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A B S T R A C T   

Two decades of research on droplet formation in microchannels have led to the widely accepted view that 
droplets form through the squeezing mechanism when interfacial forces dominate over viscous forces. The 
initially surprising finding that the volume of the droplets is insensitive to the relative importance of these two 
forces is nowadays well understood from the constrained deformation of the droplet interface during formation. 
In this work, we show a lower limit of the squeezing mechanism for droplets produced in microfluidic cross- 
junctions. Below this limit, in the leaking regime, which was recently discovered for droplets produced in T- 
junctions, the volume of the produced droplets strongly depends on the relative importance of interfacial and 
viscous forces, as captured by the capillary number. We reveal a fundamental difference in the mechanisms at 
play in the leaking regime between T- and cross-junctions. In cross-junctions, the droplet neck elongates sub-
stantially, and unlike the case of the T-junction, the magnitude of this elongation depends strongly on the value 
of the capillary number. This elongation significantly affects the final droplet volume in a low capillary number 
regime. Generalizing the classical squeezing law by lifting the original assumptions and incorporating both 
identified mechanisms of leaking through gutters and neck elongation, we derive a model for droplet formation 
and show that it agrees with our experiments.   

1. Introduction 

Droplet microfluidics [1–3] is a field of research driven by the 
development of applications that utilize droplets as microreactors for 
biochemical analysis [4,5], continuous flow synthesis [6], and 
biomedical (point-of-care) diagnostics [7–11]. Additionally, droplets 
can be used as building blocks for the development of advanced mate-
rials, including catalytic nanoparticles, designer emulsions, and tissue, 
with applications in the pharmaceutical [12–16], cosmetic [17], and 
food industries [18]. All this work relies on the ability to generate 
droplets controllably. This requires a thorough mechanistic under-
standing of droplet formation to know how to tune the volume of the 
droplets for given fluid properties, flow conditions, and channel 

geometries. 
One of the geometries generally used for droplet generation is the 

junction shown in Fig. 1a, where the liquid phase from which droplets 
are produced is engulfed by another liquid phase in which the produced 
droplets are immiscible and carried along. This so-called “cross-junc-
tion”, considered in this work, can be seen as the most straightforward 
flow-focusing geometry, i.e., one without constriction in the main 
channel. The typical size of the main channel is between a few tens and 
up to a few hundreds of micrometers. At such length scales, the flow is 
governed by viscous or interfacial forces for a large operation window, 
with a minor role for body forces such as gravity and inertia. 

Different multiphase flow regimes can be obtained by tuning the 
relative importance of viscous and interfacial forces [19,20], as 
commonly captured by the capillary number Ca. Two decades of work 
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Nomenclature 

A Time-dependent factor scaling the shape of the neck in the 
direction perpendicular to the main channel axis [m] 

a = A/W Dimensionless A 
a0 Dimensionless A, at the initial time of the neck relaxation 
AG The cross-sectional area of the gutter [m2] 
b = κ/Ca Dimensionless fitting parameter 
Ca =

UCμC
γ =

QCμC
WHγ Capillary number 

E Local maxima or minima of the width of the forming 
droplet [m] 

H The height of the microchannel [m] 
h(x) Approximation of the two-dimensional shape of the neck as 

it appears in a top-view image [m] 
KF The curvature at the front of the forming droplet [1/m] 
KN The curvature of the interface at the neck region [1/m] 
L0 The initial length of the droplet or gutter [m] 
l0 = V0/HW2 The dimensionless volume of the forming droplet at 

the start of the necking stage, τ = 0 s 
lD = VD/HW2 The dimensionless volume of the droplet 
LT The distance measured from the tip of the forming droplet 

to the edge of the cross-junction inlet [m] 
LT0 The distance measured from the tip of the forming droplet 

to the edge of the cross-junction inlet at the beginning of 
the necking stage [m] 

p Constant parameter represents τ* at the high Ca regime 
q = QD/QC Flow rate ratio between DP and CP 
QB Rate of flow of the CP bypassing a droplet through the 

gutters in the corners of the channel [m3/s] 
QC Rate of flow of the CP [m3/s] 
QD Rate of flow of the DP [m3/s] 
QG = QB/4 Rate of flow of the CP bypassing a droplet through the 

single gutter, [m3/s] 
QN Rate of flow of the CP filling the volume VN [m3/s] 
〈QN〉 Time-average of QN [m3/s] 
qN = QN/QC Fraction of CP flow that forms the neck 
〈qN〉 Time-average of qN 
t Time [s] 
t* = tQC/W2H Dimensionless time 
UC = QC/WH The mean velocity of the CP [m/s] 
V0 The volume of a forming droplet at the end of the filling 

stage [m3] 
v0 = a0ω0 Dimensionless volume at the initial time of neck 

relaxation 
VD The final volume of a droplet [m3] 
VN The volume of the CP collected behind the forming droplet 

[m3] 
vN = VN/HW2 The dimensionless instantaneous volume of the CP 

collected behind the forming droplet 
VN0 = VN(τ) The volume of the CP collected behind the forming 

droplet at the end of the necking stage [m3] 
vNO = VN0/HW2 The dimensionless volume of the CP collected 

behind the forming droplet at the end of the necking stage 
W Width of the channel [m] 

Greek Symbols 
α The correction factor of the specific cross-section of the 

gutter 
β A constant parameter in the T-junction device that 

approximates the boundary between the squeezing and 
leaking regime 

γ Interfacial tension [N/m] 
ΔpL = γ(KF − KN) Pressure drop over a droplet due to the Laplace 

pressure [N/m2] 
ΔpG Pressure drop due to viscous flow through a gutter [N/m2] 
δ Dimensionless width of the droplet filament 
ε Dimensionless length of the droplet filament 
Θ The area under the neck measured from an image [m2] 
θ = aω ≈ Θ/HW2 The dimensionless area under the neck shape 
κ The dimensionless coefficient represents the average 

changes in necking flow rate due to the variation of the 
gutter geometry and droplet curvature 

κ0 The dimensionless coefficient describing the relation 
between the initial droplet/gutter length and the capillary 
number 

Λ The coefficients of the length dimension characterizing the 
geometry-dependent shear magnitude in the direction 
perpendicular to the main channel axis [m] 

λ = Λ/W Dimensionless Λ 
λ0 A constant parameter represents the value of the initial 

droplet length, l0, at the higher Ca regime 
μC The dynamic viscosity of the continuous phase [Pa s]. 
Ξ The coefficients of the length dimension characterizing the 

geometry-dependent shear magnitude in the direction 
along the main channel axis [m] 

ξ = Ξ/W Dimensionless Ξ 
ρ The dimensionless volume of the droplet filament 
ρ0 The initial dimensionless volume of the droplet filament 
π Mathematical constant ≈ 3.14 
τ Duration of the necking stage [s] 
τ* = τQC/W2H Dimensionless duration of the necking stage 
τ*

HL Dimensionless time when qN reaches 0.5 
τ̃ = tγ/μCW Dimensionless time related to the relaxation 

experiment 
χ A dimensionless coefficient represents the strength of neck- 

shape elongation 
ψ The slope of a versus ω, da/dω 
Ω Time-dependent factor scaling the shape of the neck in the 

direction along the main channel axis [m] 
ω = Ω/W Dimensionless Ω 
ω0 Dimensionless Ω at the initial necking or relaxation process 

〈⋅〉 = 1
τ
∫t=τ

t=0
⋅ dt Time-average of a quantity {⋅} over the necking stage 
duration 

Subscript and superscript 
0 A quantity at the beginning of the necking stage t = 0 
* Denotes dimensionless time 
B Bypass 
C Continuous phase 
D Droplet phase 
G Gutter 
HL A quantity at the time when qN reaches 0.5 
L Laplace pressure 
N Necking 
N0 A quantity at the end of necking stage t = τ 
T Tip of the droplet 
T0 Tip of the droplet at the beginning of the necking stage t =

0 

Abbreviations 
CP Continuous phase 
DP Droplet phase  
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led to the following widely accepted classification: At low Ca, when 
interfacial forces dominate over viscous forces, droplets form at the 
junction through the “squeezing” mechanism [20–22], with the result-
ing droplets having a volume larger than that of the junction. At inter-
mediate Ca, when interfacial and viscous forces both play a role, 
droplets form either directly at the junction, known as “dripping” [20], 
or further downstream, known as “jetting” [19,20], with the resulting 
droplets having a volume comparable to or smaller than that of the 
junction. At high Ca, when viscous forces dominate over interfacial 
forces, a stable thread forms that extends from the junction all the way to 
the exit of the device without breaking up into droplets, known as 
“parallel flow” [23], “tubing” [19], “annular flow” [24], or “threading” 
[25]. 

