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Abstract

The buckling instability of micro- and nanopillars can be an issue when designing intelligent miniaturized

devices and characterizing composite materials reinforced with small-scale beam-like particles. Analytical

modeling of the buckling of miniaturized pillars is especially important due to the difficulties in conducting

experiments. Here, a well-posed stress-driven nonlocal model is developed, which allows the calculation

of the critical loads and buckling configurations of the miniaturized pillars on an elastic foundation and

with arbitrary numbers of edge cracks. The discontinuities in bending slopes and deflection at the dam-

aged cross-sections due to the edge cracks are captured through the incorporation of both rotational and

translational springs. A comprehensive analysis is conducted to investigate the instability of pillars con-

taining a range of one to four cracks. This analysis reveals interesting effects regarding the influence of

crack location, nonlocality, and elastic foundation on the initial and subsequent critical loads and associ-

ated buckling configurations. The main findings are: (i) the shielding and amplification effects related to a

system of cracks become more significant as the dimensions of pillars reduce, (ii) the influence of the

shear force at the damaged cross-section related to the translational spring must not be neglected when

dealing with higher modes of buckling and long cracks, (iii) an elastic foundation decreases the effects of

the cracks and size dependency on the buckling loads, and (iv) the effects of the edge cracks on the critical

loads and buckling configurations of the miniaturized pillars are highly dependent on the boundary

conditions.
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Introduction

The buckling instability of the small-scale structural elements must be understood to safely design
smart devices. Buckling experiments on the miniaturized specimens are difficult to conduct since
applying appropriately aligned uniform compression loads at the specimen’s ends is challenging. The
atomistic models (e.g., Shen and Chen, 2006; Ye et al., 2016; Zhang et al., 2017a, 2017b) are com-

putationally expensive and therefore, may not be used for design purposes. For these reasons, the
engineering science community has always appreciated the analytical modeling of the buckling of
micro- and nanosized pillars and beams. Such analytical knowledge is also important for material

science applications since the buckling of beam-like reinforcements during the manufacturing process
may significantly compromise the structural integrity and mechanical properties of composite mate-
rials such as carbon nanotube-reinforced polymer composites (Lourie et al., 1998). Using molecular

dynamics simulations in Zeighampour and Tadi Beni (2020) and a nonlocal analytical formulation in
Darban et al. (2023), it is shown that the buckling behavior of the micro- and nanopillars is highly
affected by the presence of the edge cracks due to, for example, manufacturing process (Sun et al.,

2010), in-service loadings, and environmental effects. Hence, the paper is aimed at developing an
efficient beam formulation to model size-dependent buckling of miniaturized cracked pillars.

The formulation presented in Darban et al. (2023) for buckling of the Bernoulli-Euler micro- and
nanocantilevers with single edge cracks is extended here to miniaturized pillars supported by an
elastic foundation and with any number of edge cracks and different kinematic constraints. Unlike
the work in Darban et al. (2023), the formulation takes into account the effect related to the shear

force acting on the cracked cross-sections. All the improvements in the present formulation com-
pared to that in Darban et al. (2023) are important, as explained in the following. The consideration
of the elastic foundation has practical application since the distributed lateral force applied to the

pillar by the elastic foundation may be used to model the interaction between (i) the pillar and other
elements in a miniaturized device, or (ii) a beam-like reinforcement and matrix phase in a composite
material. Also, several edge cracks may appear in miniaturized structures in practical applications

(Zhou et al., 2020; Sun et al., 2019), and therefore, the influence of a series of cracks on the buckling
behavior of small-scale pillars must be studied. It will be proven in this work that excluding the
impact of shear force would result in high errors for the miniaturized beams with severely damaged

cross-sections and higher modes of buckling. In addition, it will be shown here that the kinematic
constraints at the pillar’s end significantly influence the impact of the cracks on the critical loads of
the miniaturized pillars. It is worth noting that the effects of crack propagation and interaction on

the buckling behavior are not considered in this work. Also, only conservative forces are considered
here and the related instability problems due to nonconservative forces are investigated elsewhere.

To solve the problem of buckling of a miniaturized pillar with multiple cracks, the structure is

partitioned into distinct sections interconnected with rotational and translational springs.
Therefore, the buckled configuration of the pillar is characterized by discontinuities in bending
rotation and deflection where the cracks are located. The rotation and displacement jumps are

assumed to be proportional to, respectively, the bending moment and the shear force at the cracked
cross-section. The proportionality factors are the spring compliances defined solely in terms of the
crack lengths through energy considerations and the linear elastic fracture mechanics principles.

It is widely acknowledged that the mechanical characteristics of materials and structures may
become size-dependent at small scales (Ju and Yanase, 2011; Zhao et al., 2023). Several nonclassical

continuum mechanics-based theories have been developed to address the size effect in the mechan-
ical behavior of miniaturized structures. Among them, nonlocal elasticity and damage models (e.g.,
Ju et al., 1989) have gained popularity for analyzing the behavior of structures and materials. These
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models consider the long-range interactions between atoms and molecules, which are important at
small scales and cannot be accounted for using local continuum mechanics models. Several studies
have shown the applicability of nonlocal elasticity models in predicting the mechanical properties of
various structures at the micro and nanoscale. As an example, in Reddy (2007), several nonlocal
beam formulations are developed utilizing Eringen’s nonlocal theory (Eringen and Edelen, 1972)
together with the Bernoulli-Euler, Timoshenko, and higher-order beam theories. These formula-
tions are employed to predict the bending, vibration, and buckling of such beams. Similarly, non-
local beam models are used in Wang (2005) to study wave propagation in carbon nanotubes, and in
Li and Hu (2015) to investigate the size-dependent buckling of beams. These studies, along with
many others, demonstrate the potential of nonlocal elasticity models to provide reliable predictions
of the mechanical behavior of miniaturized structures.

In this paper, the nonlocal stress-driven theory (Romano and Barretta, 2017) is used to model the
size effect. The stress-driven theory defines the elastic curvature at a section by taking into account
the bending moment at all sections through an integral convolution, along with a smoothing kernel
function that assigns weights to long-range interactions. A recent study in Darban et al. (2023)
demonstrated that the stress-driven model is capable of modeling size dependency in quasi-static
and dynamic experiments conducted on micro- and nanocantilevers. The range of applicability of
the stress-driven theory lies within materials that exhibit a stiffening behavior at small-scale dimen-
sions, such as the polymer SU-8 as demonstrated by the experimental data reported in Sumelka
et al. (2015). The stress-driven nonlocal model has proven effective in studying various problems
concerning miniaturized structures, as demonstrated in prior works such as (Barretta et al., 2020;
Darban et al., 2021; Mahmoudpour et al., 2018; Sedighi et al., 2020; Tang and Qing, 2023; Ouakad
et al., 2020). These analytical investigations established that the nonlocal stress-driven theory can
accurately simulate the mechanical behavior of micro- and nanobeams, and the experimental con-
firmations outlined in Darban et al. (2023) enhance the reliability and usefulness of the model.

