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Power of noisy quantum states and the advantage of resource dilution
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Entanglement distillation allows to convert noisy quantum states into singlets, which can, in turn, be used for
various quantum technological tasks, such as quantum teleportation and quantum key distribution. Entanglement
dilution is the inverse process: singlets are converted into quantum states with less entanglement. While the
usefulness of distillation is apparent, practical applications of entanglement dilution are less obvious. Here,
we show that entanglement dilution can increase the resilience of shared quantum states to local noise. The
increased resilience is observed even if diluting singlets into states with arbitrarily little entanglement. We extend
our analysis to other quantum resource theories, such as quantum coherence, quantum thermodynamics, and
purity. For these resource theories, we demonstrate that diluting pure quantum states into noisy ones can be
advantageous for protecting the system from noise. Our results demonstrate the usefulness of quantum resource
dilution, and provide a rare example for an advantage of noisy quantum states over pure states in quantum
information processing.
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I. INTRODUCTION

As was realized in the early days of quantum information
theory, two remote parties sharing a pair of entangled particles
can perform information processing tasks which are not pos-
sible in classical physics [1]. An important example of that is
quantum key distribution [2], allowing the parties to establish
a provably secure key. Typically, these tasks employ singlets,
highly entangled states of two quantum bits. If the quantum
states shared by the remote parties are noisy, it is still possible
to perform tasks based on singlets by applying entanglement
distillation [3,4]. This procedure allows us to extract singlets
from a large number of copies of a noisy state, additionally
making use of local operations and classical communication
(LOCC) between the remote parties. Quantum states which
can be converted into singlets in this way are called distillable.
Since most quantum information processing tasks are based
on singlets, this makes all distillable states also useful for
these tasks. However, not all entangled states are distillable,
a phenomenon known as bound entanglement [5].

Conversely, it is possible to dilute singlets into quantum
states with less entanglement [4]. For pure entangled states,
optimal distillation and dilution procedures are known in the
limit where a large number of copies of the state is avail-
able [4]. Two remote parties, Alice and Bob, sharing a large
number of copies of a pure entangled state |ψ〉AB can distill
them into singlets with the maximal rate S(ψA), where ψA =
TrB[ψAB] is the reduced state of Alice, S(ρ) = −Tr[ρ log2 ρ]
is the von Neumann entropy, and ψAB = |ψ〉〈ψ |AB. The max-
imal rate for diluting singlets into |ψ〉AB is given by 1/S(ψA).
For pure entangled states the distillation and dilution proce-
dures are reversible, which means that in the asymptotic limit
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it is possible to distill |ψ〉AB into singlets and dilute them back
into |ψ〉AB in a lossless way [4].

While the dilution procedure is possible in principle, it is
reasonable to believe that, in practice, it is never advantageous
to degrade singlets into weakly entangled states. As we will
see in this article, this intuition is not correct: there exist
quantum information processing tasks where entanglement di-
lution is essential, even if the diluted states contain arbitrarily
little entanglement. Distillation and dilution is not limited to
entanglement, and has also been considered in general quan-
tum resource theories [6]. The basis of any quantum resource
theory is the definition of free states and free operations,
corresponding to states and transformations which can be
created or performed at no cost within reasonable physical
constraints. Important examples are the resource theories of
quantum coherence [7], thermodynamics [8], and purity [9].
As we will see, resource dilution provides an advantage in
these quantum resource theories as well.

II. REDUCING ENTANGLEMENT LOSS UNDER
LOCAL NOISE

Consider two remote parties, Alice and Bob, who share
n singlets |ψ−〉 = (|01〉 − |10〉)/

√
2. We assume that Bob’s

quantum memory is not perfect, each qubit undergoing local
noise �. After the action of the noise, Alice and Bob end up
with n copies of the noisy state ρ = 1 ⊗ �[ψ−]. For large n,
they can distill the states ρ into nEd(ρ) singlets, where Ed

is the distillable entanglement [1,10]. Since Alice and Bob
started with n singlets, n[1 − Ed(ρ)] is the number of singlets
lost due to the imperfections of Bob’s quantum memory.

As we will now show, Alice and Bob can reduce the loss
of entanglement by diluting their singlets into states with less
entanglement, see also Fig. 1. By using LOCC, Alice and Bob
can dilute their n singlets into n/S(ψA) copies of a weakly
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(a)

(b)

FIG. 1. Applying entanglement dilution to reduce the loss of entanglement under local noise. (a) The setup without dilution: a singlet |ψ−〉
is subject to local noise on Bob’s side, resulting in the state ρ = 1 ⊗ �[ψ−]. In our example, Alice and Bob can distill ρ into singlets at rate
1/3. (b) Alice and Bob first dilute their singlets into weakly entangled states |ψ〉. Each of these states undergoes the same local noise as in (a),
resulting in the states σ = 1 ⊗ �[ψ], which can then again be distilled into singlets. The overall singlet rate is 2/3, showing an improvement
over the setup in (a).

entangled state |ψ〉. We assume that this dilution procedure
can be achieved before the action of the noise. Note that the
number of diluted states |ψ〉 is larger than the number of
singlets n, and each of the additional qubits of Bob is also
subject to the same noise �, see Fig. 1. After the action of
the noise, Alice and Bob end up sharing n/S(ψA) copies of
the state σ = 1 ⊗ �[ψ], which they can distill into singlets
at rate Ed(σ ). Overall, in the limit of large n, Alice and Bob
can obtain nEd(1 ⊗ �[ψ])/S(ψA) singlets using the dilution
procedure.

From the above discussion, it is clear that the dilution
provides an advantage whenever the inequality

Ed(1 ⊗ �[ψ])

S(ψA)
> Ed(1 ⊗ �[ψ−]) (1)

holds for some state |ψ〉. As we will now see, the dilution
procedure can indeed provide an advantage, even if the diluted
states |ψ〉 exhibit arbitrarily little entanglement. Suppose, for
example, that Bob’s qubits are subject to phase damping de-
scribed by �[ρ] = K0ρK†

0 + K1ρK†
1 , with Kraus operators

K0 =
(

1 0
0

√
1 − λ

)
, K1 =

(
0 0
0

√
λ

)
, (2)

and 0 < λ < 1. We consider a situation when Alice and
Bob dilute their singlets into pure states |ψ〉 = cos α |00〉 +
sin α |11〉. In Fig. 2, we show both sides of the inequality
(1) for λ = 1/2 as a function of α, see the Appendix B 1
for a more detailed analysis. We see that diluting the singlets
provides an advantage for all α in the range 0 � α < π/4.
Moreover, the performance of dilution increases with decreas-
ing α, reaching its maximal value for α → 0. This behavior is
surprising, as for α = 0 the state is not entangled.

III. REDUCING THE LOSS OF COHERENCE

We will now investigate the usefulness of resource dilution
for preserving quantum coherence. Here, we assume that an

initial collection of n qubits in a maximally coherent state
|+〉 = |0〉+|1〉√

2
undergoes a local decoherence process � (which

we will specify later), leading to n copies of a final state
ρ = �[|+〉〈+|]. Similar to entanglement, we will now see
that the loss of coherence can be reduced by diluting the
maximally coherent states into weakly coherent ones.