The volume of the droplets thus stems from the interplay between 
interfacial and viscous forces and hence depends on fluid properties and 
flow conditions for a given junction geometry [26]. The exception is the 
squeezing regime, which is unique to the physical confinement in 
microfluidic systems. In this regime, the volume of droplets primarily 
depends on the ratio of the flow rates of the two liquids and hardly on 

Ca. This can be understood by reviewing the droplet formation mecha-
nism in the squeezing regime. In the filling stage, the droplet phase (DP) 
fills up the junction at a rate of flow QD, as illustrated in Fig. 1b (Images I 
– II), obstructing the channel lumen normally available for the contin-
uous phase (CP) flow. As the CP has its own pressure head and is 
continually fed at a flow rate QC, the emergence of an obstruction in the 
channel causes the pressure upstream of the forming droplet to increase. 
In the subsequent necking stage, which starts when the width E of the 
forming droplet equals the width W of the main channel (Image III), the 
CP gradually ‘squeezes’ the DP until the neck reaches a critical shape 
(Image V) and rapidly breaks, releasing the droplet into the main 
channel. In this two-stage description, the final droplet volume VD 

simply follows from the sum of the volume of the forming droplet at the 
end of the filling stage V0 and the volume of the DP added to the forming 
droplet at a rate QD over the duration τ of the necking stage, i.e., VD =

V0 + τQD. The following three assumptions are critical to translating 
this relation into the renowned squeezing law [27]: 

Fig. 1. Formation of droplets in a microfluidic cross-junction. (a) An experimental photo of the formation of a droplet in a cross-junction is displayed as part of a 
sketch of the experimental setup that features two separate syringe pumps to supply the liquids at constant flow rates. (b) Snapshots showing one droplet formation 
cycle: the droplet phase fills the junction (I-II), obstructing the flow of the continuous phase. When the width of the forming droplet E is approximately equal to the 
width of the main channel W(III), marking the start of the necking stage (τ = 0), the continuous phase squeezes the interface, leading to the formation of a neck (IV) 
that connects the front of the droplet to the feed channel of the droplet phase until it reaches a critical shape (V) at which it breaks (t = τ). This neck is characterized 
by the volume VN collected behind it. The corresponding graph on the right shows the evolution of the width E and length LT of the forming droplet, as defined in 
Images I, II, and IV, with the filling stage displayed in blue and the necking stage displayed in orange. Snapshots and graphs in (b) were obtained in a device with an 
aspect ratio W/H = 4.07. (c-d) Images of the three-dimensional neck of a forming droplet in a microchannel with a rectangular cross-section with aspect ratios of (c) 
W/H = 1 and (d) W/H = 4. The gutters around the forming droplet in the corners of the main channel are best seen from the front view of the droplet. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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1. The volume V0 of the forming droplet at the end of the filling stage is 
insensitive to fluid properties and flow conditions. 

2. The shape of the neck at the end of the necking stage and the cor-
responding volume VN0 of the CP collected behind the forming 
droplet is insensitive to fluid properties and flow conditions.  

3. All of the CP fed at a rate QC over the duration τ of the necking stage 
collects behind the forming droplet and hence contributes to filling 
the volume VNO such that the duration of the necking stage follows 
from VNO = τQC. 

Under these three assumptions, the classical squeezing law is ob-
tained, i.e., the linear relation between the volume of the droplets and 
the ratio of flow rates q = QD/QC: 

VD = V0 +VNOq (1) 

In the classical squeezing model, the droplet volume depends on the 
value of Ca only through the magnitude of the flow rate. In this work, we 
defined the capillary number as Ca = μCUC/γ = μCQC/γHW, where γ is 
the interfacial tension, H the height of the channel, μC and UC are the 
dynamic viscosity and the mean speed of the CP, respectively. Thus, 
when q is constant, the droplet volume is constant and independent of 
the values of viscosity and interfacial tension. This is true only in a 
limited range of Ca, as demonstrated originally in T-junction devices 
[27], flow-focusing devices [20], and cross-junction devices [28,29]. At 
very low values of Ca, the system behavior diverges from the squeezing 
regime. It has been shown previously by the experimental results of 
Cubaud and Mason [19], which include measurements at a very low 
value of Ca (< 10− 3), that there is a different droplet formation regime at 
the lower Ca values, which shows that the droplet volume strongly de-
pends on Ca, i.e., VD∝Ca− 1. Above this regime, their experimental result 
shows an almost negligible Ca dependency, i.e., VD∝Ca− 0.17, a sign of 
squeezing regime droplet formation. Indeed, there have been many re-
ports that show the droplet volume in the squeezing regime being 
dependent on Ca with the proposed modification of Eq. (1) with a 
scaling to Ca. The common form of the proposed modification comes in 
the form of VD∝c1 + c2qkCa− n, where c1, c2, k, and n are constant pa-
rameters obtained from the curve fitting of the experimental/numerical 
results [30–33]. In general, the reported values of k are approximately 
unity (1–1.2), whereas the values of n vary; however, they remain less 
than 0.3. The low value of n renders a weak Ca dependency because 
most of those results were based on measurements in the higher Ca 
range, i.e., the squeezing regime or upper regime. Nevertheless, these 
propositions do not provide an explanatory model of the formation of 
droplets outside the squeezing regime and do not provide mechanistic 
insight into why droplet formation becomes strongly dependent on Ca at 
very low values of Ca. 

In recent work [34], we revealed that there is a limit to the validity of 
the third assumption and hence to the classical squeezing law. For values 
of Ca of approximately 10− 4, an order of magnitude smaller than those 
typically considered in the literature, we found that the CP fills the 
volume behind the neck, VN, at a rate QN(< QC) and simultaneously 
leaks around the forming droplet at a nonnegligible rate QB = QC − QN. 
This leaky flow occurs in the so-called gutters [26] in the corners of a 
rectangular channel, given that the interfacial tension does not permit 
the interface to conform to the sharp corners (see Fig. 1c/d). The flow 
rate through the gutters was found to be governed by the balance be-
tween interfacial and viscous forces over the gutters, introducing both a 
time and a Ca dependency into QB and, in turn, into QN. This subse-
quently introduces a Ca dependency into the duration τ of the necking 
stage through VNO = τ〈QN〉, with 〈QN〉 being the flow rate of the CP 
contributing to squeezing of the neck, time-averaged over the duration 
of the necking stage. Taking this insight into account by altering the 
third assumption used to arrive at the classical squeezing law (Eq. (1)), 
we generalized the classical squeezing law to 

VD = V0 +VNO
1

〈qN〉
q, (2) 

with 〈qN〉 = 〈QN〉/QC as the (unknown) fraction of the CP contrib-
uting to squeezing of the neck, time-averaged throughout the necking 
stage. Using the characteristic volume W2H – the volume of the junction 
or the volume of a channel segment with the length W, this generalized 
squeezing law can be written in dimensionless form as 

lD = l0 + vNO
1

〈qN〉
q = l0 + τ*q, (3)  

where the volumes in Eq. (2) were normalized with the characteristic 
volume. Note that the term l0 can be seen as the dimensionless droplet 
volume at the start of the necking stage. Defining the characteristic time 
as W2H/QC, i.e., the time needed to fill the volume W2H by the CP at a 
flow rate QC, we can write τ in dimensionless form as follows: τ* =

