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Abstract

In metal single crystals, the observed formation of deformation banding pattern has been explained by greater latent hardening
of slip systems than their self-hardening, which promotes spatial segregation of plastic slips and lamination towards single-
slip domains. Numerical studies focusing on the formation of deformation bands usually involved initial imperfections,
boundary-induced heterogeneity, or the postulate of minimal global energy expenditure which additionally promoted non-
uniformity of deformation. This article analyses the case when no such mechanism enforcing locally non-uniform deformation
is implemented in the finite element (FE) method, while the global system of equations of incremental equilibrium is solved
in a standard way. The new finding in this paper is that the deformation banding pattern can appear spontaneously in FE
simulations of homogeneous single crystals even in the absence of any mechanism favouring deformation banding in the
numerical code. This has been demonstrated in several examples in the small strain formalism using a plane-strain model in
which the twelve fcc slip systems are reduced to three effective plastic slip mechanisms. Incremental slips are determined at the
Gauss-point level either by incremental work minimization in the rate-independent case or by rate-dependent regularization.
In the rate-independent approach, the trust-region algorithm is developed for the selection of active slip systems with the help
of the augmented Lagrangian method. Conditions under which a banding pattern appears spontaneously or is suppressed are
discussed. In particular, a critical rate sensitivity exponent is identified.

Keywords Crystal plasticity - Small strain - Slip-system selection - Path instability - Microstructure formation - Finite
element method

1 Introduction

This paper is concerned with spontaneous formation of defor-
mation bands which, unlike the more frequently analysed
separate shear bands, cover the entire volume of a plastically
deformed metal single crystal. This phenomenon is well doc-
umented experimentally using various techniques [5-7, 12,
21,27-29, 32, 56,91, 95] and even considered ‘a potentially
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most valuable tool for the understanding of the mechanism
of plastic deformation’ [46]. The phenomenon was explained
[7, 8, 15, 53, 54] as the result of greater latent hardening of
the slip systems than their self-hardening, which makes plas-
tic flow easier when split into two families of deformation
bands with alternating sets of active slip systems.

In models of such laminates, calculations based on ener-
getic preference of a band pattern relative to uniform defor-
mation of a single crystal were performed by assuming band
formation in advance, e.g. [14, 15, 17,23, 26, 36, 38, 4345,
63, 67,68, 75]. The consistency of energy minimization with
the originally assumed incremental constitutive law requires
the existence of an incremental potential, at least in the limit
passage to the imagined exact solution, which is a general
feature of the incremental energy minimization method [74].
Then the same method can be used to determine the set of
active slip systems and incremental slips in each band as part
of determining the response of a rate-independent laminate
model.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00466-024-02519-8&domain=pdf
https://orcid.org/0000-0003-2950-175X
https://orcid.org/0000-0001-8702-6286
http://orcid.org/0000-0003-3454-8325

Computational Mechanics

Full field simulations that showed a deformation band pat-
tern without assuming its existence a priori were rarer. In the
rate-independent framework, such calculations using finite
element (FE) method were first performed by global incre-
mental energy minimization applied to polycrystal models
with the vertex effect [78-80], but for single crystals pre-
dominantly used was the rate dependent (RD) regularization
of the slip-system activity rule. In a convenient power-law
approach to rate sensitivity applicable to creep [33], all slip-
systems subjected to non-zero driving force are active and
the slip-rates in a given state are uniquely defined [1, 18, 52,
70, 83], thus avoiding the need for their selection, as opposed
to the rate-independent model. For a sufficiently small pos-
itive rate-sensitivity exponent, m, only plastic flow on slip
systems subjected to a resolved shear stress close enough to
a threshold value is relevant.

In field simulations of rate-dependent plasticity in single
crystals, frequently no clear pattern of deformation bands
emerged or separate localization bands appeared, e.g., [13,
34, 48, 49, 58, 59, 62, 86, 96]. If patterns with multiple nar-
row bands were found in RD simulations, they were typically
triggered by suitable imperfections or boundary-induced het-
erogeneity [4, 24, 30, 35, 39, 61, 91, 93, 94], supported also
by minimization of a non-convex incremental energy [22,
37, 47, 51, 92, 97]. We do not distinguish here the models
involving slip gradients from the local models as they can
give qualitatively similar results [93]. In this work, conven-
tional crystal plasticity in its possibly simple form is isolated
for study so as not to blur the main message.

The main goal of this work is to demonstrate that defor-
mation banding can appear spontaneously in finite element
simulations of homogeneous single crystals with strain hard-
ening, even in the absence of any direct mechanism of
favouring deformation banding. This poses a challenge, not
yet fully explored in the literature, for robust numerical sim-
ulations of single-crystal plasticity in which the physically
observed deformation band patterning would not be artifi-
cially suppressed but also not uncontrolled. In contrast to the
widely studied formation of a single shear band triggered by
material softening which requires appropriate regularization,
cf. the recent examples [81, 85], the mesh-dependence of the
width of individual deformation bands is not so crucial here.
It is the orientation, slip-system activity, and volume frac-
tion of the bands, rather than their width, that describe the
overall features of the crystal deformation, which can only
slightly depend on mesh density. This feature is inherently
related to the yield-vertex effect, either sharp for conventional
rate-independent models or rounded off by rate sensitivity
or regularization. While this feature is theoretically clear
for homogenized infinite laminates, FE simulations showing
macroscopic mesh-independence of the results at variable
detail resolution are rare, e.g. [79, 80].
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In the rate-independent case, the key issue to be addressed
is the selection of active slip systems at the material point
level. A recent overview of existing algorithmic approaches
to rate-independent crystal-plasticity can be found in [65,
77, 82, 87, 98], where further references are provided. The
problem arises when more than five slip systems (or less in
2D problems) can be active simultaneously at a given point,
so the set of active slip systems is not uniquely defined in
advance and an additional selection criterion is needed. The
small-strain analysis performed in this paper is limited to the
symmetric slip-system interaction matrix that defines a linear
relationship between slip rates and yield function rates. If this
matrix is symmetric, and only if its submatrix for active slip
systems is symmetric, the incremental energy minimization
can be used as a well-founded criterion for selecting the slip-
system set and determining the rate-independent incremental
response at the material point [75, 76], see Sect. 3.

In this paper, the algorithmic difficulty related to nonunique
selection of active slip-systems in the rate-independent mod-
elling is overcome by the incremental work minimization
at each Gauss point, without appealing to any lamination.
A trust region algorithm [16] is developed for incremen-
tal energy minimization to address non-convexity of the
minimized function of incremental slips and is presented
in Sect.4. It is combined with the augmented Lagrangian
method [9] to address unilateral constraints for slip incre-
ments and implemented in an implicit backward-Euler
computational scheme. An essential feature of the present
algorithm is that, for a given strain increment, it provides
incremental slips on previously unknown systems that con-
verge to exact slip rates as the strain increment tends to
zero. This algorithmic feature is ensured by minimizing an
incremental energy expression up to the second-order terms
with the explicit use of the constitutive matrix of interaction
between slip-systems [76].

The rate-dependent constitutive algorithm is based on the
standard equations [31, 70] and uses a fully implicit scheme.
Its performance was found to be satisfactory; there are other
algorithms being recently in use [20, 60].

The aforementioned two constitutive approaches are used
here in FE simulations to demonstrate the possibility of
obtaining a deformation band pattern without imposing any
imperfection or any global minimization of incremental
energy. Interestingly, this concerns also RD simulations, pro-
vided the rate sensitivity is sufficiently low to mimic the
vertex effect in crystal plasticity. This is a difference from
all the FE simulations reviewed above. Strongly nonuniform
deformation under conditions that could give rise to perfectly
uniform strain can be interpreted as a symptom of (physical
or numerical) instability of the uniform deformation path [19,
71].

Several examples were case studied from various aspects
to substantiate the qualitative conclusions regarding defor-
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mation banding, obtained within the standard crystal plas-
ticity framework with a latent-to-self hardening ratio greater
than one. For the demonstration purposes and easier interpre-
tation, the attention is limited here to the 2D model of plane
strain, which was obtained [84] from the 3D fcc model by
reducing the number of effective slip systems from twelve to
three. The 2D model was later successfully used in a num-
ber of other works, e.g. [50, 55, 57, 93]. The 2D model is
described in Sect.5, and detailed comparison of the defor-
mation band patterns obtained for the rate-independent and
rate-dependent models is presented in Sect. 6. Extension to
finite deformation and size effects is not included here.

2 The constitutive framework at small strain

The constitutive equations of conventional crystal plasticity
in the geometrically linear setting are well known and are
briefly quoted below only for the sake of completeness. The
symmetric part of the displacement gradient Vu is additively
decomposed into two symmetric tensors,

(Vu)sym =e°+ &P, ()

where &€ is the elastic strain tensor and &P is the traceless
plastic strain tensor, tre? = (. The forward rate éP of &P
reads

éP = Z ypY. p*=(6"® ma)sym,
a 2
s m*=0, aeN={1,...,N},
where N denotes the number of slip systems, p* is defined
as the symmetrized tensor product of two given orthogonal
unit vectors, slip direction s* and slip-plane normal m*, and
y“ is the rate of plastic shear (called slip-rate) on the a-th
slip system. The effect of crystallographic lattice rotation
is neglected. The resolved shear stress T on the a-th slip
system is defined by

TT=§ -om =o0-p, &)

where o is the symmetric Cauchy stress tensor. It is deter-
mined from the elastic constitutive law

RV 1
o= 8fe =C° &% Y%= Eee -C® - ef, (€))

where C° is the constant fourth-order elastic stiffness tensor
of both minor and major symmetries. Throughout this paper,
direct juxtaposition of two tensors means simple contraction
and a central dot the full contraction.

The current critical value of * is denoted by 75 > 0 and
determined by time integration of the conventional strain-
hardening law

i =Y hfyh
B

a,BeN. (&)

Hardening moduli #%? are state-dependent parameters that
describe self-hardening of slip systems (for « = f) and
cross-hardening due to slip-systems interactions (for « # S,
called latent hardening if % = 0 # y#).