In the following, we will focus on the resource theory of
coherence based on maximally incoherent operations [7,11].
We take the free states to be diagonal in the reference basis
{|i〉}, and the free operations to be all operations which do
not create coherence in the reference basis. This is the largest
set of operations which is compatible with any reasonable

FIG. 2. Reducing entanglement loss under local phase damping
by diluting into pure states |ψ〉 = cos α |00〉 + sin α |11〉. Solid curve
shows R = Ed(1 ⊗ �[ψ])/S(ψA) as a function of α for noise pa-
rameter λ = 1/2. This corresponds to the singlet rate achievable via
dilution into |ψ〉. Dashed line shows the corresponding singlet rate
Ed(1 ⊗ �[ψ−]) if no dilution is applied. Maximal performance is
achieved in the limit α → 0.
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FIG. 3. Reducing the loss of coherence by dilution for
single-qubit amplitude damping noise. We show the rate R =
C(�[μ])/C(μ) by dilution into pure states cos α |0〉 + sin α |1〉
(solid curve) and mixed states sin2 α |+〉〈+| + cos2 α1/2 (dashed
curve) for γ = 0.9 as a function of α. Dotted line shows the coher-
ence rate R = C(�[|+〉〈+|]) ≈ 0.13 achievable without dilution.

resource theory of quantum coherence, we refer to the Ap-
pendix A for more details.

After each of the qubits undergoes the decoherence pro-
cess, in the limit of large n it is possible to distill the
resulting states ρ into maximally coherent states at rate
C(ρ) = S(
[ρ]) − S(ρ) [12] with 
[ρ] = ∑

i 〈i|ρ|i〉 |i〉〈i|.
Similar to entanglement dilution, it is possible to perform
coherence dilution, converting the maximally coherent states
into weakly coherent states μ at rate 1/C(μ). Letting these
states undergo the decoherence process �, the overall rate
of maximally coherent states obtainable after the action of
the noise is given by C(�[μ])/C(μ). As we will see in the
following, dilution is useful for protecting a system from a
decoherence process. Moreover, we will see that for some
types of noise it is advantageous to dilute the states |+〉 into
mixed states with little coherence.

As an example demonstrating this effect, consider the
single-qubit amplitude damping, which is represented by the
Kraus operators

K0 =
(

1 0
0

√
1 − γ

)
, K1 =

(
0

√
γ

0 0

)
. (3)

In Fig. 3, we show the final rate of maximally coherent
states achievable without dilution, with dilution into pure
qubit states of the form |ψ〉 = cos α |0〉 + sin α |1〉, and into
mixed states of the form μ = sin2 α |+〉〈+| + cos2 α1/2 for
γ = 0.9. As we see from Fig. 3, by diluting into pure qubit
states it is possible to extract maximally coherent states at an
overall rate of 0.15, which is achieved for α ≈ 0.34. This is
also the maximal possible rate achievable by dilution into pure
qubit states, see the Appendix C for more details. In contrast
to this, diluting into the mixed state μ achieves maximal per-
formance in the limit α → 0, leading to an overall coherence
rate log(19)/18 ≈ 0.16. Noting that the state μ is maximally
mixed in this limit, this result is highly counterintuitive, as
it means that the best performance is obtained by creating a
large number of states which are almost maximally mixed.

IV. REDUCING THE LOSS OF ENERGY
AND COHERENCE IN QUANTUM THERMODYNAMICS

As we will now see, the ideas presented above are also
applicable to the resource theory of quantum thermodynam-
ics. Here, we consider a quantum system S with Hamiltonian
HS and the corresponding Gibbs state γ S = e−βHS /Tr[e−βHS ]
at the inverse temperature β = 1/kT . The Gibbs state is the
free state of the resource theory of quantum thermodynamics
and the free transformations are known as thermal opera-
tions [13]. These are transformations of the system which
can be implemented by coupling the system to a thermal bath
with Hamiltonian HB and applying an energy preserving uni-
tary: �[ρS] = TrB[U (ρS ⊗ γ B)U †], where [U, HS + HB] =
0. Thermal operations preserve the Gibbs state and do not
increase the Helmholtz free energy of the system [14,15].

If n copies of a quantum state ρ are available, then in the
limit n → ∞ by using thermal operations it is possible to
convert ρ into a state σ which is diagonal in the eigenbasis
of HS at rate [15]

R(ρ → σ ) = S(ρ||γ )

S(σ ||γ )
, (4)

with the quantum relative entropy S(ρ||γ ) = Tr[ρ log2 ρ] −
Tr[ρ log2 γ ]. If σ is not diagonal in the energy eigenbasis,
the conversion is possible at the same rate by using ther-
mal operations together with a sublinear number of qubits
with coherence [15]. It is possible to relax the set of free
transformation to be Gibbs-preserving, i.e., making the only
requirement that they leave the Gibbs state invariant [16]. In
this case, asymptotic transformations are also characterized
by Eq. (4), as follows from the results in [17]. In contrast to
thermal operations, no additional coherence is required in this
setup.

In the following, we will focus on qubit systems with
Hamiltonian H = E0 |E0〉〈E0| + E1 |E1〉〈E1| at temperature
T , where |Ei〉 are the eigenstates of the Hamiltonian with
eigenvalues Ei and E0 is the ground-state energy. Consider
now n qubits, initialized in the excited state |E1〉. We assume
that each of the qubits is subject to a thermal noise �, i.e.,
noise which does not create coherence in the eigenbasis of HS

and does not increase the Helmholtz free energy of the system.
As we will now see, diluting the excited state |E1〉 into noisy
states can provide an advantage, making the overall n qubit
system more robust against the action of thermal noise.

In analogy to our previous results for entanglement and
coherence, by diluting n copies of the excited states into μ

before the action of the noise it is possible to obtain excited
states at the overall rate S(�[μ]||γ )/S(μ||γ ). Dilution of the
excited state into μ provides an advantage whenever

S(�[μ]||γ )

S(μ||γ )
>

S(�[|E1〉〈E1|]||γ )

S(|E1〉〈E1| ||γ )
. (5)

As an example, consider now noise of the form

�[ρ] = pγ + (1 − p)
[ρ], (6)

with 
[ρ] = ∑
i 〈Ei|ρ|Ei〉 |Ei〉〈Ei| and 0 � p � 1. It is clear

that the noise � is thermal, as it destroys all coherence
eventually available in the state ρ and does not increase the
Helmholtz free energy of the system. For this type of noise,
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FIG. 4. Reducing the loss of free energy of the excited states
under thermal noise given in Eq. (6) by diluting them into diagonal
states of the form (7). The curve shows the final rate of excited states
R = S(�[μ]||γ )/S(μ||γ ) as a function of q for T = 0.3 and p = 0.9.
Maximal performance is achieved for q ≈ 0.85.

optimal performance can be achieved by diluting the excited
state into a diagonal state

μ = (1 − q) |E0〉〈E0| + q |E1〉〈E1| , (7)

we refer to the Appendix D 1 for more details.
Our previous results for the resource theories of entan-

glement and coherence suggest that the dilution procedure
shows optimal performance in the limit of the resource-free
states. We will see that this is no longer the case in quantum
thermodynamics, where the optimal states can be far away
from the Gibbs state. This can be seen from Fig. 4, where we
show the overall rate S(�[μ]||γ )/S(μ||γ ) for diagonal states
μ as a function of q for T = 0.3 and p = 0.9. The optimal
value of q in this case is given by 0.85, whereas the weight of
the excited state for the Gibbs state is 0.03. Thus, the optimal
state μ in this case is far away from the resource-free state.

