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Abstract 

The present doctoral Thesis investigates the yield surface identification and its evolution in 

functional metallic materials under complex loading paths, reflecting pre-deformation histories. 

The experimental study focuses on CP-Ti (Commercially Pure Titanium), CP-Cu 

(Commercially Pure Copper), Ti-Cu bimetal, and SS316L stainless steel, offering significant 

insights into their anisotropic mechanical behaviour and strain-hardening mechanisms. The 

research addresses the lack of comprehensive data on the impact of pre-deformation on yield 

surface evolution, a crucial aspect in design engineering and manufacturing processes. 

The experimental methodology employs the single specimen approach combined with the 

sequential probing technique, where the yield surface was identified at various plastic offset 

strains. The SzczepiŒski yield criterion was utilized for yield surface approximation. The initial 

yield surface and its subsequent evolution were determined after pre-deformation induced by 

uniaxial tension and combined tension-cyclic torsion loading. The results reveal that pre-

deformation substantially influences the size, shape, and position of the yield surface, with 

distinct effects depending on the loading path and material type. 

The findings of combined tension-cyclic torsion loading on the mechanical properties of CP-

Ti, CP-Cu, and Ti-Cu bimetal indicate a significant reduction in axial stress, with the magnitude 

of softening increasing with torsional strain amplitude and frequency. Moreover, the anisotropic 

nature of the initial yield surface of CP-Ti, likely resulting from manufacturing processes, was 

confirmed through EBSD texture analysis. Whereas, the size of subsequent yield surfaces after 

pre-deformation of the CP-Ti were reduced in all directions, except of that representing the pure 

tension. In the case of CP-Cu, pre-deformation through monotonic tension resulted in kinematic 

hardening, shifting the yield surface in the pre-strain direction. Conversely, combined tension-

cyclic torsion pre-deformation induced anisotropic hardening at lower torsional amplitudes and 

anisotropic softening at higher amplitudes. The dominant influence of torsional strain amplitude 

over frequency highlights the complex interplay between loading direction and strain path. For 

the Ti-Cu bimetal, the yield surface evolution reflects the combined mechanical properties of 

its constituents. The observed kinematic hardening following monotonic tension and kinematic 

softening after combined loading indicate the critical role of microstructural changes in the 

bimetal's mechanical response. EBSD analysis confirmed that shear strain magnitude during 

combined loading triggers recrystallization and the activation of additional slip systems, leading 

to yield surface anisotropy. The investigation of SS316L explored the yield surface evolution 

in both wrought and LPBF-printed (Laser Powder Bed Fusion) specimens across different 

printing orientations. The layer-by-layer additive manufacturing process introduced directional 

dependencies in yield strength, with Z-oriented specimens exhibiting the lowest mechanical 

performance. Pre-deformation through monotonic tension resulted in varying degrees of 

softening, influenced by both material morphology and pre-strain level. 

The findings of this Thesis contribute to the broader understanding of anisotropic plasticity and 

yield surface evolution in metallic materials, offering valuable data for the development of 

advanced constitutive models in computational mechanics. The experimental validation of the 

SzczepiŒski yield criterion highlights its potential as a powerful tool for predicting the 

mechanical response of materials under complex multiaxial stress states. The outcomes of this 

study hold significant implications for the design, manufacturing, and structural optimization 

of functional materials in aerospace, automotive, and biomedical applications.  
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Streszczenie 

Tytuğ rozprawy: 

Identyfikacja powierzchni plastycznoŜci materiağ·w funkcjonalnych i jej ewolucji 

uwzglňdniajŃcej wprowadzonŃ historiň deformacji w warunkach obciŃŨeŒ zğoŨonych 

Niniejsza rozprawa doktorska dotyczy identyfikacji powierzchni plastycznoŜci i jej ewolucji w 

funkcjonalnych materiağach metalicznych pod wpğywem historii deformacji wywoğanej 

r·Ũnymi rodzajami obciŃŨenia. Badania przeprowadzono na komercyjnie czystym tytanie (CP-

Ti), komercyjnie czystej miedzi (CP-Cu), bimetalu Ti-Cu oraz stali nierdzewnej SS316L, 

uzyskujŃc istotne dane opisujŃce zar·wno ich anizotropowy charakter przy zastosowanych 

obciŃŨeniach, jak i mechanizmy umocnienia odksztağceniowego. Badania miağy na celu 

wzbogacenia wiedzy na temat wpğywu wstňpnego odksztağcenia na ewolucjň powierzchni 

plastycznoŜci, co stanowi kluczowe znaczenie w projektowaniu inŨynierskim i opracowywaniu 

nowych proces·w produkcyjnych. 

W badaniach powierzchni plastycznoŜci zastosowano technikň testowania pojedynczej pr·bki 

obciŃŨanej  sekwencyjnie, w wyniku r·Ũnych kombinacji skğadowych naprňŨenia i wartoŜci 

offsetu plastycznego. Ksztağt i wymiary powierzchni plastycznoŜci aproksymowano 

wykorzystujŃc kryterium plastycznoŜci zaproponowane przez SzczepiŒskiego. Dla kaŨdego 

badanego materiağu wyznaczano poczŃtkowŃ powierzchniň plastycznoŜci, a nastňpnie po 

wprowadzeniu w materiale wstňpnej deformacji plastycznej wskutek jednoosiowego 

rozciŃgania lub kombinacji jednoosiowego rozciŃgania i cyklicznego skrňcania okreŜlano jej 

ewolucjň. Wyniki pokazağy, Ũe wstňpne odksztağcenie plastyczne ma istotny wpğyw na rozmiar, 

ksztağt i poğoŨenie powierzchni plastycznoŜci, z wyraŦnymi efektami zaleŨnymi od ŜcieŨki 

obciŃŨenia i rodzaju materiağu. 