The yield function is postulated in the usual form as

F=19 1% ael. ©)

Taking time derivative of ¢ and f*, after simple rearrange-
ments the following constitutive rate-equations are obtained
as a small-strain version of the equations established by Hill
and Rice [25]:

6=Cé-) Cplyl

p
. (N
fo=p*-Ce=) ¢yl a.peN.

p

The slip-systems interaction matrix, (g""g), is related to the
hardening moduli matrix, (h%P), by

g% =h"f +p*.C°pP. ®)

Note that (g*f) = (g#%) if the hardening moduli matrix is
symmetric, (h*f) = (hP®). This is in contrast to the finite
deformation theory (cf. [25, 69, 75]) where an additional,
generally non-symmetric term enters (g*#) due to geometric
interaction between slip systems.

The rate-independent rule of slip-systems activity reads

y¥=0, f*<0, f“y*=0

©)
(nosum) Vo € N.
Note that pairs (s*, m*) and (—s*, m*) are understood here
as defining different slip systems, whose number is therefore
doubled (2 x 12 in fcc case). Importantly, to determine slip
rates y“ in a given state, the consistency conditions must be
used,
f*<0, fYp*=0 (nosum) if f* =0, (10)
where f¢ is found from Eq. (7)2. In general, this is still
insufficient to determine all slip rates y* uniquely if f* =0
for linearly dependent slip systems. To overcome this dif-
ficulty, especially when matrix (h*?) is indefinite due to
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cross-hardening stronger than self-hardening, we will con-
sider two different approaches at a material point level:
incremental energy minimization [67, 68, 72, 74] (as refer-
ence here) and the rate-dependent regularization (as the most
commonly used).

3 Incremental energy minimization
3.1 The virtual work rate

The rate of free energy density function v (¢, &), dependent
on elastic strain €° and internal variables & at fixed tempera-
ture and taken per unit volume, reads

z/}_ae+% £. (11

Assuming that (dvr/0&) § =Y, p*y%, where p“ are state-

dependent parameters related to hardening, the expression for
V/ is rearranged straightforwardly as follows

p=0-6—) xp%.  x“=1"-p% (12)
o

In the following we tacitly assume that «, 8 run through the
set V.

The rate-independent dissipation function that expresses
the virtual dissipation rate per unit volume is defined by

D= Z x&y©

Xcrztcr_p >0,

(13)
y% > 0.

The total virtual work-rate per unit volume now reads
=0 &= f" (14)
[04
fOl:XDt_Xg;:TOl_.Cg’

which includes the power of perturbing forces that compen-
sate a possible gap between x“ and xg. It follows that the
slip-system activity rule (9) admits the equivalent variational
formulation [75]:

w—> min
y9>0

for given é. (15)

This constitutes the basis for the incremental energy mini-
mization which, however, requires an additional symmetry
assumption (g%f) = (g#%).
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3.2 The incremental energy minimization in implicit
time-integration scheme

The work-rate expression (14) is now integrated with respect
totimet € [t,, t,41] under the additional assumption that the
slip-system interaction matrix in the constitutive rate equa-
tion (7); is symmetric,

€ =" = @ =n 6
for diagonally symmetric C®.

As already remarked, the above equivalence holds true only
in the small-strain format where the relative spin of the mate-
rial and lattice is neglected.

Denote by prefix A an increment of any quantity ¢ in the
timeinterval [#,,, t,+1]as AP = ¢pp41—¢, for At = t,41—1,.
In the implicit time-integration scheme applied to the work-
rate expression (14), we obtain to first order

AlU)—O',H_l AE—Z n+] (17)
and to second order

1 1
Aw= 2 (@y+0us1) Ao — o Xakfn“ + DAY (18)

Time integration of the constitutive rate equations (backward
Euler for f%) gives

Ao =0, -0, =C"-Ae— ) C°-p*Ay”, (19)
o

AfE = f2 — fE=p"-CAe =Y g AyP. (20)
B

Combining the above equations, we obtain

1
Aw =041 A& — Zf,f‘HAy“ - EAe-(Ce - Ae

(2D
+Ae - Z(Ce pYAy* — —ZA)/“ g,(ﬁl AyP.
a,B

On using Egs. (16), (19) and (20) for given f,, it follows
that the incremental energy function (21) acts as a constitutive
potential for f,", , at given gn 11» Viz.

IA
o = 20 vy e (22)
OAYY | pg

By incremental energy minimization applied to function
(21), from the Kuhn—Tucker conditions necessary for a min-
imum we obtain



Computational Mechanics

Aw — min e

Ay*>0 (23)
[ <0 and fl  Ay* =0 YaeN
as the time-discrete consistency conditions. The Hessian of
function Aw with respect to Ay,

af 82Aw (24)
n+1 = 3Ay°‘8Ay5 e s

may be indefinite for linearly dependent slip systems if matrix
(h®f) is indefinite. The minimized function Aw is thus
generally non-convex which requires appropriate numerical
treatment.

For algorithmic purposes, the incremental work density
(21) is rearranged as a quadratic energy function depending
on Ay for given Ae,

Ae(Ay®) ==Y (fi' + Ae - C°-p*)Ay*

o
D RNV Leeoa A(zs)
+§Zﬁ v g1 Ay + (@0 4+ SC° - Ae) - Ae,
o

where gz_/:}_ | are taken from the preceding sub-iteration within

the time step [#y, #,+1]. In the current small-strain format, C®
and p* are constant, Ae is prescribed, and f,¥ and o, are
known from the previous time step.

This is a simplified version of the more general approach
developed by Petryk and Kursa [76] which applies to finite
deformation. A non-trivial extension to a non-symmetric
matrix (g*?) is given in [77]. For the purposes of the present
finite element calculations, a minimization algorithm was
developed which is described in the next section.

4 Algorithmic approach

The Trust Region method [16] is effectively used for the
non-convex minimization problem, here for the augmented
Langrangian based on function (25), where direct application
of Newtons method can be hindered by an indefinite Hessian
matrix. Central to the Trust Region approach is the formula-
tion and solution of a subproblem at each iteration that aims to
minimize a quadratic model of the objective function within
a specified trust region. Crucially, when dealing with a non-
positive definite Hessian — which can lead to indeterminate
or directionally incorrect steps — the method requires mod-
ifying or ’regularizing’ the Hessian within the subproblem
to ensure that it gives a meaningful direction for progres-
sion. Therefore, the trust region not only restricts the step
size to maintain model fidelity, but also dynamically adjusts
the region boundaries based on the prediction accuracy of
the previous step. This dual adaptation—both in step size

and in the handling the Hessian’s indefiniteness—supports
the robustness and effectiveness of this method in navigating
complex landscapes of non-convex problems.

The Augmented Lagrangian method [9, 66] is used in
order to deal with inequality constraints imposed on incre-
mental slips Ay“, which transforms the local constrained
minimization problem formulated in Sect.3.2 to a smooth
unconstrained minimization problem. The unconstrained
search for a local minimum of the Lagrangian when it is
strictly convex can be performed using the Newton method.

The implicit backward-Euler computational scheme is
used throughout. In result, the algorithm enables automatic
selection of the active slip systems during FE simulations, so
that an energetically preferable solution at every Gauss point
is found that satisfies the discrete consistency conditions (23)
at the end of each time step within the required tolerance.

While the above three algorithmic approaches consid-
ered separately are well known, their combination in the
rate-independent crystal plasticity algorithm applied to FE
calculations appears to be new. Therefore, the algorithm is
described in more detail below.

4.1 Trust region algorithm for augmented
Lagrangian in rate-independent crystal
plasticity

The purpose of the algorithm is to find a solution that satis-
fies the conditions in Eq. (23) by minimizing the incremental
energy function, Eq. (25). By finding a solution we mean find-
ing a set of active slip systems and incremental slips for this
set of active slip systems. Since the increments of plastic slips
in the rate-independent model used must be non-negative,
Ay® > 0, the optimization problem is of the constrained
type. To ensure the Ay® > 0 requirement is finally satis-
fied, the incremental energy (25) is augmented by additional
functions ¢* of Lagrange multipliers and slip increments:

o A AYE+ % (Ay®)? if A% + u Ay® <0,
4 _%M()\a)Z

26
otherwise, (26)

where A“ denotes «-th Lagrange multiplier and u a regular-
ization parameter which need not tend to infinity to obtain
an exact solution. Adding ¢p* to Ae reduces the constrained
minimization problem for Ae to a more convenient, uncon-
strained and smooth optimization problem for the resulting
Lagrangian, defined as follows [76]:

L=Ae+¢ —> min

with ¢ = @ Q27)
(Ay*)eRN v ;‘p

It should be noted that in our algorithm (Algorithm 1) the pri-
mal unknowns Ay“ and Lagrange multipliers A* as well as
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Algorithm 1 Trust region algorithm with Lagrange multipliers for constraints (after [64], with modifications)

Step 0: Input
I: set Ay* =0, A¥=0
2: set A,  Amax

3:setp, n=1/u%, toll =10710

4: define L = LAYy yoy G = VLAY ) ey B =VVLAY)|a,

Step 1:

> initial incremental slips and Lagrange multipliers
> initial and maximal radius of trust region
> initial regularization parameters and tolerance

5: insert (A, G, t?) into the subproblem in Algorithm 2 and return approximate solution  Ay® to problem (29)

6: set Ay = Ay® + Ay

Step 2:

7: compute Lisial = LAY A%, ) and p = LQ[E'EIA_)/L)
Step 3:

8: if p > 0.25 then

9:  Ay* < Ayga

10:  ¢® < min(0, Ay%)

11:  if [(c?)| < n then

12: W, n<n/u®
13: A% < min(0, A% 4+ u Ay%)
14:  else

15: n < 2u, ne]/uo'l
16:  end if

17: £, G, B

18: end if

Step 4:

19: if p < 0.3 then

20 A<« A/4

21: end if

22:if p > 0.85 and [(Ay%)| = A then
23: A < min(2A, Amnax)

24: end if

Step 5:

25: if |G\ < toll and |(c%)| < toll then
26:  stop and return solution Ay®
27: else

28:  goto Step 1.