We further note that any state of the form (7) is optimal for
some thermal noise, i.e., for any value 0 < q < 1 there exists
a thermal noise such that diluting into μ achieves optimal
performance. Numerical evidence for this is provided in the
Appendix D 2.

So far we have focused on transformations between states
which are diagonal in the energy eigenbasis. We will now
go one step further, assuming that the initial state has coher-
ence, i.e., |ψ〉 = cos α |E0〉 + sin α |E1〉. Our goal now is to
protect this state from decoherence in the eigenbasis of the
Hamiltonian, i.e., from thermal noise with Kraus operators
as given in Eq. (2). Protecting |ψ〉 from decoherence can be
achieved by transforming the state into some diagonal state
μ of the form (7). Note that any diagonal state is invari-
ant under decoherence. For a large number of copies of the
initial state, the conversion into μ is possible via thermal
operations at rate S(ψ ||γ )/S(μ||γ ) [15], where we assume
that μ 	= γ . Moreover, it is possible to convert μ back into
|ψ〉 via Gibbs-preserving operations at rate S(μ||γ )/S(ψ ||γ )
[17]. For transformations via thermal operations, addition-
ally a sublinear number of qubits with coherence is required
[15]. The overall procedure is reversible in the asymptotic
limit. Thus, it is possible to completely protect a system

FIG. 5. Reducing the loss of purity under depolarization �[ρ] =
p1/2 + (1 − p)ρ by diluting pure states into noisy states μ = (1 −
q) |0〉〈0| + q |1〉〈1| via unital operations. The curve shows the rate
R = S(�[μ]||1/2)/S(μ||1/2) as a function of q for p = 1/2. Maxi-
mal performance is achieved in the limit q → 1/2.

from decoherence in the eigenbasis of the Hamiltonian using
Gibbs-preserving operations. The same is true for thermal
operations, if we have access to a sublinear number of qubits
with coherence.

Another resource theory which is closely related to quan-
tum thermodynamics is the resource theory of purity [9,18].
Here, the free state is the maximally mixed state 1/d and
the free operations are unital, i.e., �[1/d] = 1/d . Asymp-
totic transformation rates in this theory are given by Eq. (4)
if we set γ = 1/d [9]. By the same arguments as above,
we see that the rate for preserving a pure state from uni-
tal noise � by diluting it into a noisy state μ is given by
S(�[μ]||1/d )/S(μ||1/d ).

We will now focus on single-qubit settings. Consider
single-qubit depolarizing noise �[ρ] = p1/2 + (1 − p)ρ. If
we want to protect the system from this noise by diluting
it into a state μ, it is enough to consider diagonal states of
the form μ = (1 − q) |0〉〈0| + q |1〉〈1|. In Fig. 5 we show the
behavior of S(�[μ]||1/2)/S(μ||1/2) as a function of q for
p = 1/2. As we prove in the Appendix D 3, for any 0 < p < 1
the rate is maximal in the limit q → 1/2. Note that the state
μ is maximally mixed in this limit, thus the performance
increases with the increased level of dilution. As we discuss
in the Appendix D 3, a similar statement can be made for the
general depolarizing noise of d-dimensional systems.

Our discussion on the resource theory of purity has so far
focused on single-qubit systems. Instead of diluting n pure
qubit states into noisy states of a single qubit, one could
transform them into some correlated k-qubit states μk . Can
correlations in the diluted state μk increase the performance
of the procedure? As we discuss in the Appendix D 4, corre-
lations are not useful when the state μk is pure. This result
shows that diluting into noisy states provides an advantage
even if correlations are taken into account.

V. GENERAL QUANTUM RESOURCE THEORIES
AND STRATEGIES BEYOND DILUTION

In a general quantum resource theory, asymptotic con-
version between states is determined by conversion rates
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R(ρ → σ ), we refer to the Appendix A for a formal definition.
In general, our goal is to preserve a noisy quantum system in
the pure state |ψ〉, where the noise is described by �, and we
assume that � does not generate the resource under consider-
ation. If n copies of the state |ψ〉 are subject to noise, then in
the limit n → ∞ the resulting states �[ψ] can be converted
back into the original state |ψ〉 at rate R(�[ψ] → ψ ).

In analogy to our discussion for entanglement, coherence,
and thermodynamics, we assume that it is possible to dilute
n copies of the initial state |ψ〉 into another state μ before
the action of the noise. For large n, this is possible at the rate
R(ψ → μ). The resulting state μ is then subject to noise �.
Since our goal is to preserve the system in the initial state
|ψ〉, the state �[μ] is converted back into |ψ〉. The overall
rate of the conversion procedure (i.e., the number of final
states |ψ〉 per copy of the initial state) is given by R(ψ →
μ) × R(�[μ] → ψ ). Diluting into the state μ provides an
advantage whenever

R(ψ → μ) × R(�[μ] → ψ ) > R(�[ψ] → ψ ). (8)

If the resource theory is reversible, then the overall rate
R(ψ → μ) × R(�[μ] → ψ ) is the same for all resource
states |ψ〉, we refer to the Appendix A for more details.

For the resource theories of entanglement, coherence,
quantum thermodynamics, and purity we have seen that
resource dilution provides an advantage for protecting a
quantum system from noise. However, dilution is not the
most general strategy. When it comes to preserving entan-
glement against local decoherence on Bob’s side, Bob might
as well apply a local quantum error correction scheme. In
the Appendix E 1 we report a detailed numerical comparison
between the dilution procedure and quantum error correction
for single-qubit Pauli noise. The numerical results suggest
that, at least in the setting considered here, quantum error cor-
rection outperforms entanglement dilution when it comes to
preserving a large number of singlets. As we also demonstrate
in the Appendix B 2, the dilution strategy is useful also for
noise of larger dimension. It remains an open question how
dilution compares to quantum error correction in this general
case.

VI. CONCLUSION

We have seen that diluting quantum resources has practical
applications for protecting a quantum system from noise. This
applies for entanglement, where diluting singlets into weakly
entangled states can make the system more resilient against
the action of local noise. Similar effects were found in the re-
source theories of coherence, quantum thermodynamics, and
purity. Additonally, for these resource theories we found that
for some types of noise it is advantageous to dilute the system
into a noisy state. This result is highly counterintuitive, as it
demonstrates that noisy states can outperform pure states in
quantum information processing tasks.