Wyniki kombinacji jednoczesnego obciŃŨenia o charakterze rozciŃgajŃco-skrňcajŃcym 

prowadziğo do istotnej redukcji wartoŜci naprňŨenia osiowego badanego tytanu, miedzi oraz 

bimetalu Ti-Cu, przy czym wielkoŜĺ osğabienia wzrastağa wraz z amplitudŃ i czňstotliwoŜciŃ 

odksztağcenia skrňtnego. Ponadto, anizotropowy charakter poczŃtkowej powierzchni 

plastycznoŜci tytanu, prawdopodobnie wynikajŃcy z zastosowanych proces·w produkcyjnych, 

zostağ potwierdzony przez analizň tekstury w badaniach z uŨyciem EBSD. Natomiast rozmiar 

kolejnych powierzchni plastycznoŜci po wstňpnym odksztağceniu tytanu ulegğ zmniejszeniu we 

wszystkich rozpatrywanych kierunkach, z wyjŃtkiem jednego, reprezentujŃcego proste 

rozciŃganie. W przypadku czystej miedzi wstňpna deformacja wskutek monotonicznego 

rozciŃgania spowodowağa powstanie efektu kinematycznego umocnienia, wyraŨonego przez 

przesuniňcie poczŃtkowej powierzchni plastycznoŜci w kierunku wstňpnego odksztağcenia. Z 

kolei, kombinacja monotonicznego rozciŃgania z cyklicznym skrňcaniem prowadziğa do 

wywoğania efektu anizotropowego umocnienia przy niŨszej amplitudzie skrňcania i 

anizotropowe osğabienie przy wyŨszej jej wartoŜci. DominujŃcy wpğyw amplitudy 

odksztağcenia skrňtnego w por·wnaniu do wpğywu wartoŜci czňstotliwoŜci pozwoliğ 

zidentyfikowaĺ zğoŨonŃ interakcjň miňdzy kierunkiem obciŃŨenia a ŜcieŨkŃ odksztağcenia. W 

przypadku bimetalu Ti-Cu ewolucja powierzchni plastycznoŜci odzwierciedla ğŃczne 

wğaŜciwoŜci mechaniczne jego skğadnik·w. Obserwowane kinematyczne umocnienie po 

monotonicznym rozciŃganiu i kinematyczne osğabienie po zastosowaniu kombinacji obciŃŨenia 

wskazujŃ na istotnŃ rolň zmian mikrostrukturalnych w odpowiedzi mechanicznej bimetalu. 
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Analiza EBSD potwierdziğa, Ũe wielkoŜĺ odksztağcenia ŜcinajŃcego podczas kombinacji 

obciŃŨenia wywoğuje rekrystalizacjň i aktywacjň dodatkowych system·w poŜlizgu, co prowadzi 

do ewolucji powierzchni plastycznoŜci wskazujŃcej na powstawanie cech anizotropowych w 

materiale. Badania stali nierdzewnej SS316L pozwoliğy okreŜliĺ ewolucjň powierzchni 

plastycznoŜci zar·wno w pr·bkach materiağu wyprodukowanego z zastosowaniem operacji 

kucia, jak drukowania metodŃ laserowego spiekania LPBF (Laser Powder Bed Fusion) przy 

r·Ũnych orientacjach procesu. Zastosowany rodzaj drukowania warstwa po warstwie 

wprowadziğ zaleŨnoŜci kierunkowe w wartoŜciach granicy plastycznoŜci, przy czym pr·bki 

zorientowane w kierunku Z wykazywağy najniŨsze parametry mechaniczne. Wstňpna 

deformacja przez monotoniczne rozciŃganie skutkowağa r·Ũnymi stopniami osğabienia, na kt·re 

wpğyw miağa zar·wno morfologia materiağu, jak i poziom wstňpnego odksztağcenia. 

Wyniki prezentowane w rozprawie stanowiŃ przyczynek do szerszego zrozumienia problemu 

anizotropii plastycznej oraz ewolucji powierzchni plastycznoŜci w wybranych materiağach 

metalowych, oferujŃc cenne dane mogŃce znaleŦĺ zastosowanie przy opracowywaniu 

zaawansowanych modeli konstytutywnych w mechanice komputerowej. Eksperymentalna 

walidacja kryterium plastycznoŜci SzczepiŒskiego podkreŜla jego potencjağ jako efektywnego 

narzňdzia do przewidywania odpowiedzi mechanicznej materiağ·w w zğoŨonych stanach 

naprňŨenia. Przedstawione wyniki badaŒ mogŃ znaleŦĺ wykorzystanie przy projektowaniu, 

wytwarzaniu i optymalizacji strukturalnej materiağ·w funkcjonalnych zar·wno w lotnictwie, 

motoryzacji, jak i w zastosowaniach biomedycznych. 
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Chapter 1 

Framework of the Thesis 
 

 This chapter presents the motivation and objectives of the Thesis, describing the 

scientific background and methodological approach used to achieve the research aims. It 

provides an overview of the Thesis structure, highlights original contributions, and outlines the 

potential applications of the findings in advancing anisotropic yield criteria in engineering 

fields. 

 

1.1 Introduction  

The experimental investigation of metallic materials plays a pivotal role in understanding their 

mechanical properties and behaviour under various loading conditions. Metallic materials 

exhibit a wide range of properties, including strength, ductility, toughness, and thermal 

conductivity, making them indispensable across numerous engineering applications. The 

variety of metallic materials, such as ferrous alloys (steel, cast iron) and non-ferrous alloys 

(aluminium, copper, titanium), offers personalised solutions for different industrial 

requirements. These materials are extensively used in automotive, aerospace, construction, 

energy, and medical industries due to their superior performance and reliability. Experimental 

investigations, including uniaxial tensile tests, biaxial tests, and shear tests, are essential for 

characterising the yield behaviour, strain hardening, and failure mechanisms of metallic 

materials. Understanding these properties enables the development of accurate constitutive 

models and enhances the prediction of material performance under complex loading scenarios. 