τ QC
W2H =

(
VN0
〈QN〉

)
QC

W2H = vNO
1

〈qN〉
. Thus, the term vNO/〈qN〉 in Eq. (3) can be 

seen as the dimensionless duration of necking stage τ*. 
For T-junctions considered in our previous work [34], we found that 

the droplet volume at the start of the necking stage as well as the neck 
shape at the end of the necking stage were the same for the lowest range 
of Ca numbers, thereby confirming the first and second assumption of 
the classical squeezing law that V0 and VNO, and hence l0 and vNO, are 
insensitive to Ca. In addition, we derived that the fraction 〈qN〉 takes the 
functional form 〈qN〉

− 1
= 1+ β/qCa, with β as a parameter depending 

solely on the aspect ratio of the main channel. The obtained squeezing 
law for T-junctions (lD = l0 + vNOq(1 + β/qCa)) was found to be in 
excellent agreement with experiments and allowed us to highlight two 
essential aspects of droplet formation at low Ca: (i) for Ca≫β/q, the 
fraction 〈qN〉 is approximately one and thus insensitive to Ca, and so is lD, 
retrieving the classical form of the generalized squeezing law; (ii) for 
lower Ca, the fraction 〈qN〉 is sensitive to Ca, and so is lD, showing that 
there is a lower limit to the squeezing regime, below which the droplet 
volume depends on fluid properties and flow conditions, i.e., on Ca, as is 
the case for the dripping and jetting regimes. This new regime, observed 
at the lowest Ca, was coined the “leaking regime” based on the mech-
anistic insight that a nonnegligible amount of the CP flows around the 
forming droplet that acts as a ‘leaky’ piston [35] inside a channel with a 
rectangular cross-section. 

An open question that remains to be explored is to what extent the 
generalized squeezing law (Eq. (3)) and the corresponding assumptions 
on the (in)sensitivity of its parameters on fluid properties and flow 
conditions apply to droplet formation at low Ca in geometries other than 
a T-junction, such as in a cross-junction. A notable difference between 
droplets forming in a T-junction and in a cross-junction is the extent to 
which the geometry of the junction constrains the neck. In T-junctions, 
the neck is fully constrained by the walls of the side channel from which 
the DP is supplied and the walls of the main channel, taking the shape of 
a quarter of a circle (or elbow) that is uniquely defined by the amount of 
CP collected behind the neck in the leaking and squeezing regime. In 
cross-junctions, the neck is not constrained by the walls of the side 
channels and, to a limited extent, by the walls of the main channel. 
Therefore, we anticipate that the neck shape in cross-junctions is not 
uniquely defined by the amount of CP collected behind the neck. We 
hypothesize that the fundamental difference arising from this difference 
in constraints on the neck not only leads to a slight quantitative differ-
ence in the value of the dimensionless volume vNO but also to a 
considerable qualitative difference in the scaling behavior of this 
parameter that may depend on fluid properties and flow conditions and 
hence on Ca. In close connection, as the constraints influence the droplet 
shape prior to pinch-off, they may also affect the filling stage, resulting 
in a possible Ca dependency in l0. Finally, the neck shape determines the 
driving forces for the flow through the gutters, such that we hypothesize 
that the functional form of the fraction 〈qN〉 that contributes to 
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squeezing of the neck is also different between T-junctions and cross- 
junctions. 

This work studies droplet formation in cross-junctions at Ca values 
significantly lower than those commonly reported. We show the exis-
tence of the leaking regime as the squeezing regime lower boundary. In 
contrast to the generalized squeezing law for T-junctions, where the Ca 
dependency comes from 〈qN〉, here, we show not only that the functional 
form of 〈qN〉 is different in cross-junctions but also that additional Ca 
dependencies are introduced in l0 and vN0. After experimentally showing 
the dependencies and theoretically rationalizing them, we show that the 
generalized squeezing law (Eq. (3)) is in excellent agreement with our 
experiments in cross-junctions. 

2. Materials and methods 

2.1. Device fabrication and the experimental setup 

Microfluidic devices were fabricated from polycarbonate (PC) plates 
(Macrolon, Bayer, Germany). The channels were milled in the plates 
using a CNC milling machine (Ergwind, Poland), which has a positioning 
reproducibility of 5 μm. Two identical channels were milled in two PC 
plates, the depth of each being half of the depth of the channel obtained 
after bonding the two halves. Bonding was performed using a hot press 
at 135 ◦C for at least 12 min. While the PC surfaces are flat after milling, 
they may deform during bonding. Therefore, we inspected the devices 
after bonding, using only those without deformations in cross-sectional 
shape. We fabricated five devices with varying rectangular channel 
cross-section aspect ratios (see Table 1). In addition, we fabricated a 
device with a channel with a circular cross-section. After fabrication, no 
surface modifications were introduced in the channels. 

Hexadecane 95% (Sigma Aldrich Co.) and fluorinated oil FC-40 (3 M, 
USA) were used as the CP and DP liquids, respectively. We chose this 
combination of working fluids as our model system because it ensures 
that the CP wets the PC channels thoroughly without adding a surfac-
tant. Effects due to spatiotemporal variations in the surfactant concen-
tration were hence excluded. The viscosities of hexadecane and FC-40 
were measured using a falling ball viscometer at 21 ◦C and found to be 
μC = 3.6 mPas and μD = 4.1 mPas, respectively. The interfacial tension 
between FC-40 and hexadecane was measured using the pendant drop 
method at 21 ◦C and found to be γ = 7.3 mN/m. 

Table 1 
Dimensions and type of cross-junction device. All measurements have a 
maximum error of ±5μm.  

Microchannel 
cross-section 

Width W 
[μm]

Height H 
[μm]

Aspect Ratio W/H 
[-] 

Rectangular 2010 494  4.07 
Rectangular 1510 495  3.05 
Rectangular 955 469  2.04 
Rectangular 752 525  1.43 
Rectangular 501 525  0.95 
Circular Diameter: 400 μm  

Fig. 2. (a) lD as a function of Ca for fixed values of q for all devices. The green, pink, and yellow background colors represent the approximate different flow regimes: 
squeezing, transition, and leaking, respectively. (b) lD as a function of q for fixed values of Ca in the shallowest device (W/H = 4.07), showing that each series with a 
constant Ca is a linear function of q, per Eq. (3). (c) τ* as a function of Ca for all devices. Values of τ* were obtained from the slope of the linear curves in (b). Inset: 
log–log plot, with the dashed black line indicating τ*∝Ca− 0.5. (d) Master plot for the leakage term (l0 − λ0)/ϕ as a function of Ca for all devices. Values of l0 were 
obtained from the intercept of the linear curves in (b). Coefficients λ0 and ϕ were estimated for each device separately by fitting the equation l0 = λ0 + ϕ/Ca. The 
solid black line indicates Ca− 1. Inset: Comparison between l0 measured in the circular and rectangular channels (W/H = 0.95), showing the Ca independence in the 
circular channel. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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The working fluids were supplied using separate syringe pumps 
(Cetoni GmbH, Germany) loaded with 1 ml glass syringes (ILS, Ger-
many). We performed additional tests for the lowest flow rates to ensure 
that in the range of parameters investigated in our research there were 
no flow fluctuations that the mechanical components of the pumps may 
generate [36]. The syringes were connected to the inlets of the devices 
via PE-60 tubing (Beckton-Dickinson, USA). The same tubing was used 
to connect the outlet of the devices to a waste container. In this study, 
the range of the flow rate is between 0.01 ml/h and 14 ml/h, covering a 
Ca range between 7 × 10− 6 and 5× 10− 3. For the complete range of flow 
rates for each device that we used in this study, we provide a droplet- 
formation regime map, as shown in Appendix 1. 

To ensure the repeatability of the experiments, experiments were 
performed in a room with the temperature controlled at 21 ◦C. As re-
ported previously, we noticed that the device orientation affects droplet 
formation in the low Ca range [37]. Therefore, in each experiment, the 
horizontal level of the microfluidic device was examined using a digital 
angle gauge (Limit Level box, Sweden) and maintained within an angle 
of 0.2◦. 

