall during the process of free vibrations for various container
eights.

The first group of cases (navy lines) corresponds to very low damper’s heights (ℎ𝑚𝑎𝑥 = 0.04 [m] and ℎ𝑚𝑎𝑥 = 0.1 [m], which
esult in impact of the grain during downward movement of the container when directions of objects’ motion are the same. In such
situation, the peak of contact force is followed by a short grain rebound and the phase when the grain is pushed by the lower

ontainer wall. Consequently, the work done by contact force on container displacement is negative at the beginning of impact but
t gradually raises during the second stage when the beam pushes the grain upwards. As a result, at the final time instant of the
rocess, the total work done by contact force is close to zero in the first case and assumes a small positive value in the second one.

The second group of cases (black lines) refers to larger damper’s heights (ℎ𝑚𝑎𝑥 = 0.2 [m] and ℎ𝑚𝑎𝑥 = 0.3 [m]), which result in
mpact of the grain during upward movement of the container when directions of objects’ motion are opposite. In the first case, a
arge rebound of the grain is followed by the second impact and the phase when the grain is pushed by the container wall. In both
hese processes the work done by contact forces increases. In turn, in the second case, the second impact is also followed by grain
ebound and only a short pushing phase is observed at the end of the process. Consequently, the increase of work occurs mostly
uring the first and partially during the second impact. As a result, in both situations the work done by contact forces is substantial.

Finally, in the third group of cases the damper’s heights are the largest (ℎ𝑚𝑎𝑥 = 0.4 [m], ℎ𝑚𝑎𝑥 = 0.5 [m], ℎ𝑚𝑎𝑥 = 0.6 [m],
ℎ𝑚𝑎𝑥 = 0.7 [m], ℎ𝑚𝑎𝑥 = 0.8 [m]), which causes that impact occurs when container moves upwards and its velocity is relatively large.
In this situation, the grain impact is followed by a permanent rebound of the grain without further contact with the lower container
wall in the analysed cycle of vibrations. In all considered cases, an increase of work done by contact forces occurs during a short
period of contact between the colliding bodies. The change of work becomes larger as the pre-impact velocity of the container
increases and it achieves maximal value when the collision occurs in the vicinity of the equilibrium state. In the following cases,
the velocity of the container wall before impact is smaller and the change of performed work diminishes.

The above analysis proves that regardless of the collision scheme, characterized by beam movement direction and its velocity, the
work done by contact forces is either close to zero or assumes a positive value after each impact. Further collisions of the grain and
damper’s walls occur for various combinations of grain and damper movement directions and velocities but three above collision
schemes are followed. Thus, the application of the ATPID damper always provides a decrease of system energy and an effective
process of vibrations damping.

In order to extend the analysis of the kinematic results presented in Fig. 9, the total beam energy 𝐸𝑠𝑡𝑜𝑡 for each case was computed
and shown in Fig. 13. The presented plots allow to analyse more precisely the longer period of the process of vibrations damping
for various damper heights. In all cases, a different time of vibration stabilization is observed. In most cases, the collision between
grain and container walls occurs in the situation when the direction of the grain movement is opposite to the direction of the beam
movement. In such impacts, the work done by contact forces is positive and causes a decrease of total beam energy, which directly
12
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results in effective damping of system vibrations. The events when the grain collides with the beam when the directions of their
movement are the same cause a temporary decrease of work done by contact forces and an increase of the beam energy. However,
such impacts do not have a large influence on the damping ability of the system.

Fig. 13. The total energy of the beam 𝐸𝑠
𝑡𝑜𝑡 for various container heights.

5. ATPID sensitivity analysis

In order to analyse the sensitivity of the proposed damper, the influence of various parameters (container height, grain mass
and excitation amplitude) on the dynamic response of the cantilever beam under harmonic excitation was calculated using Eqs.
(27)–(33). Displacements of the free end of the beam subjected to a resonance excitation for various container heights are presented
in Fig. 14. Moreover, grain, container floor and ceiling displacements for various damper heights are presented in Fig. 15 and Fig. 16,
for various grain mass in Fig. 17 and for various excitation amplitudes in Fig. 18.

5.1. Influence of the container height

As it was presented in Section 4, the damper height is one of the most important system parameters from the vibrations mitigation
point of view. In order to understand the changes of the system dynamics related to modification of container ceiling position, five
different maximal container heights (ℎ1 → ℎ5) were assumed (Table 5) and the corresponding dynamic response of the system was
calculated (Fig. 14). The remaining parameters of the functions ℎ were constant and equal: ℎ𝑚𝑖𝑛 = 0.017 [m], 𝑡1 = 6.5 [s], 𝑡2 = 9 [s].

Table 5
Parameters used in simulations.
ℎ𝑚𝑎𝑥 [m] ℎ1 =0.04 ℎ2 =0.08 ℎ3 =0.12 ℎ4 =0.16 ℎ5 =0.20

Fig. 14. Displacements of the free end of the beam for various maximal container heights — ℎ1 → ℎ5.

The maximal height of the container determines a space for a movement of the grain, affects damping effectiveness and changes
mplitudes of the damped system vibrations. Therefore, a correct tuning of the ceiling position is very important in the ATPID
ontrol process. The results presented in Fig. 14 show that the effectiveness of vibrations mitigation obtained for various damper
eights is significantly different. The highest damping is observed in case ℎ5 = 0.2 [m] where maximal amplitude of the vibrations
n the resonance range (𝑥𝑠 = 0.23[m]) is reduced by 78% and reaches 0.048 [m] in a steady-state. For other analysed maximal
ontainer heights ℎ4 → ℎ1, lower damping is visible and vibration amplitudes are decreased by 71%, 57%, 32% 5%, respectively.

In order to observe the main reasons why vibrations mitigation is different for various damper heights, the extended analysis of
he simulations results was conducted. The grain, container floor and ceiling displacements are presented in Fig. 15.

Presented results provide a description of the types of grain movement for various ATPID container heights. For the sake of
larity, the definitions of two impact types will be introduced. The impact with the sticking effect is the situation when after impact
he grain is pushed by the container wall and thus the accelerations of the grain and the wall are similar. In turn, the short impact
ithout sticking effect is the impact followed by immediate grain rebound, in which the accelerations of the grain and the wall are
13

ignificantly different.
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Fig. 15. Damper (floor and ceiling) and grain displacement for various container heights (ℎ1 → ℎ5).