1.2 Motivation  

The accurate identification of yield surfaces of materials under complex loading conditions is 

a crucial aspect of modern mechanics of materials. Despite significant advancements in yield 

criteria and plastic deformation theories, experimental studies examining the influence of pre-

deformation history on subsequent yield surfaces remain relatively underexplored, especially 

in the context of complex stress state pre-deformation. In many engineering applications, 

materials experience pre-deformation due to prior loading histories, such as uniaxial tension or 

cyclic torsion or complex multiaxial loading, which can significantly alter their yield behaviour. 

Figure 1.1 presents some of the examples of evolution of the yield surface reflecting the pre-

deformation in materials. 

In the realm of manufacturing, understanding the effects of pre-deformation under complex 

loading on yield surfaces can improve processes such as metal forming, and additive 

manufacturing. For instance, in sheet metal forming, the material undergoes significant plastic 

deformation, and the resulting anisotropic hardening can affect the final product's dimensional 

accuracy and mechanical properties. 

From an engineering design perspective, the ability to predict the onset of plastic deformation 

and its evolution under complex loading conditions is crucial for ensuring the safety, reliability, 

and durability of engineering components. Traditional design approaches often rely on 
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conservative estimates of material behaviour based on the uniaxial tests, which can lead to over-

engineering and increased costs. Understanding of the material behaviour under complex stress 

loading and the impact of pre-deformation on yield surfaces allows for the optimization of 

material performance, extending the lifespan of components and minimizing the risk of failure. 

This knowledge is critical for designing lightweight yet durable components, particularly in 

industries where weight reduction and safety are paramount such as automotive, aerospace, 

military, and others. 

 

Figure 1.1. Evolution of the yield locus. 

One of the major challenges in computational mechanics is the development of advanced 

constitutive models capable of capturing the anisotropic hardening or softening behaviour 

induced by complex loading histories. Modern computational tools, such as finite element 

analysis (FEA), rely heavily on accurate material models to simulate complex loading 

scenarios. Accurate yield surface identification by a yield criterion serves as the cornerstone for 

formulating such models. Experimental data is essential for validation of these advanced 

constitutive models, thereby enhancing the numerical simulations of material behaviour in 

engineering applications. 

The aforementioned observations have inspired as the foundation for the preparation of this 

doctoral Thesis. This research addresses a critical gap in the understanding of the yield surface 

identification of metallic materials and its evolution under pre-deformation induced by uniaxial 

and complex loading conditions, which are commonly encountered in practical engineering 

applications. The primary motivation lies in understanding how pre-deformation alters the 

initial yield surface and how these changes can be accurately described by appropriate yield 

criteria. By employing the SzczepiŒski yield criterion, which incorporates the anisotropic effect 

through linear stress terms, this research aims to offer a more refined approach to modelling the 

plastic behaviour of metallic materials. The outcomes will not only advance the scientific 

understanding of plasticity in metallic materials but also support the development of next-

generation materials and structures in engineering design and manufacturing processes. 
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1.3 Objectives 

In this Thesis, the experimental identification of yield surfaces for various functional metallic 

materials is systematically presented. The SzczepiŒski yield criterion, proposed in 1993, is 

employed to determine the onset of plastic deformation. This yield criterion extends traditional 

isotropic yield models by incorporating the effects of material texture and deformation-induced 

anisotropy, enabling it to accurately capture the anisotropy present in the material. The initial 

anisotropy arises predominantly from manufacturing processes, which induce texture evolution 

and consequently change the mechanical properties of the material, deviating from isotropic 

behaviour. Materials in their as-received state, often without subsequent heat treatment post-

manufacturing, tend to exhibit anisotropy due to processes such as rolling, drawing, or 

extrusion, commonly used in producing metal sheets, bars, or profiles. Engineering applications 

involving such materials must account for both the inhomogeneous mechanical properties and 

the undesirable features of anisotropic behaviour, including premature fracture and shear 

banding. 

It is widely recognized that the characterisation of materials based solely on uniaxial testing 

methods provides limited data, that are not sufficient to identify all aspects of their behaviour, 

particularly those related to texture and anisotropy induced by manufacturing processes. 

Therefore, 

the aim of this Thesis is to carry out a comprehensive experimental and theoretical 

analysis of the physical mechanisms responsible for the plastic deformation 

resulting from the complex mechanical loading in functional materials. The 

materials will be tested both in their  as-received state and after prior deformation 

induced by monotonic or cyclic loading. The yield surface concept will be used to 

identify the initial texture of the tested materials and for analysing subsequent 

modifications in their properties by its evolution due to applied loading history 

induced. 

Thus, to achieve the objectives of this doctoral Thesis, the following methodology is 

implemented: 

¶ State-of-the-art assessments concerning material characterisation under complex stress 

states, focusing on materials with varying manufacturing processes and crystal 

structures. The selected materials include: titanium (HCP), copper (FCC), Ti-Cu bimetal 

(HCP-FCC), and wrought SS316L (FCC) produced through conventional methods, 

while LPBF-printed SS316L (FCC) is manufactured via additive manufacturing. 

¶ Fabrication of SS316L specimens in XY, ZX, and Z orientations using the laser powder 

bed fusion (LPBF) technique with optimized printing parameters. 

¶ Evaluation of the mechanical properties of the chosen materials. 

¶ Development of the specimen geometries for strength tests in a complex state of stress 

caused respectively by axial load and torque. 

¶ Determination of the initial yield surface with the use of stress components resulting 

from acting of axial force and twisting moment. Depending on the loading combination 
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the yield surfaces will represent cross-sections of stress ellipsoid showing the values of 

yield point of the material in the as-received or as-printed state. 

