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A planar hard surface covered with elongated stiff rodlike particles in shear flow is considered in the
low-Reynolds-number regime assuming low particle surface coverage. The particles are modeled as
straight chains of spherical beads. Multipole expansion of the Stokes equations �the accurate
HYDROMULTIPOLE algorithm� is applied to evaluate the hydrodynamic force exerted by the fluid on
the rodlike particles, depending on their shape, i.e., on the number of beads and their orientation
with respect to the wall and to the ambient shear flow. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2957492�

In recent years problems involving flows around micro-
scale surface irregularities have become increasingly impor-
tant in many applications. These include surface roughness
effects in microchannels,1 irreversible adsorption of particles
and molecules on channel walls,2–4 as well as biological and
medical systems.5,6 Depending on the problem encountered,
it is of interest to determine the influence the shape of the
surface irregularities has on quantities such as the total hy-
drodynamic resistance of a particle covered surface or the
drag exerted on the individual particles. This provides a start-
ing point for the study of moving, deformable polymers in-
cluding Brownian motion, direct interparticle forces, and in-
teractions with the boundaries.7–9

In this work we consider a system composed of rodlike
particles of width 2a and length l, adsorbed on a solid, planar
surface present at z=0. The particles are immersed in a
shearing flow �z�0� of the form v0= �z ,0 ,0�, where z and
other coordinates are measured in units of a and the flow v0

is normalized by the fluid velocity u at a distance from the
wall equal to a. The particle surface coverage is assumed to
be small enough to treat them as noninteracting. Physically
this means that the particles are spread apart by a distance
several times larger than their dimensions. The influence of
all adsorbed particles is then a sum of the effect of single
particles.

The rodlike particle considered is modeled by a straight
chain of N= l / �2a� identical spherical solid beads of radius a
�see Fig. 1�, a method commonly used in literature.10,11 The
beads are in contact and do not move relative to each other
forming a rigid rod.

Positions of the bead centers Ri, i=1, . . . ,N, are param-
etrized by two angles 0���2� and 0���� /2, as shown
in Fig. 1,

Ri = �2�i − 1�sin � cos �

2�i − 1�sin � sin �

1 + 2�i − 1�cos �
� . �1�

The goal is to evaluate the force F�N ,� ,��, which is
exerted by the fluid on the rodlike particle, depending on its
orientation and aspect ratio l / �2a�. The force is measured in
units of 6��au, where � is the viscosity of the fluid.

The derivation is based on the Stokes equations,12

��2v − �p = 0, � · v = 0, �2�

for the fluid velocity v and pressure p. The stick boundary
conditions hold at the solid-fluid interfaces, v=0, and the
shearing ambient flow is assumed at an infinite distance from
the particle, v=v0.

Using the formalism of induced forces,13–16 and Blake’s
expression17 for the Green tensor in the considered system
geometry, Eqs. �2� are transformed into a set of boundary
integral equations at the surfaces of all the beads.12 These
equations are next projected onto a complete set of spherical
multipole functions.18–21 The resulting infinite system of al-
gebraic equations is truncated at a multipole order L,22 which
corresponds to taking 3L�L+2� multipoles per bead. For the
precise definition of L, see Ref. 23. The force multipoles of
each bead are then evaluated. In particular, the lowest mul-
tipoles correspond to the forces exerted by the fluid on the
beads i=1, . . . ,N; their sum results in the total force F ex-
erted on the rodlike particle,
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FIG. 1. �Color online� Rodlike particle attached to a planar solid wall in
shear flow.
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F = �
i=1

N

�
j=1

N

��ij
tt �ij

tr �ij
td � · � v0j

�0j

g0j
� , �3�

where v0j =v0�R j�, �0j = � 1
2��v0�r��r=Rj

, and
g0j,	
= 1

2 ��	v0
�r�+�
v0	�r��r=Rj
.

The friction matrices �ij
tp, with p= t ,r ,d, depend on the

particle orientation with respect to the wall and are evaluated
by the well-known procedure, described in Refs. 18 and 24
and implemented in the HYDROMULTIPOLE numerical code.23

For a motionless system of particles, lubrication phenomena
are absent, and the convergence of the multipole expansion
with the order of the truncation L is typically fast.22,25

The derivation of the friction force F significantly sim-
plifies owing to linearity of the Stokes equations. The point
is to decompose the ambient flow v0 into two components,
perpendicular and parallel to the plane which contains the
centers of all the beads and the normal to the wall. Then, F is
constructed as the superposition of the forces caused by these
two components of v0. In addition, the symmetry of the sys-
tem and of the Stokes equations under geometrical reflec-
tions and time-reversal �i.e., v→−v and p→−p� is taken into
account. Finally, the hydrodynamic force F is expressed in
terms of three scalar functions 	�� ,N�, 
�� ,N�, and ��� ,N�,
with the explicit dependence on 0���2�,