The first type of ATPID operation occurs when the damper ceiling position is relatively low (ℎ1 = 0.04 [m], ℎ2 = 0.08 [m],
ℎ3 = 0.12 [m]) (Figs. 15(a)–15(c)). In such a situation, the system response can be described as a subsequent occurrence of the
sticking effects between the grain and a lower or upper container wall with intermediate non-contact stages of the grain movement
being much shorter than the sticking stages. As a result, the effective mass of the system and its natural frequency are similar as in
the case with the closed damper. Consequently, damping abilities of the ATPID are relatively low, but they increase along with the
increase of the damper height. The second type of operation arises when the damper container is significantly higher (ℎ5 = 0.2 [m])
nd impacts without the sticking effect are observed in every period of vibrations (Fig. 15(e)). In this case, the mass of the entire
ystem is substantially reduced, which was noticed in the description of Eq. (35). Consequently, the natural frequency of the system
s shifted to a different range and the damping abilities of the ATPID are much larger than in the previously considered cases
nvolving the sticking effect (Figs. 15(a)–15(c)). The third type of ATPID operation is presented in Fig. 15(d) where both mentioned
ffects are visible: a sticking effect between the grain and damper floor as well as an impact without a sticking effect between the
rain and container ceiling.

The above analysis reveals that the ATPID damper is the most effective and the amplitudes of the steady-state vibrations are
he smallest when only short grain–wall impacts (without sticking effect) occur in every period of vibrations (the second type of
peration, Fig. 15(e)). The above conclusion is in agreement with a conclusion regarding ATPID effectiveness in damping of free
ibrations, which was also the highest for the case of short grain impacts (cf. Fig. 12 and Fig. 13 in Section 4).

The objective of the following numerical simulations was to analyse how the particle movement will change when the ceiling
osition will be higher than previously considered. Two damper heights: ℎ6 = 0.3 [m] and ℎ7 = 0.6 [m] were considered.

Displacements of the grain, as well as ATPID floor and ceiling, were presented in Fig. 16.

Fig. 16. Damper (floor and ceiling) and grain movement for large container heights (ℎ6 and ℎ7).

Focusing on the obtained results, two new principles of the ATPID operation can be revealed: random impacts and lack of ceiling
mpacts. The first type of operation (Fig. 16(a)) corresponds to the situation when the grain is in contact with both the lower and the
pper wall of the container, but the collisions do not occur in every period of vibrations. The second type of operation (Fig. 16(b))
akes place when the particle cannot reach the ceiling position and impacts with the floor do not occur in every period of vibrations.
oth phenomena are characterized by the unpredictable grain movement inside the container and the small efficiency of vibration
14

amping. Therefore, they are treated as undesirable effects.
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5.2. Influence of the grain mass

Another important stage of sensitivity analysis was a computation of the grain mass influence on the grain movement and the
TPID damping ability. Four different values of particle mass 𝑚𝑔 were assumed: 𝑚1 = 0.05𝑀 , 𝑚2 = 0.1𝑀 , 𝑚3 = 0.2𝑀 , 𝑚4 = 0.4𝑀 ,
here 𝑀 = 𝑚𝑔 +𝑚𝑠. For each case, the excitation frequency was assumed as a resonance frequency and it was calculated using the

ctual value of grain mass: 𝑓 =
√

𝑘𝑠
𝑚𝑔+𝑚𝑠

. The other parameters of the analysis were: the constant height of the damper ℎ𝑚𝑎𝑥 = 0.2 [m]

nd the excitation amplitude 𝐴 = 0.01 [m]. The displacement of the damper floor, grain and damper ceiling are presented in Fig. 17.

Fig. 17. Damper (floor and ceiling) and grain movement for various grain mass (𝑚1 → 𝑚4).

For the proposed values of the grain mass (𝑚1 → 𝑚4) the four previously described types of the ATPID operation can be observed.
For the assumed values of the system parameters, a very low mass of the grain (𝑚1) causes the occurrence of the sticking effect
between the grain and the damper floor or ceiling (Fig. 17(a)). A larger mass of the grain (𝑚2) allows to observe the most effective
system damping with the non-sticking contact of the grain with the damper walls (Fig. 17(b)). Further particle mass increase reveals
the undesirable effect of random collisions (Fig. 17(c)), while even larger mass causes the situation when the grain–ceiling impacts
do not occur (Fig. 17(d)). Presented results allow to conclude that the mass of the grain significantly affects the type of the grain
movement and for selected grain mass the ATPID height should be appropriately tuned.

5.3. Influence of the excitation amplitude

The grain movement, damping ability of the ATPID and resulting displacement of the beam are also influenced by excitation
parameters such as its amplitude and frequency. In particular, the paper [46] describes various types of particle displacements as a
function of dimensionless acceleration factor based on the excitation amplitude. Herein, we focus on more straightforward analysis
and we consider the grain movement for four different excitation amplitudes: 𝐴1 = 0.005 [m], 𝐴2 = 0.0075 [m], 𝐴3 = 0.01 [m],
𝐴4 = 0.02 [m]. In each simulation the mass of the particle is equal 𝑚𝑔 = 0.1𝑀 and constant damper height equals ℎ𝑚𝑎𝑥 = 0.2 [m].
Displacements of the damper floor, ceiling and grain are presented in Fig. 18.

Fig. 18. Damper (floor and ceiling) and grain movement for various excitation amplitudes (𝐴1 → 𝐴4).

The conducted analysis shows the same types of ATPID operation as in the previously considered cases of height and grain mass
nfluence (Fig. 15, 16, 17). For the low excitation amplitudes, the beam acceleration and resulting grain velocity at the end of the
ontact stage is too small to cause a grain-ceiling impact (Fig. 18(a)), or the impacts are random and unpredictable (Fig. 18(b)). In
15
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turn, Fig. 18(c) presents the favourable situation when grain mass and damper height are appropriately adjusted to the analysed
amplitude of excitation and only impacts without sticking effect are observed. Further increase of excitation amplitude causes rising
of the beam acceleration and occurrence of the undesirable sticking effect between the grain and the lower or upper ATPID wall.

6. Energy analysis of the ATPID damper

In Sections 4 and 5, a description of the complicated ATPID operation and nonlinear influence of its parameters on the damping
bility was presented. For a better understanding of the occurring physical phenomena, an energy analysis of the system has to
e performed. The section starts with a study of grain–floor and grain–ceiling contact forces (Fig. 19), which play a key role in
he system energy changes. Further, we present the complete system energy balance, in which crucial components are the change
f the total beam energy (Figs. 20 and 21), the work done by the contact forces (Figs. 22 and 23) and the work done by the
xternal excitation (Fig. 24). The section finishes with presentation of the Specific Damping Coefficient, which uses energy changes
n subsequent vibration cycles to describe system damping ability (Fig. 25).

.1. Overlaps, overlaps rates and contact forces

Grain–wall contact forces are described by the nonlinear viscoelastic contact theory and defined by Eqs. (13) and (14). The
uantities which play a basic role in the description of the contact forces are grain–wall overlaps and overlaps rates arising during
ubsequent impacts. In the presented analysis, the overlaps, overlaps rates and contact forces were computed for five different
amper heights (ℎ1 → ℎ5) and presented in Fig. 19.