¶ Development of a loading program combining monotonic tension with cyclic torsion to 

introduce pre-deformation. 

¶ Analysis of the condition of the tested materials on the basis of secondary stress-strain 

curves from determination of the yield surface of materials with loading history. 

¶ Determination of the secondary stress ellipsoid of the tested materials reflecting an 

influence of the loading history induced. 

¶ Microstructural analysis of the tested materials in both the as-received state and after 

pre-deformation, providing insight into the underlying mechanisms responsible for 

anisotropy and texture evolution. 

1.4 Contents of the Thesis 

The Thesis is systematically organized into nine chapters, each addressing distinct aspects of 

the research: 

¶ Chapter 1: Introduction ï This chapter outlines the general framework of the Thesis, 

providing the motivation, objectives, original contribution, and scope of the study. 

¶ Chapter 2: Literature r eview ï A comprehensive review of historical development of 

yield surface analysis and effect of pre-deformation processes on material properties is 

presented. A comparative analysis of mechanical properties in the as-received and pre-

deformed states is provided, along with an overview of the most commonly used 

functional materials. 

¶ Chapter 3: Experimental techniques ï The experimental methodologies, including 

quasi-static tension tests and combined monotonic tension-cyclic torsion tests, are 

detailed. The chapter discusses the state-of-the-art techniques, yield point definitions, 

specimen geometries, and strain control methods adopted during the experiments. 

¶ Chapter 4: Yield criteria ï The fundamental principles of yield criteria are introduced, 

with a concise discussion of historical and widely used models such as Tresca and von 

Mises. The SzczepiŒski yield criterion is formulated and adapted to biaxial (axial-shear) 

stress space, aligning with the experimental framework of the Thesis. 

¶ Chapter 5: Experimental investigations on CP-Ti ï The mechanical response of 

commercially pure titanium (CP-Ti) under biaxial stress states is explored. The initial 

and subsequent yield surfaces in the as-received and pre-deformed states are identified, 

accompanied by microstructural analysis to assess texture evolution. 

¶ Chapter 6: Experimental investigations on CP-Cu ï This chapter presents the initial 

yield surface of commercially pure copper (CP-Cu) and the subsequent yield surfaces 

following pre-deformation. The mechanical response under biaxial stress states 

involving combined tension-cyclic torsion loading is examined, with emphasis on 

anisotropic hardening and softening phenomena. 
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¶ Chapter 7: Experimental investigations on Ti-Cu bimetal ï The mechanical 

behaviour of Ti-Cu bimetallic structures is analysed under the proposed loading 

conditions. A literature review on various bimetallic structures is included, along with 

the effect of monotonic tensile and complex stress state pre-deformation on the initial 

yield surface and microstructural changes. 

¶ Chapter 8: Additive manufacturing and experimental investigations of SS316L ï 

The additive manufacturing of SS316L stainless steel using the LPBF (Laser Powder 

Bed Fusion) technique is presented. The initial yield surfaces of both wrought and 

additively manufactured SS316L in XY, ZX, and Z orientations are identified, and their 

evolution due to tensile plastic pre-deformation at various strain levels is discussed in 

detail. 

¶ Chapter 9: Conclusions and recommendations ï The final chapter summarizes the 

key findings of the Thesis and provides recommendations for future research, 

highlighting potential directions for better understanding of yield surface evolution in 

functional materials. 

1.5 Original contributions  

The original contributions carried out in this Thesis are summarised as follows: 

¶ Design, evaluation, and validation of experimental methodologies for strength testing 

under complex stress states induced by axial force and torque. 

¶ Design and additive manufacturing of SS316L specimens using LPBF technique with 

optimized printing parameters, ensuring high-quality fabrication. 

¶ Development and presentation of initial and subsequent yield surfaces and curves for 

selected materials, capturing the impact of pre-deformation on their mechanical 

response. 

¶ Validation of the Szczepinski yield criterion through its effective application in 

capturing yield surfaces in both as-received and pre-deformed states under varying pre-

strain conditions, across materials with different manufacturing process and crystal 

structures. 

¶ Comprehensive microstructural analysis of CP-Ti and Ti-Cu bimetal using the Electron 

Backscatter Diffraction (EBSD) technique to identify texture evolution and grain size 

changes resulting from pre-deformation. 

1.6 Applications 

Possible application of conclusions and observations included in the Thesis are as follows: 

¶ This research not only advances fundamental understanding of multiaxial plasticity and 

anisotropy but also offers practical guidance to industries requiring high-performance 

materials under complex loading. By integrating these findings into design, 

manufacturing, and simulation workflows, engineers can achieve safer, longer-lasting, 

and more efficient structural components. 
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¶ The insights into torsional strain amplitude in cyclic loading in combination with 

monotonic tension for CP-Ti, CP-Cu and Ti-Cu bimetal contribute to more accurate 

fatigue life predictions and failure analyses in components subjected to vibrational and 

multiaxial operational conditions, such as turbines, pressure vessels, and piping 

systems. 

¶ The LPBF-printed SS316L results emphasize the influence of build orientation and pre-

straining on mechanical anisotropy. This is particularly valuable in industries utilizing 

additive manufacturing, such as biomedical implants, nuclear components, and high-

performance industrial equipment. 

¶ The correlation between microstructural changes and yield behaviour opens avenues for 

materials scientists to engineer grain structures and crystallographic orientations that 

optimize strength, ductility, and fatigue resistance based on anticipated loading 

conditions. 