29: end if

Output: Ay“

> accept trial solution

> update Lagrange multipliers
> increase regularization parameter
> calculate new values of Lagrangian, gradient and Hessian

> decide whether to update the radius value

regularization parameter p are updated iteratively in a man-
ner described later. This differs from the alternative approach
of using the augmented Lagrangian method for a convex
objective function, where the problem is solved in a mono-
lithic fashion for constant p for both the primal unknowns
and Lagrange multipliers.

In the present paper, the trust region method with an iter-
ative optimization [89] is employed to find a minimum of a
given objective function, £. The trust region method was used
for solving other plasticity problems with nonunique solu-
tions, cf. [79, 80] and references therein. The core idea of a
trust region method is to approximate the original Lagrangian
L with a quadratic model Q constructed from a truncated
Taylor series expansion with respect to Ay within a specific
region around a particular point, for other parameters fixed,
ie.

L(Ay +38Ay) = L(Ay) + Q(5Ay)

. (28)
with [§Ay| < A, where Ay = (§Ay%).
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Hence, in the present case the problem boils down to mini-
mizing, at each iteration, the quadratic model. Specifically:

1
minimize Q(§Ay) = GT8Ay + ~SAy T BSA
QAy) v+ 508y 14 (29)

subjectto |[SAY| < A,

where G is the gradient of £ and B is the Hessian of £ with
respect to Ay“. The parameter A denotes the value of the
trust region radius that restricts the scope of the local search.
Within this trust region, including its boundary, the quadratic
model is minimized iteratively by adjusting the region’s size
and fine-tuning the approximation to ultimately converge to
a solution that minimizes the original objective function.

In order to solve the above subproblem (29) a modified
version of algorithm proposed by Moré and Sorensen [64]
was implemented (Algorithm 2). In the current version of the
algorithm, a direct calculation of the lowest eigenvalue and
corresponding eigenvector is employed when needed, repre-
senting the primary modification from the original algorithm,
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Algorithm 2 Subproblem solution (after [64], with modification, cf. [16, Alg. 7.3.6])

Step 0: Input

1: set A, é, B
2: set tol2 = 1074,
Step 1:

3:if Bis positive definite then

4: ) < Oandsolve Bs = -G

5:  go to Step 3

6: else

7:  compute the lowest eigenvalue A ofé and set & < —Aj
8: end if

Step 2:

e=107°

> Radius, Gradient, Hessian
> Algorithmic parameters: tolerance, small positive number

9: set B < B+ (X + €) I and make Cholesky factorization B =LL" and solve LL"s = —G

Step 3:
10: if |s| < A then
11: if A =0or |s| = A then

12: return s
13:  else
14: compute an eigenvector uy corresponding to ;|
15: find the root o of the equation |s +aui| = A
16: set s < s + auy and return s
17:  endif
18: else
Step 4:
19:  repeat
20: solve Lw = s
21: compute ) e)LJr(‘S'*A) <ﬁ)
p A ‘w|2
22: set B < B+ A I and make Cholesky factorization B=LL"
23: solve LLTs = —G

24:  until [[s| — A] < tol2 A
25: returns

26: end if

Output: SAy < s

> Hard case

which relied on proper estimates of these quantities (cf. [16]).
If the Hessian is not positive definite and since the number
of unknowns is relatively small, it is modified by finding the
smallest eigenvalue 1 (see Algorithm 2, step 1). The small-
est eigenvalue, say A1, is computed with the use of LAPACK
library [3] integrated in the AceGen system [41]. If .1 < 0
then Hessian B is modified to B + (¢ — A1), where I is the
identity matrix and 0 < € < 1. For further details and other
possibilities of Hessian modification, the reader is referred
to [66, Chapter 3].

The modification of a singular Hessian in the rate-
independent crystal plasticity is similar in spirit to the
perturbation technique proposed in [62, (Sec. 4.1.3)], while
the singular value decomposition, cf. [2], is not used here.
The essential difference between those approaches and the
present work is that here the set of active slip systems is not
assumed in advance when determining slip increments by
incremental energy minimization.

The algorithm described in Algorithm 2, which is used to
solve the subproblem, is included in the trust region algo-
rithm, Algorithm 1 step 1. Of particular significance, in the
trust region algorithm, is the assessment of whether the reduc-
tion in the objective function, accomplished through this local
minimization, is consistent with the anticipated reduction

predicted by the quadratic model. This measure of algorithm
performance is denoted by p, see Algorithm 1 step 2. When
the approximation meets the stipulated criteria of accuracy,
the solution is accepted, and the algorithm proceeds to the
subsequent iteration (Algorithm 1 step 3). If not, an adjust-
ment of the trust region radius is made (Algorithm 1 step
4).

In addition to the standard trust region method, the step
in which the approximation is deemed satisfactory and the
solution is accepted also involves updating the Lagrange mul-
tipliers or regularization parameter (Algorithm 1 step 3).
Importantly, either Lagrange multipliers or the regulariza-
tion parameter are updated, but not both at the same time.
The decision of which one must be updated is made based
on the constraint violation functions denoted as ¢* in Algo-
rithm 1 step 3, cf. [66, Alg. 17.4]. The Lagrange multipliers
are updated according to:

A%< min(0, A* + u Ay®). (30)
A more detailed description of the augmented Lagrangian
method can be found in [9] and [66, Chapter 17].

In computational algorithms, the fine-tuning of parame-
ters to the specifics of the problem under investigation is
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crucial for optimizing both performance and accuracy. The
constants like 0.1, 0.9, 2, 0.3, and 0.85, utilized within the
described algorithm, while initially chosen based on conven-
tional practices, possess a degree of flexibility. Altering these
values allows for the adaptation of the algorithm to various
problems, without compromising its theoretical convergence
properties. In our analysis, we observed improvements in
both the robustness and performance of the algorithm by
commencing with a low regularization parameter u (e.g.,
values such as 10 or 5) and adopting a modest increase
strategy—doubling the value if needed.

To speed up the whole procedure at the Gauss point level,
the Newton method was first used for the reduced set of equa-
tions based on the previously found set of active slip systems
(if available from the previous step). Such approach is justi-
fied since the change of active slip systems does not happen
too frequently [76]. Importantly, such modification does not
influence the final solution but speeds up the calculations.
Moreover, after obtaining a solution through the trust region
algorithm, the Newton method was used for the reduced set
of equations for two reasons: first to obtain high precision of
the solution in the fully implicit scheme (this is helpful espe-
cially when e.g. g®? is a nonlinear function of actual values of
%), and second to obtain an element tangent matrix through
the automatic differentiation available in AceGen. The whole
procedure allowed for meeting consistency conditions with
precision f¢ < 1078 and | f¥Ay®| < 1078 at the end of
each computational time step.

The general algorithm described above has been incorpo-
rated into the finite element method (FEM). The implementa-
tion has been done with the use of the AceGen code generator
which combines the symbolic capabilities of Mathematica
and an automatic differentiation (AD) technique. AceGen
along with the AceFEM module provide a convenient sys-
tem for generating numerical procedures and computing
particular problems in FEM [41, 42]. In the present study,
the minimization problem has been tackled locally, necessi-
tating the invocation of the trust region procedure at each
Gauss point to determine a solution Ay“ for given Ae.
Consequently, akin to conventional FEM codes, the global
unknowns are restricted solely to displacements. The global
level employs a Newton scheme, with FE simulations con-
ducted using an adaptive deformation step. Displacements
are interpolated using standard biquadratic shape functions,
specifically 9-node quadrilaterals in a two-dimensional finite
element setting. Full integration scheme with (3 x 3) Gauss
quadrature points was used. Despite the higher computational
costs of the biquadratic element, it was used to avoid effects
such as hourglass or shear locking phenomena that may occur
in lower order elements. All computations were executed on a
desktop PC featuring a single Intel Core 17-4790K 4.00GHz
processor with 32GB RAM under the Windows operating
system.
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4.2 Notes on rate-dependent algorithm

As the algorithm for rate-independent crystal plasticity is
later compared with rate-dependent one, some notes about
the latter formulation are provided here. The rate-dependent
version of crystal plasticity framework is usually used to cir-
cumvent the problem of non-uniqueness in the selection of
active slip systems. The standard approach is to employ the
following explicit equation for the plastic slip rate on each
slip system [33, 70]

e (1T
y& = ypsign(t™) = , r=1/m, m=>0, 3

cr

where the reference slip rate yy is a material parameter and
will be assumed as constant for all slip-systems, and m is
the strain-rate-sensitivity exponent which is treated here as
a case study parameter. Importantly, in this formulation the
plastic slip increments or rates y* may be positive or neg-
ative, therefore the incremental hardening law (5) must be
replaced with

i =Y Pl (32)
5

As it is known, when the exponent r is large, the coupled set
of equations becomes highly non-linear, leading to slow con-
vergence and requiring small steps. A common approach is
to begin with a lower exponent value, obtain a solution, and
then increase the exponent gradually. However, in our rate-
dependent algorithm, we employ a different method that has
been found to outperform the former approach. The idea is
that at every first iteration, the plastic slip rates are found
using an explicit step based on the rates from previous con-
vergent step, cf. [31, 70], next the solution is used as a starting
point in a fully implicit scheme. This algorithmic approach
enabled calculations with a much higher exponent r than is
typically encountered in the literature. For other algorithms
which could be potentially used, see e.g. [20, 60].

5 2D plane-strain model

Under special circumstances, the 3D crystal plasticity model
can be reduced, following [84], to a 2D plane-strain model.
The detailed formulation can be found in [50] and [55], there-
fore only the basic formulae are repeated in the following.
The deformation of an fcc single crystal within the crystallo-
graphic plane (110) is realized assuming an initial orientation
of the crystallographic lattice with respect to a fixed refer-
ence frame (x;), i = 1, 2, 3. The lattice is initially rotated in
the (110) plane counter-clockwise by angle w, as illustrated
in Fig. 1. In the case of orientation @ = 0 the reference frame
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(a)

R%) [OOT]

plane (110)
X1 [ ITO]
(b)

x5 [001]

plane (110)
X1 [ITO]

Fig.1 2D in-plane effective slip-systems in case of orientationa w = 0
and b w = m /4. The slip-plane normals for effective slip-systems are
denoted by m%, while the corresponding slip directions, sk, are only
indicated by the numbers K = 1,...,6

is defined such that x| axis collinear with the [110] direction,
x5 axis with the [001] direction, and the x3 axis with [110]
direction, cf. Fig. la.