Following previous studies (Caporale et al., 2022; Darban et al., 2022, 2023) and with the assump-
tion of an exponential kernel function, integral formulation of the nonlocal constitutive expression,
which is defined over the entire length of the pillar, is converted into a differential equation valid at
different sections of the pillar between damaged cross-sections. The associated higher-order consti-
tutive boundary and continuity conditions are also derived. These higher-order conditions are
expressed in terms of curvature. Therefore, the formulated model is always well-posed and does
not encounter inconsistencies such as those that occur when the models based on Eringen’s nonlocal
theory Eringen and Edelen (1972) are used (see, for example, Challamel and Wang, 2008). The
problem definition, the main assumptions, and the model derivation are detailed in the next section.
Section ‘Numerical examples and discussion’ applies the formulation to pillars with one, two, three,
and four damaged cross-sections, and extensively studies the effects of damage location and severity,
size-dependency, and elastic foundation on the fundamental and higher-order buckling loads and
configurations. Finally, a wrap-up and conclusions of this research are presented.

Definition and formulation of the problem

The system to be analyzed is depicted in Figure 1. It involves a slender pillar of micro- and nano-
scale dimensions being subjected to a compressive load, denoted as P. The pillar has n edge cracks
and is resting on an elastic foundation. The length of the pillar is L, and its cross-section is rect-
angular, with in-plane thickness h and out-of-plane width b. The pillar is made of a homogeneous
and isotropic material and deforms under plane stress conditions. The size-dependent critical loads
and buckling mode shapes of the pillar are sought. The mid-thickness and lower end of the pillar
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serve as the origin of the Cartesian coordinate system x� y, used for the formulation of the prob-

lem. The cracks are numbered from bottom to top, located at xi, and have different lengths ai for

i¼ 1, . . ., n.

Formulation

Crack kinematic compatibility conditions. To include the cracks in the proposed model, it is necessary to

decompose the pillar into nþ 1 sections at the damaged cross-sections. The sections, numbered

from bottom to top, are assumed to be connected by rotational and translational springs, as shown

in Figure 1 (Dimarogonas, 1996; Fernández-Sáez and Navarro, 2002; Freund and Herrmann, 1976;

Liu et al., 2008; Loya et al., 2009; Sayyad et al., 2013; Sayyad and Kumar, 2012; Yokoyama and

Chen, 1998). As the pillar undergoes buckling, it is reasonable to assume that the configuration

resulting from compressive forces causes the edge cracks within the pillar to open up. Therefore, the

bending rotation and the deflection of the deformed pillar have jumps at the cracked cross-sections,

xi for i¼ 1, . . ., n:

ðiþ1Þv;xðxiÞ � ðiÞv;xðxiÞ ¼ icMMðxiÞ
ðiþ1ÞvðxiÞ � ðiÞvðxiÞ ¼ icVVðxiÞ

(1)

Figure 1. A miniaturized pillar with n edge cracks supported by an elastic foundation under the action of the
compressive load P. Rotational and translational springs are used to model the influence of cracks (Dimarogonas,
1996; Fernández-Sáez and Navarro, 2002; Freund and Herrmann, 1976; Liu et al., 2008; Loya et al., 2009; Sayyad and
Kumar, 2012; Sayyad et al., 2013; Yokoyama and Chen, 1998).

4 International Journal of Damage Mechanics 0(0)



Here, ðiÞv denotes the deflection (i.e. transverse displacement) of section i, and ðiÞv;x represents its

first derivative (i.e. the bending slope). When a quantity displays a superscript (i) on the left, it

signifies its association with section i, and F;xxx . . . x|fflfflfflffl{zfflfflfflffl}
j

¼ djF=dxj. MðxiÞ and VðxiÞ represent the

bending moment and shear force at the damaged cross-section, respectively. Additionally, icM
and icV stand for the compliances of the rotational and translational springs. These parameters

directly relate to the stress intensity factors of the opening and sliding modes arising from the

bending moment and shear force. Under the assumption that the stress field of each crack is unaf-

fected by the presence of the other cracks, the compliances of the rotational and translational

springs are derived in Yokoyama and Chen (1998) and presented in Appendix 1.

Nonlocal formulation. The stress-driven nonlocal theory of elasticity in Romano and Barretta (2017) is

used to capture the small-scale size effect in the buckling behavior of the miniaturized pillar. Within

the context of the stress-driven theory, the pointwise strain is defined through a convolution integral

that includes the stresses exerted at all points within the body and the corresponding kernel func-

tion. Integrating the constitutive equation over the thickness, the following constitutive equation is

derived for the pillar (Romano and Barretta, 2017):

vðxÞ ¼
Z L

0

1

2LC
e

�jx�nj
LC

� �
CMðnÞdn (2)

where the elastic compliance is C ¼ 12=ðEbh3Þ, with E being Young’s modulus. The relation in

equation (2) defines the curvature v as an integral convolution over the length of the pillar in terms

of the bending moment M and the kernel /LC
ðxÞ ¼ 0:5eð�jxj=LCÞ=LC. The length scale parameter LC

determines the characteristics of the kernel function. For larger values of the length scale parameter,

the kernel function exhibits a smoother behavior. When LC ! 0, the kernel function in equation (2)

becomes nonzero only at x and the constitutive equation reduces to that of the local formulation.
The constitutive equation (2) is defined over the entire length of the pillar, and therefore, can be

used to solve only the buckling problem of the intact pillar (Barretta et al., 2020; Darban et al.,

2021). Following literature (Caporale et al., 2022; Darban et al., 2022, 2023) and for the pillar with n

edge cracks, the constitutive equation (2) can be expressed as:

vðxÞ ¼
Xnþ1

i¼1

Z xi

xi�1

1

2LC
e

�jx�nj
LC

� �
CðiÞMðnÞdn (3)

The curvature of the generic section i at the distance x has four different contributions based on

equation (3) from the cross-sections within 0 � n � xi�1, xi�1 � n � x, x � n � xi, and

xi � n � L. Using this decomposition technique, taking the first and second derivatives of the

constitutive equation, and after some manipulations, the integral equation (2) can be written in the

following differential form:

ðiÞv� L2
C
ðiÞv;xx ¼ CðiÞM (4)
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for i¼ 1, . . ., nþ 1, subject to the constitutive boundary and continuity conditions:

ðiÞv;xðxi�1Þ ¼ 1

LC

�
ðiÞvðxi�1Þ �

Xi�1

k¼1

Z xk

xk�1

1

LC
e
n�xi�1
LC CðkÞMðnÞ

� �
dn

�
ðiÞv;xðxiÞ ¼ � 1

LC

�
ðiÞvðxiÞ �

Xnþ1

k¼iþ1

Z xk

xk�1

1

LC
e
xi�n
LC CðkÞMðnÞ

� �
dn

� (5)

for i¼ 1, . . ., nþ 1. Note that the summation is equal to zero when the upper bound is less than the

lower bound. The nonlocal constitutive equation of the pillar presented in equation (4) is two orders

higher than that of the local formulation. Therefore, for a miniaturized pillar with n edge cracks, the

formulation will be 2ðnþ 1Þ orders higher than the local formulation. The well-conditioning of the

nonlocal formulation is guaranteed by the 2ðnþ 1Þ higher-order constitutive boundary and conti-

nuity conditions in equation (5).
The curvature in equations (4) and (5) is related to the transverse displacement through the

relationship between curvature and deflection in the Bernoulli-Euler beam model, ðiÞv ¼ ðiÞv;xx.
Therefore, the constitutive equations (4) and (5) expressed through the deflection are:

ðiÞv;xx � L2
C
ðiÞv;xxxx ¼ CðiÞM (6)

ðiÞv;xxxðxi�1Þ ¼ 1

LC
½ðiÞv;xxðxi�1Þ �

Xi�1

k¼1

Z xk

xk�1

1

LC
e
n�xi�1
LC

�
ðkÞv;xxðnÞ � L2

C
ðkÞv;xxxxðnÞ�

 !
dn

�

ðiÞv;xxxðxiÞ ¼ � 1

LC
½ðiÞv;xxðxiÞ �

Xnþ1

k¼iþ1

Z xk

xk�1

1

LC
e
xi�n
LC

�
ðkÞv;xxðnÞ � L2

C
ðkÞv;xxxxðnÞ�

 !
dn

� (7)

for i¼ 1, . . ., nþ 1.

Variationally consistent equations. On the basis of the Bernoulli-Euler beam model, the buckling of each

section of the pillar is governed by the differential equationðiÞM;xxðxÞ þ PðiÞv;xxðxÞ�ðiÞqðxÞ ¼ 0. The

last term in this equation, ðiÞqðxÞ, represents the force distribution resulting from the elastic foun-

dation acting on the pilla’’s section. A two-parameter Pasternak elastic foundation, which defines

the response of the foundation by ðiÞqðxÞ ¼ �
	
KW

ðiÞvðxÞ � KP
ðiÞv;xxðxÞ



, is assumed here. KW and

KP are the Winkler and Pasternak parameters. The buckling equation at each section of the pillar

can be expressed as function of the deflection through the utilization of the constitutive equation

(6), namely:

L2
C
ðiÞv;xxxxxx � ðiÞv;xxxx � ðP� KPÞCðiÞv;xxðxÞ � CKW

ðiÞvðxÞ ¼ 0 (8)

for i¼ 1, . . ., nþ 1. The sixth-order differential equations (8) governing the buckling of the sections

of the pillar deviate from the fourth-order equation found in the local Bernoulli-Euler theory. As a

result, the importance of incorporating extra constitutive boundary and continuity conditions

becomes apparent. The variationally consistent boundary conditions for typical cases are presented

in Appendix 2. The variationally consistent continuity conditions at the damaged cross-sections are:
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ðiþ1Þv;xðxiÞ � ðiÞv;xðxiÞ ¼ icM

ðiþ1Þv;xxðxiÞ � L2
C
ðiþ1Þv;xxxxðxiÞ

C

ðiþ1ÞvðxiÞ � ðiÞvðxiÞ ¼ �icV½
ðiþ1Þv;xxxðxiÞ � L2

C
ðiþ1Þv;xxxxxðxiÞ

C
þ ðP� KPÞðiþ1Þv;xðxiÞ�

ðiÞv;xxðxiÞ � L2
C
ðiÞv;xxxxðxiÞ ¼ ðiþ1Þv;xxðxiÞ � L2

C
ðiþ1Þv;xxxxðxiÞ

ðiÞv;xxxðxiÞ � L2
C
ðiÞv;xxxxxðxiÞ

C
þ ðP� KPÞðiÞv;xðxiÞ ¼

ðiþ1Þv;xxxðxiÞ � L2
C
ðiþ1Þv;xxxxxðxiÞ

C
þ ðP� KPÞðiþ1Þv;xðxiÞ

(9)

for i¼ 1, . . ., n. The first two equations address the kinematic compatibility requirements at the

damaged cross-section, as outlined in equation (1). The third and fourth equations, on the other

hand, ensure continuous transitions of the bending moment and shear force at the damaged cross-

sections.

Non-dimensional forms of equations

To simplify the mathematical formulation of the problem, the subsequent equations are expressed

using the following dimensionless parameters:

ðiÞg ¼
ðiÞv
L

; �x ¼ x

L
; �h ¼ h

L
; a ¼ PL2C

p2
; i�cM ¼ icM

CL
; i�cV ¼ icV

CL3
; k ¼ LC

L
�KP ¼ KPL

2C; �KW ¼ KWL4C

(10)

Based on the dimensionless parameters, the buckling equation (8) and the continuity conditions

in equation (9) are:

k2ðiÞg;�x �x �x �x �x �xð�xÞ � ðiÞg;�x �x �x �xð�xÞ � ðap2 � �KPÞðiÞg;�x �xð�xÞ � �KW
ðiÞgð�xÞ ¼ 0 (11)

ðiþ1Þg;�xð�xiÞ � ðiÞg;�xð�xiÞ ¼ i�cM½ðiþ1Þg;�x �xð�xiÞ � k2ðiþ1Þg;�x �x �x �xð�xiÞ�
ðiþ1Þgð�xiÞ � ðiÞgð�xiÞ ¼ �i�cV½ðiþ1Þg;�x �x �xð�xiÞ � k2ðiþ1Þg;�x �x �x �x �xð�xiÞ þ ðap2 � �KPÞðiþ1Þg;�xð�xiÞ�
ðiÞg;�x �xð�xiÞ � k2ðiÞg;�x �x �x �xð�xiÞ ¼ ðiþ1Þg;�x �xð�xiÞ � k2ðiþ1Þg;�x �x �x �xð�xiÞ
½ðiÞg;�x �x �xð�xiÞ � k2ðiÞg;�x �x �x �x �xð�xiÞ� þ ðap2 � �KPÞðiÞg;�xð�xiÞ ¼

½ðiþ1Þg;�x �x �xð�xiÞ � k2ðiþ1Þg;�x �x �x �x �xð�xiÞ� þ ðap2 � �KPÞðiþ1Þg;�xð�xiÞ

(12)

Table 2 (Appendix 2) displays the dimensionless variational boundary conditions, while the

dimensionless form of equation (7) is:.