Fig. 19. Overlaps, overlaps rates and contact forces for various container height — ℎ1 → ℎ5.

The plots of grain–floor and grain–ceiling overlaps are presented in Figs. 19(a) and 19(b) differ significantly for various heights
f the cylinder. In both cases, two stages can be observed: the first — a short peak with high overlap amplitude, and the second

a long period when the overlap remains almost constant and further gradually decreases to zero. The first stage corresponds to
he initial impact between grain and wall, which is observed in every analysed case. The second stage corresponds to the sticking
ffect when the grain is pushed by the container floor or ceiling (cases ℎ1 → ℎ4 in Fig. 19(a) and cases ℎ1 → ℎ3 in Fig. 19(b)).

The grain–floor and grain–ceiling overlap rates (Figs. 19(c) and 19(d)) take positive and negative values during the initial impact
and very small values during the sticking stage. The plots of contact forces (Figs. 19(e) and 19(f)) include peaks of forces of high
amplitudes corresponding to the initial impact and smaller peaks corresponding to the secondary impact at the beginning of the
sticking stage.
16
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6.2. Balance of system energy

In order to reveal the impact of the contact forces on change of system energy and vibrations damping, the equations of motion
Eqs. (27) and (28)) were integrated with respect to displacements 𝑥𝑠 and 𝑥𝑔 to obtain the equations of global energy balance of

the beam and grain:

∫𝛥𝑥𝑠
𝑚𝑠𝑥̈𝑠d𝑥𝑠 + ∫𝛥𝑥𝑠

𝐹𝑒𝑥𝑡d𝑥𝑠 + ∫𝛥𝑥𝑠
(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑠 + ∫𝛥𝑥𝑠

𝑄𝑠d𝑥𝑠 = 0 (47)

∫𝛥𝑥𝑔
𝑚𝑔 𝑥̈𝑔d𝑥𝑔 − ∫𝛥𝑥𝑔

(𝐹𝑐1 − 𝐹𝑐2 )d𝑥𝑔 + ∫𝛥𝑥𝑔
𝑄𝑔d𝑥𝑔 = 0 (48)

y identifying the terms denoting change of kinetic energy and potential energy as well as work done by external excitation and
ontact forces, the equations of energy balance can be written in a form:

𝛥𝐸𝑠𝑘 −𝑊
𝑠
𝐹𝑒𝑥𝑡

−𝑊 𝑠
𝐹𝑐

+ 𝛥𝐸𝑠𝑝 = 0 (49)

𝛥𝐸𝑔𝑘 −𝑊
𝑔
𝐹𝑐

+ 𝛥𝐸𝑔𝑝 = 0 (50)

The equation of beam energy balance the contains change of beam kinetic energy 𝛥𝐸𝑠𝑘, work done by excitation force on beam
displacement 𝛥𝑊 𝑠

𝐹𝑒𝑥𝑡
, work done by both contact forces on beam displacement 𝛥𝑊 𝑠

𝐹𝑐
and change of beam potential energy 𝛥𝐸𝑠𝑝 . The

equation of grain energy balance the contains change of grain kinetic energy 𝛥𝐸𝑔𝑘 , work done by both contact forces 𝛥𝑊 𝑔
𝐹𝑐

on grain
displacement and change of grain potential energy 𝛥𝐸𝑔𝑝 .

Summing up the equations of the beam and grain energy balance (Eqs. (49) and (50)) allows to obtain global energy balance
for the entire system:

𝛥𝐸𝑠𝑘 + 𝛥𝐸
𝑔
𝑘 −𝑊

𝑠
𝐹𝑒𝑥𝑡

−𝑊 𝑠
𝐹𝑐

−𝑊 𝑔
𝐹𝑐

+ 𝛥𝐸𝑠𝑝 + 𝛥𝐸
𝑔
𝑝 = 0 (51)

Occurring in the above equation term indicating work done by contact forces on beam displacement 𝑊 𝑠
𝐹𝑐

is an additive inverse of
the work done by the system due to interaction with the grain 𝑊

𝑠
𝐹𝑐

:

𝑊
𝑠
𝐹𝑐

= −𝑊 𝑠
𝐹𝑐

(52)

Moreover, the difference of work done by system due to interaction with the grain 𝑊
𝑠
𝐹𝑐

and work done by the contact force on the
grain 𝑊 𝑔

𝐹𝑐
is the total work done on the contact element and can be expressed as:

𝑊
𝑠
𝐹𝑐

−𝑊 𝑔
𝐹𝑐

= 𝐷 + 𝛥𝐸𝑐𝑝 (53)

where 𝐷 is energy dissipation in contact element and 𝛥𝐸𝑐𝑝 is the change of potential energy of the contact spring, which vanishes
in non-contact stage of the process. Thus, the energy balance for the whole system during the periods when the contact between
ball and container wall does not appear takes a classical form:

𝛥𝐸𝑠𝑘 + 𝛥𝐸
𝑔
𝑘 −𝑊

𝑠
𝐹𝑒𝑥𝑡

+𝐷 + 𝛥𝐸𝑠𝑝 + 𝛥𝐸
𝑔
𝑝 = 0 (54)

Comparison of Eqs. (49) and (54) reveals the difference between terms causing the change of beam energy and entire system energy.
The change of beam energy is caused by work done by external force and work done by the system due to interaction with the
grain. In turn, the change of the energy of the entire system is caused by work done by external excitation and dissipation occurring
during grain–wall collisions.

Let us note that during the steady-state response of the system, the sum of kinetic and the potential energy of the grain remains
constant after each cycle of vibrations: 𝛥𝐸𝑔𝑘 = 𝛥𝐸𝑔𝑝 = 0. Thus, according to Eq. (50), the work done by contact forces on the grain
displacement equals zero: 𝑊 𝑔

𝐹𝑐
= 0 and according to Eq. (53), the work done by the system due to interaction with the grain is

equal to total energy dissipation in the system: 𝑊
𝑠
𝐹𝑐

= 𝐷. This implies that work done by the beam due to interaction with the
rain 𝑊

𝑠
𝐹𝑐

is always positive (similarly as the dissipation) and causes reduction of the total energy of the beam and damping of
ts vibrations. Furthermore, the entire energy dissipation which occurs in the system reduces the energy of the beam and does not
ffect the energy of the grain, which is favourable from the point of view of vibrations damping.

The selected of the above defined energy and work terms were calculated for various container heights and presented in Figs. 20–
3. Due to the fact that direct numerical computation of the work done by contact forces of extremely short duration is difficult
nd time-consuming, they were determined by computing all other energy and work terms and assuming that Eqs. (47) and (48)
re a priori fulfilled.