Several intriguing questions are left open in this work.
One such open question concerns the role of noisy states in
entanglement dilution. While we have seen that diluting a
singlet into a weakly entangled pure state is advantageous for
some types of local noise, it remains unclear if dilution into
a noisy entangled state can perform even better. Moreover,

our results suggest that resource dilution might be useful for
most quantum resource theories and for most types of resource
nongenerating noise. The prooof of these statements is left
open for future research.
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APPENDIX A: ASYMPTOTIC STATE CONVERSION
IN GENERAL QUANTUM RESOURCE THEORIES

A general quantum resource theory is defined via a set
of free states F and the set of free operations {� f }. Any
state which is not an element of F is called a resource state.
Typically, F is a convex subset of all quantum states. More-
over, the free operations � f cannot convert free states into
resource states. For a general resource theory, the asymptotic
conversion rate between two resource states ρ and σ can be
defined as [19]

R(ρ → σ ) = sup{r : lim
n→∞( inf

{� f }
‖� f [ρ⊗n] − σ⊗�rn�‖1)

= 0}, (A1)

with the trace norm ||M||1 = Tr
√

M†M.
In the resource theory of entanglement, free operations are

typically assumed to be local operations and classical commu-
nication (LOCC), corresponding to a setting where the remote
parties can apply general local measurements and communi-
cate the outcomes of the measurements via a classical channel
[20]. The free states of this theory are separable states ρsep =∑

i piρ
A
i ⊗ ρB

i [21]. In this theory, asymptotic conversion
rates are known for transformations between bipartite pure
states [4]

R(ψAB → φAB) = S(ψA)

S(φA)
. (A2)

The general conversion rates are related to the distillable en-
tanglement and entanglement cost [10] of a state ρ as follows:

Ed(ρ) = R(ρ → ψ−), (A3)

Ec(ρ) = 1

R(ψ− → ρ)
. (A4)

In the resource theory of coherence, the free states are
diagonal in a reference basis {|i〉} [7,11,22]. The set of all
states diagonal in the reference basis will be denoted by I.
While different sets of free operations were defined in the
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literature [7], we focus on maximally incoherent operations
in this article. These are all operations which cannot cre-
ate coherence from diagonal states, i.e., �[σ ] ∈ I for any
σ ∈ I [11]. Asymptotic conversion rates under maximally
incoherent operations are known for the transition between all
quantum states [12]

R(ρ → σ ) = C(ρ)

C(σ )
, (A5)

with the relative entropy of coherence [22]

C(ρ) = inf
σ∈I

S(ρ||σ ) = S(
[ρ]) − S(ρ). (A6)

In the resource theory of quantum thermodynamics, we
consider a quantum system S with Hamiltonian HS . The free
state is the Gibbs state

γ S = e−βHS

Tr[e−βHS ]
, (A7)

with the inverse temperature β = 1/kT [23]. The free op-
erations of this theory can be implemented by coupling the
system to a thermal bath with Hamiltonian HB and applying
an energy preserving unitary [13]

�[ρS] = TrB[U (ρS ⊗ γ B)U †], (A8)

where γ B is the Gibbs state of the bath and the unitary U
fulfills [U, HS + HB] = 0. Transformations of the form (A8)
are known as thermal operations. Asymptotic conversion rates
in this theory are given by [15]

R(ρ → σ ) = S(ρ||γ )

S(σ ||γ )
, (A9)

where the final state σ is diagonal in the eigenbasis of the
Hamiltonian. For a general state σ conversion is possible at
the same rate if a sublinear number of qubits with coherence
is provided [15].

A resource theory is called reversible if asymptotic tran-
sitions between any resource states are possible in a lossless
way, i.e., if for any pair of resource states ρ and σ the follow-
ing equality holds [19]:

R(ρ → σ ) × R(σ → ρ) = 1. (A10)

From the above discussion it is clear that the resource theory
of purity and the resource theory of coherence based on maxi-
mally incoherent operations are reversible. While the resource
theory of entanglement is reversible for bipartite pure states,
it is not reversible in general [24], even if all nonentangling
operations are taken into account [25]. In the following, we
assume that asymptotic transformations between any two re-
source states are possible with a nonzero rate, as is the case in
most quantum resource theories.

Note that, for any reversible theory, the following equality
holds for any three resource states ρ, σ , and τ :

R(ρ → σ ) × R(σ → τ ) = R(ρ → τ ). (A11)

This can be seen by contradiction, assuming that the equality
does not hold for some resource states. Let us first assume that

R(ρ → σ ) × R(σ → τ ) < R(ρ → τ ), (A12)

which implies that

R(ρ → σ ) <
R(ρ → τ )

R(σ → τ )
= R(ρ → τ ) × R(τ → σ ),

(A13)

where the last equality was obtained by using Eq. (A10). This
is a contradiction since it is always possible to convert ρ into
σ via the state τ , i.e., R(ρ → σ ) � R(ρ → τ ) × R(τ → σ ).
The remaining case

R(ρ → σ ) × R(σ → τ ) > R(ρ → τ ) (A14)

is treated similarly. Also, in this case we obtain a contra-
diction, as it is always possible to convert ρ into τ via the
state σ .

Using the above results, we can show that for
any reversible resource theory the performance of
the dilution procedure does not depend on the initial
state, i.e.,

R(ρ → μ) × R(�[μ] → ρ) = R(σ → μ) × R(�[μ] → σ )
(A15)

for any two resource states ρ and σ . This can be seen directly
using Eq. (A11):

R(ρ → μ) × R(�[μ] → ρ) = R(ρ → σ ) × R(σ → μ)

× R(�[μ]→σ )×R(σ → ρ)

= R(σ → μ) × R(�[μ] → σ ).
(A16)

Under few minimal assumptions, it was shown in [19] that
for any reversible resource theory the asymptotic conversion
rates are given by

R(ρ → σ ) = E∞
r (ρ)

E∞
r (σ )

, (A17)

where E∞
r (ρ) = limn→∞ Er (ρ⊗n)/n, and Er (ρ) denotes the

minimal relative entropy between ρ and the set of free states
F : Er (ρ) = infσ∈F S(ρ||σ ). This applies to the resource the-
ory of purity and the resource theory of coherence based on
maximally incoherent operations. Also, in the resource theory
of quantum thermodynamics the conversion rates are given by
expressions of the form (A17).

APPENDIX B: ADVANTAGE OF ENTANGLEMENT
DILUTION

1. Single-qubit noise

We consider single-qubit phase damping on Bob’s side
with Kraus operators as given in Eq. (2) of the main text.
If no dilution is applied, after the action of the noise Alice
and Bob can obtain singlets at rate Ed(1 ⊗ �[ψ−]). Since the
state 1 ⊗ �[ψ−] is maximally correlated, we can evaluate its
distillable entanglement [26,27]

Ed(1 ⊗ �[ψ−]) = 1 − h

(
1 + √

1 − λ

2

)
, (B1)

with the binary entropy h(x) = −x log2 x − (1 − x)
log2(1 − x).
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We will now show that a better performance can be
achieved if Alice and Bob first dilute their singlets into states
of the form |ψ〉 = cos α |00〉 + sin α |11〉. The state 1 ⊗ �[ψ]
is also maximally correlated and its distillable entanglement is
given as [26,27]

Ed(1 ⊗ �[ψ]) = h(cos2 α)

− h

(
1

2
+

√
2λ cos(4α) − 2λ + 4

4

)
. (B2)

With these results, we can evaluate both sides of the in-
equality (1) of the main text, the result is shown in Fig. 2 of
the main text.