For the fcc crystal, out of the twelve positive and twelve
negative crystallographic slip-systems of the 3D model,
defined in Table 1 using the standard notation following
[90], only part of the slip-systems can be activated. Consider-
ing both positive and negative, there are twelve slip-systems
(a3,b3,cl,c2,d1,d2,a3,b3,cl,c2,dl,d2) that can be
activated during deformation in (110) plane-strain condi-
tions.

These twelve crystallographic slip-systems will flow in
pairs. It is sufficient to consider six effective in-plane slip-
systems, which are pairs of the crystallographic slip-systems.
The positive effective slip-systems (1, 2, 3) indexed by K
consist of the following pairs (d2 + dl,a3 + b3, c2 + cl),
respectively, as shown in Table 2. The negative effective slip-

systems (4, 5, 6) correspond to pairs (di +d1,a3+b3, 2+
cl), respectively. In the rate-dependent description, in con-
trast to the rate-independent framework where Ay > 0 for
all «, the negative effective slip-systems need not be consid-
ered separately.

The angle between the effective slip directions sé‘& and
szir» as well as between the directions s’ and s, cf. Fig. 1,
is equal to arctan(+/2) ~ 54.7°.

The constitutive description of the 2D plane-strain model
is summarized in terms of effective (in-plane) quantities, after
[55], as follows. Plastic strain rate results from slips yf; on
effective slip-systems indexed by K,

&= ypl Pl = (skr @ mit)
K (33)
K eNege=1{1,...,6},

where a unit vector s defines an effective slip direction and
mf; an effective slip plane normal, as shown in Table 2.
The effective yield function fJ = tf; — t5_4 for the
K th individual slip-systems is defined as a difference of the
effective resolved shear stress 7 = o - p&; and its critical

value t£__ ¢ that obeys the evolution rule

iR =D hSi vl K.L €N (34)
L

The hardening law for the effective critical resolved shear
stresses (in terms of the effective in-plane slips) has been
specified by Lewandowski and Stupkiewicz [55]. The initial
value of critical shear stress % . at yf; = 0 is related to
initial yield stress 79 by 7§, = w"710, where w* are the
weights for effective slip-systems K,

o (2 2 2 2\"
= (5 F 5V E) G3)

The total slip rate can be expressed using the weights w* in
the form y =), w® yf;.

Assuming the standard two-parameter form (38) for crys-
tallographic slip-systems, the hardening moduli matrix for
effective slip-systems was derived by Lewandowski and
Stupkiewicz [55]:

Table 1 Notation of positive

slip-systems, directions and al a2 a3 bl

b2 b3 cl c2 c3 dl d2 d3

planes in 3D fcc crystals model, [011] [101] [110] [011]

following [90] (111)

[101] [110] [0I1] [I0I] [110] [011] [101] [110]
11

(111) (111)
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Table 2 Effective in-plane

. . K 1 2 3 4 5 6
slip-systems K, respective sums
of o systems, directions sgjy and 2 +di a3+ b3 2+l 2 +d1 a3 +b3 2+l
planes mJ; for 2D plane-strain « __ _ _ - - -
deformation in the (1 1 0) plane Seff [112] [110] [112] [112] [110] [112]
m¥X; (111) (001) (111) (111) (001) (111)
1—a
(hff%) = h <Q3X3 Q3X3> , (36) with two constant parameters A = ( — ;—‘)) and B =
Q3x3 Q3x3 (a=Dho » ’
214q) 2 4 etandy = [ 30, [y dr.
3 5 q 3 q %q 37 The values of constant elastic moduli (Cy1, C12, C44) that
Qaxz = 4q 3(L+q) ) q ’ 37 define elastic stiffness tensor C° for Cu of cubic symmetry,
34 2q 5d+9) taken after [88], and the hardening parameters used in all

where the latent-to-self hardening ratio ¢ and the hardening
modulus / are to be specified.

The effective slip-systems interaction matrix (gXf) takes
the form analogous to Eq. (8), g&¢ = h&§ + pSs - Coir - Pl
where the constant elastic stiffness tensor Cgy; is defined in
reference to the crystal orientation chosen.

6 Rate-independent versus rate-dependent
results—numerical examples

6.1 Material properties

Numerical simulations have been performed for a (fcc) cop-
per single crystal with constant elastic stiffness tensor C®
and saturation-type strain-hardening in the form (39) at room
temperature.

The symmetric hardening moduli matrix (h*#) for slip
systems has been specified in the standard two-parameter
form

WP =h(qg+ (1 —q)87), (38)

where ¢ is the latent-to-self hardening ratio, usually taken
from the range 1 < ¢ < 1.4 after [40], and 8% is the Kro-
necker symbol. Isotropic hardening modulus / is defined by
[10]

a
h = ho <1 — E) for 1o < tor < T, (39)

Ts

with initial hardening parameter hg, saturation stress ts and
exponent a as constant parameters. Isotropic critical flow-
stress rate is defined as 7, = hy, where y = ) |p“| is the
rate of total accumulated slip y. The initial critical stress at
y = 0 equals 7., = 1. Integration over time gives (cf. [11])

1
Ta(y) =T —(A+By)l-«  fora #1, (40)

@ Springer

simulations reported in this paper are listed in Table 3. In
what follows, the key parameter is ¢ > 1.

Additionally, in computations for the power-law rate-
dependent (RD) regularization, Eq. (31), the reference slip-
rate o = 1073 1 /s was used throughout.

6.2 Results for uniform deformation

During FE calculations using adaptive time step At, the dif-
ference quotient of the imposed external strain increment
Ag to At has been adjusted so that the influence of the
rate-sensitivity exponent, m or its inverse r in Eq. (31),
be negligible for uniform deformation. This has been done
as follows, separately for uniform plane-strain compression
(or tension) and pure shear. In both cases, only two slip-
systems yelff and 7/e6ff are active. (Recall that the superscripts
K =1,...,6 represent the labels of the effective in-plane
slip-systems, not any exponent.)

In the case of uniform plane-strain compression along
xp axis in the orientation w = 0, the total strain rate is
approximately equal to the plastic strain rate and has two
non-zero components, & = —¢&j1. The plastic strain rate

in the compression direction is égz = _JTi()}cslff + ygff),
with yke = 78 > 0 and 7y = & = —%Lon. Assum-

ing the value of the shear rate on the active slip-systems
)}elff = )}e(’ff = ypo = 0.001 1/s, so that the compressive plastic
strain rate is égz = —Z*TE))O ~ —0.000943 1/s = Asgz/At,
we get (|t8]/ rcli_eff)l/ ™ = 1 for any value of exponent .

A similar procedure applied to pure shear, but in the case
of orientation w = /4, leads analogously to the conclu-
sion that &, = 2(yk + p&) = 0.000943 1/s implies
(I&l/ rc’i_eff)l/ ™ = 1 for any value of exponent m. The dif-
ference between these two cases, apart from the irrelevant
hydrostatic stress component, lies in the different mutual ori-
entation of the crystal and FE mesh as well as the differently
imposed boundary conditions.

Effectiveness of the above procedure to set the external
strain-rate Ag/At has been verified numerically by com-
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Table 3 Material parameters of

P
a pure copper crystal used in the Cii (GPa)

C12 (GPa)

Cy4 (GPa)

70 (MPa) 75 (MPa) ho (MPa) a q

simulations Elastic moduli

170 124

Hardening parameters
1 144 250 2 1.4

(@ 0.14

[ Uniform RD
0.12 1

0.10¢ r=150

0.08 _ Non—uniform ]

EM for 10x10

loao| [GPal

0.06F
0.04f

0.02f

0.00F .
0.00 0.02

0.04 0.06 0.08 0.10

lexnl

) o0 - - - - :

Uniform

0.06

0.051

0.04

0.03p

o2 [GPa]

0.02

0.01p

0.00 ¢ . . . . =
0.00 0.02 0.04 0.06 0.08 0.10

€12

Fig. 2 Stress—strain curves in FEM simulations using the rate-
dependent algorithm (RD) for selected values of exponent r =
10, 20, 50, 100, 150 (black curves) and using the incremental energy
minimization algorithm (EM) (dashed blue curves). The uniform
responses almost coincide with the upper grey curves (R-P) calculated
analytically for the rigid-plastic model. (a) Plane-strain compression
in case @ = 0, for RD algorithm with 30 x 30 mesh and for EM
algorithm with 10 x 10 mesh, using maximum deformation incre-
ment |A&2|max = 10~ and |A€2)|max = 1073, respectively. (b)
Pure shear in case ® = 7 /4, using maximum deformation increment
2AE12max = 1073 for RD algorithm and 2A&12 max = 10~* for EM
algorithm, in both cases with mesh 10 x 10

paring the finite element results, for the rate-dependent
algorithm (RD) and r = 10, 20, 50, 100, 150, with the
rate-independent EM model. The results of RD calculations
presented in Fig. 2 were performed using an automatic selec-
tion of the time step bounded from above and FE mesh density
as indicated in the figure caption. The boundary conditions
for plane-strain compression are described in Sect.6.3 and

for simple shear in Sect.6.5.1. For the coarse meshes as
described in the figure caption, all the stress—strain curves
in each of Fig. 2a, b merge into one curve corresponding to
uniform deformation, with a notable exception in case (a) of
plane-strain compression for r = 150, to be discussed later
on.

The analytical solution for uniform deformation, assum-
ing a rigid-plastic model, can be determined using Eqgs. (38)
and (40). For two equally active effective slip-systems {1, 6},
for exponent a # 1 using the formulae of 2D plane-strain
model collected in Sect.5, we obtain

Tgcf ()/) = rcli»eff (V) = TQ-eff

\/gfs
4
forK =1,6.