The findings presented in this Thesis have already been published in two peer-reviewed journal 

articles [1,2]. The first article (Dubey VP, Kopec M, ĞaziŒska M, and Kowalewski ZL (2023), 

Yield surface identification of CP-Ti and its evolution reflecting pre-deformation under 

complex loading. International Journal of Plasticity, 167, 103677) reports on how the yield 

surface of CP-Ti was identified and how it evolves when the material is pre-deformed under 

complex loading conditions. The second article (Kopec M, Dubey VP, Pawlik M, Wood P, and 

Kowalewski ZL (2024), Experimental identification of yield surface for additively manufactured 

stainless steel 316L under tensionïcompression-torsion conditions considering its printing 

orientation, Manufacturing Letters, 41, 28-32) focuses on experimentally determining the yield 

surface of additively manufactured stainless steel 316L, with a particular emphasis on how 

different printing orientations affect its mechanical response. Since the content of these articles 

coincides with the material presented in this Thesis, some chapters, especially Chapters 5 and 

8, include content that directly reflects those publications. Elsewhere in the Thesis, the material 

originating from the articles has been expanded upon and integrated into a broader discussion 

to provide additional context and depth. 
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Chapter 2 

Literature review  
 

 This chapter provides a comprehensive historical review of experimental techniques 

developed to characterise the yield surface of engineering materials. Additionally, to illustrate 

the broad applicability of pre-deformation effects proposed in this Thesis, various pre-

deformation processes and their influence on materialôs mechanical properties are presented. 

The discussed techniques include pre-tension, pre-compression, pre-torsion, and their 

combined applications. Additionally, a literature-based overview of the key mechanical 

properties of most commonly used functional materials is provided, highlighting their 

performance improvements and underlying microstructural mechanisms. 

 

2.1 Introduction 

The increasing demand for metallic materials exhibiting enhanced mechanical properties and 

stability under diverse operating conditions has driven the field of materials science to develop 

innovative solutions. Among these, the application of pre-deformation has emerged as a widely 

adopted technique over the past two decades. Pre-deformation involves the intentional 

introduction of plastic strain into a material during post-processing to modify its microstructure 

and, consequently, enhance its mechanical performance. This approach can be executed using 

various deformation techniques, either individually or in combination, by common exploitation 

processes such as forging, and rolling or typical laboratory loads due to tension, and torsion for 

example. 

The concept of the yield surface has long played a key role in understanding of material 

behaviour under complex loading conditions. As a fundamental element in theory of plasticity, 

the yield surface defines the limit beyond which a material undergoes irreversible deformation. 

The historical development of yield surface determination reflects the broader evolution of 

continuum mechanics, materials science, and experimental methods, tracing a path from early 

phenomenological models to sophisticated anisotropic and multiaxial formulations. Early 

efforts to characterise yielding began in the 19th and early 20th centuries with the classical yield 

criteria, such as those proposed by Huber, Tresca, and von Mises, which offered simplified but 

powerful tools for predicting material failure under combined stresses. These models, rooted in 

macroscopic observations of ductile metals, laid the groundwork for subsequent refinements 

that incorporated microstructural influences and anisotropic effects. With advances in 

experimental techniques, particularly the development of biaxial and multiaxial testing 

machines, have enhanced the understanding of yield behaviour, enabling the empirical mapping 

of yield loci for a wider range of materials. Throughout the 20th century, the introduction of 

numerical methods and computational plasticity significantly accelerated the modelling and 

interpretation of yield surfaces. Researchers began to explore non-associated flow rules, 

pressure-sensitive criteria, and the influence of texture and loading path history. Yield surface 

determination thus evolved from simple graphical constructs into complex, multidimensional 

representations informed by both theory and experiment. This chapter presents a comprehensive 

literature review divided into two main sections: the first outlines the key historical milestones 
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in the experimental identification and characterisation of yield surfaces, while the second 

examines the effects of pre-deformation on the mechanical properties of materials. 

2.2 Historical assessment of experimental identification of yield surfaces 

The determination of the yield surface of materials under multiaxial stress states is critical to 

understanding plastic deformation. Traditionally, yield surfaces have been modelled using 

theoretical constructs (e.g., von Mises, Tresca), often assuming perfect material behaviour and 

isotropy. In his 1958 study, P. M. Naghdi [3] explored the initial and subsequent yield surfaces 

in plasticity, with a specific focus on the Bauschinger effect and strain-hardening anisotropy in 

materials subjected to combined torsion-tension-reversed torsion loading paths. Utilizing 27 

tubular specimens of extruded 24S-T4 aluminium alloy, the research aimed to establish a 

detailed understanding of yield surfaces under multiaxial loading. The testing was conducted 

with precision equipment, including a combined torsion-tension-reversed torsion machine and 

advanced data recording tools. The results revealed that the initial yield surface closely 

resembled the Mises yield condition, while subsequent yield surfaces obtained after two 

predetermined torsional plastic deformation, exhibited a notable Bauschinger effect, especially 

near the shear stress axis (Figure 2.1). This behaviour supports the need for anisotropic strain-

hardening theories to explain material responses, yet the findings also emphasize the role of 

isotropy in the experimental outcomes. The studyôs insights into yield surface evolution 

contribute significantly to the development of plasticity models under complex loading 

conditions. 

The paper by H. J. Ivey in 1961 marks a pivotal contribution to the experimental understanding 

of yield surfaces in aluminium alloys (Al-alloys) subjected to complex multiaxial loading [4]. 

Using a systematic series of tension-torsion experiments, the research presents a novel 

methodology for mapping initial and three subsequent yield surfaces for 19S aluminium alloy. 

The subsequent yield surfaces were obtained after three different torsional pre-strain values. 