ðiÞg;�x �x �xð�xi�1Þ ¼ 1

k

�
ðiÞg;�x �xð�xi�1Þ �

Xi�1

k¼1

Z �xk

�xk�1

1

k
e
n��xi�1

k ½ðkÞg;nnðnÞ � k2ðkÞg;nnnnðnÞ�
� �

dn

�
ðiÞg;�x �x �xð�xiÞ ¼ � 1

k

�
ðiÞg;�x �xð�xiÞ �

Xnþ1

k¼iþ1

Z �xk

�xk�1

1

k
e
�xi�n
k ½ðkÞg;nnðnÞ � k2ðkÞg;nnnnðnÞ�

� �
dn

� (13)
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The size-dependent buckling equation (11) is a linear homogeneous sixth-order ordinary differ-
ential equation with constant coefficients whose closed-form solution is derived in Darban et al.
(2021) in terms of six unknown constants. For the pillar with n cracks, the buckled configuration is
defined in terms of 6� ðnþ 1Þunknown constants that must satisfy the 4� n variationally consis-
tent continuity conditions in equation (12), 4 boundary conditions given in Appendix 2, and 2�
ðnþ 1Þ constitutive boundary and continuity conditions in equation (13). The critical loads and
associated buckling configurations are determined by solving the resulting eigenvalue problem.

Numerical examples and discussion

This section presents the buckling loads and mode shapes of pillars with and without elastic foun-
dation with one to four cracks. The first three modes of buckling and different boundary conditions
are considered and the critical loads are given by varying the crack length, crack location, the
parameters of the elastic foundation, and nonlocality. The bisection method is used to numerically
calculate the roots of the determinant of the coefficient matrix, which correspond to the buckling
loads.

Verification

To assess the accuracy of the proposed formulation, the critical loads predicted by the model are
compared with previously reported results for three distinct cases. The first case is depicted in
Figure 2, where the critical loads associated with a small-scale pillar containing one crack of
length of a=h located at the middle of the pillar are presented. The normalized buckling loads are
determined with respect to the buckling loads of the undamaged pillars calculated in Darban et al.
(2021).

The results refer to the case with k ¼ 0:25, h=L ¼ 0:05, �KW ¼ 400 and �KP ¼ 8. Four different
boundary conditions are considered. The outcomes are demonstrated through decreasing the length
of the crack. It is evident form Figure 2 that the predictions of the proposed model are in agreement
with those reported in Darban et al. (2021) as the crack length approaches zero, i.e., in the limit of
h=a ! 1.

The results depicted in Figure 3 refer to the buckling loads of pillars with one damage at the mid-
length with the severity of a=h ¼ 0:31, and h=L ¼ 0:05. The elastic foundation is absent in this
example. The results are normalized against the results obtained in Wang and Quek (2005) using the
local Bernoulli-Euler beam model and presented for different boundary conditions by reducing the
nonlocal parameter. For all the cases, the results of the model ultimately align with the data
reported in Wang and Quek (2005) as the nonlocal parameter decreases.

The third case which is used to verify the present formulation is a miniaturized cantilever with
two cracks at �x1 ¼ 0:3 and �x2 ¼ 0:5, h=L ¼ 0:05, k ¼ 0:5, and �KW ¼ �KP ¼ 0. In the calculations,
the length of the second crack is kept constant and equal to a2=h ¼ 0:4. The first three critical loads
are presented in Figure 4 by reducing the length of the first crack. In the limit when the length of the
first crack goes to zero, i.e. h=a1 ! 1, the buckling loads determined by the present formulation
tend to those obtained in Darban et al. (2023) for the cantilevers with one damaged cross-section
located at the middle of the structure.

Miniaturized pillars with one crack

Effects of nonlocality, boundary conditions, and elastic foundation. In Darban et al. (2023), the critical loads
of micro- and nanocantilevers containing a single crack are presented. Here, the results are extended
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to the pillars with pinned-pinned, clamped-pinned, and clamped-clamped boundary conditions to
investigate how the kinematic constraints would change the effect of the crack on the buckling
loads. For this purpose, a pillar with one crack at the mid-length, h=L ¼ 0:05, and �KW ¼ �KP ¼ 0 is
considered. The buckling loads are normalized against the solutions of the intact pillars and illus-
trated in Figure 5 by changing the crack length for different nonlocal parameters.

For all the cases, the existence of a longer crack reduces the stiffness of the pillars and therefore,
the buckling loads decrease. Since the clamped-clamped pillar is stiffer than the pillars with other
types of boundary conditions, the presence of the mid-length crack reduces its stiffness to a greater
extent. This is the underlying reason for the high dependency of the buckling loads in clamped-
clamped pillars on the crack presence. In addition, the impact of the crack on the critical loads is
stronger for the nonlocal pillars. For illustration, the crack with a=h ¼ 0:3 causes a 9, 12, and 17%
reduction in the buckling load of the pinned-pinned pillar with k ¼ 0, 0.3, and 0.6. Or, a relatively
short crack of a=h ¼ 0:1 at the mid-length of the miniaturized clamped-clamped pillar (k ¼ 0:5)
causes a 12% reduction in the critical load, while this decrease for a large-scale pillar (k ¼ 0) is
only 1%.

As a result, the influence of damage on buckling loads is contingent on both the kinematic
constraints at the pillar’s ends and the value assigned to the nonlocal parameter. Based on this
observation, one can conclude that the occurrence of defects in the form of edge cracks is a more
serious issue in the design of the miniaturized pillars than that of the large-scale pillars.

To analyze how the buckling loads of the cracked pillars are affected by the elastic foundation,
the previous example is considered in the presence of an elastic foundation with �KW ¼ 200 and

Figure 2. Ratios of the buckling loads upon reducing the crack length of: (a) clamped-free, (b) pinned-pinned, (c)
clamped-pinned, and (d) clamped-clamped miniaturized pillars with one crack at the pillar’s mid-length. The results
are normalized against the solutions of the intact pillars and presented for k ¼ 0:25, h=L ¼ 0:05, �KW ¼ 400 and
�KP ¼ 8.
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Figure 4. The dimensionless buckling loads of a cantilever pillar in the absence of the elastic foundation with two
cracks at �x1 ¼ 0:3 and �x2 ¼ 0:5, a2=h ¼ 0:4, h=L ¼ 0:05, and k ¼ 0:5 by varying a1=h. Results are presented for the
(a) first, (b) second, and (c) third modes. The results tend to those given in Darban et al., (2023) for the cantilever
with one crack at the mid-length as the length of the first crack goes to zero, h=a1 ! 1.