Fig. 20 presents changes of the summary kinetic and potential energy of the beam, which constitutes dominating part of its
otal energy, for various ATPID container heights. For the deactivated (closed) damper, the maximal summary kinetic and potential
nergy value exceeds 9 [J]. In every considered case the process of ATPID opening decreases the maximal value of system energy.
or the largest considered container height ℎ5 the vibration damping process is the most effective and maximal summary kinetic and

potential energy of the beam is below 1 [J] during the steady-state response (for 𝑡 > 12 [s]). As previously explained, the observed
process of vibrations mitigation can be attributed to changes of the system natural frequency resulting from the movement of the
particle (cf. Section 4). On the other hand, such a process can be explained by the occurrence of contact forces and work done by
17

these forces on the displacement of the beam.
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Fig. 20. Change of the beam summary kinetic and potential energy for various container heights - ℎ1 → ℎ5.

According to Eq. (49), the total energy of the beam changes as a result of permanent work done by external excitation and
ork done by contact forces during the periods of impacts. Both mentioned work terms depend on the height of the container of

he ATPID damper. In particular, the shapes of the contact forces plots are significantly different for various damper heights, as
resented in Figs. 19(e) and 19(f), so work done by these contact forces on beam displacement and changes of beam kinetic energy
uring impacts will also vary. In order to analyse such a problem, the changes of the beam summary kinetic and potential energy
uring a short range of damped steady-state vibrations for five different container heights were calculated and presented in Fig. 21.

Fig. 21. Change of the beam summary kinetic and potential energy for steady state response — 13 [s] < 𝑡 < 14 [s].

For the case ℎ1, the impacts occur when the kinetic energy reaches approximately half of the maximal value in steady state.
ince the direction of the contact force is the same as the direction of beam movement, the energy of the beam during the main
tage of impact increases by 3.7% of the maximal amplitude. An analogical situation is observed in the case ℎ2 (Fig. 21(b)) in which
he collisions occur when the kinetic energy of the beam is close to minimal and energy increases by 3.5%. In the next three cases
ℎ3–ℎ5) the direction of beam movement is opposite to the direction of the contact forces and thus the energy of the beam decreases
n every impact. For example, for the case ℎ3, in which the impact to occurs when the kinetic energy is still close to the minimal
ne, the energy is decreased by 15% of the maximal amplitude for the upper contact force and by 12% of the maximal amplitude
or the lower contact force. Further increasing of the container height causes that the impacts occur closer to the maximal value
f kinetic energy and their effectiveness raises. In the case ℎ4 the energy is decreased by 35% and 16% of the maximal amplitude
or the upper and lower impact, respectively. For the most effective case ℎ5, in which the impact occurs when the kinetic energy is
ery close to maximal, the upper contact force changes beam energy by 53% of the maximal amplitude and lower contact force —
y 23% of the maximal amplitude.

The additional information is provided by analysis of the plots of work done by the system due to interaction with the grain
𝑊

𝑠
𝐹𝑐

and work done by external excitation 𝛥𝑊 𝑠
𝐹𝑒𝑥𝑡

during the entire process. In particular, Fig. 22 presents changes of work done
y the system due to interaction with the grain 𝑊

𝑠
𝐹𝑐

for various container heights.
18
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Fig. 22. Work done by the system due to interaction with the grain 𝑊
𝑠
𝐹𝑐

and for various container heights — ℎ1 → ℎ5.

In all considered cases the computed work 𝑊
𝑠
𝐹𝑐

is always positive and gradually raises despite the fact that the occurring contact
orces are entirely different for each container height. The changes of work during the process have a nonlinear form. During the
irst part of the process, the work done by the system increases along with the container height. Consequently, it is the largest for
he optimal container height ℎ5, which corresponds to the smallest vibration amplitudes. However, during the second part of the
rocess, such tendency is not maintained, and work computed for the optimal container height ℎ5 becomes smaller than in the other
ases (ℎ3 and ℎ4).

In order to conduct a more detailed analysis, the short time plots (13 [s] < 𝑡 < 14 [s]) of the work done by the system due to
nteraction with grain are presented separately for each container height in Fig. 23. The plots in Figs. 23(a) and 23(b) correspond
o the situations when the directions of the impacts are the same as the directions of beam movement. In such cases, each collision
an be divided into two stages. During the main stage of the impact, the work done by the system on the grain suddenly decreases
work is done by the grain on the system), which corresponds an increase of beam kinetic energy. However, during the sticking
tage, when the grain is pushed by the beam, the work done by the system increases to a value larger than before the impact. In
ontrast, in cases ℎ3–ℎ5 the computed work increases during each collision and causes a permanent decrease of beam kinetic energy,
hich is favourable from the vibrations mitigation point of view.

Fig. 23. Work done by the system due to interaction with the grain 𝑊
𝑠
𝐹𝑐

for steady-state beam response — 13 [s] < 𝑡 < 14 [s].

The reason for the different effectiveness of the ATPID damper for various container heights is the different value of work done
y external forces in each case. As previously explained, the change of container height results in modification of the system natural
requency, causes that the excitation frequency is out of resonance range, and reduces amplitudes and velocities of system vibrations.
n order to explain the corresponding changes of system energy, the work done by excitation forces 𝑊 𝑠

𝐹𝑒𝑥𝑡
and the work done by the

ystem due to interaction with the grain 𝑊
𝑠
𝐹𝑐

for two different container heights (ℎ1 and ℎ5) were presented in Fig. 24.
19
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Fig. 24. Work done by excitation forces 𝑊 𝑠
𝐹𝑒𝑥𝑡

and work done by the system due to interaction with the grain 𝑊
𝑠
𝐹𝑐

for two container heights (ℎ1 and ℎ5).

In the situation when the height of the container is very low (ℎ1), the average difference between the work done by excitation
orces 𝑊 𝑠

𝐹𝑒𝑥𝑡
and the work done by the system due to interaction with the grain 𝑊

𝑠
𝐹𝑐

is significant during the whole vibration process
Fig. 24(a)). It means that the change of total energy of the system depends mainly on the highly oscillating component of the work
one by excitation forces. As a result, the change of the system energy is almost not observed. In the case when height of the
ontainer is properly tuned (ℎ5), the shift of system natural frequency causes that oscillations of the work done by excitation forces
radually decrease and they are very small when damped steady-state is obtained (Fig. 24(b)). Moreover, the work done by the
ystem due to interaction with the grain approaches the values of the work done by excitation forces. As a result, the difference
etween work done by both forces is relatively low, which corresponds to small oscillations of the system energy and the effective
rocess of beam vibration damping.