2.2. Image acquisition and analysis 

The formation of droplets was observed under a stereomicroscope 
(Zeiss Stemi 508, Germany) equipped with a CCD camera (IDS UI- 
3274LE-C-HQ, Germany). The recorded images were analyzed using a 
Python 3 script with various libraries that facilitate numerical image 
analysis [38,39]. In brief, we obtained the outer profile of the interface 
of the forming droplets by removing the image background from the 
original images and converting the resulting images into binary images 
through thresholding. All the parameters presented in this paper were 
measured from binary images. Data analysis and curve fitting were 
performed using the Scipy [40] and Lmfit [41] libraries. Finally, data 
visualization was performed using the Matplotlib [42] and CMasher 
[43] libraries. 

3. Results and discussion 

3.1. Observation of the lower limit of the squeezing regime in cross- 
junctions 

We performed experiments measuring the dimensionless length of 
the produced droplets lD for a fixed ratio of flow rates q while varying Ca 
down to values of 10− 6, i.e., much lower than the typical Ca values re-
ported in the literature. For the upper part of the studied Ca range, we 
confirm that droplets form according to the squeezing regime, with their 
length being independent of Ca, as illustrated by the green area in 
Fig. 2a. In sharp contrast, we find that their length does strongly depend 
on Ca for the lower part of the studied Ca range, as illustrated by the 
yellow and pink areas in Fig. 2a. This is in line with earlier observations 
by Cubaud et al. [19] and shows that there is a lower limit to the 
squeezing regime. The observation that the strong Ca dependence in 
droplet length is not observed in cross-junctions with a circular cross- 
section in which gutters are absent (see the diamonds in Fig. 2a) sug-
gests that leaking through the gutters plays a role in droplet formation in 
cross-junctions. While we, therefore, use the same name, “leaking 
regime”, as previously coined for T-junctions, we do note that the 
mechanisms at play in this leaking regime are different from those at 
play in T-junctions; as shown later, there is an additional mechanism in 
cross-junctions due to fewer geometrical constraints on the neck that 
introduces additional Ca dependencies to the parameters in the gener-
alized squeezing law in Eq. (3). 

Our initial observations suggest that we can describe droplet for-
mation with Eq. (3) as long as we consider both parameters, the 
dimensionless duration of the necking stage τ* and the dimensionless 
initial droplet volume l0, to be Ca dependent. To test this, we measured 
lD as a function of q while fixing Ca. We constructed such curves for 
different Ca. For each curve, according to Eq. (3), lD is a linear function 
of q, with slope τ* and intercept l0. Our experimental data are in line 
with this prediction: lD is approximately linear in q for all individual 
curves, as shown in Fig. 2b. Comparing the obtained slope and intercept 
for all individual curves hence provides a means to separately quantify 
τ* and l0 dependencies on Ca. 

We find that τ*– estimated as the slope of each curve of lD versus q in 
Fig. 2b – increases with decreasing Ca, as shown in Fig. 2c. Initial fittings 

Fig. 3. (a) Critical interface shape prior to pinch-off for different values of Ca. The highlighted area Θ indicates the CP volume collected behind the droplet before 
pinch-off occurs. This area increases with decreasing Ca. Data were taken in the shallowest device (W/H = 4.07) at a fixed ratio of flow rates q = 0.3. Inset: critical 
interface shape observed in the circular cross-section device with two values of Ca that differ by almost two orders of magnitude, showing that the areas Θ are nearly 
the same. (b) The dimensionless duration of the necking stage as a function of Ca. The values of τ* were obtained by measuring τ and making it dimensionless through 
τ* = τQc/HW2. The dashed line is the fitting result that shows τ*∝Ca− 0.5. 

T. Kurniawan et al.                                                                                                                                                                                                                             



Chemical Engineering Journal 474 (2023) 145601

7

show that τ*∝Ca− n with n ≈ 0.5 in all cross-junctions with rectangular 
channels, as shown in the inset of Fig. 2c. By sharp contrast, the Ca 
dependence of τ* is almost absent for the junction with circular chan-
nels, i.e., the circular cross-section does not permit leaking. 

We furthermore find that l0 – estimated as the intercept of each curve 
of lD versus q in Fig. 2b – also increases with decreasing Ca, as shown in 
the inset of Fig. 2c. Based on initial fitting, we guessed the Ca depen-
dence of l0 as l0(Ca) = λ0 + ϕ/Ca, with λ0 and ϕ assumed to be inde-
pendent of Ca and q. However, they may depend on the aspect ratio 
W/H. We determined their values for the different devices by fitting 
l0(Ca) versus Ca for each device separately with the fit function l0(Ca) =

λ0 + ϕ/Ca. Using the fit values for the different devices, we evaluated 
the expression (l0(Ca) − λ0 )/ϕ for all data series. A master plot of 
(l0(Ca) − λ0 )/ϕ versus Ca is presented in Fig. 2d for all data series, 
showing that all datasets approximately collapse onto the line ∼ Ca− 1. In 
the theoretical analysis in Section 3.4.4, we argue that this Ca depen-
dence of l0 is due to the leaking mechanism, which is most efficient at the 
filling-necking transition and then gradually diminishes. For compari-
son, we evaluated l0 for the junction with circular channels. As expected, 
this term is independent of Ca, as shown in the inset of Fig. 2d. 

3.2. Ca dependency in the final neck shape and the duration of the 
necking stage at low Ca 

The observed Ca dependence in the dimensionless duration of the 
necking stage, τ*(=vN0/〈qN〉), may have two origins: (i) the possible Ca 
dependence of the neck shape and hence of the dimensionless volume of 
the CP collected behind the forming droplet at pinch-off (vN0(Ca)) and 
(ii) the possible Ca dependence of the fraction of the CP contributing to 
the squeezing of the interface (〈qN〉(Ca)). We studied these dependencies 
separately for vN0 and τ* by observing the microscope images. 

To quantify the Ca dependence of vN0(Ca), we analyzed the images 
prior to pinch-off. We find that the critical interface shape does depend 
on Ca, as evident from the snapshots presented in Fig. 3a. For decreasing 
values of Ca, the neck extends further into the main channel, both in the 
upstream and downstream directions. Additionally, we compare the 
images prior to pinch-off with those recorded in the circular channel. 
While the Ca values of the two presented images for the circular channel 

differ by almost two orders of magnitude, the volume of CP collected 
behind the neck is comparable, albeit with a different breaking location 
of the neck (see the inset of Fig. 3a). To further quantify the Ca depen-
dence of vN0(Ca), we measured the area Θ from the two-dimensional 
images. We find that this area increases with decreasing Ca, as shown 
in Fig. 3a. 

To quantify the Ca dependence of τ*, we analyzed the duration of the 
necking stage based on the images, with the start and end of the necking 
stage defined as E/W(t = 0) = 1 and E/W(t = τ) = 0, respectively. The 
measurements of τ* show a strong Ca dependency for the lower values of 
Ca and a weak dependence on q for the whole range of Ca, as shown in 
Fig. 3b. A fit shows a proportionality close to Ca− 0.5, in good agreement 
with the Ca dependency obtained in the less direct way through fitting lD 
versus q curves, as shown in the inset of Fig. 2c. 

3.3. Generalized squeezing law 

We have seen that the generalized squeezing law (Eq. (3) describes 
the formation of droplets in cross-junctions at low Ca, but with the 
notion that, unlike in T-junctions, the parameters 〈qN〉, vN0, and l0 are all 
Ca dependent. While the Ca dependency in 〈qN〉 originates from the CP 
flowing around the forming droplet, the Ca dependency in vN0 and l0 
both originate from the flow-dependent shape of the neck, which is less 
constrained in cross-junctions than in T-junctions. Including the 
observed Ca dependencies, the generalized squeezing law for cross- 
junctions takes the form 

lD = λ0 +
ϕ
Ca

+ q
(

χ̅̅
̅̅̅̅

Ca
√ + p

)

. (4) 

The first and second terms on the right-hand side come from the 
replacement of l0 in Eq. (3) by the Ca-dependent term λ0 +ϕ/Ca intro-
duced above and justified in the following sections. The third term in-
cludes the observed Ca dependency of the duration of the necking stage. 
The parameters λ0, χ, p, and ϕ do not depend on Ca but may depend on 
the aspect ratio of the rectangular channels of the cross-junction. For 
higher Ca values (Ca >10− 3), Eq. (4) returns the classical squeezing law. 
The functional form is in good agreement with the experimental data, as 
illustrated in Fig. 4 for all data series obtained in the junctions with 

Fig. 4. Comparison between measurements (points) and theoretical predictions (Eq. (4), solid lines) for devices with W/H: (a-b) 0.95; (c-d) 4.07. The (dimensionless) 
fitting parameters for the two devices are: W/H = 0.95: χ = 1.62× 10− 2, p = 0.68, λ0 = 1.98, ϕ = 4.87× 10− 4; W/H = 4.07: χ = 2.41× 10− 2, p = 0.97, λ0 =

1.65, ϕ = 0.89× 10− 4. 
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rectangular channels of aspect ratio W/H = 0.95 and 4.07. Other 
experimental results using other aspect ratio devices and liquid pair are 
shown in Appendix 2 and Supplementary Note 3, respectively. 