The hardness variation across the specimens in all states remained within 5ï10%, indicating 

high material uniformity. One of the most significant findings is the clear, smooth translation 

of the yield surface in the direction of strain hardening, with no evidence of sharp corners or 

singularities, as shown in Figure 2.2. This directly supports incremental plasticity theories, 

particularly the Mises-Hencky model, which was validated through accurate prediction of 

plastic strains even under non-proportional loading paths. The study reveals a pronounced 

Bauschinger effect, characterised by a diminished elastic range upon stress reversal, particularly 

near the shear stress axis. However, it also confirms the absence of cross-effects, as tensile yield 

strength remained unaffected by torsional pre-straining. All observed yield surfaces were 

convex, and subsequent surfaces no longer enclosed the origin, indicating permanent plastic 

deformation even after complete unloading. Importantly, the initial modulus of secondary 

loading matched the elastic modulus, confirming the absence of yield surface "corners." This 

comprehensive experimental methodology and validation of smooth, convex yield surfaces 

without invoking corner singularities represents a critical evolution from earlier, less conclusive 

studies. 
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Figure 2.1. The initial and subsequent yield surfaces for 24S-T4 Al-alloy [3] . 

 

Figure 2.2. Initial and subsequent yield surfaces for 19S Al-alloy [4] . 

Initial 
First subsequent 

Second subsequent 

Third subsequent 
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In 1964, Mair and Pugh presented a detailed experimental investigation into the effect of pre-

strain on the yield surfaces of annealed copper, offering novel insights into the hardening 

behaviour of metals under combined loading [5]. By employing a controlled experimental setup 

for combined stress and highly isotropic copper, the authors established yield loci after 

controlled tensile and torsional pre-strains. A key innovation lies in comparing multiple 

definitions of yield, revealing that the choice of yield criterion significantly affects conclusions, 

particularly regarding the presence of cross-hardening effects. Unlike prior studies, this work 

clearly demonstrates a strong cross-effect: torsional pre-strain increases tensile yield stress and 

vice versa. For instance, tensile yield stress increased from 6.6Ĭ103 to 14.0Ĭ103 psi as torsional 

pre-strain rose from 0.25% to 3.0%, confirming non-isotropic hardening. The results also show 

inflation, distortion, and translation of the yield surface, quantified through deviations from the 

von Mises circle, supporting Hodgeôs combined kinematic-isotropic hardening model over 

simpler theories. Notably, no vertex formation was observed at the pre-strain point, challenging 

some slip-based theories. This work significantly advances the understanding of yield surface 

evolution in work-hardening metals, with implications for forming processes. 

The series of studies by Szczepinski, Miastkowski, and Marjanowic between 1965 and 1975 

significantly advanced the experimental understanding of yield surface evolution in metals 

under complex loading paths [6ï8]. Their research, grounded in meticulous biaxial and 

multiaxial testing, offers valuable insights that challenge classical hardening models and shape 

modern plasticity theory. In their 1965 study, Szczepinski and Miastkowski conducted a 

systematic investigation of the effects of pre-straining on M-63 brass using biaxial loading 

through internal pressure and axial force [6]. Employing 28 thin-walled tubular specimens, they 

were able to construct the initial and three subsequent yield surfaces corresponding to 

equivalent plastic strains (‐) ranging from 0.01% to 0.5% (Figure 2.3). The novelty lies in the 

systematic investigation of how both the shape and orientation of yield surfaces evolve due to 

different pre-strain paths, a feature rarely quantified in prior studies. A major breakthrough of 

the study was the observation that yield surfaces evolved differently depending on the direction 

of pre-strain, particularly at low strain levels. The results show that while high-strain yield 

surfaces (‐ = 0.5%) were largely unaffected by the loading path, early-yield surfaces like the 

proportional limit and ‐ = 0.02% exhibited significant rotation, highlighting sensitivity to pre-

strain direction. This rotation contradicts predictions from classical isotropic or kinematic 

hardening models. Furthermore, the study includes an analysis of strain increment vectors, 

showing that while plastic strain directions generally conformed to the normality rule, 

deviations occurred, possibly due to material heterogeneity. These insights enhance the 

understanding of path-dependent plasticity and challenge existing hardening theories. 

Expanding on this path-dependence theme, their 1968 paper examined how varying pre-strain 

histories influence the yield surface in an aluminium alloy using 56 flat specimens subjected to 

various complex loading paths (Figure 2.4). This time, they introduced an innovative method: 

large sheets were pre-strained along different trajectories, then small samples were cut in 

various directions and tested to map post pre-strain yield loci. A key advance lies in quantifying 

how different loading histories with identical final stress state affect the yield locus. The results 

showed that when the final segment of the loading path was significantly longer than the initial 

one, the material effectively ñforgotò the initial deformation history [7]. Yield surfaces in such 

cases became nearly identical, regardless of the initial paths taken. For example, when the final 

loading (18 kP/mmĮ) exceeded the prior pre-strain (14 kP/mmĮ) by 28.6%, differences in yield 
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loci disappeared. This ñmemory fadingò effect could not be explained by standard kinematic 

hardening models, which predict persistent yield surface translation. Although the kinematic 

model correctly estimated the threshold at which the memory fades i.e., when the final loading 

exceeded the prior one by about 28.6%, it failed to capture the actual shape of the 

experimentally derived yield loci (Figure 2.4b). Thus, while some aspects of the classical 

models held, this work revealed their critical limitations and provided essential experimental 

data to guide the refinement of path-sensitive plasticity theories. 

 

Figure 2.3. Limit curves for the initial material (dashed lines) and pre-strained material until 

point A (continuous lines) [6] . 

The 1975 study by Marjanowic and Szczepinski marked a further step by investigating the post-

cyclic yield behaviour of M-63 brass under non-proportional, cyclic loading [8]. Unlike 

previous experiments that focused on monotonic or unidirectional paths, this study 

reconstructed yield surfaces based on radial stress paths after cyclic preloading (Figure 2.5). 

One of the most important findings was observed the evolution of the yield locus after a few 

cycles of moderate amplitude, the material exhibited fully elastic response within a stabilized 

yield surface. This phenomenon, resembling structural shakedown, indicates that even though 

the material was exposed to macroscopically homogeneous cyclic stress fields, but it responded 

with internal stress redistribution leading to a new stable yield domain. This observation 

confirmed that cyclic plasticity is governed not only by macroscopic conditions but also by 

microstructural heterogeneity. Furthermore, the research offered a pathway to quantify 

shakedown behaviour in terms of cycle amplitude and number of cycles, which has direct 

implications for fatigue prediction in structural components. 