2. Noise of larger dimension

We will now consider two-qubit noise of the form

�[ρ] = p00ρ + p01(1 ⊗ σz )ρ(1 ⊗ σz )

+ p10(σz ⊗ 1)ρ(σz ⊗ 1) + p11(σz ⊗ σz )ρ(σz ⊗ σz ),

(B3)

with
∑

i, j pi j = 1. Assume now that Alice and Bob share two
singlets and the noise acts only on Bob’s part. The state after
the action of the noise can be written as

�B[(ψ−)⊗2] = p00ψ
− ⊗ ψ− + p01ψ

− ⊗ ψ+

+ p10ψ
+ ⊗ ψ− + p11ψ

+ ⊗ ψ+, (B4)

with |ψ+〉 = (|01〉 + |10〉)/
√

2. Noting that this state is max-
imally correlated, the distillable entanglement of the state can
be evaluated as follows:

Ed(�B[(ψ−)⊗2]) = 2 − h(p), (B5)

with the probability vector p = (p00, p01, p10, p11) and the
Shannon entropy h(p) = −∑

i, j pi j log2 pi j .
Assume now that Alice and Bob dilute their singlets into

states of the form |ψ〉 = cos α |00〉 + sin α |11〉 before the ac-
tion of the noise. In the asymptotic limit, the dilution provides
an advantage whenever the inequality

Ed(�B[ψ⊗2])

S(ψA)
> Ed(�B[(ψ−)⊗2]) (B6)

is fulfilled. Since the state �B[ψ⊗2] is maximally correlated,
we can evaluate the distillable entanglement as follows:

Ed(�B[ψ⊗2]) = 2h(cos2 α) − S(�B[ψ⊗2]). (B7)

We performed a numerical comparison of both sides of the
inequality (B6) for different probabilities pi and parameters α,
finding that, in many cases, dilution into a weakly entangled
state provides an advantage. As an example, we show in
Fig. 6 both sides of the inequality (B6) as a function of α

for p00 = 0.05, p01 = 0.03, p10 = 0.26, p11 = 0.66. Similar
to the single-qubit noise, optimal performance is found in the
limit of a nonentangled state α → 0.

The analysis presented above can be extended to n qubits
by extending the noise in Eq. (B3) in a straightforward way,

FIG. 6. Reducing entanglement loss under local two-qubit noise
by diluting singlets into pure states |ψ〉 = cos α |00〉 + sin α |11〉.
Solid curve shows Ed(�B[ψ⊗2])/S(ψA) as a function of α, where
the noise parameters are given in Appendix B 2. Dashed line shows
Ed(�B[(ψ−)⊗2]).

e.g., for n = 3 the noise can be written as

�[ρ] =
∑

k,l,m∈{0,1}
pklm

(
σ k

z ⊗ σ l
z ⊗ σ m

z

)
ρ
(
σ k

z ⊗ σ l
z ⊗ σ m

z

)
,

(B8)

with
∑

k,l,m∈{0,1} pklm = 1. Dilution into states |ψ〉 =
cos α |00〉 + sin α |11〉 provides an advantage whenever

Ed(�B[ψ⊗n])

S(ψA)
> Ed(�B[(ψ−)⊗n]). (B9)

Noting that the states �B[(ψ−)⊗n] and �B[ψ⊗n] are maxi-
mally correlated, we further obtain

Ed(�B[(ψ−)⊗n]) = n − h(p), (B10)

Ed(�B[ψ⊗n]) = nh(cos2 α) − S(�B[ψ⊗n]). (B11)

In Fig. 7 we show both sides of the inequality (B9) as
a function of α for n = 3 with p000 = 0.06, p001 = 0.03,

FIG. 7. Reducing entanglement loss under local three-qubit
noise by diluting singlets into pure states |ψ〉 = cos α |00〉 +
sin α |11〉. Solid curve shows Ed(�B[ψ⊗3])/S(ψA) as a function of
α. Dashed line shows Ed(�B[(ψ−)⊗3]).
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p010 = 0.04, p100 = 0.31, p011 = 0.01, p101 = 0.42, p110 =
0.05, and p111 = 0.08. Also in this case we find that optimal
performance is achieved in the limit α → 0. We also per-
formed numerics for n = 4, finding that also in this case there
is a parameter range for the noise where dilution provides an
advantage.

3. Comparison to results on entanglement distribution

It is instrumental to compare the findings presented above
to earlier results investigating the role of weakly entan-
gled states for entanglement distribution. As was noticed in
[28,29], for some noisy qubit channels � there exist non-
maximally entangled states |ψ〉 such that E (1 ⊗ �[ψ]) >

E (1 ⊗ �[ψ−]), where E is a suitably chosen quantifier of
entanglement. As has been further shown in [29], this effect
never appears for Pauli channels, i.e., a quantum channels of
the type �[ρ] = ∑3

i=0 piσiρσi with σ0 = 1. In this situation,
it is true that E (1 ⊗ �[ψ−]) � E (1 ⊗ �[ρ]) for any bipartite
state ρ and any entanglement quantifier E [29]. Noting that
the noise defined in Eq. (2) of the main text also corresponds
to a Pauli channel, we see that the problem considered in our
article is significantly different from entanglement distribu-
tion via noisy channels. While maximally entangled states
are an optimal resource for entanglement distribution via a
noisy channel of the form (2) of the main text, they are not
necessarily an optimal choice to reduce the entanglement loss
under the same type of noise.

APPENDIX C: MINIMAL LOSS OF COHERENCE
FOR PURE STATES AND SINGLE-QUBIT AMPLITUDE

DAMPING NOISE

In Fig. 3 of the main text we show the overall coherence
rate C(�[ψ])/C(ψ ) for single-qubit amplitude damping noise
and pure states of the form

|ψ〉 = cos α |0〉 + sin α |1〉 (C1)

as a function of α, where the maximal rate R ≈ 0.15 was
attained for α ≈ 0.34. We will now show that this is indeed
the maximal possible rate achievable by coherence dilution
into pure qubit states. For this, it is enough to notice that any
other qubit state can be obtained from a state of the form
(C1) by applying a diagonal unitary. Note that the amplitude
damping noise commutes with any such unitary, and moreover
the relative entropy of coherence C is invariant under digonal
unitaries. We thus obtain

C(�[UψU †])

C(UψU †)
= C(�[ψ])

C(ψ )
, (C2)

which proves the claim.

APPENDIX D: QUANTUM THERMODYNAMICS

1. Optimal states for thermal noise in Eq. (6) of the main text

Here we will prove that for noise of the form (6) of the
main text the optimal strategy is to dilute the excited state into
a diagonal state of the form (7) of the main text. For proving
this, note that � has the following property: �(
[ρ]) = �[ρ].

FIG. 8. Optimal states for thermal noise given in Eq. (6) of the
main text. The curves show optimal parameter qmax [see Eq. (7) of the
main text] as a function of temperature T for p = 0.5 (solid curve),
p = 0.9 (dashed curve), and p = 0.99 (dotted curve).