Some previously reported measurements have shown similar 
behavior at low Ca as in the current study. For example, the experi-
mental result of Cubaud and Mason [18] show two different droplet 
formation regimes. The two regimes were distinguished based on the 
threshold value of lD ≈ 2.5 [18,29]. For lD > 2.5, lD increases by pro-
portionality ∝Ca− 1 [18]. This result can be readily explained by the 
leaking mechanism that we described here; for example, Eq. (4) shows 
the proportionality of lD∝Ca− 1 and thus confirms the leaking regime. 
Furthermore, we can determine the leaking regime boundary based on 
the dimensionless parameter ϕ in Eq. (4). There is no fixed value of ϕ, as 
this parameter may depend on the device geometry, for example, W/H 
of the device (see Supplementary Notes 1 and 2). Based on our experi-
mental results (see Figs. 4 and 11), ϕ is typically less than 1× 10− 3. In 
the remainder of this article, we will rationalize the Ca dependencies 
using a theoretical model. 

3.4. Theoretical model 

We developed a semiempirical model to gain insights into the 
mechanisms that introduce the dependency of the ratio of flow rates and 
the capillary number in the dimensionless duration of the squeezing 
stage (τ*) in Eq. (3), and hence in the length of droplets produced in 
cross-junctions in the leaking regime, i.e., at vanishing values of Ca. 

As a first simple approximation, we started our analysis based on the 
experimental data obtained from the device with the highest aspect ratio 

(W/H = 4.07) and assumed the droplet outline as two-dimensional 
curves (i.e., a flat droplet), neglecting variations in the channel depth-
wise direction. At a later stage, the result of the flat-droplet analysis is 
verified by using experimental data from other devices with different 
aspect ratios. Additionally, the following analysis is restricted to the 
upper or lower half of the droplet, assuming interface symmetry relative 
to the main channel middle axis. 

3.4.1. Neck profile 
In all of our experiments, we observed that the neck of a forming 

droplet takes the prototypical shape illustrated in Fig. 5. As seen from a 
top-view image, the two-dimensional profile of the neck appears to take 
the shape h(x) as part of a sine wave (or cosine), with amplitude A/2 and 
wave length Ω, i.e., 

h(x) = 0.5A
[

1+ cos
(

2x
Ω

π
)]

. (5) 

This shape fits the neck profile very well, as seen from the overlay in 
Fig. 5a. In fact, as we will show later, we observed that this shape not 
only describes the neck profile over a large portion of the necking stage 
but that the shape is also self-similar, i.e., the aspect ratio A/Ω is 
approximately constant over time. 

3.4.2. Neck evolution 
The instantaneous interface shape of the neck and its evolution stem 

from a balance between interfacial and viscous forces. Assuming that the 
out-of-plane interface shape is imposed by the spacing between the top 
and bottom walls along the entire neck, the interface can only adjust its 
shape in the in-plane direction visible in the top-view images (see 

Fig. 5. (a) The neck of a forming droplet, as seen from a top-view image, takes the shape of part of a sine wave, with amplitude A/2 and wavelength Ω, as evident 
from the overlay of this shape (white line) on a prototypical image. The image was taken in the device with W/H = 4.07, during necking with Ca = 1.38 × 10− 4 and 
q = 0.3. (b) A schematic of droplet formation that depicts the balance of the flow rate and the balance of forces. As the DP fills the forming droplet at a rate QD, part 
of the incoming CP accumulates behind the neck, filling the volume VN at a rate QN. The remainder of the incoming CP flows around the forming droplet through the 
gutters at a rate QB. During necking, the neck width increases at a rate of dω/dt as a result of the interplay between interfacial and viscous forces. 
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Fig. 5b). The order of magnitude of the interfacial force associated with 
the in-plane adjustment follows directly from the interface curvature. 
The maximum curvature (at the center of the profile h(x)) scales with the 
ratio A/Ω2. Taking it as a representative value for the order of magni-
tude of the curvature, the pressure difference along the interface stem-
ming from interface forces is proportional to γA/Ω2. The order of 
magnitude of the viscous force follows from considering the flow of the 
CP in the gap between the interface and the wall. For simplicity, we 
focus only on two orthogonal directions of the flow: along the main 
channel (changing Ω) and transverse to it (changing A). The flow ve-
locities in both directions can be approximated by dΩ/dt and dA/dt, 
respectively. Furthermore, the contribution to the pressure stemming 
from viscous forces associated with the motion in the principal di-
rections can be estimated as μc/Ξ⋅dΩ/dt and μc/Λ⋅dA/dt, respectively, 
where Ξ and Λ are the coefficients of the length dimension character-
izing the geometry-dependent shear magnitude in the two directions. 
Balancing the pressure contributions, we obtain 

μC

Ξ
dΩ
dt

=
μC

Λ
dA
dt

+ γ
A

Ω2. (6) 

To describe how the interface evolves, i.e., how A and Ω simulta-
neously evolve, we also need the continuity equation, which features the 
instantaneous volume of the neck VN and the instantaneous flow rate QN 

with which the neck is filled 

dVN

dt
= QN. (7) 

To solve A(t), Ω(t), VN(t), and QN(t), two additional relations are 
needed. The relation between the amplitude A(t), wavelength Ω(t), and 
neck volume VN(t) straightforwardly follows from the geometry of the 
neck, VN ≈ 2H

∫Ω/2
− Ω/2 h(x)dx, where we neglect the curved interface in the 

depthwise direction for simplicity. Evaluating this integral with the neck 
profile, we find the third relation 

VN ≈ HAΩ. (8) 

The fourth relation between the four variables above that describe 
the neck and its evolution, for example, requires further information on 
the flow rate QN or on the (self-similar) neck profile. In case QN ≈ QC, a 
closed form expression for the interface evolution can be derived, as we 
will see next for a particular case in which the continuous feed flow is 
stopped during the formation of a droplet, and the relaxation of the 
interface of the forming droplet is studied under this assumption. 

3.4.3. Verification by the stop-flow experiment 
To verify the validity of Eqs. (6) – (8) without further knowledge of 

the neck flow rate or interface profile, we performed preliminary ex-
periments in which we observed the evolution of neck shape in a 
relaxation process instead of a droplet-formation process. The experi-
ments were performed as follows. First, we filled the whole outlet 
channel with DP and then stopped the DP flow. Second, we injected the 
CP at a fixed flow rate to squeeze the DP in the junction, allowing the 
necking process to be similar to the droplet-formation process. Third, we 
stopped the CP flow before neck pinch-off, as illustrated by the top 
image in Fig. 6a, and observed the relaxation of the interface profile over 
time, as illustrated by the bottom image in Fig. 6a. More precisely, we 
measured the evolution of a ≡ A/W and ω ≡ Ω/W during relaxation for 
two cases, where initial neck shapes were obtained by injection of CP 
with flow rates of 3 ml/h and 4 ml/h, respectively. 