.3. Specific damping coefficient

Specific Damping Coefficient (SDC) is a parameter which allows to describe ATPID operation characteristics [7]. It can be defined
s a ratio of the energy lost 𝑊 (𝑡𝑖) and initial energy 𝐸(𝑡𝑖) per one cycle of vibrations:

𝛹 (𝑡𝑖) =
𝑊 (𝑡𝑖)
𝐸(𝑡𝑖)

(55)

The energy lost within a single cycle of vibrations can be calculated as:

𝑊 (𝑡𝑖) = 𝐸(𝑡𝑖) − 𝐸(𝑡𝑖+1) (56)

The computations of the SDC can be simplified by analysing time instants when system velocity equals zero, the corresponding
kinetic energy vanishes (𝐸𝑘 = 0) and the entire system energy is equal to the potential energy:

𝐸(𝑡𝑖) =
𝑘𝑥(𝑡𝑖)2

2
(57)

By using Eqs. (55), (56) and (57), one obtains the final formula for the SDC:

𝛹 (𝑡𝑖) =
𝑥(𝑡𝑖)2 − 𝑥(𝑡𝑖+1)2

𝑥(𝑡𝑖)2
(58)

The changes of Specific Damping Coefficient for several cycles of beam vibrations during the unsteady state of system operation
6 [s] < t < 12 [s]) were computed for five different damper heights and presented in Fig. 25. The SDC plots reveal the change of
TPID damping ability in terms of process time and container height. The obtained results confirm once again that the damping
bility for the smallest analysed container height ℎ1 is insignificant, while the largest damping efficiency is obtained for the container
eight ℎ5. In every case, the biggest value of SDC is observed approximately in half of the analysed damper activation period.

Fig. 25. Specific Damping Coefficient of vibration during unsteady state of system operation.

The SDC was also computed for the ATPID damper heights equal to ℎ6 = 0.3 [m] and ℎ7 = 0.6 [m], when the collisions between
he grain and ceiling do not occur in every period of the vibrations. In such situations, the randomness of collisions causes unstable
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system response with an increase and decrease of vibration amplitudes. This is reflected by irregular changes of Specific Damping
Coefficients, which assume both positive and negative values.

The presented considerations prove that the appropriate choice of the damper height is crucial for the ATPID damping abilities
nd mitigation of the dynamic response of the considered system. This is a reason for proposing solutions in which it is possible to
une (in real time) the damper height and adapt it to the current system operation.

. ATPID parameters optimization

In Section 5 we have presented the sensitivity of the dynamic response of the ATPID damper for three parameters: the container
eight, grain mass and excitation amplitude. In this section, the previously obtained results will be used to optimize amplitudes of
he steady-state beam vibrations 𝑥 with respect to the container height ℎ𝑚𝑎𝑥 for different values of grain mass 𝑚𝑔 and excitation

amplitudes 𝐴. A mathematical formulation of the considered optimization problem is described by Eq. (59).

Minimize: max𝑡∈(𝑡𝑚𝑖𝑛 ,𝑡𝑚𝑎𝑥) 𝑥𝑠(𝐴,𝑚𝑔 , ℎ𝑚𝑎𝑥, 𝑡)

with respect to: ℎ𝑚𝑎𝑥

subject to: governing equations (Eqs. (27)–(29))

𝐴 = 𝐴𝑖, (𝑖 = 1,… , 5)

𝑚𝑔 = 𝑚𝑖, (𝑖 = 1,… , 5)

ℎ′𝑚𝑎𝑥 < ℎ𝑚𝑎𝑥 < ℎ
′′
𝑚𝑎𝑥

(59)

he system parameters used in numerical solution of the optimization problem are as follows: 𝑡𝑚𝑖𝑛 = 12 [s], 𝑡𝑚𝑎𝑥 = 14 [s] (range of
amped steady-state vibrations), ℎ′𝑚𝑎𝑥 = 0.017 [m], ℎ′′𝑚𝑎𝑥 = 0.8 [m] (full range of container height considered in previous sections).
oreover, the subsequent values of decreasing grain masses 𝑚𝑔 and excitation amplitudes 𝐴 are presented in Table 6.

Table 6
Parameters used in the optimization problem.
𝑚𝑔 [kg] 𝑚1 = 0.3𝑀 𝑚2 = 0.2𝑀 𝑚3 = 0.1𝑀 𝑚4 = 0.05𝑀 𝑚5 = 0.025𝑀

𝐴 [m] 𝐴1 = 0.03 𝐴2 = 0.02 𝐴3 = 0.01 𝐴4 = 0.005 𝐴5 = 0.0025

The optimization problem was solved by direct search of the parameters space. The results of the conducted analysis are presented
n Fig. 26, which is divided into five plots corresponding to different values of excitation amplitudes. The vertical axis of each plot
resents a maximal amplitude of vibrations during ATPID damped steady-state operation for five different grain masses and a wide
ange of container heights.

The combination of the ATPID container height, grain mass and excitation amplitude determines the type of the ATPID operation
described in Section 5) and the resulting effectiveness of vibrations mitigation. It is expected that in the optimal solution the
etermined container height should provide the impact without a sticking effect and shortest possible time of grain–wall contact
n every cycle of vibration. Such an optimal damper height is different for various grain masses and excitation amplitudes, see
ig. 26(a). The optimal height ℎ𝑜𝑝𝑡 for 𝑚1 case is equal approximately 0.2 [m], for 𝑚2 case ℎ𝑜𝑝𝑡 = 0.32 [m] and for 𝑚3 case
ℎ𝑜𝑝𝑡 = 0.6 [m]. For cases 𝑚4 and 𝑚5, the global solution is above the upper bound of the assumed range of damper height. For
the container heights lower than the optimal one, the worse damping ability is observed due to the previously described sticking
effect between the grain and container walls. In turn, for the container heights higher than the optimal one, the worse damping
properties are caused by the unpredictable movement of the grain without cyclic impacts against the lower and upper absorber wall.
Analogical conclusions can be applied to Fig. 26(b) (cases 𝑚1–𝑚5), Fig. 26(c) (cases 𝑚2–𝑚5), Fig. 26(d) (cases 𝑚3–𝑚5) and Fig. 26(e)
cases 𝑚4 and 𝑚5).

In most cases, after the optimal solution, the rumble effect is present, which causes deterioration of the system response in
omparison to the optimal one. The discrepancy from this principle occurs e.g. in Fig. 26(c) for the biggest grain mass (𝑚1). In this
olution, the optimal damper height is reached very fast and the rumble effect is almost not observed. For larger damper heights the
rocess of damping is stabilized, which corresponds to the constant value of obtained vibration amplitude. In this case the response
f the system is similar (slightly worse) as for the optimal damper height. The analogous situation is presented in Fig. 26(d) for
he cases 𝑚1 and 𝑚2 and in Fig. 26(e) for cases 𝑚1, 𝑚2 and 𝑚3. Another phenomenon can be observed in Fig. 26(e) for the case 𝑚4,
here the rumble effect occurs alternately with the constant system response.