F�N,�,�� = �	��,N�sin2 � + 
��,N�cos2 �

�
��,N� − 	��,N��sin � cos �

���,N�cos �
� . �4�

The functions 
�� ,N� and ��� ,N� are the only nonzero force
components �along the ambient flow and normal to the wall,
respectively�, if �=0. On the other hand, 	�� ,N� is the only
nonzero force component �along the ambient flow�, if
�=� /2.

The functions 	�� ,N�, 
�� ,N�, and ��� ,N� have been
evaluated numerically using the HYDROMULTIPOLE

algorithm.18 The mentioned parameter of truncation L has
been chosen equal to 5. This is sufficient to obtain a preci-
sion better than 0.1%, estimated by comparing the values of
	, 
, and �, calculated for multipole truncation orders L
equal to 5 ,6 , . . . ,20 and retaining only the digits which
remain constant when changing L.

Obviously, the hydrodynamic force increases when the
number of beads is increased. Therefore it is of interest to
evaluate the fore per bead F /N. It corresponds to the fore per
“segment” of the rodlike particle. The corresponding coeffi-
cients 	 /N, 
 /N, and � /N are plotted in Fig. 2 as
functions of �, for a given number of beads
�N=1, 2 , 4 , 6 , 8 , 10�.

The force components along the ambient flow, 	 �for
�=� /2� and 
 �for �=0�, decrease with the increase in �. A
rodlike particle sticking out of the wall undergoes a higher
ambient flow �and therefore a higher hydrodynamic force per
segment� than a particle in a flat contact with the wall. In
Figs. 2�a� and 2�b�, the discussed functions 	�� ,N� /N and

�� ,N� /N are compared to the force exerted on a single
spherical particle, 	�� ,1�=
�� ,1�	1.7009.26 Note that at
values of � close to zero when the particle axis is normal to

the wall, the force along the flow exerted per segment of the
particle is significantly larger than for a single sphere, as on
average each segment is immersed in a flow of higher veloc-
ity. On the other hand, for � close to � /2, due to screening,
these functions take values always smaller than the force
exerted on a single spherical particle.

On the other hand, the force component normal to the
wall, � �see Fig. 2�c��, vanishes if the particle’s orientation is
perpendicular or parallel to the wall. This component is also
equal zero for N=1. The maximum of ��� for N�1 is

FIG. 2. �Color online� Force exerted by the fluid per segment of the rodlike
particle in shear flow, F /N. Top: the component along the flow for �
=� /2. Middle: the component along the flow for �=0. Bottom: the com-
ponent normal to the wall for �=0.
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reached at �max. The values of �max for particles with differ-
ent aspect ratios N can be found in the first part of Table I,
together with the hydrodynamic force for the orientation
�=�max and �=0. Notice that �max is a decreasing function
of N and that �� /
� at �max is an increasing function of N.
The negative sign of � means that for ��� /2 the force
normal to the wall is directed toward it, pushing the particle
onto the wall.

The component along the flow gives the dominant con-
tribution to the total force �for �=0, compare the plots of 

and � in Fig. 2 and notice their different scales�. Neverthe-
less the larger the values of N, the more significant is the
contribution to the total force coming from the direction nor-
mal to the wall.

The following three characteristic orientations of the
rodlike particle are analyzed in greater detail for a wider
range of N: �a� �=0, �=0 �perpendicular to the wall�, �b�
�=0, �=� /2 �parallel to the wall and parallel to the ambient
flow�, and �c� �=� /2, �=� /2 �parallel to the wall and per-
pendicular to the ambient flow�. For each of these orienta-
tions, the force per bead F /N, equal, respectively, to
	�0,N� /N, 
�� /2,N� /N, and 	�� /2,N� /N, has been evalu-
ated. The results are listed in the second part of Table I and
plotted in Fig. 3.

For the particle perpendicular to the wall, the force per
bead increases with large N, while for the particle adsorbed
flat at the wall, it saturates at a constant value. A more care-
ful investigation of the asymptotic behavior of these quanti-
ties results in the following scalings:

	�0,N�/N 

4N

3�log N + 0.30�
, �5�

	��/2,N�/N 
 1.21  0.01 + O�1/N� , �6�


��/2,N�/N 
 0.63  0.03 + O�1/N� . �7�

The first formula �5�, for the rodlike particle perpendicu-
lar to the wall, has been derived from calculations with a
multipole order L=5 and N equal up to 1800. It is consistent
in form with the result 4N / �3�log N+A�� for infinite
space,13,27 as for large distances from the wall the effects of
the shearing flow dominate the influence of the wall. The

constant A depends nevertheless on the geometry of the sys-
tem. For the bead model in infinite space A=0.97,22 while in
the presence of the wall A=0.30.