Given that QC = 0 after stopping the flow, and the resistance to flow 
through the gutters is significantly larger than the resistance to flow in 
the neck region, we expect the CP volume accumulated behind the neck 
to remain constant during relaxation. Hence, there is no flow of the CP 
into/out of the neck region, i.e., QN(t) = 0. This stop-flow experiment 
hence verifies Eqs. (6) – (8) for the case where the neck volume remains 
constant over time, VN(t) = V0. By using λ = Λ/W, ξ = Ξ/W, v0 = V0/

W2H = a0ω0 = aω, and t = τ∼μCW/γ, we combine Eqs. (6) – (8) to obtain 
the following nondimensional equation that describes the evolution of 
the dimensionless wavelength ω(τ∼): 

1
ξ

dω
dτ̃ = −

1
λ

v0

ω2

dω
dτ̃ +

v0

ω3 . (9) 

Solving it with initial condition dω/d τ∼(τ∼ = 0) = 0, we obtain 

ω(τ̃) = ω0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

a0

ω0

ξ
λ
+ 1

)2

+ 4ξ
a0

ω3
0
τ̃

√

−
a0

ω0

ξ
λ

√
√
√
√

. (10) 

The stop-flow solution (Eq. (10)) is shown as solid lines in Fig. 6b, 
describing the evolution of ω and a during the relaxation process very 
well. Here, we hence confirm the validity of Eqs. (6) – (8) in case QN(t) =

0, i.e., VN(t) is constant in time. 

3.4.4. Leaking flows through the gutters 
During droplet formation, a nonnegligible fraction of the incoming 

CP may flow around the forming droplet, not contributing to the 

Fig. 6. Experimental verification of the neck evolution equation (Eq. (10)) using stop-flow experiments. First, the outlet channel is filled with DP, and DP flow is 
stopped. Second, CP is fed with a constant flow rate QC. Third, the CP flow is stopped approximately before pinch-off, and the relaxation process is recorded and 
analyzed. (a) Images of the neck shape immediately after stopping the flow (top) and 20 s later (bottom). (b) Analysis of the relaxation of the neck in terms of the 
evolution of the amplitude A and the wavelength Ω (both normalized by W). The two presented cases differ in an instant during the formation process when the flow 
is stopped, i.e., in their initial shape (A0, ω0). Black lines correspond to the curve fitting by Eq. (10). Experiments were conducted in the cross-junction device with 
W/H = 4.07. Case I and Case II were obtained by injection of CP with flow rates of 3 ml/h and 4 ml/h, respectively. The fitting results are ξ = 0.028, λ0 = 0.448, 
a0 Case I = 0.324, ω0 Case I = 7.075, a0 Case II = 0.339, and ω0 Case II = 6.91. 
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squeezing of the neck. Considering the flow through the gutters, we now 
derive an expression for the flow rate through the gutters and hence for 
the flow rate QN. The resulting expression, together with Eq. (6) – (8), 
describes the evolution of the neck. This set of model equations can be 
used to determine an expression for the dimensionless duration of the 
squeezing stage (τ*) and its dependencies on Ca and q. 

We balance the pressure difference over the gutters due to a differ-
ence in curvature, ΔpL, with the pressure difference over the gutters due 
to viscous flow through the gutters, ΔpG. The curvature at the tip (KF) is 
assumed to be constant and imposed by the height and width of the main 
channel, i.e., KF = 2

H + 2
W. The curvature at the center of the neck (x =

0) is estimated as KN = 2
H −

π2

2
A

Ω2, with the in-plane curvature π2A/2Ω2 

calculated from the neck profile (Eq. 5) as ∂2h/∂x2(x = 0). The pressure 
drop across the droplet, neglecting the viscous pressure drop inside the 
droplet, is 

ΔpL =
γ
W

(

2 +
π2

2
a

ω2

)

. (11) 

This pressure difference balances the pressure difference due to 
viscous flow through the gutters. Considering four gutters, the CP flows 
through each gutter at a rate QG (= QB/4). We assume the gutters to 
have a constant cross-sectional area AG and an initial length L0 that 
increases over time at a rate QD/WH. The pressure difference is 
described by 

ΔpG = αμCA− 2
G

(

L0 +
QD

WH
t
)

QG (12) 

with α as the cross-section-specific friction factor [44]. 
By considering QG/QC = (QC − QN)/4QC, t* = tQC/W2H and 

normalizing all lengths with W, we write the pressure balance in 
dimensionless form as 

2 +
π2

2
a

ω2 =
α
4

(
WH
AG

)2

Ca(qt* + l0)(1 − qN), (13)  

with qN = QN/QC being the (dimensionless) fraction of the incoming CP 
contributing to squeezing of the neck. Note that the gutter area AG, and 
hence its dimensionless equivalent AG/WH, depends on the aspect ratio 
W/H of the main channel. The solution to Eq. (13) for qN is: 

qN = 1 −
4
α

(
AG

WH

)2 2 + π2

2
a

ω2

Ca(qt* + l0)
. (14) 

Given that the amplitude of the neck shape is generally lower than 
half of the channel width and the neck width grows from an initial value 
about the width of the channel, i.e., π2

2
a

ω2≪2 (see, for example, a/ω in 
Fig. 8), we note that the temporal change of qN primarily follows the 

extension of the gutter. Replacing the term 4
α

( AG
WH

)2
(

2+π2

2
a

ω2

)
with its 

average value κ, we obtain 

qN = 1 −
κ

Ca(qt* + l0)
. (15) 

The above equation shows that the leaking mechanism in cross- 
junctions is considerably different than that in T-junctions. Although 
in both geometries, the flow around the forming droplet through the 
gutters depends on fluid properties and flow conditions, this dependency 
manifests in different ways. While in cross junctions, the flow around the 
forming droplet through the gutters decays over time; in T-junctions, it is 
time-constant [34]. 

The (dimensionless) expression for qN (given in Eq. (15)) together 
with the dimensional expressions provided earlier (Eq. (6) – (8)) allow 
describing the evolution of the interface. Alternatively, we can use the 

definition vN(t*) =
∫ t*

0 qNdt*, integrate Eq. (15) and then multiply it with 
q to obtain 

qvN = qt* −
κ

Ca
ln
(

qt*

l0
+ 1

)

. (16) 

This approach has a slight advantage over Eq. (15) because the neck 
area is directly observable in our experiments. To verify Eq. (16), we 
measured a, ω, and the area under the neck θ during the formation of 
droplets for various q and Ca values in the device with aspect ratio W/

H = 4.07 using a higher image resolution and frame rate. The resulting 
curves (qvN) are then fitted with Eq. (16), with qt* as the independent 
variable and κ and l0 as the curve-fitting parameters. We find that all 
curves are well described by Eq. (16), as plotted in Fig. 7a, with a con-
stant value of κ = 2.7× 10− 5, while the values of l0 are Ca dependent, as 
shown in the inset of Fig. 7a. More specifically, they are inversely pro-
portional to Ca, i.e., l0 = κ0/Ca, with κ0 = 3.5× 10− 5. 

After confirming Eq. (16), we now return to Eq. (15) since the 

Fig. 7. Experimental analysis of the leaking flow. Values of vN = aω, τ*, and LT0 were measured from the images recorded using appropriately high spatial and 
temporal resolutions. (a) vN plotted as a function of qvN versus qt* for different values of q and Ca. According to Eq. (16), different data series collapse on separate 
lines, each characterized by a unique Ca. Dashed lines show the curve-fitting result of Eq. (16) with b = κ/Ca and l0 set as the curve-fitting parameters to the data 
series with the same Ca. The inset shows the Ca dependency of the fitted parameters b and l0. The parameters κ and κ0 were estimated by fitting to experimental point 
functions b = κ/Ca and l0 = κ0/Ca, respectively. The fittings provided the values κ = 2.7 × 10− 5 and κ0 = 3.5× 10− 5. Solid vertical lines show the three highest qτ*

HL 
values for the three smallest values of Ca, as indicated by the attached labels. (b) Measurement of the droplet tip position (points) relative to the junction at the start 
of necking, LT0, versus Ca. The solid line is the curve fitting result of LT0 as a function of Ca which shows −Ca dependency with proportionality of −Ca− 1. The presented 
measurements are taken from experiments using the device with aspect ratio W/H = 4.07. 
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obtained variables immediately provide insight into the fraction of the 
incoming CP contributing to necking. We define the characteristic 
dimensionless time of leaking τ*

HL, for which the flow around the 
forming droplet through the gutters drops to half of its maximal avail-
able value so that qN reaches a value of 0.5: τ*

HL = 2κ− κ0
qCa . For all curves in 

Fig. 7a, we find that the term τ*
HL is considerably smaller than the 

duration of the entire necking τ*. Thus, in further analysis, we assume 
that beyond the short initial period of necking, the Ca variation of qN 
introduced by the second term in Eq. (15) is considerably small, and we 
can use the simplified approximation qN

(
t*≫τ*

HL
)
≈ qN(τ*) = qN0, 

where qN0 is a constant close to unity. 