The important and interesting feature of the proposed particle impact damper is that each combination of grain mass and
xcitation amplitude requires a different optimal value of container height corresponding to the minimal vibration amplitude. On the
ther hand, it is expected that during real-life operation, the considered mechanical system will be subjected to different dynamic
xcitations, which will require different optimal values of damper parameters. Such a problem requires a technical solution providing
ontrol of the damper height in a real time, which is possible thanks to the proposed ATPID construction.
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Fig. 26. Optimization of the container height for various grain mass and excitation amplitude.

In order to compare damper efficiency for different excitation amplitudes the parameter 𝑑 defined as the percentage ratio of the
amplitudes of damped steady-state vibrations 𝑥𝑑𝑠 and undamped steady-state vibrations 𝑥𝑢𝑑𝑠 (when the particle cannot move inside
the container) was introduced as:

𝑑 = |1 −
𝑥𝑑𝑠
𝑢𝑑 | ⋅ 100% (60)
22
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The obtained results are presented in Fig. 27, which shows five graphs corresponding to the different mass of particle. Each of them
consists of five plots of non-dimensional parameter 𝑑 corresponding to various excitation amplitudes and a wide range of ATPID
damper heights.

Fig. 27. ATPID damping efficiency for various container height, grain mass and excitation amplitude.
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The presented plots allow to find the optimal container height and corresponding damping efficiency in relation to the excitation
amplitude and grain mass. The analysis shows that for a small mass of the grain 𝑚5 and low vibration amplitude 𝐴5 the efficiency
of vibrations mitigation is the smallest and does not reach 35%, see Fig. 27(e). Increasing the excitation amplitude results in a more
effective particle movement and allows to obtain a larger efficiency of the damper (𝐴5 → 𝐴1 for the case 𝑚5). Moreover, raising the
grain mass causes larger values of contact forces and a gradual increase of the damper efficiency (Fig. 27(e) → Fig. 27(a)). For the
highest excitation amplitude 𝐴1 and the largest grain mass 𝑚1 the efficiency parameter 𝑑 exceeds 90%. It should be noticed that
setting too large a damper height for a given excitation amplitude and grain mass might lead to rumbling and a significant decrease
in the system damping ability.

Based on the results from Figs. 26 and 27, the optimal damper heights, which should be used for each combination of five
different masses and five different excitation amplitudes were determined and presented in Fig. 28(a). The corresponding damping
efficiencies were presented in Fig. 28(b).

Fig. 28. Optimal results for various system parameters.

The analysis of the results from Fig. 28(a) allows to conclude that the increase of the excitation amplitude and the reduction
of the grain mass requires a larger damper height in order to obtain maximal vibration mitigation. In turn, Fig. 28(b) shows that
the highest damping efficiency is obtained for the highest excitation amplitude and the largest grain mass. The obtained theoretical
results reveal that the ATPID damper enables the reduction of the resonance vibrations by up to 90%. However, it should be noticed
that the optimal solution is very close to the range in which the system may fall into an undesirable rumble response.

Experimental verification
Based on Figs. 27 and 28(b) of the manuscript, it turns out that the highest efficiency of the ATPID damper in reducing beam

vibrations (about 90%) was achieved when using a grain of mass equal to 30% (𝑚1) and 20% (𝑚2) of the entire system’s mass,
and for excitation amplitudes of 𝐴1 = 0.03 [m] and 𝐴2 = 0.02 [m]. Therefore, the test stand was appropriately adjusted to the
above grain mass and excitation amplitudes values. The experimental tests were carried out for the cases when the damper was
deactivated (i.e., the height of the damper was ℎ1 = 0.017 [m]) and for the optimally tuned damper (which is denoted as ℎ2 in
the figure legends). Fig. 29 shows the results obtained for parameters 𝑚1 = 0.3𝑀 and 𝐴1=0.03 [m]. The results for the remaining
parameters are presented in Table 7.

Fig. 29. Comparison of the experimental vibration amplitudes obtained in the undamped system (ℎ1) and in the system with optimal ATPID height (ℎ2) for
parameter: 𝑚1 = 0.3𝑀 and 𝐴1 = 0.03 [m].
24
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Table 7
Experimental results of the undamped vibration amplitude 𝑥𝑢𝑑𝑠 , optimal
damped vibration amplitude 𝑥𝑑𝑠 and ATPID damper efficiency 𝑑 for
various grain mass 𝑚𝑔 and excitation amplitudes 𝐴.

𝑚𝑔 𝐴 [m] 𝑥𝑢𝑑𝑠 [m] 𝑥𝑑𝑠 [m] 𝑑 [%]

𝑚1=0.3𝑀 𝐴1=0.03 0.745 0.065 91.4
𝑚1=0.3𝑀 𝐴2=0.02 0.493 0.043 91.3
𝑚2=0.2𝑀 𝐴1=0.03 0.698 0.064 90.8
𝑚2=0.2𝑀 𝐴2=0.02 0.462 0.052 88.7

Upon comparing the results of the experimental tests (Fig. 29 and Table 7), it can be observed that the amplitude of beam
ibrations in a damped steady state 𝑥𝑢𝑑𝑠 is reduced by approximately 90% compared to the beam response in resonance vibrations
𝑑
𝑠 (when the damper is deactivated). The experimental tests provide strong evidence for the accuracy of the proposed numerical
odel and validate the results obtained from the numerical analyses presented in Figs. 26–28.

. Real-time control strategy for ATPID

The obtained results of experimental tests, numerical simulations and optimization processes constitute the basis for the
evelopment of real-time control strategies, which provide an adaptation of the ATPID damper to the actual working conditions
nd improve a vibrations mitigation process. In particular, the control strategy can be aimed at real-time adaptation of the damper
eight to the kinematic excitation changing amplitude. This section includes description of such a control strategy and numerical
xamples showing its effectiveness of mitigation of steady-state vibrations.

.1. General concept of the control strategy

The proposed real-time control strategy for the system subjected to a kinematic excitation of changing amplitude is based on
simple feedback control loop, which is activated multiple times during the vibration mitigation process and repeatedly sets the

ptimal value of the damper height. In the simplest case, the feedback signal for the control loop is a measured kinematic excitation
nd amplitude of its resonant frequency determined using FFT analysis while the output is the optimal value of the damper height
hich provides a minimal amplitude of the system steady-state vibrations.

The results obtained during the holistic analysis of the ATPID damper can be effectively used for the determination of the
ptimal container height for the identified excitation amplitude value. In particular, two types of control system operations can be
onsidered:

• It can be assumed that the optimal damper heights corresponding to the expected range of excitation amplitudes are a priori
determined before the vibration mitigation process and stored in the memory of the hardware controller. In such a case
obtained from the conducted optimization procedure surface [A, m, h] (Fig. 28(a)) can be used as a look-up table for selecting
the optimal container height for an actual amplitude of kinematic excitation.