This implies that

S(�(
[μ])||γ ) = S(�[μ]||γ ) (D1)

for any state μ. In the next step, we express the quantum
relative entropy as follows:

S(ρ||γ ) = −S(ρ) − Tr[
(ρ) log2 γ ]. (D2)

Recall that the von Neumann entropy does not decrease un-
der dephasing: S(
[μ]) � S(μ), with equality if and only if

[μ] = μ. It follows that

S(
[μ]||γ ) = −S(
[μ]) − Tr[
(μ) log2 γ ]

� −S(μ) − Tr[
(μ) log2 γ ] = S(μ||γ ), (D3)

with equality if and only if 
[μ] = μ. Combining the above
results, we see that

S(�[μ]||γ )

S(μ||γ )
� S(�[
[μ]]||γ )

S(
[μ]||γ )
. (D4)

For p < 1 equality is attained if and only if μ is diagonal in
the eigenbasis of the Hamiltonian. This proves that optimal
performance is achieved on diagonal states of the form (7).

2. Every qubit state is optimal for some thermal noise

Here we will present numerical evidence that for every
noisy qubit state μ there exists some thermal noise � such
that diluting the excited state into μ provides optimal perfor-
mance. For this, we consider noise of the form (6) of the main
text, which depends on the parameter p and temperature T .
Recalling that the optimal state μ is diagonal in the energy
eigenbasis [see Eq. (7) of the main text], we numerically
estimate the optimal parameter q for different values of p
and T . The result is shown in Fig. 8, where we display the
maximal value of q as a function of temperature T for p = 0.5,
p = 0.9, and p = 0.99. As is visible from the figure, any value
of q is optimal for some p and T .

3. Reducing purity loss for depolarizing noise

Here, we will show that in the resource theory of purity, the
optimal dilution procedure to protect a pure state on a Hilbert
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space of dimension d from depolarizing noise

�[ρ] = p
1

d
+ (1 − p)ρ (D5)

is to dilute the state as close as possible to the maximally
mixed state, i.e.,

sup
ρ

S(�[ρ]||1/d )

S(ρ||1/d )
= lim

ρ→1/d

S(�[ρ]||1/d )

S(ρ||1/d )
. (D6)

Suppose ρt is the trajectory of an initial state ρ0 under
semigroup �t :

ρt = �t ρ0 = e−γ tρ0 + (1 − e−γ t )
1

d
. (D7)

If {λi(t )}d
i=1 are eigenvalues of ρt , then for t > 0,

d

dt
S

(
ρt || 1

d
1

)
=

d∑
i=1

λ̇i(t ) log 2λi(t )

= −γ e−γ t
d∑

i=1

(
λi(0) − 1

d

)
log2 λi(t )

= −γ

d∑
i=1

(
λi(t ) − 1

d

)
log λi(t )

= γ S(ρt ) + γ

d
log2 det ρt

= −γ S

(
ρt || 1

d
1

)
+ γ log2 d + γ

d
log2 det ρt .

(D8)

Because, for t > 0, the function log2 det ρt increases strictly
as t → ∞, whereas at the same time the function S(ρt || 1

d 1)
strictly decreases, we conclude from the above calculation that
for t1 > t0 > 0,

d
dt S

(
ρt || 1

d 1
)∣∣∣

t=t1

S
(
ρt1 || 1

d 1
) >

d
dt S

(
ρt || 1

d 1
)∣∣∣

t=t0

S
(
ρt0 || 1

d 1
) . (D9)

This in turn implies that the function

f (δ) = S
(
ρt1+δ|| 1

d 1
)

S
(
ρt0+δ|| 1

d 1
) (D10)

is increasing for small δ > 0. Indeed, the fact follows directly

from Eq. (D9), by computing the derivative d
dδ

f (δ)|δ=0 and
from the semigroup property of the evolution ρt .

Setting � = �t1−t0 , i.e., �ρt0 = ρt1 , we see that

S
(
�(ρt0+δ )|| 1

d 1
)

S
(
ρt0+δ|| 1

d 1
) >

S
(
�(ρt0 )|| 1

d 1
)

S
(
ρt0 || 1

d 1
) (D11)

for any t0 > 0, small δ > 0, and any initial state ρ0. Hence the
supremum

sup
ρ

S
(
�(ρ)|| 1

d 1
)

S
(
ρ|| 1

d 1
) (D12)

is attained for ρ → 1
d 1.

4. Correlations in the resource theory of purity

We will now consider unital single-qubit noise. As dis-
cussed in the main text, it is possible to reduce the loss of
purity under unital noise by diluting the single-qubit pure
states into noisy states of a single qubit. However, it remained
unclear if the procedure can be improved by establishing cor-
relations between the qubits, i.e., whether creating a correlated
pure k-qubit state |ψk〉 leads to a better performance. Here, we
will prove that this is not the case: correlations are not useful
in this procedure when considering pure states of k qubits. For
this, note that the figure of merit in this case is given by

S(�⊗k[ψk]||12k /2k )

S(ψk||12k /2k )
= 1 − S(�⊗k[ψk])

k
. (D13)

We are interested in the maximum of this quantity, maximized
over all pure k-qubit states |ψk〉. Note that maximizing the
right-hand side of Eq. (D13) corresponds to minimizing the
output entropy of �⊗k . Recall that the minimal output entropy
of �1 ⊗ �2 is additive if �1 is a unital qubit channel [30].
Thus, we conclude that for any k-qubit pure state |ψk〉 there
exists a pure qubit state |φ1〉 and a pure k − 1-qubit state
|φk−1〉 such that

S(�⊗k[ψk]) � S(�[φ1]) + S(�⊗k−1[φk−1])

= S(�⊗k[φ1 ⊗ φk−1]). (D14)

Iterating this procedure, we see that for any |ψk〉 there exists
a pure single-qubit state |φ〉 such that

S(�⊗k[ψk]) � kS(�[φ]). (D15)

This proves that the maximum of Eq. (D13) (when maximized
over pure k-qubit states) is achieved on product states.

APPENDIX E: STRATEGIES BEYOND DILUTION

1. Quantum Error Correction

a. Resource theory of entanglement: phase-flip channel

In the main text, we proposed a way to reduce the loss of
entanglement through a phase-flip channel by diluting (before
the noise) the n singlets into n/S(ψA) copies of the state
|ψ〉 = cos(α) |00〉 + sin(α) |11〉. This process can be done
with LOCC operations [and 1/S(ψA) − 1 additional qubit in
each laboratory per initial singlet]. Another strategy could be
to use additional qubits, not to dilute the singlet, but to encode
it with an error-correction code before the noise acts. Once
the noise has acted, the error-correction code would detect
which error the noise introduced, correct it, and decode the
state. The resulting state would then be used as an input to the
final distillation protocol.

Because the noise model is a phase-flip channel, it is natu-
ral to use the three qubit phase-flip code as an error correction
code [31]. We now describe step-by-step how we use it.

First step. We encode the singlet with two additional qubits
initialized in |+〉 in Bob’s laboratory. Before the noise acts, a
sequence of CNOTs in Bob’s laboratory allows to encode the
singlet in a state that we call |ψenc〉:

(|+A+B〉 + |−A−B〉) ⊗ |+B+B〉 → |ψenc〉
≡ |+A(+ + +)B〉 + |−A(− − −)B〉 . (E1)
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TABLE I. Recovery operation R to be applied to fix the phase-flip
errors in Eq. (E3).