+

(Aﬁ —(A+B y)ﬁ) : %(1 +3¢) D

Values of critical stress t5_(y) for non-active slip-systems
{4, 3} (opposite to {1, 6}, cf. Fig. 1) are calculated by the
same formula (41). Critical stress 7 (y) for remaining
non-active slip-systems {2, 5} can be calculated by replacing
the factor % (1+3¢q) with 4q. Total accumulated slip y on two
active slip-systems {1, 6} can be calculated using weights w*
(35) in the form y = %(ye]ff + v5p-

For plane-strain compression in x,-direction in case w =
0, the stress 022 (y) = — \%re’}f(y) for K = 1, 61is calculated

using formula (41) with total accumulated slip y = /6 |£22|.
This closed-form relationship for plane-strain compression
is shown in Fig. 2a as the upper stress—strain curve (R-P). In
the same way, an analogous formula o2(y) = ziﬁre’lif(y),

for K =1,6and y = V6 £17 1s obtained and illustrated in
the case of pure shear in Fig. 2b.

6.3 Plane-strain compressionin case @ = 0

As a first example, a series of plane-strain compression
simulations in the case of orientation @ = 0 as shown
in Fig. la were performed. Single crystal finite elements
with slip system activity determined at the integration points
using the rate-independent incremental energy minimization
algorithm (EM) or the rate-dependent algorithm (RD) were
applied. Regular FE meshes of various densities with square
elements were used. The boundary conditions corresponding
to uniform deformation were enforced by a uniform displace-
ment on the upper edge and zero on the bottom edge in
the vertical direction (x7), leaving free deformation in the

@ Springer
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Fig.3 Plane-strain compression in case w = 0 calculated by the incre-
mental energy minimization algorithm (EM) for FE mesh 40 x40 at final
strain €2 = 0.1. a, d, g show accumulated slip y 1 and b, e, h show y6,
for maximum strain increment A&7 max = 1073, Ay max = 10~* and

lateral direction (x1). The central point of the bottom edge
was clamped. A square sample was finally deformed to the
average compressive strain g2 = 0.1 (for simplicity taken
as positive from now on, with Agy; > 0) varying propor-
tionally to the control parameter. Computations have been
made with adaptive step control for initial strain increment
A%y = 107 and minimum strain increment AZy, = 10710,
The results below are shown for 2D effective quantities but
for brevity the subscript ¢ has been omitted.

6.3.1 Results for rate-independent algorithm (EM)

The effect of the maximum increment in compressive strain
in the range A& max = 1072 = 1073 is shown in Fig. 3
obtained for the FE mesh 40 x 40 using the incremental
energy minimization algorithm (EM). The picture for maxi-
mum strain increment A£) max = 1072 is omitted as it gives
uniform deformation such that both slip-systems y ! and y°
are active in the entire sample. For the maximum strain incre-
ment in the range A&7 max = 1073 = 1072, the slip system
activity becomes non-uniform with clearly visible horizontal
and vertical bands with only one slip-system active, either

@ Springer

AExmax = 1077, respectively. ¢, f, i show activity of slip systems in
horizontal cross-section, in vertical cross-section, and total accumulated
slip y, for A&xmax = 1073, Afxmax = 107 and AEpmax = 1072,
respectively

y! or y©, separated by thin transition zones influenced by
interpolation built into the system, as discussed below. The
resulting pattern and the number and width of the bands are
to some extent random and can even become different in sub-
sequent computations under the same conditions, but retain
their overall character. The character of already formed bands
is slightly dependent on the step length (for a given FE mesh
density). Changes in slip-systems shear values y“ are shown
in Fig. 3c, f in selected horizontal and vertical cross-sections
using the FE shape functions. The lower bound of the accu-
mulated slip-systems shear values is not zero due to an initial
period of double slip when deformation bands have not yet
been formed. Figure 3i shows that the field of total accumu-
lated slip y = [ y dr is almost uniform despite strong spatial
variations in activity of individual slip systems.

The apparent gradient in Fig. 3 and others is due to the
interpolation built into the AceFEM system used. To further
investigate how the system automatically generates the y ¥
fields, a cross-section through the integration points and for
a coarser FE mesh 20 x 20 is shown in Fig. 4. Each dot in
Fig. 4c represents a value of the incremental slip Ay ' or Ay*®
calculated by EM algorithm for a single integration point, and
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Fig.4 Plane-strain compression in case @ = 0 calculated by the incre-
mental energy minimization algorithm (EM) for FE mesh 20 x 20 and
maximum average strain increment A& max = 1073 at final strain
&0 = 0.1.a Field of incremental slip Ay ! with marked deformed mesh

three consecutive integration points belong to a single finite
element. The plot of slip increments Ay X per integration
point in Fig. 4c shows a negligible gradient through a single
element and a jump across the element boundary. Hence, the
gradient visible in Fig. 4b is only apparent.

The influence of FE mesh density on the formation of
bands and CPU time is presented in Table 4. The results are
for two values of maximum strain increment in the com-
pression direction, A& max = 10~* and A&y max = 1073,
The computation CPU time depends on the number of bands
formed, which can be observed for rate-independent EM
algorithm in Table 4 as well as in other simulations. In the
particular case of uniform deformation the computations are
very fast, but if many vertical and horizontal bands are cre-
ated then the calculations take much longer time. However,
at a certain point in the calculations, when the pattern of slip
bands distribution is clear, i.e. the whole body is divided into
subregions in which only a single slip is active, the compu-
tations are fast and are performed with a fairy large global
Newton step.

In the case of smaller strain increment A&y max = 1074,
the deformation character for different FE mesh densities
does not change significantly, and patterns of horizontal and
vertical bands emerge for all examined FE meshes. For the
larger strain increment A&y max = 1073, the deformation
character depends on mesh density, starting from uniform
deformation for coarse mesh 10 x 10. For meshes 20 x 20
and 30 x 30, only horizontal bands appear or dominate, and
both horizontal and vertical bands appear for mesh 40 x 40.
For the finer meshes 80 x 80 and 160 x 160, the deforma-
tion character is similar for both maximum strain increments
Amax = 107% and Armax = 1073, As the FE mesh
becomes finer, the number of bands increases and the bands
become narrower as shown in Fig. 5, which is the expected
effect of the lack of an internal length scale in the mate-
rial model used here. For the coarser meshes up to 30 x 30
mesh, the character of deformation bands depends more on
the deformation step length. For the finer meshes, starting

(b) 0.0012 »'lllorizomavlﬂsec. x:‘:0.625 h‘, at element nodeé; (C) 0.0012 fHorizontal seC.Tj.sz:O.()Z'S h, at ir‘\tegratic;n poim‘s
T
0.0010f m HH Hml\ \

% 0.0008] | HH ‘H\ \ ‘

2 | I I ] \

g 0.0006} ‘

S nanlintiay
eainlinin
0.0000k, setbsosepiotsotisiierestiosirtiotiraretbossesbsoses]

0 10 20 30 40 50 60
x| Integration points over the sample width

and horizontal cross-section line at xp = 0.625 h of sample height. b
Incremental slips Ay X in the horizontal cross-section interpolated by
AceFEM at element nodes. ¢ Values of non-zero incremental slips Ay !
and Ay calculated at integration points in the same cross-section

from 40 x 40, the character of deformation bands did not
change significantly and the patterns with both vertical and
horizontal bands formed for different strain increments. In
contrast to the deformation bands visible on the slip distri-
bution images, the total accumulated slip for different mesh
densities and deformation step lengths is quite homogeneous
and of a similar nature, as shown in Figs. 3i and 5b, d.

6.3.2 Results for rate-dependent algorithm (RD)

Guided by the above results for rate-independent (EM)
modelling, computations using rate-dependent algorithm
(RD) have been performed for selected values of exponent
r = 20,50, 100, 120, 150 and maximum strain increment
A&max = 10_4, Fig. 6a—d. Based on the analysis in
Sect. 6.2, the external compression rate 522 = 0.000943 1/s
was applied in order to reduce the influence of exponent r.
The most essential conclusion is that for the parameter val-
ues up to approximately » = 100 the bands are not observed.
They form in the case of approximately » = 120, and for
r = 150 they are clearly observed and become a permanent
element of the solution, as in the case of the results for the
incremental energy minimization algorithm (EM), Fig. 6e-h.
In the analysed examples of plane-strain compression calcu-
lated by the rate-independent algorithm (EM), only for the
larger maximum strain increment A& max = 1072 defor-
mation bands are not observed, Fig. 6e, but for the remaining
step sizes the bands of a similar character appeared.

The computation CPU time and the deformation character
for different FE mesh density (from 10 x 10 to 160 x 160),
exponents r = 20, 50, 100, 150 and maximal deformation
steps A€o max = 10~* and 103 are summarized in Table 5.
For the exponent values up to approximately r = 100 the
bands are not observed independently of the FE mesh density
and of the length of maximal strain increment. Deformation
bands appear for computations with the exponent r = 150
(bands are also observed for » = 100 but for finer meshes and
alarger strain increment) but their character may be different
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Table4 Summary of CPU time and deformation character for computations using the incremental energy minimization algorithm (EM) for two values of maximum strain increment A&y max = 1074

and A& max = 1073

Deformation character

=1073

CPU time for A&25 max

Deformation character

CPU time for A&y max = 1074

FE mesh

Uniform deformation

Ts

Horizontal or vertical bands

1m25s
2m 36s

4mS5s

10 x 10
20 x 20
30 x 30
40 x 40
80 x 80

Horizontal bands

1m 19s
2m 34s
7m 36s
36m 36s

Horizontal and vertical bands

Horizontal bands

Horizontal and vertical bands

Horizontal and vertical bands

Horizontal and vertical bands

Tm48s
48m 1s

Horizontal and vertical bands

Horizontal and vertical bands

Horizontal and vertical bands

3h32m29s

Horizontal and vertical bands

2h34m24s

160 x 160

The effect of FE mesh density and maximum strain increment on the formation of deformation bands in plane-strain compression in case @ = 0

and depends largely on the FE mesh density and the step
length. CPU time for the exponent r = 150, where bands
has been formed, can be compared with CPU time for the
rate-independent algorithm EM given in Table 4. It can be
seen that for coarse FE meshes up to 40 x 40 the CPU time of
RD and EM computations is comparable, or RD takes slightly
less time, but for finer FE meshes 80 x 80 and 160 x 160 the
EM computations are faster than RD.