Figure 3. Ratios of the buckling loads vs. the nonlocal parameter for (a) clamped-free, (b) pinned-pinned,
(c) clamped-pinned, and (d) clamped-clamped miniaturized pillars without elastic foundation with one crack at the
mid-length. The results are normalized against the solutions of the local pillars for a=h ¼ 0:31, h=L ¼ 0:05.
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�KP ¼ 6, and the results are presented in Figure 6. It can be understood from the comparison of

Figure 6 with Figure 5 that the buckling loads of the pillars in the presence of the elastic foundation

are generally less affected by the crack length. This observation can be explained by recalling the

fact that the global stiffness of the system is composed of two contributions: (i) the stiffness of the

pillar, and (ii) the stiffness of the elastic foundation. While the former is reduced due to the presence

of the crack, the latter is unaffected by the crack. Therefore, the crack has a weaker effect on the

buckling loads of pillars supported by the elastic foundation. As an illustration, critical load ratios

of pinned-pinned pillars with and without cracks for a=h ¼ 0:5 and k ¼ 0:5 are 0.82 and 0.59 in the

presence and absence of the elastic foundation, respectively.
The critical loads of pillars are influenced by the elastic foundation differently according to the

boundary conditions imposed. Generally, the elastic foundation has a stronger effect on the buck-

ling loads of less constrained pillars. To verify this statement, the buckling loads of intact and

cracked pillars with and without elastic foundation are given in Table 1 for typical boundary

conditions. Pillars have one crack at the mid-span, and h=L ¼ 0:05. The elastic foundation increases

the critical loads of pillars with a=h ¼ 0:2 and k ¼ 0:2, by 731, 223, 57, and 18%, for the clamped-

free, pinned-pinned, clamped-pinned, and clamped-clamped boundary conditions. These percentage

changes for the pillar with a=h ¼ 0 (intact pillar) are 725, 213, 55, and 16%, and for the pillar with

a=h equal to 0.4, are 758, 262,64, and 22%. Therefore, the influence of the elastic foundation on the

critical loads does not significantly change for the intact and cracked pillars considered in Table 1.
The curves in Figure 7 show the variations of the buckling loads of miniaturized intact and

cracked pillars with one crack at �x1 ¼ 0:3 and h=L ¼ 0:05. The data refer to the pillars with different

boundary conditions without the elastic foundation. As shown in Figure 7, the critical loads are

always higher for pillars with higher nonlocality, regardless of the boundary conditions and the

Figure 5. The critical loads of (a) clamped-free, (b) pinned-pinned, (c) clamped-pinned, and (d) clamped-clamped
pillars in the absence of the elastic foundation by varying the nonlocal parameter and crack length. Pillars have one
crack at the mid-length, and h=L ¼ 0:05.
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crack length. However, the nonlocal parameter has a less significant effect on the buckling loads of

the cracked pillars than the intact pillars. For instance, the critical loads of the intact and cracked

(a=h ¼ 0:6) clamped-free pillars with k ¼ 0:4 are 74 and 39% higher than those of the local (k ¼ 0)

pillars.
To investigate the impact of the nonlocality on the critical loads of pillars in the presence of the

elastic foundation, the same results as those illustrated in Figure 7 are presented in Figure 8 for
�KW ¼ 300 and �KP ¼ 8. The influence of nonlocality on the critical loads across all four boundary

conditions and three distinct crack lengths is moderated by the presence of an elastic foundation.

Specifically, shifting the nonlocal parameter from 0 (local model) to 0.6 results in a 100% and 16%

increase in the buckling loads in cases without and with an elastic foundation, respectively.
An important understanding can be gained from Figure 8(a), where the curves corresponding to

the different crack lengths virtually coincide. This means that the crack has almost no effect on the

buckling load of the clamped-free pillar supported by the elastic foundation. To investigate this

observation, the first three buckling loads of the clamped-free pillar with k ¼ 0:5 are demonstrated

in Figure 9(a) to (c) by varying the crack length. The curve in Figure 9(a) shows that the first

buckling load is almost independent of the crack length. The axial variation of the normalized

bending moment is illustrated in Figure 9(d) for the clamped-free pillar without cracks, with con-

sideration of the first, second, and third modes of buckling. The bending moment of the first mode

of buckling is almost zero at �x ¼ 0:3. Hence, the first buckling load becomes almost independent of

the length of the crack located at �x ¼ 0:3. However, the bending moments of the higher modes are

not negligible at �x ¼ 0:3, and therefore, the critical loads are highly dependent on the crack severity

(see Figure 9(b) and (c)).

Figure 6. The critical loads as a function of the nonlocality and crack length for (a) clamped-free, (b) pinned-pinned,
(c) clamped-pinned, and (d) clamped-clamped pillars supported by an elastic foundation with �KW ¼ 200 and �KP ¼ 6.
Pillars have one crack at the mid-length, and h=L ¼ 0:05.
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Effect of crack location. It can be understood from equation (1) that the bending moment and shear

force at the damaged cross-section dictate the impact of the damage on the buckling loads.

Therefore, it is expected that changing the location of a crack significantly affects the buckling

Figure 7. The critical loads of (a) clamped-free, (b) pinned-pinned, (c) clamped-pinned, and (d) clamped-clamped
pillars without elastic foundation by varying the nonlocality parameter. Pillars have one damaged cross-section with
�x1 ¼ 0:3, and h=L ¼ 0:05.

Table 1. Critical loads of miniaturized intact and cracked pillars in the absence and presence of the elastic
foundation. Pillars have one crack at the mid-length, and h=L ¼ 0:05.

�KW ¼ �KP ¼ 0

Boundary Conditions a=h ¼ 0 a=h ¼ 0:2 a=h ¼ 0:4
k ¼ 0 k ¼ 0:2 k ¼ 0:4 k ¼ 0 k ¼ 0:2 k ¼ 0:4 k ¼ 0 k ¼ 0:2 k ¼ 0:4

Clamped-Free 0.2500 0.3278 0.4348 0.2450 0.3189 0.4192 0.2286 0.2908 0.3715

Pinned-Pinned 1.0000 1.2505 1.6786 0.9605 1.1902 1.5732 0.8400 1.0117 1.2752

Clamped-Pinned 2.0457 3.9230 7.8727 1.9934 3.8055 7.5088 1.8259 3.4148 6.2346

Clamped-Clamped 4.0000 12.7439 34.7539 3.8421 11.4143 25.6152 3.3693 8.1243 12.5023

�KW ¼ 200; �KP ¼ 6

Boundary Conditions a=h ¼ 0 a=h ¼ 0:2 a=h ¼ 0:4
k ¼ 0 k ¼ 0:2 k ¼ 0:4 k ¼ 0 k ¼ 0:2 k ¼ 0:4 k ¼ 0 k ¼ 0:2 k ¼ 0:4

Clamped-Free 2.1928 2.7013 3.3229 2.1645 2.6514 3.2380 2.0752 2.4963 2.9778

Pinned-Pinned 3.6611 3.9090 4.3315 3.6207 3.8495 4.2290 3.4848 3.6581 3.9147

Clamped-Pinned 4.2663 6.0637 9.9946 4.2214 5.9628 9.6622 4.0692 5.5959 8.3913

Clamped-Clamped 6.1180 14.8237 36.8620 5.9352 13.4344 27.5455 5.3700 9.9277 14.0802
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loads. This premise is validated by the results depicted in Figure 10, which illustrate the buckling
loads of pillars without elastic foundation containing cracks of length a=h ¼ 0:5 as function of the
crack location. The buckling loads are normalized with respect to the solutions for the intact pillars.
The results are presented for different nonlocal parameters and boundary conditions.