• It can be assumed that the optimal damper height is not a priori known parameter and has to be determined during
the vibration mitigation process. In such a case the process of finding an optimal value can utilize previously determined
fundamental properties of the system reflected in dependencies between the damper height and the vibration amplitude
(Fig. 26) or the damping percentage ratio (Fig. 27), especially the fact that the optimal height is the largest one for which
the rumbling effect does not occur. On the other hand, the optimization for a subsequent excitation amplitudes can effectively
utilize the shape of surface [A, m, h], which reveals that optimal damper height depends monotonically, but non-linearly on
the excitation amplitude.

Eventually, the proposed control system (Fig. 30) utilizes a single feedback control loop and it is composed of the following
omponents:

• block for the on-line measurement or identification of the actual amplitude of the applied kinematic excitation;
• block for determination of the optimal container height corresponding to the identified excitation amplitude based on: (i)

pre-computed look-up table containing the set of optimal container heights for given grain mass and expected excitation
amplitudes or (ii) on-line optimization/direct search algorithm utilizing fundamental properties of the analysed system.

• block for generation of the voltage signal for the electric engine.
• block of the electric engine which provides that the appropriate height of the container is set.

The input for the control loop is a selected component of the actual response of the system. Typically, it can be the amplitude of
he beam vibration, which can be effectively used for identification of the external excitation amplitude. In turn, the output from
he control loop is optimal height container height, which is set by the applied engine using optimal voltage signal. The input to the
ntire system equipped with ATPID consists of external excitation and optimal container height obtained as a result of the execution
f the control loop. Both these quantities contribute to the dynamic response of the system.
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Fig. 30. General scheme of the proposed control system.

The application of the above feedback control loop is repeated multiple times during the vibration mitigation process when the
measurement system detects change in the excitation amplitude (or its change exceeds a certain threshold). Such a process ensures
the optimal real-time tuning of the container height, adaptive operation of the ATPID damper and an effective mitigation of the
steady-state vibrations.

8.2. Numerical simulations of real-time control algorithm

The presented numerical example shows the application of the above proposed real-time control algorithm for adaptation of the
ATPID height to actual operational conditions. The example reveals the effectiveness of the control algorithm in the mitigation of
a steady-state vibrations caused by harmonic kinematic excitation of variable, time-dependent amplitude.

The amplitude of applied kinematic excitation assumes three different values during the analysed vibration mitigation process
(Fig. 31). During the first 0.5 [s] the excitation linearly increases to 0.15 [m] and reaches a constant value during 0.5–6 [s], during
the following 2 [s] it linearly increases to 0.04 [m], during the time period 8–13 [s] it is maintained at a constant level of 0.04 [m],
during the 1 [s] it linearly decreases to 0.03 [m], while during the final time period 14–20 [s] it is maintained constant at a constant
level of 0.03 [m].

Fig. 31. Change of the amplitude of applied kinematic excitation.

The displacement of the system with a closed ATPID damper (container height equal to the grain size) is presented in Fig. 32.
t can be observed that the initial steady-state of system response is reached after approximately 4 [s] and the corresponding
isplacement amplitude exceeds 0.3 [m]. The second steady-state is reached approximately at time instant 13 [s] and corresponding
isplacement amplitude reaches 0.85 [m]. Eventually, the final steady-state is obtained also approximately at 17 [s] of the simulation
nd the corresponding displacement amplitude exceeds 0.65 [m].

Fig. 32. Displacement of the system with closed ATPID damper.
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In the following numerical simulations, the implemented real-time control algorithm adapts the actual height of the damper
ccording to the measured or identified amplitude of the kinematic excitation. It is assumed that the precise measurement or the
dentification of excitation requires at least two cycles of vibrations. The optimal value of the damper height is determined on-line
uring the process of vibration mitigation and it is based on iterative simulations of the system response for various container
eights. It is assumed that the process of searching the optimal height is relatively short in comparison to the considered time of
ibrations mitigation process. The process of changing the damper height has a constant velocity and the time to reach the optimal
eight is shorter than time necessary to identify the excitation. The values of determined optimal damper heights for identified
mplitudes constitute the reference points, which are used to determine subsequent optimal heights. In addition, when the change
f excitation amplitude is not detected, the process of searching the optimal container height is continued for expected excitation
mplitudes values, which allows to create and gradually expand the data base containing the set of optimal damper heights.

Fig. 33. Change of the damper height obtained by application of real-time control algorithm.

Comparison of the vibration amplitudes obtained in the system with a closed ATPID damper and the system with implemented
eal-time control strategy of container height is presented in Fig. 34. It can be observed that for the first excitation amplitude, the
ptimal damper height (Fig. 33) reaches 0.3 [m] and results in amplitude of steady-state vibrations of approximately 0.07 [m],
or the second excitation amplitude, the optimal damper height is equal above 0.7 [m] and the response amplitude reaches above
.17 [m], and for the third excitation amplitude, the amplitude of vibration is 0.13 [m] for the container height equal 0.57 [m].
hus, it can be concluded that the obtained amplitudes of vibrations constitute less than 20% of the amplitudes of the undamped
ystem. This confirms a high efficiency of the proposed adaptive system and the proposed real-time control algorithm.

Fig. 34. Comparison of vibration amplitudes obtained in the undamped system (black) and in the system with real-time control algorithm (red). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The automatic method requires a hardware implementation of the proposed real-time control algorithm, which constitutes a
separate research challenge and is planned in the next stage of the system development. The fully developed system will include
the dedicated measurement system, hardware controller (e.g. NI Compact Rio) and currently applied controllable electric engine.
The dedicated measurement system will consist of measurement cards, accelerometers and laser sensors used for the measurement
of system kinematics as well as software enabling data preprocessing such as filtration and Fast Fourier’s Transform. The hardware
controller will collect and save the measurement data in order to identify time–history of external excitation and determine the actual
value of excitation amplitude. In the next step, it will use one of the above proposed methods to determine the optimal damper
height corresponding to identified excitation amplitude, and will generate the appropriate control signal for the engine. Finally, the
engine will change the damper height in real-time providing adaptation of the system to changing excitation and efficient mitigation
of system vibrations.
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Experimental verification
The experimental tests were conducted in order to validate the proposed control algorithm with the numerical analyses

onsidering the real-time change of excitation amplitude. In the presented numerical example, each change in excitation value was
mplemented linearly, leading to successive amplitudes of 0.015 [m], 0.04 [m], and 0.03 [m] (Fig. 31). However, due to limitations
f applied equipment, it was not feasible to precisely replicate the above numerical approach. Therefore, the research equipment
as modified to enable a stepped change in excitation amplitude, resulting in values of 0.03 [m], 0.02 [m], and 0.01 [m]. An
xample of the experimentally measured excitation amplitude is presented in Fig. 35.

Fig. 35. Change of excitation amplitude applied in the experiment.