Computations for various maximum strain increments
AZ»max = 1072 = 1075 have been performed in order
to investigate the effect of this parameters on the forma-
tion of deformation bands using the RD algorithm, Fig. 7.
The simulations were performed for FE mesh 40 x 40 and
with exponent r = 150. The results of simulations for a step
length of A&2omax = 1072 do not show clear deformation
bands and are not included here. Simulations for step length
AZ2max = 1073 show the formation of vertical bands, of
a different nature than in the (EM) case, cf. Fig.3, where
both vertical and horizontal bands occurred and were much
more dense. Distribution of slip-system shear |3 | for the RD
algorithm, shown in Fig. 7b, e, h, can be compared with shear
y© for the rate-independent ED algorithm, cf. Figure 3b, e,
h. Computations for shorter step lengths A& max = 10~
and 107 consistently form vertical deformation bands, with
the width of the bands comparable to the size of the FE ele-
ments. The fields of total accumulated slip y for analysed
step lengths are quite uniform despite visible non-uniform
character of deformation bands, Fig. 7c, f, i.

Computations were also repeated for more dense meshes
80 x 80 and 160 x 160, using exponent r = 150 and step
size A2 max = 1074, The bands with alternate activity of
different slip systems are formed, similarly to Fig. 7d, e and
are therefore not shown here. In comparison to the previ-
ous results in Fig. 7f, the total accumulated slip y is more
uniform. Both meshes produce vertical bands which become
finer with the increasing FE mesh density. As expected, rate
sensitivity does not provide regularization in this respect.
However, as shown in the next section, the ‘macroscopic’
response is almost insensitive to the mesh density if the bands
have appeared.

6.3.3 Deformation band formation: Discussion

The emergence of bands with alternating activity of different
slip systems is obviously related to different deformations in
the bands, as illustrated in Fig. 8.

Two basic observations result from the simulations per-
formed:
(1) Under conditions that could result in perfectly uniform
strain, a deformation band pattern spontaneously emerges in
the case ¢ > 1 if the numerical factors discussed below allow
1t.
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Fig.5 Plane-strain compression in case w = 0 calculated by the incremental energy minimization algorithm (EM) for maximum strain increment
A& max = 1073 and FE mesh a, b 80 x 80 and ¢, d 160 x 160. a, ¢ Accumulated slip yl and b, ¢ total accumulated slip y for final strain &5 = 0.1
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Fig. 6 a-d Slip-system shear |y'| calculated for plane-strain com-
pression in case w 0 at final strain &) 0.1 using the
rate-dependent algorithm (RD) for selected values of exponent r =
20, 50, 100, 120, 150 and maximum strain increment AZ£2)max

(@

=, _ —4
A& max = 10

e —
Ll e

10~*. e~h For comparison, slip-system shear y! calculated by the
rate-independent algorithm (EM) for selected values of increment
A& max = 1072 — 1073, The simulations have been performed for

FE mesh density 40 x 40
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Table 5 Summary of CPU time

and deformation character for FE mesh AE22 max Exponent r CPU time Deformation character
computations using the 10 x 10 1074 20 1m23s Uniform deformation
rate-dependent algorithm (RD)

40 x 40 3mS5ls

80 x 80 11m43s

160 x 160 48m 31s

10 x 10 1073 20 8s Uniform deformation

40 x 40 24s

80 x 80 Im16s

160 x 160 Smlls

10 x 10 1074 50 Im2ls Uniform deformation

40 x 40 3m42s

80 x 80 12m 17s

160 x 160 48m 52s

10 x 10 1073 50 8s Uniform deformation

40 x 40 24s

80 x 80 1m23s

160 x 160 6m 15s

10 x 10 1074 100 1m 14s Uniform deformation

40 x 40 3m 35s

80 x 80 16m55s

160 x 160 3h6m49s

10 x 10 1073 100 9s Uniform deformation

40 x 40 Im13s

80 x 80 29m 33s Vertical bands

160 x 160 5h31m24s Vertical bands

10 x 10 1074 150 1m27s Horizontal bands

40 x 40 Tm7s Vertical bands

80 x 80 48m 28s Vertical bands

160 x 160 8h39md44s Vertical bands

10 x 10 1073 150 14s Horizontal bands

40 x 40 2m 33s Horizontal and vertical bands

80 x 80 1hOm 53s Horizontal and vertical bands

160 x 160 6h26m 26s Horizontal and vertical bands

The effect of FE mesh density, strain-rate sensitivity and maximum strain increment on the formation of
deformation bands in plane-strain compression in case w = 0 at final strain £ = 0.1

(ii) In the case of plane-strain compression, which could lead
to the uniform activity of two effective slip systems {1, 6}, the
deformation domain is covered by two families of vertical or
horizontal bands, with one slip system predominant in one
family of bands and the other slip system predominant in
another family of bands.

Observation (i) can be explained by referring to the so-
called yield-vertex effect. Consider a cross-section of the
current yield surface fX = 0 in stress space in vicinity of
the corner formed by the two segments corresponding to the
currently equally active two slip systems, say for K = 1, 6.
In accordance with a general analysis of uniqueness [73],
fulfillment of the condition det(h5f) < 0, which reduces
here to g > 1 for h > 0, implies that a further increment in
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compressive stress, Aoz, can be associated with the incre-
mental activity of both slip systems or only one slip system.
In the latter case, if the self-hardening of one active slip sys-
tem is less than latent hardening of the other slip system due
to g > 1, the other slip system undergoes unloading and
becomes inactive. If this is associated with a local change in
the direction of strain increment which can be kinematically
compatible with neighbouring elements in the discretization
scheme used, then it can lead to non-uniform deformation.
The explanation for observation (ii) is related to the ques-
tion of whether such a local change in the direction of strain
increment mentioned above can be accommodated by the sur-
rounding material elements during FE computations. In the
plane strain problem under consideration, this can be done in
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Fig. 7 Results for plane-strain compression in case w = 0 calculated
by the rate-dependent algorithm (RD) with exponent r = 150 at final
strain £y = 0.1 for FE mesh 40 x 40. a, d, g Slip-system shear |y1 B

two ways: (a) for vertical bands and (b) for horizontal bands,
which follows from the requirement of equal longitudinal
strain of the band interface from both sides. Due to the sym-
metries involved, it is clear, even without calculation, that
both kinematic and statical consistency is preserved in each
case (a) or (b), thus completing the explanation of (i) above.
In the small strain formalism used, the horizontal and verti-
cal orientations are equivalent because the total stress itself
is not present in the incremental formulation of the banding
problem.

Based on the FE calculations performed, several factors
that determine whether bands form or not can be specified as
follows.

The basic factor, as explained above, is the latent-to-self
hardening ratio ¢ > 1; in simulations with ¢ < 1, no defor-
mation bands were observed in the FE simulations carried
out.

Another factor is the orientation of the crystallographic
lattice with respect to the applied loading scheme, because
at least two slip systems need to be activated simultaneously
for the yield-vertex effect to occur, cf. the explanation to (i).

If these two conditions are satisfied then the spontaneous
formation of band microstructure can be triggered by numer-
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b,e h |y3|, and (c, f, i) total accumulated slip y for maximum strain
increment (a—¢) A& max = 1073, (d—f) A& max = 107* and (g-i)
Aénmax = 107, respectively

ical inaccuracies that are inevitable during calculations. It is
emphasized that the computational model used in this work
does not have an implemented laminate at the local level of
an integration point or any built-in artificial imperfections.

As the essential specific outcome of the FE calculations
performed using the rate-dependent algorithm (RD), a thresh-
old value of the rate sensitivity exponent m has been identified
asr = 1/m = 100 = 150. At values of r below this range
(higher rate-sensitivity), no bands were observed. Together
with the other factors discussed above, this may help to under-
stand why deformation banding is not a common feature in
field simulations of the rate-dependent deformation of metal
single crystals reported so far in the literature.

The next factor is the type of the FE mesh used in the sim-
ulations, here with a square element shape and biquadratic
shape functions with (3 x 3) Gauss quadrature points. It is
difficult to clearly determine the FE mesh density needed
for the band formation. The influence of the deformation
step length was also observed. However, since adaptive time
step control was used in FE calculations, the deformation
step lengths given here refer to their maximum allowable
values. In the case of simulations performed for a larger
strain step A€ max = 1072, bands were not created. Bands
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Min.
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Fig. 8 Plane-strain compression in case w = 0 calculated by the rate-
independent (EM) algorithm for maximum strain increment A&7y max =
1073 and final strain &2, = 0.1. Fields of plastic strain sfz for FE mesh
a 40 x 40 (results from Fig. 3a—c) and b 80 x 80 (results from Fig. 5a,
b)

were formed for step length Agrymax = 1073 or smaller. In
the analyzed examples, the final compressive strain does not
exceed 0.1.

If the conditions characterized above for formation of
deformation bands are satisfied, then the width of individ-
ual bands is strongly correlated with the mesh density in the
FE simulations. This has been expected because the mate-
rial model used has no internal length scale. However, an
important general observation is the following:

(iii) The overall response of the crystal, represented by the
average stress versus average strain curve, is insensitive to
the mesh density.

This is visualized in Fig. 9, where the macroscopic
stress—strain curves have been calculated and compared
for selected FE mesh densities: 202, 402, 802, 1602, for
the rate-independent incremental energy minimization algo-
rithm (EM) in Fig. 9a and the rate-dependent algorithm (RD)
with exponent » = 150 in Fig. 9b. The curves for dif-
ferent mesh densities are almost identical, even in case of
the EM algorithm, although for meshes 20? and 160% the
resulting microstructures are significantly different. For both
algorithms it can be concluded that the macroscopic stress—
strain curve for the plane strain compression is practically
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Fig. 9 The average stress versus average strain curve in plane-strain
compression in case @ = 0 is insensitive to the mesh density among
the selected FE mesh densities: 202, 402, 802, 160%. The stress—strain
curves were calculated by a the rate-independent incremental energy
minimization algorithm (EM) and by b the rate-dependent algorithm
(RD) with exponent r = 150, both using maximum deformation
increment A& max = 10™%. The additionally inserted fields of the slip-
system shear y ! correspond to the outermost meshes, 20> and 1602, for
final strain €75 = 0.1

independent of the mesh density provided the conditions for
the band formation have been satisfied. As it can be seen
by comparison with Fig. 2a, the macroscopic curve in the
case of deformation banding lies lower than that for uniform
strain, independently of the mesh density. The reason for
this is clear: splitting the double slip into single-slip domains
reduces the overall hardening because the self-hardening of
one slip system is less than the simultaneous cross-hardening
of both slip systems in the case g > 1.