3.4.5. Droplet length at the end of the filling stage 
Thus far, we have discussed the mechanisms that give rise to the q 

and Ca dependency during the necking stage. Since the droplet shape 
prior to pinch-off is q and Ca dependent, it may be the same case for the 
dynamics of the filling stage and the droplet length at the end of the 
filling stage (l0 in Eq. (3)). Therefore, we also measured the droplet tip 
position relative to the junction before necking starts (i.e., for E = W, 
see Image III in Fig. 1b), denoted as LT0, as illustrated in Fig. 7b. 
Although LT0 is not a direct measurement of l0, we expect it to depend on 
Ca in a similar manner. Fig. 7b shows LT0∝Ca− 1, which shows that the Ca 
dependency in the measured length of the droplets is introduced not 
only in the necking stage but also in the filling stage. 

3.4.6. Summary of the dependence of lD on Ca 
In the case of the stop-flow experiment, we obtained the solution for 

ω as a function of time, whereas in the case of necking, the resulting 
solution would be too complex. Therefore, we developed a semi-
empirical solution for the problem by observing the necking process 
details. Fig. 8 shows the plots of a versus ω for different values of Ca and 
q. 

We divide those data into two regimes, where the delimiter is an 
arbitrary value of a = 0.26. Next, we will analyze the data series and 
solutions in both regions. Meanwhile, for a < 0.26, the experimental 
points lie on the regular lines, and data for the same Ca collapse on the 
same line regardless of q. We can also see that these lines’ tangent de-
pends on Ca. For a > 0.26, we can see that experimental data for 

different q values separate, and we can expect the dependency on both 
Ca and q. 

Lower regime (a ≤ 0.26)
For the lower regime (a ≤ 0.26), we assume that the evolution of the 

shape is described by Eq. (6) and consider instantaneous qN as 

qN =
d(aω)

dt*
= a

dω
dt*

+ω da
dt*

. (17) 

Let us assume that the a versus ω relation can be described by linear 
equation a = (ω − ω0)ψ, with ψ being the tangent of the term ψ = da/dω. 
In this regime, we may assume that for each Ca, the necking undergoes 
self-similar shapes, i.e., ψ ≈ a/ω, and that it is constant, i.e., dψ/dω = 0. 
Finally, solving Eqs. (6) and (17) under the assumptions mentioned 
above, we obtain the following: 

ψ(Ca) = 2

⎛

⎝ξ
λ
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

ξ
λ

)2

+
8ξ

qNCa

√ ⎞

⎠

− 1

. (18)  

Fig. 8 shows that the obtained relation describes the Ca dependence of 
the tangent of the a versus ω relation for experimental data for a ≤ 0.26. 

Eq. (18) requires additional comments, as the time-invariance of the 
slope ψ(Ca), postulated here and experimentally shown, may cause 
concern to the careful reader. It contains qN, which, according to Eq. 
(15), varies with time. To justify these contradictory statements, we 
return to the analysis of the gutter flow and its conclusions given in 
Section 3.4.4. We noted there that even though Eq. (15) introduces the 
time dependence of qN, it also shows its relatively rapid stabilization 
after a short initial period in which it rises to a value close to the final 
value. 

Therefore, for the simplicity of our calculations, we neglect the initial 
growing period of qN and assume that for most of the droplet formation 
process qN ≈ qN0, where qN0 is a constant close to unity. 

Upper regime(a > 0.26)
Previously, we have shown that the necking of the lower regime can 

be estimated as a self-similar evolution of the cosine shape, in which we 
can assume a constant a/ω. Following this self-similar evolution there is 
a short period of neck elongation in the streamwise direction. In this 
mode, the cosine shape breaks due to its apex flattening as the thinnest 
part of the neck elongates. As shown in Fig. 8, for a > 0.26, ω grows 
substantially higher compared to the growth of a. As a increases slowly, 
eventually, it reaches critical value where the filament breaks, ending 
the droplet formation process. We call this thin-long neck a filament, 
shown schematically in Fig. 9a. 

Assuming the filament as a box with dimensionless length ε and 
width δ (see Fig. 9a), the dimensionless volume of the filament is the 
product of ε and δ, ρ = εδ. ρ evolves due to the inflow of DP; therefore, 
its increment (Δρ = ρ − ρ0, where ρ0 is the initial volume for a = 0.26) is 
proportional to the product of q and the increment of time: Δρ∝qΔt*. 
Assuming that ε grows linearly with time, Δε∝Δt*, we can write ρ as 
ρ = cqΔε+ρ0 and obtain the equation for δ as 

δ =
ρ0 + cqΔε

ε , (19)  

where c is a constant. Next, we assume ε elongates with the same rate as 
ω such that Δε ≈ Δω, where Δε = ε − ε0. Finally, we substitute δ into the 
equation for the evolution of a = 0.5(1 − δ) and obtain relation a as a 
function of the increment of the width of the profile Δω: 

a = 0.5
(

1 −
ρ0 + cqΔω

Δω + ε0

)

. (20) 

The fitting result of Eq. (20) to the experimental data for a > 0.26 is 
shown in Fig. 9b. From the curve fitting, we obtained the following 
relation: 

Fig. 8. Neck profile as characterized by the dimensionless amplitude a = A/W 
versus dimensionless wavelength ω = Ω/W during the formation of droplets. 
Points are measurements taken in the device with aspect ratio W/H = 4.07, 
with different values of q and Ca represented by different marker shapes and 
colors, respectively. Dashed lines – a plot of the theoretical line: a = (ω − ω0)ψ, 
where ψ is given by Eq.(18). The parameters obtained from the fitting are ξ/λ =

13.56 and ξ = 0.023, with the assumption that qN ≈ 1. The fitting of the 
experimental data revealed that ω0 is Ca-dependent with the approximated 
relation ω0 = 11.25Ca− 0.13 − 4.91. 
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a = 0.5
(

1 −
0.48ε0 + 0.48qΔω

Δω + ε0

)

, (21)  

where ε0 = 1.32 + 2.51× 10− 4( 1.63 × 10− 4 + Ca
)− 1. 

The previous analysis allowed us to identify the additional de-
pendency on parameters τ* and l0 of Eq. (3) to the flow rate condition 
such as Ca. We will include these dependencies to generalize Eq. (3) for 
the cross-junction device. 

We have identified various mechanisms that contribute to the pro-
longation of τ*. According to Eq. (16), for vN(t* = τ*) = vN0, we have: 

τ* = vN0 +
κ

qCa
ln
(

qτ*

l0
+ 1

)

. (22)  

Eq. (22) is interesting in its own right. The physical interpretation of this 
equation is that the (dimensionless) duration of necking is equal to the 
time needed to fill the volume behind the neck plus the time delay due to 
leakage of CP through the gutter. In the higher Ca regime, the last term 
of Eq. (22) vanishes such that τ* = vNO. Thus, Eq. (22) returns the same 
τ* as in the original squeezing model, assuming negligible leaking, i.e., 
by setting 〈qN〉 = 1 in Eq. (3). 