The remaining two formulas �6� and �7� for particles
adsorbed flat on the surface have been calculated for multi-
pole orders 1�L�5 and number of beads 1300�L�110,
respectively. In this case the influence of the wall is domi-
nant.

In real systems the orientation of particles is often ran-
dom. The exerted force which is then of interest is a value
averaged over all possible orientations with a uniform distri-
bution function for all 0���2� and 0���� /2. It is
given by the formula

TABLE I. The friction force exerted by the fluid on a segment of an adsorbed particle. Parts 1 and 2: At

different orientations; part 3: Averaged over a uniform distribution of configurations �F̄�N�: Averaged over � and

�; F̄Q2D�N�: Averaged over � for particles adsorbed flat on the wall�.

N 1 2 4 10 20 40 100

�max ¯ 0.72 0.70 0.67 0.66 0.65 0.64
���max,N� /N 0 −0.17 −0.35 −0.74 −1.27 −2.21 −4.68

��max,N� /N 1.70 1.86 2.35 3.77 5.86 9.56 19.17

	�� /2,N� /N 1.70 1.46 1.34 1.26 1.23 1.22 1.21

�� /2,N� /N 1.70 1.20 0.93 0.75 0.69 0.66 0.64
	�0,N� /N 1.70 2.18 3.02 5.14 12.24 20.21 40.97

F̄�N� /N 1.70 1.72 2.00 2.91 4.29 6.76 13.19

F̄Q2D�N� /N 1.70 1.33 1.14 1.01 0.96 0.94 0.93

FIG. 3. �Color online� Friction force exerted by the fluid per segment of the
adsorbed particle.
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F�N� = �
0

�/2

d� sin�� 1

2�
�

0

2�

d�F�N,�,�� , �8�

where F�N ,� ,�� is provided by Eq. �4�. Note that only the
component of the averaged force parallel to the ambient flow
direction is different from zero. This can be deduced from
symmetries of the system or derived directly from Eq. �4� by
analytically calculating the integrals over � of the trigono-
metric functions. In general, the calculation of the integral
�8� is split into two stages. First, the averaging over
the angle � is performed resulting in the function
�	�� ,N�+
�� ,N�� /2. Its values for different angles � and
number of segments N are evaluated using the HYDROMUL-

TIPOLE algorithm18 as already discussed. Multipole trunca-
tion order is chosen to L=5 resulting in the accuracy of the
integrand function better than 0.1%. Integration over � is
then performed using the Gauss method implemented within
the NUMERICAL RECIPES package. The number of Gauss
points is chosen equal to 10, which is enough to obtain a
precision of 10−5 of the integration procedure. The values of

the averaged force F̄�N� obtained for different aspect ratios
of the rodlike particle have been listed in the third part of
Table I.

In practical applications, apart from totally random par-
ticle orientations, one encounters also systems in which par-
ticles are adsorbed flat on the surface, retaining only the
randomness in the angle � between their axis and the flow
direction. This system is quasi-two-dimensional. The average
force exerted on the particle is then given by the expression
in brackets in Eq. �8� taken at �=� /2. It is parallel to the
flow direction and given by

F̄Q2D�N� =
1

2
�	��

2
,N + 
��

2
,N� . �9�

The values of F̄Q2D�N� obtained for different aspect ra-
tios of the particle have been listed in the third part of
Table I.

Concluding, in this work we have calculated the friction
force exerted by the shear flow on an adsorbed rodlike poly-
mer, depending on its orientation with respect to the flow
direction. The multipole method used offers a well defined
mechanism of controlled precision25 through the change of
the multipole cutoff number L. It enabled us to determine
very precisely the hydrodynamic effects of the wall on elon-
gated particles. These results may also be used to test simpler
models and applied in may contexts.9,28–30 Finally, we have

found that the averaged force F̄Q2D�N� of a rodlike particle

composed of N spherical particles adsorbed flat on the sur-
face is significantly smaller then the total friction force of N
isolated adsorbed spherical particles. This means that once
particles group into elongated structures, the flow exerts a
much smaller force on them. This observation might have
broader implications for the understanding of the dynamics
of self-assembling quasi-two-dimensional systems.
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