These three studies form a comprehensive experimental foundation for understanding how yield 

surfaces evolve under various complex loading scenarios. By exposing the inadequacies of 

classical hardening theories and introducing new empirical methods, the work of Szczepinski 

and collaborators provide a valuable experimental framework for future yield surface modelling 

under non-proportional, multiaxial loading conditions. 
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Figure 2.4. Illustration of pre-stressing programmes (a); and experimental results for the VII-

VIII pairs of pre-straining programmes (b) [7] . 

 

Figure 2.5. Yield surfaces obtained at various equivalent plastic strains [8] . 

The research by Williams and Svensson in 1970 and 1971 provides a foundational contribution 

to the understanding of yield surface evolution in 1100-F commercially pure aluminium under 

tensile and torsional pre-strain [9,10]. These studies collectively highlight the complex nature 

of yield surface distortion, anisotropy development, and the role of underlying microstructural 

mechanisms in defining yield behaviour. 

In their 1970 study, Williams and Svensson conducted an in-depth investigation into the effects 

of tensile pre-strain on the yield locus [9]. One of the important findings is the significant 

geometric distortion of the yield surface following plastic deformation. After tensile pre-strain, 

the yield locus exhibited pronounced flattening in regions opposite to the loading direction and 

the development of sharply rounded corners at and beyond the loading point (Figure 2.6a). This 

distortion became more evident as the amount of pre-strain increased, as demonstrated by 

comparisons between theoretical and experimental loci at 1%, 3%, 7%, and 14% pre-strain. A 

novel observation was the appearance of additional corners away from the primary loading 

(a) (b) 
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direction, indicating that the yield surface distortion is a global phenomenon rather than a 

localized one. Interestingly, the researchers found no substantial rotation of the yield surface, 

contradicting some earlier theoretical expectations and minimal cross-effect, which was in 

contrast to the behaviour under torsional pre-strain. A phenomenological model proposed in 

this study successfully linked the yield surface changes to internal parameters responsible for 

the observed distortion. These parameters were found to decay rapidly beyond approximately 

100 ɛin/in proof strain, supporting the conclusion that distortion is predominantly a feature of 

early-stage plastic flow. Additionally, the study revealed that the Bauschinger effect, considered 

using a parameter, steadily increased with tensile pre-strain, while the anisotropy effect peaked 

at 7% before decreasing sharply, a trend not previously reported. 

Building upon this, the 1971 follow-up study of Williams and Svensson focused on torsional 

pre-strain and its influence on the yield surface [10]. This research extended the prior findings 

by applying 1%, 3%, 6%, and 10% torsional plastic strains to aluminium specimens and 

analysing the resulting yield loci. A major contribution of this work was the use of a statistically 

derived yield criterion that closely matched the experimental outcomes. Torsional pre-strain did 

not lead to noticeable rotation of the yield surface or clear corner formation at the loading point. 

Nevertheless, the yield surfaces still exhibited severe flattening, especially in regions opposite 

the pre-strain direction, mirroring trends observed under tensile pre-strain (Figure 2.6b). A 

particularly noteworthy result was the presence of a stronger cross-effect, indicative of latent 

hardening, under torsional pre-strain. The authors attributed this to differences in the activation 

of slip systems between the two loading modes. Torsional loading, characterised by fewer but 

more intensely activated slip systems, led to higher jog and dislocation densities. In contrast, 

tensile pre-strain produced a broader, more evenly distributed slip activity with less pronounced 

individual slip. This insight into microstructural behaviour adds depth to the interpretation of 

macroscopic yield surface changes. 

In 1971, Hecker conducted a comprehensive experimental analysis of yield surface evolution 

in strain-hardening materials, specifically 1100-0 aluminium and annealed OFHC copper, 

subjected to uniaxial and multiaxial stress states via simultaneous axial tension and internal 

pressure [11]. The study systematically examined how the magnitude, direction, and sequence 

of pre-strain influence subsequent yield surfaces. The research highlights that the definition of 

yielding significantly affects yield surface shape: small proof strain definitions produce 

anisotropic surfaces that reflect the materialôs deformation history, while large proof strains 

(e.g., 0.2%) result in nearly isotropic surfaces, effectively erasing prior influences. Yield 

surfaces following tensile pre-strain were defined by small proof strains, demonstrated 

consistently expansion and translation in the direction of pre-strain and were visibly distorted 

near the loading point. Additionally, multi-directional pre-strain sequences induced a 

pronounced negative cross-effect, analogous to the Bauschinger effect, emphasizing path-

dependence of plasticity. These findings expose the limitations of traditional continuum 

plasticity theories. Both isotropic and kinematic hardening models fail to capture the observed 

anisotropic small strain behaviour, though isotropic hardening performs adequately for large 

strain responses. 
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Figure 2.6. Comparison of initial and subsequent yield loci obtained post tensile pre-strains 

(a); and torsional pre-strains (b) [9,10]. 