In the considered case, the effect of the crack is mostly controlled by the bending moment at the
damaged cross-section. More precisely, the cracks located at the cross-sections with higher bending
moments have a stronger effect on the buckling load. This is the reason why the effect of the crack
closer to the fixed end in the clamped-free pillar is higher than that of the cracks at further distances.
For the pinned-pinned and clamped-clamped pillars, the buckling load is highly affected by the
crack because the bending moment attains its maximum value at the location of the damaged cross-
section that is the mid-length. The maximum effect of the crack on the buckling load of the
clamped-pinned pillar occurs at a location within the interval 0:6 < �x1 < 0:8 depending on the
nonlocal parameter.

Since the axial variation of the bending moment depends on the buckling mode, it is expected
that the impact of the damage location on the critical loads associated with the higher modes of
buckling is different from that observed in Figure 10. This is shown in Figure 11 for the second
mode of buckling of pillars without elastic foundation. The results in Figure 11(a) and (b) refer to
the second buckling loads of the clamped-free and pinned-pinned pillars by altering the location
of the damaged cross-section and the nonlocality. The pillar containing a single crack of length
a=h ¼ 0:3 has the thickness to length ratio of h=L ¼ 0:05. It can be understood from the comparison
of Figure 11 with Figure 10 that the dependence of the second buckling load on the crack location is
different from that of the first buckling mode.

Figure 8. The critical loads vs. the nonlocality parameter of (a) clamped-free, (b) pinned-pinned, (c) clamped-pinned,
and (d) clamped-clamped pillars supported by an elastic foundation with �KW ¼ 300 and �KP ¼ 8. Pillars have one
damaged cross-section with �x1 ¼ 0:3, and h=L ¼ 0:05.
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The axial variation of the bending moments of the intact clamped-free and pinned-pinned pillars

for k ¼ 0:5 are shown in Figure 1I) and (d). For the clamped-free pillar, the bending moment of the

second buckling mode decreases from �x ¼ 0 to approximately 0.4. This is the main reason why the

effect of the crack on the second buckling load of the clamped-free pillar decreases for 0 < �x < 0:4

(see Figure 11(a)). The influence of the crack on the buckling load is found to be more significant

when it occurs at cross-sections where the bending moment is higher. For example, the bending

moment of the second buckling mode of the pinned-pinned pillar increases from �x ¼ 0 to approx-

imately 0.2 (Figure 11(d)), resulting in a stronger impact of the damage on the critical loads

(Figure 11(b)).

Effect of translational spring. To show that the influence of the translational spring related to the shear

force at the cracked cross-section can be important in some cases, the first and higher critical loads

are illustrated in Figure 12 for a clamped-clamped pillar without elastic foundation. The pillar has

one crack at �x1 ¼ 0:6, h=L ¼ 0:1 and k ¼ 0:5. The buckling loads are demonstrated for two sce-

narios: (i) including the translational spring at the damaged cross-section, and (ii) excluding it. The

latter refers to the crack compatibility conditions given in equation (1) for cV ¼ 0, which ensures

that the deflection is continuous at the damaged cross-section. The first and second buckling loads

do not considerably change when the contribution of the translational spring is excluded. However,

for the third mode of buckling of pillars with long cracks, the exclusion of the translational spring

from the model may result in a considerable overestimation of the buckling loads.

Figure 9. The critical loads corresponding to the (a) first, (b) second, and (c) third buckling modes of a clamped-free
pillar with an elastic foundation with �KW ¼ 300 and �KP ¼ 8 by varying the crack length. The pillar has one crack at
�x1 ¼ 0:3, and h=L ¼ 0:05. (d) The axial variation of the normalized bending moment of a clamped-free pillar with no
cracks.
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Figure 11. The second buckling loads of (a) clamped-free, and (b) pinned-pinned pillars without elastic foundation
by altering the damage location and the nonlocality. Pillars have one crack with a=h ¼ 0:3 and h=L ¼ 0:05. The axial
variation of bending moment for the (c) clamped-free and (d) pinned-pinned pillars free of cracks for k ¼ 0:5.

Figure 10. The buckling loads vs. the crack location and nonlocality for (a) clamped-free, (b) pinned-pinned,
(c) clamped-pinned, and (d) clamped-clamped pillars in the absence of elastic foundation. Pillars have one crack with
a=h ¼ 0:5, and h=L ¼ 0:05.
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Miniaturized pillars with multiple cracks

The present model is used to study the critical loads and associated buckling configurations of the
pillars with two, three, and four cracks. As shown in Figure 13, the first example is a clamped-free
pillar with two cracks at �x1 ¼ 0:1 and �x2 ¼ 0:3. The buckling loads are calculated for the pillar with
h=L ¼ 0:05 in the absence of the elastic foundation. The length of the first crack is fixed at a
constant value of a1=h ¼ 0:5, and the critical loads are illustrated in the figure by increasing the
length of the second crack for different values of the nonlocal parameter. Results are normalized
against the buckling loads of the pillar with only the second crack.

For the cases with smaller values of a2=h, the presence of multiple cracks has an amplifying effect.
This is because the buckling load of the pillar with two cracks is considerably lower than the
buckling load of the pillar with either of the cracks. As a2=h increases, the amplification effect
decreases. When the second crack is long enough, the effect of the first crack on the buckling load
becomes negligible, and the buckling load of the structure tends to approach that of the pillar with
only the second crack (i.e., shielding effect). The nonlocality intensifies and reduces, respectively, the
amplification and shielding effects.

Cracks may also significantly change the buckling mode shapes of the miniaturized pillars. The
mode shapes corresponding to the first mode of buckling of the clamped-free, pinned-pinned,
clamped-pinned, and clamped-clamped miniaturized intact (solid lines) and cracked (dotted lines)
pillars without elastic foundation are presented in Figure 14 for h=L ¼ 0:05and different values of
the nonlocal parameter. The cracked pillars have two cracks at �x1 ¼ 0:2 and �x2 ¼ 0:6. The crack
lengths of the clamped-free and pinned-pinned pillars are a1=h ¼ a2=h ¼ 0:5, and those of the
clamped-pinned and clamped-clamped pillars are a1=h ¼ a2=h ¼ 0:25. For the local pillar, the

Figure 12. The critical loads of the (a) first, (b) second, and (c) third buckling modes of a clamped-clamped pillars
without the elastic foundation in the case when the translational spring at the damaged cross-section is present
(circles) or absent (triangles). The pillar contains a single crack at �x1 ¼ 0:6, and has h=L ¼ 0:1 and k ¼ 0:5.

