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Turbulence

Richardson’s parody of Swift's poem:

« Greater whirls have lesser whirls
that feed on their velocity

and lesser whirls have smaller whirls
and so on to viscosity»
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1. Coherent structures
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vorticity
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Example of 2D turbulent flow



3d structures

L Figure 1. Example of 3D turbulent flow. J
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The Oseen vortex

|2
_ K y
wOoseenl) ) = 2m2u €
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|7Theorem: Let a Navier-Stokes solution
w(t,z) € C(]0, oo),Ll(R2)) N CY((0, oo),LOO(R2)) with initial
condition w(0) = w € L'(R?), then the quantity

/RQw(t,a;) d:c:/R2w0(a:) dr, t>0

IS preserved in time.
The solution goes asymptotically to the Oseen vortex with
constant K = Jp2 wo(z) da.

1
lim ¢ "7 |lw(t, 2) — wogeeft: 2)|lz =0, for 1<p< oo,

t—00

o -
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Coherent structures in 3d
s

Under the condition "background straining flow"

tability of the Burgers votices [Thierry Gallay]:

a2 1 ~2 2
wo)= | —3e | . P@) = —5(F 2+ 5 23 +7),
Y L3

we observe the stability of the vortex

0
K . (:U2—|—:c2)
QF (z,t) = 4—76 |0
TV S
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Isotropic 2D divergence-free wavelets

-

Isotropicdivergence-free 2D scale function and wavelets T
(diva = 0) [Lem92] :

e | 5
div (0,1) _ —901(551)% (72)
v (@1,72) 1 (z1)1(22)

B )y, ) = | D)
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Example of 2D divergence-free wavelets
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Example of 3D divergence-free wavelets

Isosurfaces of modulus of vorticity of the 14 isotropic
divergence-free 3D wavelets

L -
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Anisotropic wavelets

e

Xpressions
® divergence-free wavelets:

2j2¢1(2j1£131 — k1)¢0(2j2£€2 — ]CQ)
_2j1¢0(2j1x1 _ k1)¢1(2j2332 _ k2)

#® gradient wavelets:

2014ho (27121 — kp))1 (2729 — ko)

curl _ , . -
Wi (21, 02) = ' 2241 (271 1 — k1 )o (27222 — ko)

with scale j = (41, j2) € Z* and position k = (k;, ko) € Z°.
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2. Coherent Vortex Extraction

-

fAim: Perform a coherent vortex extraction of 3D turbulent field
thanks to divergence-free wavelets

Criteria

® Error in enstrophy:
lwtotalll” = llweohl® + lwingohll” + 2% < weoh wingoh >
Error in energy (idem)

| I

Visualization, cheking for structures in incoherent part

°

Fourier spectra to check the energy repartition
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Numerical results: compression tables

W .

e used the first one for compression:

Decomp. freld
Vorticity Total Coherent Incoherent Correlation
Yocoe f 100% 3% 97%

Enstrophy 71.2 73 23 —12.4
Enstrophy(%) | 100%  102.5% 32.3% —34.8%
orthogonalcase

Vorticity Total Coherent Incoherent Correlation
Enstrophy(%) | 100%  75.5% 24.5% 0%
biorthogonalcase
Vorticity Total Coherent Incoherent Correlation
Enstrophy(%) | 100%  69.0% 27.3% 3.7%
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Numerical results: compression graph

- o
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On the left, comparison between isotropic and anisotroprefigte
wavelet compression in semi-log scale. On the right, cbatrons
from div-free coefficients and complement coefficients.
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Numerical results: visualization

| .

A sub-cubes4? of the initial turbulent field256° (Re=260)

L -
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Visualization: coherent part

- .

Coherent part with the div-free wavelets (left), the orthogl
Coifman 12 wavelets (center) and the biorthogonal Hartenelets

(right).

o -
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Visualization: incoherent part

- .

Incoherent part with the div-free wavelets (left), the ogbnal
Coifman 12 wavelets (center) and the biorthogonal Hartenelets

(right).

o -
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3. Navier-Stokes scheme



Wavelet decomposition of the NS solution

- .

#® Incompressible Navier-Stokes equations:

(u+u-Vu—rvAu+Vp="1,
(N-S)< divu =0,
\ 11(0,:13) — 110(:13)

#® Decomposition of u in a wavelet basis of Hg;,, -

u(t,z) =)y dip(t)¥53(2)

jEZ keza
® Then we numerically solve (IP = Leray projector):

oru+ Plu- Vu] — vAu = P(f)
o
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s

9
9
9

Adams-Bashford order 2 Iin time

emi-implicit wavelet scheme:

Heat kernel implicit in time.
Wavelet discretization u(ndét, z) = >, cux Y3V (2)

At each time step n, we solve:
intermediate step u,, /-

ot ot

then

ot
(Id — V§A> Unt+1 = u,+0t (gAU—n — P [(un—i—l/Q . V)un+1/2])

-
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Adaptive scheme

- .

( %—‘;+u.Vu+Vp:VAu+f tE[O,T],xERd, d=2or3
$ d“/[l=:‘7'll::§:tzlggz——
\ u(z,0) = ug(z)

A,,= set of active wavelet coefficients.

uy (ndt, z) = Z cnx UG (2)
AEA,

with #(A,,) = N (the set A,, has NV elements) and
UV € Hyjy o = {u € L?, div(u) = 0}.

o -
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Thresholding
L

et the expansions

u,, — E Cn’)\ \IJ(){N
A

and
Pl(u, - V)u, — f] = dpy U5
A

And let oy,, > 0 and o1,, > 0 be two thresholds.

Two criteria for an element A to be in A,,: ¢, Is activated if

< ‘Cn)\ > 00n

® Or

dn,)\‘ > O1n

o -
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Numerical test on the “merging of 3 vortices”

-

t=0 t=10
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(®

Vorticity fields and wavelet coefficients on a 5122 grid,

pseudo-spectral.

o

—p. 24/



Full wavelet code

- simplest spline of degree 1 and 2 wavelet code

- semi-implicitschema of order 2 for the time evolution
- 2562 grid, 6t = 0.02 and v = 5.107°

- 7 iterations for Helmholtz, 3 for the implicit Laplacian,
- Code using uniquely wavelet transforms

o -
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Pseudo-adaptive code

nb of active coeff t=20 t=40

i //m\w
- | -
::i/ | ® .
| *
relative error history
" j "
Ve |

blue: pseudo-spectral code
green: wavelet code
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Effects of anisotropy

- .
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Generalized divergence-free wavelets

-

’
‘ .
t=10 t=20

Coefficient evolution
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Conclusion - Perspectives

fAsszets T

® Computations with linear complexity (O(n) operations for n
the number of degrees of freedom)

#® Time/frequency discretisation = adaptivity

#® Original divergence-free wavelet solver for Navier-Stokes
Per spectives

# To implement a really adaptive code = adaptive strategy in
space and in time

#® make this method partially lagrangian (convecting the small
vortices by the large scales of the flows)

o -
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