(x23, x34) R
(+1,+1) I
(+1,−1) Z4

(−1,+1) Z2

(−1,−1) Z3

In this last equation, we put indices A and B to refer to which
laboratory each qubit is in. The notation |(+ + +)B〉 means
three qubit in Bob’s laboratory in the |+〉 state. We also use
the fact that |00〉 + |11〉 = |++〉 + |−−〉 to write the initial
singlet as |+A+B〉 + |−A−B〉.

Second step. The phase-flip channel acts on each qubit in
Bob’s laboratory. Rewriting the phase-flip channel as

�(ρ) = (1 − p)ρ + pZρZ,

p ≡ 1
2 (1 − √

1 − λ), (E2)

we can show that the state after the noise has acted reads

1 ⊗ �⊗3(|ψenc〉 〈ψenc|) = (1 − p)3 |ψenc〉 〈ψenc| + p(1 − p)2

×
4∑

i=2

Zi |ψenc〉 〈ψenc| Zi+p2(1 − p)

×
∑

2�i< j�4

ZiZ j |ψenc〉 〈ψenc| ZiZ j

+ p3Z2Z3Z4 |ψenc〉 〈ψenc| Z2Z3Z4.

(E3)

In Eq. (E3), we use the notation Zi to indicate a Pauli Z
operator applied on the ith qubit (and the identity on the other
qubits).

Third step. We measure the observables X2X3 (outcome
stored in a bit x23) and X3X4 (outcome stored in a bit x34).
These measurements are local in Bob’s laboratory. We then
apply a unitary R (“recovery”) on the qubits in Bob’s labora-
tory, following the rule provided in Table I.

The density matrix after this recovery will have the expres-
sion

ρrecovery = ((1 − p)3 + 3p(1 − p)2) |ψenc〉 〈ψenc|
+ (3p2(1 − p) + p3)Z2Z3Z4 |ψenc〉 〈ψenc| Z2Z3Z4.

(E4)

While a brute force calculation would show that (E4) is
satisfied, we can understand the protocol as follows. The first-
order terms in p in Eq. (E3) correspond to the application
of one Pauli Z operator (on either of the qubits 2, 3, or 4).
This Pauli operator will change the “parity” between some
of these qubits. For instance, Z2 |ψenc〉 = |+A(− + +)B〉 +
|−A(+ − −)B〉: the qubits 3 and 4 have the same parity, but not
the qubits 2 and 3. This is detected by the measurement, which
would provide the outcome (x23, x34) = (−1,+1). The error
is then inverted by applying the unitary Z2, giving back the

original encoded state |ψenc〉. Overall, all the events of order p
in Eq. (E3) can be perfectly corrected, following the recovery
described in Table I. However, any event of order p2 or p3

(which is less likely to occur given the fact p < 1/2) would
lead to an erroneous correction. For instance, a pair of phase-
flip, Z3Z4, occurring with a probability p2(1 − p), would also
provide a measurement outcome (x23, x34) = (−1,+1), sug-
gesting that the recovery Z2 should be applied. In such a case
the final state would be Z2Z3Z4 |ψenc〉 	= |ψenc〉. In the end, the
state in Eq. (E4) is obtained.

Fourth step. We decode the state by applying the reverse
operation from the encoding and we discard the additional
qubits we used. We would then obtain the final state

ρdecoded = ((1 − p)3 + 3p(1 − p)2) |ψ−〉 〈ψ−|
+ (3p2(1 − p) + p3)Z2 |ψ−〉 〈ψ−| Z2. (E5)

It is this state that we will distill to obtain perfect singlets.
Comparing dilution and error-correction strategy. In the

calculation done above, we used two extra qubits in Bob’s
laboratory to perform error correction. It allowed to make
ρdecoded noiseless up to order p. If Bob had no limit in the
number of extra qubits he could use, he could generalize the
calculations shown above by using a phase-flip code using
2t + 1 qubits instead of 3 [32]. Such a code would be able
to detect (and correct) errors up to order t . The encoded state,
before the noise, would be generalized as

|ψ (2t+1)
enc 〉 ≡ |+A〉 |+B〉⊗(2t+1) + |−A〉 |−B〉⊗(2t+1) . (E6)

The postdecoded state (after the noise has acted and error
correction has been applied, following a generalization of
the protocol described, to the 2t + 1 qubit phase-flip code),
discarding the 2t extra ancillas would have the form

ρdecoded = (1 − P(p, t )) |ψ−〉 〈ψ−|
+ P(p, t )Z2 |ψ−〉 〈ψ−| Z2, (E7)

with

P(p, t ) =
2t+1∑

k=t+1

(
2t + 1

k

)
pk (1 − p)2t+1−k . (E8)

Physically, P(p, t ) corresponds to the probability that more
than t + 1 errors occurred. For any p < 1/2, one can check
numerically that limt→+∞ P(p, t ) = 0, meaning that, by using
enough extra ancillary qubits, error correction could perfectly
fix the errors.

This is why, to make a fair comparison, we should only
allow using the same number of additional qubits per initial
singlet both in the dilution and in the error-correction proto-
cols. In what follows, we assume that a three-qubit phase-flip
code is used, meaning that the dilution protocol must satisfy
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FIG. 9. Comparison of EDil
d (p) for α = 0.25 s.t. 1/S(�A) = 3 (in

orange), EQEC
d (p) (in green), and Ed (p) when no kind of preprocess-

ing is applied before the noise (in blue). For every value of p dilution
is an advantageous preprocessing scheme, but it is never better than
error correction.

1/S(ψA) = 3. This means that each of the parties, Alice and
Bob, are allowed to use two ancillary qubits per each shared
singlet. Because ρdecoded is maximally correlated, the distilla-
tion rate for error correction can be evaluated as

EQEC
d (p) = S[TrB(ρdecoded)] − S(ρdecoded)

= 1 − h[(1 − p)3 + 3p(1 − p)2], (E9)

where S(ρ) corresponds to the Von Neuman entropy contained
in ρ. Using Eq. (B2), and replacing λ = 1 − (1 − 2p)2, the

distillation rate for the dilution strategy reads

EDil
d (p) = 1 − h

[
1
2

(
1 + √

1 − 2p(1 − p)(1 − cos 4α)
)]

h(cos2 α)
,

α = 0.25. (E10)

In Fig. 9, we see that error-correction outperforms dilution
for all values of p.

b. Resource theory of entanglement: General Pauli channel

A natural question one can ask is if for more gen-
eral noise models, dilution could outperform quantum error
correction. Here, we study this question by considering a
general Pauli noise channel �p(ρ) ≡ ∑3

i=0 piσiρσi, where
p = (p0, p1, p2, p3) is a vector containing probabilities [p0 =
1 − (p1 + p2 + p3)]. This noise channel is applied to each
qubit in Bob’s laboratory. We will show that performing dilu-
tion before the noise acts does not outperform quantum error
correction, under the constraint of using two additional ancilla
qubits per singlet.