Darban et al. 17



cracks slightly affect the mode shapes of the pinned-pinned and clamped-clamped pillars, and have

almost no effect on those of the clamped-free and clamped-pinned pillars. However, the mode

shapes of the pinned-pinned, clamped-pinned, and clamped-clamped nonlocal pillars are strongly

Figure 13. The buckling loads of a clamped-free pillar without elastic foundation with two damaged cross-sections
at �x1 ¼ 0:1 and �x2 ¼ 0:3, a1=h ¼ 0:5, and h=L ¼ 0:05 by varying a2=h and the nonlocal parameter.

Figure 14. The mode shapes of (a) clamped-free, (b) pinned-pinned, (c) clamped-pinned, and (d) clamped-clamped
miniaturized intact (solid lines) and cracked (dotted lines) pillars without elastic foundation. The mode shapes are
illustrated for h=L ¼ 0:05 and k ¼ 0 and 0.5. The damaged pillars have cracks at �x1 ¼ 0:2 and �x2 ¼ 0:6. The crack
lengths of the clamped-free and pinned-pinned pillars are a1=h ¼ a2=h ¼ 0:5, and those of the clamped-pinned and
clamped-clamped pillars are a1=h ¼ a2=h ¼ 0:25.
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affected by the presence of cracks. The change in the mode shape is more pronounced for the

clamped-clamped boundary condition. The mode shape of the nonlocal clamped-free pillar remains

almost unaffected by the presence of the two cracks.
The critical loads of clamped-clamped pillars without elastic foundation with three and four

cracks are presented in Figure 15. The cracks have the same lengths, ai=h ¼ �a for i¼ 1, . . ., 3, or 4,

and are located across the pillar with equal spacing. The critical loads are depicted for h=L ¼ 0:05

and k ¼ 0:5 by varying the crack length. It can be seen in the figure that the pillars with longer

cracks have lower buckling loads. The buckling load of the pillar with four cracks is always lower

than that of the pillar with three cracks, regardless of the crack length. This is because the stiffness

of the pillar with four cracks is lower than that of the pillar with three cracks.

Conclusions

The effects of multiple edge cracks, shear force at the damaged cross-section, elastic foundation, and

type of boundary conditions on the critical loads and buckling configurations of the small-scale

pillars have been studied. The formulation combines the Bernoulli-Euler beam model with the

stress-driven nonlocal theory. The sections at the left and right of a damaged cross-section have

been assumed to be interconnected by rotational and translational springs.
Pillars with typical boundary conditions and with one to four edge cracks have been considered.

The buckling loads have been presented by varying the crack length, crack location, nonlocality,

and stiffness of the elastic foundation. The present work has yielded the following conclusions:

• The presence of edge cracks has a more pronounced impact on the critical loads and buckling

configurations of miniaturized pillars compared to their larger counterparts.
• The shielding and amplification effects due to the presence of multiple cracks are more significant

in the buckling behavior of miniaturized pillars than large-scale pillars.
• The effect of translational spring related to the shear force at the damaged cross-section should not

be excluded from the formulation when dealing with higher modes of buckling and long cracks.
• Elastic foundation decreases the effect of the cracks on the buckling loads.
• Depending on the crack’s location and the boundary conditions, the critical loads can be greatly

influenced by the presence of a crack.

Figure 15. The critical loads of clamped-clamped pillars with three and four cracks having the same length �a and
equal spacing by altering the crack severity in the absence of the elastic foundation. The critical loads are depicted for
h=L ¼ 0:05 and k ¼ 0:5.
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Fernández-Sáez J and Navarro C (2002) Fundamental frequency of cracked beams in bending vibrations: An

analytical approach. Journal of Sound and Vibration 256(1): 17–31.
Freund LB and Herrmann G (1976) Dynamic fracture of a beam or plate in plane bending. Journal of Applied

Mechanics 43(1): 112–116.
Ju JW and Yanase K (2011) Size-dependent probabilistic micromechanical damage mechanics for particle-

reinforced metal matrix composites. International Journal of Damage Mechanics 20(7): 1021–1048.
Ju JW, Monteiro PJM and Rashed AI (1989) Continuum damage of cement paste and mortar as affected by

porosity and sand concentration. Journal of Engineering Mechanics 115(1): 105–130.
Li L and Hu Y (2015) Buckling analysis of size-dependent nonlinear beams based on a nonlocal strain gradient

theory. International Journal of Engineering Science 97: 84–94.
Liu T, Hai M and Zhao M (2008) Delaminating buckling model based on nonlocal Timoshenko beam theory

for microwedge indentation of a film/substrate system. Engineering Fracture Mechanics 75(17): 4909–4919.
Lourie O, Cox DM and Wagner HD (1998) Buckling and collapse of embedded carbon nanotubes. Physical

Review Letters 81(8): 1638–1641.

20 International Journal of Damage Mechanics 0(0)

https://orcid.org/0000-0002-6308-3267
https://orcid.org/0000-0002-6308-3267
https://doi.org/10.1080/15376494.2022.2077488


Loya J, L�opez-Puente J, Zaera R, et al. (2009) Free transverse vibrations of cracked nanobeams using a

nonlocal elasticity model. Journal of Applied Physics 105(4): 044309.
Mahmoudpour E, Hosseini-Hashemi SH and Faghidian SA (2018) Nonlinear vibration analysis of FG nano-

beams resting on elastic foundation in thermal environment using stress-driven nonlocal integral model.

Applied Mathematical Modelling 57: 302–315.
Ouakad HM, Valipour A, Kamil _Zur K, et al. (2020) On the nonlinear vibration and static deflection problems

of actuated hybrid nanotubes based on the stress-driven nonlocal integral elasticity. Mechanics of Materials

148: 103532.
Reddy JN (2007) Nonlocal theories for bending, buckling and vibration of beams. International Journal of

Engineering Science 45(2–8): 288–307.
Romano G and Barretta R (2017) Nonlocal elasticity in nanobeams: The stress-driven integral model.

International Journal of Engineering Science 115: 14–27.
Sayyad F, Kumar B and Khan S (2013) Approximate analytical method for damage detection in free–free

beam by measurement of axial vibrations. International Journal of Damage Mechanics 22(1): 133–142.