To verify band patterning conditions under circumstances
not limited to the macroscopically uniform plane strain
compression with FE mesh aligned bands, additional 2D
examples are examined in the following sections.
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Fig. 10 Plane-strain compression of the sample clamped in rigid grips
in case w = 0 calculated by incremental energy minimization algorithm
(EM) for maximum average strain increment A& max = 1073 and FE
mesh 40 x 200. Distribution of slip-system shear a y !, b 3, and ¢ total

6.4 Plane-strain compression of the sample clamped
inrigid gripsincase ® =0

Plane-strain compression in the vertical direction (x7) is
simulated in case of orientation @ = 0. In contrast to the
example from Sect. 6.3, the sample with a height-to-width
ratio of 5 is now clamped in rigid grips as illustrated in
Fig. 10d. The upper and lower grips have a height equal
to one third of the total height of the sample. In the calcu-
lations, the upper grip is vertically lowered while the lower
grip remains fixed. The final average vertical strain £20 = 4%
is achieved by deformation with the maximum deforma-
tion step A& max = 1073, Square elements and regular
FE meshes of various density were used, but the graphs are
shown for 40 x 200 mesh as an illustrative result. Due to the
rigid grips, the deformation is concentrated in the central part
of the sample and therefore only the central part, amounting
to 0.4 of the total height, is shown in Figs. 10 and 11.

Computations were performed using the incremental
energy minimization algorithm (EM), Fig. 10; and the rate-
dependent algorithm (RD) with exponent » = 150 and the
average compression rate £2> = 0.000945 1/s of the section
between the grips, Fig. 11.

The differences in the results of the EM and RD algorithms
are more visible in this example. First of all, the number of
bands and their width are different, the EM algorithm reveals
many more of them and they are narrower than the bands gen-
erated by the RD algorithm. Additionally, the EM algorithm
gives also horizontal bands, while in the case of RD they
are not clearly visible, although not excluded for finer FE
meshes. This latter observation is consistent with the results
from the previous Sect. 6.3, where vertical bands also domi-
nated for plane-strain compression for the RD algorithm.

(d

Y
Max.
0.1376 el
Min.
0.9335 e-5

,________
[y

AceFEM

7

accumulated slip y. d Scheme of the compressed sample clamped in
grips with the area shown in the adjacent figures marked by a dashed
rectangle

The computation CPU time and the deformation character
for both algorithms and various FE mesh density are sum-
marized in Table 6.

6.5 Examples for the lattice orientation ® = m/4

In this section, results of three types of simple shear compu-
tations are reported, all in the case of orientation w = m /4
shown in Fig. 1b, which can lead to shearing on two slip-
systems {1, 6} as in Sect.6.3. However, due to different
mutual orientation of the crystal and the FE mesh and the
differently imposed boundary conditions, the deformation
banding pattern is different. Computations reported here have
been performed for the maximum increment of imposed aver-
age simple shear y1» = 2¢€15 equal to Ay1omax = 1073,

Simulations of simple shear yj, for orientation w = 0
are not illustrated because they did not contain visible defor-
mation bands, regardless of the algorithm or the FE mesh
density used.

6.5.1 Macroscopically uniform simple shear, ® = /4

The term macroscopically uniform in the title of this Section
refers only to the boundary conditions and not to the resultant
deformation character with or without bands. A uniform char-
acter of deformation discussed in Sect. 6.2 has been obtained
using boundary conditions specified in this Section but for a
more coarse FE mesh.

Macroscopic simple shear is imposed by moving the top
edge in the horizontal direction (x1) while the bottom edge is
clamped. In addition, both lateral vertical edges are assumed
here to remain rectilinear while changing slope. The square
sample is deformed up to the ratio of top edge displacement
to sample height equal to 0.1.

@ Springer



Computational Mechanics

(b)

AceFEM

Max. Max.

0.6680 0.1392 el

Min. Min.

0 0.6308 ¢-5
AceFEM

AceFEM

Fig. 11 Plane-strain compression of the sample clamped in rigid grips in case w = 0 calculated by rate-dependent algorithm (RD) with exponent
r = 150 for maximum average strain increment A& max = 10~3 and FE mesh 40 x 200. Distribution of slip-system shear a Iy, b [y3], and ¢

total accumulated slip y

Table 6 Summary of the CPU

R . FE mesh
time and deformation character

CPU time for A&mgx = 1073

Deformation character

for plane-strain compression of
the sample clamped in rigid

Incremental energy minimization algorithm (EM)

orips in case @ = 0 20 x 100 8m48s vertical bands
30 x 150 19m 55s vertical and horizontal bands
40 x 200 39m 28s vertical and horizontal bands
50 x 250 1h5m25s horizontal bands
Rate-dependent algorithm (RD)
20 x 100 7m 15s vertical bands
30 x 150 26m 16s vertical bands
40 x 200 1h15m23s vertical bands
50 x 250 2h55m 6s vertical bands

Computations have been performed using the incremental energy minimization algorithm (EM) and the rate-
dependent algorithm (RD) with exponent » = 150. Calculations with maximum strain increment A&7 max =
1073 up to final average strain £y = 0.04, for both algorithms. The effect of FE mesh density on the formation

of deformation bands is shown

Computations were performed by the incremental energy
minimization algorithm (EM), illustrated in Fig. 12, and
by the rate-dependent algorithm (RD) with the exponent
r = 150 and macroscopic shear rate 512 = 0.000943 1/s,
shown in Fig. 13. The differences in results are better visible
for a finer FE mesh. The RD algorithm gives a more regu-
lar character of deformation bands in contrast to disordered
appearance of bands for EM algorithm.

Resulting deformation character and CPU time for various
FE meshes, additionally including 160 x 160 mesh, summa-
rized in Table 7, are similar for both algorithms, although
the RD algorithm gives a more regular bands in contrast to
disordered bands for EM algorithm. In this example, CPU
time is even shorter for the RD algorithm compared to the
EM algorithm.

Similar results of both algorithms have been obtained for
a smaller step of simple shear Ayjomax = 104, The results
are not included in this paper.
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It can be expected that the shape of mesh elements can
influence the character of the bands. This can be observed
by comparing the plane-strain compression results, where
the bands are parallel to the grid lines, with the shear tests
results above, where the bands are not aligned with the grid
lines and their width is not equal to the size of the element.
The computations repeated for the same data as in Fig. 12a, b
but for the unstructured triangular mesh (not shown), are very
similar to Fig. 12a, b, but this may not be the case in general.
The issue of the influence of the mesh type on the formation
of deformation bands requires a separate investigation.

6.5.2 Non-uniform simple shear, ® = /4

As above, the top edge is moved in the horizontal direction
(x1) and the bottom edge is clamped, but the lateral edges
are now free. As in the previous Section, the final ratio of top
edge displacement to sample height is equal to 0.1.
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Fig. 12 Macroscopically uniform simple shear in case w = 7 /4 cal-
culated by incremental energy minimization algorithm (EM) for the

maximum increment of average simple shear Ayjamax = 1073 and
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Fig. 13 Macroscopically uniform simple shear in case w = 7 /4 cal-
culated by rate-dependent algorithm (RD) with exponent r = 150 for
the maximum increment of average simple shear Ay|2max = 1073 and

The results of computations made using the rate-indepen-
dent (EM) algorithm show the formation of diagonal uni-
directional bands in the middle of the sample as in Fig. 14.
This character of the bands is observed during simulations
with various FE mesh densities, in the analysed range from
40 x 40 to 160 x 160, as noted in Table 8.

Computations for rate-dependent algorithm (RD) have
been performed using exponent r = 150 and macroscopic

Sy W,

- /“‘_

final macroscopic strain &2 = 0.05. Slip-system shear a, d Iy1 |, b, e
ly3| and c, f total accumulated slip y for FE mesh a—c 40 x 40 and d—f

80 x 80

shear rate 512 = 0.000943 1/s. The results show formation
of crossed bidirectional bands in the middle of the sample,
visible in Fig. 15. For the finer FE mesh 100 x 100, as well
as for a mesh 160 x 160, the deformation band character in
the center of the sample is somewhat different than for the
EM results. The differences are not very significant and they
are not observed for the coarser FE mesh, cf. Table 8.
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Table7 Summary of the CPU
time and deformation character
for the results of the
macroscopically uniform simple

FE mesh CPU time for Ayi12max = 1073 Deformation character

Incremental energy minimization algorithm (EM)

shear in case @ = 7 /4 using the 40 x 40 6mS5s Predominant diagonal unidirectional bands
incremental energy 80 x 80 36m 465 Disordered fields of diagonal bands
minimization algorithm (EM) 160 x 160 3h43m 8s Disordered fields of diagonal bands

and the rate-dependent

algorithm (RD) with exponent Rate-dependent algorithm (RD), r = 150

r =150 40 x 40 3m32s Predominant diagonal unidirectional bands
80 x 80 18m5s Regular fields of diagonal bands
160 x 160 2h9m46s Regular fields of diagonal bands

Calculations with the maximum increment of average simple shear Ayjomax = 1073 up to final strain

&12 = 0.05, for both algorithms. Effect of FE mesh density on the formation of deformation bands

(b) (©)

Fig. 14 Simple shear in case of orientation w = 7 /4 calculated by the incremental energy minimization algorithm (EM) for FE mesh 100 x 100
and maximum simple shear increment Ay|2max = 1073, Slip-systems shear a yLby?ec y5 and d )/6 for final strain £, = 0.05

Table 8 Summary of the CPU
time and deformation character
in the simple shear in case of
orientation w = 7 /4

FE mesh CPU time for Ay12 max = 1073 Deformation character

Incremental energy minimization algorithm (EM)