To begin our explanations, we assume that we use the
three-qubit phase flip code. Hence, we apply the exact proto-
col described in Appendix E 1 a, but we replace the phase-flip
noise model with the Pauli noise channel �p(ρ). In such a
case, one can show that the density matrix of the decoded
state, written in the basis (|++〉 , |+−〉 , |−+〉 , |++〉), once
the two extra ancillas used to encode the state have been traced
out, reads

ρPauli
decoded(p) =

⎛
⎜⎜⎝

1
2 (−1 + p2 + p3)2(1 + 2p3 + 2p2) 0

0 − 1
2 (p2 + p3)2(−3 + 2p2 + 2p3)

0 − 1
2 (−p2 + p3)2(−3 + 6p1 + 4p2 + 2p3)

1
2 (−1 + 2p1 + p2 + p3)2(1 − 2p1 − 4p2 + 2p3) 0

0 1
2 (−1 + 2p1 + p2 + p3)2(1 − 2p1 − 4p2 + 2p3)

− 1
2 (−p2 + p3)2(−3 + 6p1 + 4p2 + 2p3) 0

− 1
2 (p2 + p3)2(−3 + 2p2 + 2p3) 0

0 1
2 (−1 + p2 + p3)2(1 + 2p2 + 2p3)

⎞
⎟⎟⎠.

(E11)

Now, in general, the phase-flip code will only be efficient in
the case p3 � p2, p1. To design an efficient protocol, we can
apply a unitary V right before and after the noise acts in such
a manner that V �pV † = �pV , where pV = (pV

1 , pV
2 , pV

3 ) is a
permutation of the elements of the vector p = (p1, p2, p3)
such that pV

3 = max(p1, p2, p3). To simplify our numerical
calculations, we added the constraint that pV is deduced
from p through a cyclic permutation of its coefficients. To
be more formal, defining k ≡ Arg[maxi>0 pi], we have pV =
(pk+1, pk+2, pk ), where the additions k + 1 and k + 2 are
performed modulo 3. For instance, if k = 2, we would have
pV = (p3, p1, p2). We should notice that the error-correction
strategy we are using is not the optimal one in general for

at least two reasons. First, we could use an error-correction
code able to correct against an arbitrary single-qubit error,
like the five-qubit code [33]. Then, we decided to restrict
ourselves (for simplicity) to a cyclic permutation in the choice
of pV (which might not be the optimal choice). In practice,
applying the unitary V is equivalent to evaluate ρPauli

decoded where
the coefficients (p1, p2, p3) in its expression are permuted to
(pk+1, pk+2, pk ). This is the input density matrix we use to
compute the distillable entanglement for our error-correction
scheme. Recall that for any bipartite state ρAB the distillable
entanglement is bounded as [27]

Ed (ρAB) � S(ρA) − S(ρAB), (E12)
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and equality is achieved on maximally correlated states,
i.e., states of the form ρ = ∑

i, j ρi j |ii〉〈 j j|. Denoting with

EQEC
d (p) the distillable entanglement of the state ρPauli

decoded we
thus have

EQEC
d (p) � S

{
TrB

[
ρPauli

decoded(pV )
]} − S

[
ρPauli

decoded(pV )
]
. (E13)

We compare this strategy with the best dilution protocol
we can do, assuming only two extra ancillas are used per
singlet. This optimal dilution protocol is defined as follows.
We first dilute the singlets in three copies of less entangled
states per unit of initial ones. The diluted states will be
of the form |�〉 = cos α |00〉 + sin α |11〉, with α ≈ 0.25 s.t.
1/S(�A) = 3 because we want to compare to the three-qubit
error-correcting code. We then rotate the local basis of Bob by
the application of a single-qubit unitary U in his laboratory.
Bob has total control over this unitary and he can choose the
one which suits best the procedure. After this preprocessing,
the Pauli noise acts locally on each copy of Bob’s particles

ρ = 1 ⊗ �p(1 ⊗ U |�〉 〈�| 1 ⊗ U †). (E14)

The total rate of distillable singlets from this procedure will
be

Edil
d = R(ρ → �+)

S(�A)
. (E15)

Since R(ρ → �+) corresponds to the distillable entanglement
of ρ, it can be lower bounded by Eq. (E12), with the equality
achieved when ρ is maximally correlated. So we can bound
our distillable entanglement by

Edil
d � S(ρB) − S(ρ)

S(�B)
= BEdil

d , (E16)

where we choose to trace out Alice’s system because Bob’s
noisy state will have a higher entropy, i.e., S(ρB) � S(ρA) =
S(�A) = S(�B). In particular, we are interested in a dilu-
tion protocol that maximizes this bound on the distillable
entanglement, the maximization being performed over U . We
performed numerical calculations by sampling over a wide
range of p, and we compared the strategies based on the
optimal dilution protocol, error-correction, and the strategy
that “does nothing” (i.e., no preprocessing is performed before
the noise). For all the points we calculated, we realized that
as soon as the lower bound on distillable entanglement was
positive, the optimal strategy was either error-correction or
the “do nothing” strategy: the dilution never outperformed
both. We note that these results refer to a comparison of two
lower bounds, which means that a rigorous conclusion about

the advantage of quantum error correction over the dilution
strategy cannot be drawn at the moment.

2. More general strategies

For simplicity, we will focus on the resource theory of
entanglement, but the presented ideas are also applicable to
other resource theories. In particular, we assume that Alice
and Bob share n singlets initially, aiming to protect them from
local qubit noise on Bob’s side. The most general strategy is to
first convert the n singlets into 2m-qubit state ρ2m, where Alice
and Bob each hold m of the qubits. After the action of noise,
Alice and Bob end up sharing the state 1⊗m ⊗ �⊗m[ρ2m]. In
the final step, they perform local operations and classical com-
munication, aiming to convert the state 1⊗m ⊗ �⊗m[ρ2m] into
k singlets. The maximal possible singlet rate k/n achievable
in this process can be seen as a figure of merit in this task,
which we term the entanglement protection rate.

Here we provide a formal definition of the entanglement
protection rate for any type of quantum noise � acting on a
Hilbert space of dimension d . Let �1 be an LOCC protocol
which takes 2n qubits as an input and gives 2m quantum
systems of dimension d at the output, and in both cases one
half of the system belongs to Alice and Bob, respectively.
Similarly, �2 is an LOCC protocol which acts on 2m quantum
systems of dimension d , producing a quantum state of 2k
qubits at the output. Recalling the definition of quantum fi-
delity F (ρ, σ ) = Tr[

√
ρ1/2σρ1/2], we are now ready to define

the single-shot fidelity for entanglement protection:

F (�, n, k) = sup
�1,�2

F (�2[1⊗m ⊗ �⊗m

× (�1[|φ+〉 〈φ+|⊗n])], |φ+〉 〈φ+|⊗k ). (E17)

With this, we define the entanglement protection rate of � as
follows:

Ep(�) = sup{r : lim
narrow∞ F (�, n, �rn�) = 1}. (E18)

Clearly, the entanglement protection rate is lower bounded
by the rate achieved via the entanglement dilution procedure
described above in this article

Ep(�) � sup
ρ

Ed(1 ⊗ �[ρ])

Ec(ρ)
, (E19)

where the supremum is taken over all bipartite states ρ. As
discussed above, for some types of noise a better performance
can be achieved by using strategies based on quantum error
correction.
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