Sayyad FB and Kumar B (2012) Approximate analytical method for damage detection in beam. International

Journal of Damage Mechanics 21(7): 1064–1075.
Sedighi HM, Ouakad HM, Dimitri R, et al. (2020) Stress-driven nonlocal elasticity for the instability analysis of

fluid-conveying C-BN hybrid-nanotube in a magneto-thermal environment. Physica Scripta 95(6): 065204.
Shen L and Chen Z (2006) A numerical study of the size and rate effects on the mechanical response of single

crystal diamond and UNCD films. International Journal of Damage Mechanics 15(2): 169–195.
Sumelka W, Blaszczyk T and Liebold C (2015) Fractional euler–bernoulli beams: Theory, numerical study and

experimental validation. European Journal of Mechan–cs - A/Solids 54: 243–251.
Sun Y, Gao J, Zhu R, et al. (2010) In situ observation of ZnO nanowire growth on zinc film in environmental

scanning electron microscope. The Journal of Chemical Physics 132(12): 124705.
Sun Z, Huang C, Guo J, et al. (2019) Strain-Energy release in bent semiconductor nanowires occurring by

polygonization or nanocrack formation. ACS Nano 13(3): 3730–3738.
Tang Y and Qing H (2023) Size-dependent nonlinear post-buckling analysis of functionally graded porous

timoshenko microbeam with nonlocal integral models. Communications in Nonlinear Science and Numerical

Simulation 116: 106808.

Wang Q (2005) Wave propagation in carbon nanotubes via nonlocal continuum mechanics. Journal of Applied

Physics 98(12): 124301.
Wang Q and Quek ST (2005) Repair of cracked column under axially compressive load via piezoelectric patch.

Computers & Structures 83(15-16): 1355–1363.
Ye H, Li R, Zheng Y, et al. (2016) Torsional failure of water-filled carbon nanotubes. International Journal of

Damage Mechanics 25(1): 87–97.
Yokoyama T and Chen MC (1998) Vibration analysis of edge-cracked beams using a line-spring model.

Engineering Fracture Mechanics 59(3): 403–409.
Zeighampour H and Tadi Beni Y (2020) Buckling analysis of boron nitride nanotube with and without defect

using molecular dynamic simulation. Molecular Simulation 46(4): 279–288.
Zhang J, Ragab T and Basaran C (2017a) Influence of vacancy defects on the damage mechanics of graphene

nanoribbons. International Journal of Damage Mechanics 26(1): 29–49.
Zhang J, Ragab T and Basaran C (2017b) The effects of vacancy defect on the fracture behaviors of zigzag

graphene nanoribbons. International Journal of Damage Mechanics 26(4): 608–630.
Zhao X, Han K, Ju JW, et al. (2023) Numerical analysis of size effect on the deformation behavior and damage

evolution mechanism of segmental tunnel lining rings. International Journal of Damage Mechanics 32(4): 600–622.
Zhou Q, Park JG and Kim T (2020) Heterogeneous semiconductor nanowire array for sensitive broadband

photodetector by crack photolithography-based micro-/nanofluidic platforms. RSC Advances 10(40):

23712–23719.

Darban et al. 21



Appendix 1. Crack compliances

The compliances of the rotational and translational springs in equation (1) are Yokoyama and Chen
(1998):

icM ¼ 12Ch

Z fi

0

F2
MðfiÞdfi for 0 � fi � 0:6

FMðfiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan

pfi
2

r
0:923þ 0:199½1� sin pfi

2 �4

cos
pfi
2

icM ¼ 2:65335Ch

Z fi

0

1

ð1� fiÞ3
dfi for 0:6 < fi < 1

(14)

and

icV ¼ 1

6
Ch3

Z fi

0

1

1� fi
F2
VðfiÞdfi for 0 � fi < 1

FVðfiÞ ¼ 1:993fi þ 4:513fi
2 � 9:516fi

3 þ 4:482fi
4

(15)

where fi ¼ ai=h. The expressions in equations (14) and (15) can be derived through the utilization of
both energy considerations and linear elastic fracture mechanics principles.

Appendix 2. Boundary conditions

The boundary conditions for four typical cases are:

Table 2. Variational boundary conditions.

Boundary type Condition Dimensionless condition

Clamped-Clamped ð1Þvð0Þ ¼ 0
ð1Þv;xð0Þ ¼ 0
ðnþ1ÞvðLÞ ¼ 0
ðnþ1Þv;xðLÞ ¼ 0

ð1Þgð0Þ ¼ 0
ð1Þg;�x ð0Þ ¼ 0
ðnþ1Þgð1Þ ¼ 0
ðnþ1Þg;�x ð1Þ ¼ 0

Clamped-Pinned ð1Þvð0Þ ¼ 0
ð1Þv;xð0Þ ¼ 0
ðnþ1ÞvðLÞ ¼ 0
ðnþ1Þv;xxðLÞ � L2C

ðnþ1Þv;xxxxðLÞ ¼ 0

ð1Þgð0Þ ¼ 0
ð1Þg;�x ð0Þ ¼ 0
ðnþ1Þgð1Þ ¼ 0
ðnþ1Þg;�x�x ð1Þ � k2ðnþ1Þg;�x�x�x�x ð1Þ ¼ 0

Pinned-Pinned ð1Þvð0Þ ¼ 0
ð1Þv;xxð0Þ � L2C

ð1Þv;xxxxð0Þ ¼ 0
ðnþ1ÞvðLÞ ¼ 0
ðnþ1Þv;xxðLÞ � L2C

ðnþ1Þv;xxxxðLÞ ¼ 0

ð1Þgð0Þ ¼ 0
ð1Þg;�x�x ð0Þ � k2ð1Þg;�x�x�x�x ð0Þ ¼ 0
ðnþ1Þgð1Þ ¼ 0
ðnþ1Þg;�x�x ð1Þ � k2ðnþ1Þg;�x�x�x�x ð1Þ ¼ 0

Clamped-Free ð1Þvð0Þ ¼ 0
ð1Þv;xð0Þ ¼ 0
ðnþ1Þv;xxðLÞ � L2C

ðnþ1Þv;xxxxðLÞ ¼ 0
1

C
½ðnþ1Þv;xxxðLÞ � L2C

ðnþ1Þv;xxxxxðLÞ�þ
þðP � KPÞðnþ1Þv;xðLÞ ¼ 0

ð1Þgð0Þ ¼ 0
ð1Þg;�x ð0Þ ¼ 0
ðnþ1Þg;�x�x ð1Þ � k2 ðnþ1Þg;�x�x�x�x ð1Þ ¼ 0

½ðnþ1Þg;�x�x�x ð1Þ � k2 ðnþ1Þg;�x�x�x�x�x ð1Þ�þ
þðap2 � �KPÞðnþ1Þg;�x ð1Þ ¼ 0
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