For the assumed range of external excitation amplitude from 0.05 [m] to 0.5 [m] the optimal damper heights were identified
using the described control algorithm. During the computations 101 discrete values of excitation amplitudes varying by 0.0045 [m]
and three different grain masses equal to 30% (case 1), 20% (case 2), and 10% (case 3) of the total system mass, were assumed.
Therefore, three values of the optimal damper height were determined for each discrete value of excitation amplitude. This allowed
for the development of a look-up table with data that was implemented into the Arduino Mega 2560 microcontroller.

During the experimental tests, the measuring system based on laser displacement sensor recorded the applied kinematic excitation
and the response of the free end of the beam in real time. The results were successively saved in the microcontroller’s memory, which
analysed the input signal, identified the excitation amplitude, and read the optimal value of the container height corresponding to
the closest value of pre-recorded amplitude from the previously implemented look-up table. Then, the Arduino controlled the electric
motor responsible for setting the position of the upper wall of the damper in order to achieve the optimal ceiling position. As a
result, the control strategy for the ATPID damper was implemented and tested for each of the three cases of grain mass. The real-time
change of the ceiling position during the experimental tests is presented in Fig. 36.

Fig. 36. Experimental implementation of the ATPID damper control strategy for three different grain mass (cases).

The analysis of the experimental results of the ATPID control strategy presented in Fig. 36 revealed different optimal values
of the damper height for each measured amplitude and particle mass value. Since the electric motor was powered by a constant
current during the control process, the rate of change in damper height was constant. Differences in initiation time for each stage
of damper opening or closing were also observed. This was mainly due to two reasons: the lack of identical changes in excitation
amplitude in the subsequent experimental tests, and the different time required for the Arduino to identify the excitation amplitude
and optimal damper height. The presented control strategy resulting in optimal system damping was applied for each mass case,
and the corresponding displacement of the beam end was measured. Additionally, the experiments were performed for the case
of deactivated damper in which the height during the entire vibration process was minimal, resulting in resonant vibrations. The
obtained results were compared and presented in Fig. 37 for case 1, Fig. 38 for case 2, and Fig. 39 for case 3.
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Fig. 37. Comparison of measured responses of the beam vibrations for the case 1 (𝑚𝑔 = 0.3𝑀).

Fig. 38. Comparison of measured responses of the beam vibrations for the case 2 (𝑚𝑔 = 0.2𝑀).

Fig. 39. Comparison of measured responses of the beam vibrations for the case 3 (𝑚𝑔 = 0.1𝑀).

Figs. 37–39 demonstrate that the conducted experimental verification allows for real-time control of the ATPID damper, thus
nabling adaptation and ensuring maximum reduction of beam vibrations for dynamically changing excitation amplitudes (Fig. 35).
s a result, resonant vibrations were reduced by approximately 90% for the case 1 (𝑚𝑔 = 0.3𝑀). For the case 2 (𝑚𝑔 = 0.2𝑀),

he vibration amplitude was attenuated by 89% for the largest excitation amplitude and by 85% for the smallest one. The lowest
fficiency in reducing beam vibrations was observed in the case 3 (𝑚𝑔 = 0.1𝑀), where resonant vibrations were mitigated by
pproximately 80% throughout the beam’s vibrations process. These results confirm the very high effectiveness of the ATPID
amper described by previous numerical and experimental analyses. The above studies of the control algorithm provide promising
oundations for developing control algorithms which will enable faster and more efficient identification of the optimal damper
eights.
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9. Conclusions

Adaptive Tuned Particle Impact Damper (ATPID) is an innovative type of attenuator, which consists of granular material enclosed
n the container of controllable size. It allows for real-time tuning of the damping characteristics and effective adaptation to the
ctual dynamic excitation. Development of the efficient methodology for the design of ATPID damper requires elaboration of a
athematical model based on soft contact theory and grain physical properties, an pplication of optimization techniques in order

o find the required parameters, a corresponding real-time control strategy and an experimental validation of the entire system.
In this paper, the authors have proposed a simple prototype of the ATPID with a single particle and controllable height of

he container. As a first step, the method of the ATPID modelling based on soft-contact theory and enhanced Hertzian contact
odel has been developed. It has been proved that the proposed model enables accurate simulation of the damper’s influence on

he mitigation of the vibrating system response by obtaining satisfactory agreement with the conducted experimental tests. The
eveloped mathematical model reveals the fundamental principles of the ATPID operation, which include the mass modification
ffect and the pseudo-inertial force effect. The conducted sensitivity analysis discloses that increase of the container height and
rain mass, as well as decrease of the excitation amplitude, cause a gradual change of grain movement type from the permanent
ticking of the grain to container walls through the short cyclic impacts (the most efficient for vibration mitigation) to the random
rain motion with irregular impacts. In addition, the quantitative analyses of the changes of system energy, work done by contact
orces and external excitation indicate that the container height is the most important ATPID parameter and reveals the desired
ange of its changes.

According to conducted analyses, the optimal container height which provides the most efficient mitigation of steady-state
ibration approximately equals to the largest height for which the rumbling effect does not occur. The ATPID absorber with the
ptimal container height has the following features: (a) the impacts occur when the velocity of the primary system is not necessarily
aximal; (b) the velocities of the colliding masses are opposite during the impacts, but stabilization of system motion is observed

oth in the case when the velocities are the same and opposite; (c) the collisions occur in every period of vibrations since otherwise
he random particle motion causes rumble vibrations of the entire system; (d) sticking effect between particle and container walls
oes not occur. Moreover, the solution of the set of optimization problems aimed at minimization of vibration amplitudes for various
rain masses and excitation amplitudes discloses monotonic but non-linear change of the optimal container height in terms of these
wo parameters. For the largest considered grain mass and excitation amplitude, the ATPID damper is found to be extremely efficient
nd to reduce the amplitudes of resonance vibrations by 90%. Eventually, the obtained results allow to develop a real-time control
trategy for the ATPID damper, which is based on application of the feedback control loop providing repetitive identification of the
inematic excitation amplitude and setting the optimal container height. The conducted numerical simulations reveal high efficiency
f the proposed real-time control strategy in mitigation of vibration caused by continuously changing kinematic excitation and
herefore prove the superiority of the proposed ATPID damper.

The proposed improvements and presented investigations eliminate the disadvantages of the classical PID dampers and prove
hat the proposed concept of the ATPID is both feasible and effective. The progress in PID design is obtained by the application of the
eal-time control component, which is still innovative in this particular type of structure. The proposed approach can be executed by
pplication of the mechatronic system which could provide real-time modification of the container height and adaptation of damper
peration to rapidly changing dynamic excitation. The conducted study significantly contributes to the increase of PID dampers
unctionality and their prospective application as alternative vibrations mitigation devices in various engineering environments.
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