Let us call the three identified contributions τ*
1, τ*

2, and τ*
3, with 

τ*
1+τ*

2 = vN0 and τ*
3 = κ

qCa ln
(

qτ*

l0 +1
)

, such that τ* = τ*
1 + τ*

2 + τ*
3. In the 

first term, τ*
1 is taken from the elongation of the sinusoidal shape of the 

neck in the lower necking regime. According to Eq. (18), we can write 
the instantaneous volume under the neck as vN = a2

ψ =

a2
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅( ξ

λ
)2

+
8ξ

qNCa

√

+
ξ
λ

)

. At the end of the lower regime of necking 

vN(a ≈ 0.26), for simplicity, we assume qN reaches its asymptotic value, 

which is equal to 1 (Eq. (15)). This leads to τ*
1∝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( ξ

λ
)2

+
8ξ
Ca

√

+
ξ
λ. The 

second term τ*
2 is taken from the additional volume contributed by the 

filament generation prior to pinch-off. The additional volume is pro-
portional to the product Δa× Δω, where Δa can be assumed to be a 
constant (as shown in Fig. 8, a does not change much near pinch-off). 
Thus, we can estimate τ*

2∝Δω. The third term, τ*
3, is the additional 

necking time due to the leakage of CP through the corners. Thus, 

τ*
3∝ κ

qCa ln
(

qτ*

l0 +1
)

. 

All the terms of Eq. (22) depend on Ca and are proportional to Ca− n. 
Fitting of the generalized model τ* = p+kCa− n to the experimental data, 
with p, k, and n as the fitting parameters, yields n close to 0.5 (see the 

Fig. 9. (a) In the upper regime a > 0.26, the increase in filament length ε is faster than the thinning of filament width δ. (b) Kinematics of the filamenting stage. 
Points are the experimental data for different values of q. The solid lines are the fitting results of Eq. (20) with fitting parameters. ε0 = 1.32 + 2.51×

10− 4( 1.63 × 10− 4 + Ca
)− 1. Graphs without a y-axis label and numbers have their y-axis shared with the figure on their left. Measurements were taken in the device 

with W/H = 4.07.
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inset in Fig. 2c and Fig. 3b). Additionally, the experimental data reveal a 
weak dependence on q. We have found that the fitted relation is the most 
related to τ*

1 in terms of both the exponent of the Ca dependence and 
negligible q dependence. This suggests that the mechanism of the 
elongation of the cosine shape of the neck is the dominant effect that 
constitutes the entire necking time τ*. Thus, to include the dependency 
of τ* on the flow rate condition, we assume a more straightforward form 
of τ* as 

τ* =
χ̅̅
̅̅̅̅

Ca
√ + p, (23)  

with χ and p as constant parameters that may be a function of channel 
geometry. Parameter p corresponds to τ* of higher Ca values. 

On the other hand, we also found that the leaking effect causes l0 of 
Eq. (3) to be dependent on Ca, with l0(Ca)∝Ca− 1, as shown in Fig. 7b. To 
incorporate this dependency, we generalize the term l0 as 

Fig. 10. Operating range for the three types of flow observed in the cross-junction devices with rectangular channels of different channel aspect ratios. (a) 
Experimental images showing the three observed flow types: formation of stable thread along the main channel – “Parallel Flow”, formation of droplets downstream 
of the junction – “Downstream”, and formation of droplets at the junction – “at Junction”. For both droplet flow types, two images represent the forming droplet 
before (top) and after (bottom) pinch-off. For droplet formation at the junction, the interface fully recedes to the junction after pinch-off, as shown in the close-up 
image. (b) Maps illustrating the operating range for parallel flow (green squares), the formation of droplets downstream (yellow triangles) and at the junction (blue 
circles) for devices with different W/H. For each map, the transition between parallel flow and droplet formation downstream of the junction is shown by the solid 
black line (QD = qP→DQC). The transition between the two droplet formation types is shown by the dashed black line (QD = qD→JQC). (c) The influence of the channel 
aspect ratio on qP→D (left) shows that the inverse of qP→D is proportional to the aspect ratio (right). (d) Influence of the channel aspect ratio on the flow rate ratio qD→J 

that demarcates the operating range for the flow type central to this work: droplet formation at the junction. Images were taken from experiment in the device W/

H = 4.07. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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l0 = λ0 +
ϕ
Ca

, (24)  

where λ0 and ϕ are constant parameters that may be a function of the 
microchannel geometry. By using Eqs. (23) and (24), we generalized Eq. 
(3) for the cross-junction device, as shown previously in Eq. (4). 

4. Conclusions 

We studied the formation of droplets in cross-junctions at low 
capillary numbers. We showed a lower limit of the squeezing regime, 
below which the strong Ca dependency in the volume of the generated 
droplets appears. In addition to the similarity in the leaking regime for 
droplet formation in cross- and T-junctions, this work reveals that there 
are also fundamental differences between these two types of junctions. 
These differences arise from the constraints on the interface of a forming 
droplet imposed by the geometry of the junction. In T-junctions, the 
shape of a forming droplet is constrained by the walls of the main and 
side channels, such that the critical shape at pinch-off solely depends on 
the total amount of the continuous phase collected behind the forming 
droplet and not on Ca. Without the constraint imposed by the walls of 
the side channel, the interface of a forming droplet in a cross-junction 
has more freedom to adjust its shape depending on the rate at which 
the continuous phase collects behind the forming droplet, such that the 
critical shape at pinch-off does depend on Ca. We generalized the clas-
sical squeezing law based on our findings, thereby quantifying and 
rationalizing the Ca dependencies in its parameters. This generalized 
model is in good agreement with the experimental data. 

Considering practical implications, the described low Ca regime is 
the least favorable droplet generation method due to its extreme sensi-
tivity to control parameters, notably flow rates, which significantly in-
fluence droplet volume. The presented work raises awareness of this 
issue and provides equations helping to identify the low boundary for 
the squeezing regime. Alternatively, as we have shown, a more robust 
(however, more complicated in fabrication) solution can be offered 
using a junction with circular channels, mitigating the risk of leaking 
and offering a broader spectrum of parameters for squeezing. 
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Appendix 1: Operating range for droplet formation 

We identify the operating range in which droplets are formed in the five devices with channels of different aspect ratios W/H. We independently 
varied QC and QD and recorded the resulting flow regime. 

We observed three types of flows, in line with earlier work [30]: formation of stable thread along the main channel – “Parallel Flow” (Fig. 10a, top 
or Supplementary Video 3), droplet formation downstream of the junction – “Downstream”, (Fig. 10a, middle or Supplementary Video 2), and droplet 
formation at the junction – “at Junction” (Fig. 10a, bottom or Supplementary Video 1). The main difference between the two droplet formation 
regimes is in the position of the tip of the DP immediately after pinch-off. The tip of the DP either does not recede to the junction, as illustrated by the 
two images before and after pinch-off in Fig. 10a, middle, or does fully recede (see the two images in Fig. 10a, bottom). 

Flow regime maps in terms of QC and QD are shown for channels with different aspect ratios in Fig. 10b. These maps show that parallel flow is 
generally observed for larger values, while droplet formation at the junction is observed for lower values of q. The two transitions between the three 
flow types can be approximated by two straight lines, i.e., for constant q. Let us introduce qP→D as the value of q that corresponds to the transition 
between parallel flow and droplet formation downstream of the junction. Similarly, qD→J corresponds to the transition between droplet formation 
downstream and at the junction. We obtained qP→D and qD→J from the maps in Fig. 10b for the channels with different aspect ratios. Parallel flow is 
observed for a broader range of operating conditions in shallower channels, as shown on the left side of Fig. 10c, in accordance with previous reports 
[45]. Following the arguments of Humphry et al. [23], we assume that the inverse of qP→D can be approximated by a linear function of the aspect ratio 
for W/H≫1, i.e., q− 1

P→D = 0.46(W/H) − 0.45 (with the coefficients obtained from a fit to the experimental data – see the right side of Fig. 10c). The 
transition between droplet formation downstream and at the junction also depends on W/H, with a more extensive operation range for droplet 
formation at the junction for less shallow channels (see Fig. 10d). 

The main point of the analysis presented here is to illustrate that there is a W/H-dependent upper limit to the values of q for which the devices can 
be operated in the regime central to this paper: droplet formation at the junction. 

Appendix 2: Additional experimental results 

Fig. 11 shows the additional experimental results obtained from devices with aspect ratios that differ from those shown previously in Fig. 4. The 
points are the measurement results, whereas the solid lines are the curve-fitting results based on Eq. (4). 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.cej.2023.145601. 
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