40 x 40 4m27s Unidirectional diagonal bands in the middle
80 x 80 20m 17s Unidirectional diagonal bands in the middle
100 x 100 43m 11s Unidirectional diagonal bands in the middle
160 x 160 2h 13m 50s Unidirectional diagonal bands in the middle
Rate-dependent algorithm (RD), r = 150
40 x 40 4m49s Unidirectional diagonal bands in the middle
80 x 80 29m 17s Unidirectional diagonal bands in the middle
100 x 100 1h39m7s Bidirectional diagonal bands in the middle
160 x 160 5h10m27s Bidirectional diagonal bands in the middle

The effect of FE mesh density on the formation of deformation bands using the incremental energy mini-
mization algorithm (EM) and the rate-dependent algorithm (RD) with exponent » = 150. Calculations with
maximum simple shear increment Ay(2max = 1073 up to final strain 15 = 0.05, for both algorithms

(b)
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Fig. 15 Simple shear in case of orientation w = /4 calculated by the rate-dependent algorithm (RD) with exponent r = 150 for FE mesh
100 x 100 and maximum simple shear increment A2 max = 1073, Slip-systems shear a |y!|, b |y2| and ¢ |3| for final strain &> = 0.05
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For both algorithms (EM) and (RD), it can be noticed that
as the mesh becomes denser, the number of bands increases,
but this increase is not as large as in the case of plane-strain
compression. In the case of bands formed during simple
shear, they are oriented non-parallel to the FE grid and there-
fore their character is less correlated with the mesh density.
The computation CPU time and the deformation character
for various FE mesh densities are summarized in Table 8, for
both element types. The EM algorithm is clearly less time
consuming for finer FE meshes, e.g. 160 x 160.

6.5.3 Macroscopic simple shear with compression,
® =T[4

In order to calculate a slightly more complex deformation
process, simulation of simple shear in the horizontal direc-
tion (x1) is realized with additional compression in vertical
direction (x7), while the bottom edge is clamped as previ-
ously. The geometry of the sample is the same as in the
previous Sections. The final ratio of the horizontal displace-
ment of top edge to sample height is equal to 0.1, now with
the additional vertical displacement to height ratio of 0.05.
This additional vertical compression resulted in a different
character of the band.

The results of computations made using incremental
energy minimization algorithm (EM) for different FE mesh
density show formation of nearly vertical or horizontal bands

(a)

40 x 40

72
Max.
0.5989
Min.

0

©

80 x 80

Fig. 16 Macroscopic simple shear with compression in case of v =
7 /4 calculated by the incremental energy minimization algorithm (EM)
for maximum simple shear increment A Y12 max = 1073 up to final strain

in the middle part of the sample, as shown in Fig. 16. If a
coarser FE mesh is used, e.g. 40 x 40, the bands are nearly
vertical, but if a finer mesh is used, e.g. 80 x 80, only nearly
horizontal bands are obtained. The field of y! is almost uni-
form except near the boundary, and therefore not shown.

Computations using the rate-dependent algorithm (RD)
were performed as in the previous sections with exponent r =
150 and for the macroscopic shear rate 512 = 0.000943 1/s,
cf. Fig. 17. The results of RD algorithm computations col-
lected in Table 9 consistently show the formation of nearly
vertical bands in the central part of the sample, regardless the
values of exponent r or the density of the FEM mesh.

Similar character of vertical bands has been obtained for
various values of the exponent r = 50, 150, 300 for FE mesh
size 200 x 200, 150 x 150, 300 x 300, respectively, and
maximum simple shear increment Ay 2 max = 1073, Similar
results were also obtained for larger values of exponent r =
300, 800 and 1000 calculated with FE mesh density 40 x 40
and maximum simple shear increment Ay2 max = 10~*. The
same character of the results was also found for a finer mesh
e.g. 100 x 100, 200 x 200 and 300 x 300 with exponent
r = 150 and different values of the maximum simple shear
increment Ay|2max = 10~% and AV12max = 1072

In this example it can be summarized that for finer
meshes a different character of the resulting microstructures
is obtained for the incremental energy minimization algo-
rithm (EM) and for the rate-dependent algorithm (RD). The
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12 = 0.05 and &y = —0.05. Slip-systems shear a, ¢ 2 and b, ¢ y°
calculated for FE mesh a, b 40 x 40 and ¢, d 80 x 80
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Fig. 17 Macroscopic simple shear with compression in case of v =
7 /4 calculated by the rate-dependent algorithm (RD) with exponent
r = 150 to final strain €1 = 0.05 and &, = —0.05 with maximum
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simple shear increment APjamax = 1073, Slip-systems shear a, ¢ ||
and b, ¢ |y3| calculated for FE mesh a, b 40 x 40 and ¢, d 80 x 80

Table9 Summary of the CPU

R . FE mesh
time and deformation character

CPU time for Ay12max = 103

Deformation character

for the results of the simple
shear with compression in case

Incremental energy minimization algorithm (EM)

® = 7 /4 using incremental 40 > 40 5m58s Nearly vertical bands

energy minimization algorithm 80 x 80 29m42s Nearly horizontal bands

(];M)‘ at.lnd r;i{gdepe}?dent 100 x 100 50m 1s Nearly horizontal bands
t t t

e (RD) with exponen 160 x 160 2h42m7s Nearly horizontal bands

Rate-dependent algorithm (RD), r = 150

40 x 40 6m 59s Nearly vertical bands
80 x 80 53m4s Nearly vertical bands
100 x 100 1h46m40s Nearly vertical bands
150 x 150 7h36m55s Nearly vertical bands
160 x 160 9h41m44s Nearly vertical bands

Calculations with maximum simple shear increment Ay max = 1073 up to final strain €1 = 0.05 and
&2 = —0.05, for both algorithms. Effect of FEM mesh density on the formation of deformation bands

latter gives nearly vertical deformation bands independently
of the FE mesh density, while the EM algorithm gives nearly
horizontal deformation bands for finer meshes and vertical
bands only for a sparse FE mesh, cf. Table 9.

6.5.4 Computations with constant deformation step for
plane-strain compression in case ® = /4

Finally, in order to compare the calculation CPU time for

the algorithms EM and RD without using the FE adaptive
time step control, simulations were performed with a constant

@ Springer

deformation step from the range Az = 107% = 1072, For
both algorithms, plane-strain compression was performed in
case of orientation w = /4. The dimensions, geometry and
the boundary conditions of the sample were the same as in
Sect. 6.3, the mesh density was 20 x 20. For compression in
this orientation, a single slip-system y° is active in the entire
sample and the deformation is practically uniform, with no
visible bands. In the case of the rate-dependent algorithm
(RD) with Agy = 1073, calculations were performed for
several different values of exponent r = 10, 20, 50, 100 as
shown in Table 10. For the smaller step size, CPU times for
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Table 10 Summary of the CPU
time for uniform plane-strain
compression in case w = /4

Agxn CPU time

Incremental energy minimization (EM)

with constant deformation step 10-6 3h50m 48s
using the incremental energy
minimization algorithm (EM) 107 13m 465
and the rate-dependent 10~4 1m2ls
algorithm (RD) 10-3 s

1072 2s

A&y CPU time

Rate-dependent algorithm (RD)

1076 4h26m 18s for r = 100

1075 19m 355 average for r = 10, 20, 50, 100
10~ 19m 28 for r = 10

1073 No convergence for r > 10

1072 No convergence for r > 10

Computations for FE mesh density 20 x 20 and final compressive strain £y = 0.1

both algorithms are comparable, with a slight advantage of
the EM algorithm. However, for the largest constant deforma-
tion steps AZ2, = 1073 and 1072, the RD algorithm caused a
convergence issue even for small values of exponent r > 10,
while the EM algorithm worked effectively.

7 Conclusions

Spontaneous formation of deformation bands has been
observed in the plane-strain FE simulations of single crys-
tal plasticity at small strain. This has been attributed to the
yield-vertex effect in the case when the latent-hardening
of slip systems is higher than the self-hardening. The new
observation is that this source of deformation banding was
activated only due to numerical inaccuracies in the FE sim-
ulations, without introducing artificial imperfections or any
mechanism favouring deformation banding in the numerical
code. A characteristic feature of the deformation band pattern
obtained for various plane-strain examples was the appear-
ance of regions with two families of bands with alternating
activity of a single (effective) slip system. Such deforma-
tion banding, activated by numerical inaccuracies in the FE
simulations, can be interpreted as a symptom of the inher-
ent instability of uniform deformation of the material model
used, which is consistent with the experimentally observed
mechanism of plastic deformation in metal single crystals.

In the examined case of macroscopically uniform plane-
strain compression, the banding pattern corresponds to the
lower global deformation work than uniform straining and
can therefore be assigned a physical significance. The bands
appeared spontaneously, also for the rate-dependent mate-
rial model. However, in general, the generated band pattern
is not unique, so the need for global incremental energy min-
imization (in the potential case) has not been completely
eliminated.

It has been found that numerical inaccuracies are suffi-
cient to trigger the banding instability when the inverse of
the strain-rate sensitivity exponent m is not less than 150 (or
infinity in the rate-independent limit). Moreover, roughly,
when the time step corresponds to macroscopic strain incre-
ment 1073 or lower, and the mesh resolution is sufficiently

fine (e.g. 30 x 30) to detect bands that are not aligned with
the grid lines.

These numerical conditions for activation of deformation
banding should be considered as indicative only, as they have
been identified for the specific plane-strain examples and may
depend on many other factors, e.g., the use of biquadratic
shape functions with (3 x 3) Gauss quadrature points or the
algorithm used. Nevertheless, they help to understand why
the banding pattern has not been widely observed in FE sim-
ulations before.

An important general observation is that the overall
response of the crystal, represented by the average stress
versus average strain curve in plane strain compression, is
insensitive to mesh density. Thus, in contrast to simulations of
asingle shear band triggered by material softening, the mesh-
dependence of the width of individual deformation bands is
not so crucial here.

For a rate-independent single crystal, an algorithm for
selection of active slip-systems at the Gauss point level, based
on non-convex minimization of incremental work using the
trustregion approach and the augmented Lagrangian method,
has been developed and effectively used in the FE calcula-
tions. The implemented algorithm may be a good alternative
to other algorithms encountered in the literature.
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