The pioneering studies conducted by Phillips and his collaborators in the 1970s and 1980s laid 

a transformative foundation in the experimental exploration of yield surface behaviour, 

especially under non-isothermal conditions, cyclic loading, and path-dependent pre-stressing 

[12ï20]. These studies focused on commercially pure aluminium (1100-O), using thin-walled 

tubular specimens loaded in combined tension and torsion, and applied a high-precision, single-

specimen method to derive consistent, path-sensitive yield surfaces at both room and elevated 

temperatures ranging from 70ÁF to 325ÁF. One of the key scientific contributions of these 

studies is the introduction of a new operational definition of the yield point, based on the 

proportional limit. In contrast to the more commonly used offset or backward-extrapolation 

(a) 

(b) 

Initial 
1% 3% 7% 14% 

Initial 

1% 
3% 6% 

10% 
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methods, which often lack physical grounding or depend heavily on arbitrary strain thresholds, 

the proportional limit definition adopted here is rooted in the intersection between a linear 

elastic line and an incipient strain-hardening line formed by the first three deviating points in 

the stress-strain curve. This procedure minimizes subjective judgment and allows for early 

detection of plastic behaviour. With instrumentation sensitivity on the order of 0.25 to 0.5 ɛin/in 

and plastic incursions limited to approximately 3 ɛin/in, this method offers a level of accuracy 

that ensures the minimal distortion of the evolving yield surface. 

A distinguishing methodological decision in these experiments was the use of a single specimen 

for mapping the entire virgin and subsequent yield surfaces. By avoiding inter-sample 

variability, the researchers eliminated scatter, which had plagued previous investigations. This 

approach proved crucial in capturing subtle but important phenomena, such as the Bauschinger 

effect and asymmetries in hardening behaviour. The consistent and repeatable results obtained 

across different loading paths and temperatures validate the utility of this method in exploring 

the true physical characteristics of yield surface evolution. 

In their 1972 study, Phillips and Tang investigated the evolution of yield surfaces in pure 

aluminium subjected to tensile pre-stressing at elevated temperatures ranging from 70ÁF to 

305ÁF (Figure 2.7) [12]. They introduced a hardening law combining rigid-body motion and 

directional deformation of the yield surface, effectively capturing the materialôs response to 

progressive pre-stressing. Using five specimens, they demonstrated that initial yield surfaces 

form ellipses lying on isothermal sections of a truncated elliptical cone in (ů, Ű, T) space, with 

an apex extrapolated near the annealing temperature (650ÁF). A major finding was that 

subsequent yield surfaces did not pass through the pre-stress points and did not enclose the 

origin, even at minimal plastic strains as low as 45 ɛŮ, indicating path dependence in hardening 

[12]. Additionally, they observed the absence of cross-effects i.e. post pre-strain yield limits in 

shear remained unchanged from their initial values. At 305ÁF, the yield surface became 

undefined, suggesting that under certain conditions, aluminium undergoes continuous creep 

without an elastic range, defining a temperature-dependent upper limit for the existence of yield 

surfaces. Additionally, the study confirmed the time-stability of yield surfaces, ruling out time-

dependent effects. 

In a concurrent 1972 publication, Phillips et al. extended their investigation to combined tension 

and torsion loading at both room and elevated temperatures up to 325ÁF [13]. Utilizing thin-

walled tubes to ensure a uniform biaxial stress state, they precisely mapped yield surfaces for 

both virgin and torsional pre-strained material. Key findings included the absence of cross-

effects at all temperatures and pre-strain levels, the non-convex nature of yield surfaces that did 

not enclose the origin, and the observation that yield surfaces did not pass through the pre-stress 

point [13]. These results challenged traditional plasticity theories and highlighted the critical 

influence of temperature on yield behaviour. The proposed stress-temperature yield surface 

methodology, verified against isothermal data, offered a consistent framework for modelling 

yield phenomena in thermally loaded metals. 

In 1974, Phillips et al. examined the evolution of yield surfaces in commercially pure 

aluminium in the annealed state subjected to complex loading paths at elevated temperatures, 

using thin-walled tube specimens [14]. A key novelty was the examination of non-monotonic 

pre-stressing histories, specifically, cyclic torsion and tension with path reversal. They observed 

that pre-stressing toward the origin of the stress space led to a widening of the yield surface in 
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the direction of the prior load, a phenomenon not captured by traditional isotropic or simple 

kinematic hardening models. This supported a previously proposed hardening law, 

demonstrating its predictive capability under reversed paths. Importantly, they identified the 

existence of negative plastic strains, where plastic strain opposes the direction of applied stress, 

signifying a highly path-dependent material response. The study also introduced the concept of 

a ñzero deformation locus,ò a theoretical boundary in stress space where the yield surface 

remains unchanged despite loading. Offset yield surfaces, defined through a fixed strain offset, 

were found to align closely with the envelopes formed by proportional limit yield surfaces, 

reinforcing their utility in practical material modelling. 

 

Figure 2.7. Initial yield surfaces for pure aluminium at various temperature [12] . 

In 1976, Phillips and Ricciuti validated their earlier hardening law against three nontrivial pre-

stress paths, confirming its accuracy except in cases where the pre-stress path intersected the 

yield surface at very small angles [15]. Importantly, they confirmed the normality rule for 

plastic strain rate vectors i.e. the plastic strain rate vector remained normal to the yield surface, 

reinforcing its applicability even under complex multiaxial states. The study also addressed post 

pre-strain creep behaviour, showing that while initial creep strain vectors aligned with the 

plastic strain rate direction, they could deviate over time, indicating evolving deformation 
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mechanisms. For permanent strains below 1%, plastic deformation adhered to the constant 

volume hypothesis, whereas creep strains conformed to this only at early stages. 

In 1977, Phillips and Moon shifted the focus to the tangency condition between yield and 

loading surfaces [16]. They identified that yield surfaces become tangential to the loading 

surface over time. This observation challenged the adequacy of then-dominant hardening 

models specifically introduced by Prager, Mroz, and Ziegler, which failed to accurately 

describe experimental data. In contrast, the findings suggested that the previously introduced 

hardening law by Phillips required modifications, especially when the pre-stressing path was 

nearly tangential to the yield surface. They asserted that, in situations of conflict between the 

tangency condition of the yield surface and the hardening law, the tangency condition takes 

precedence, underscoring the dominant role of geometrical consistency in plasticity theory [16]. 

The study confirmed that the plastic strain rate vector remains normal to the yield surface and 

adjusts to become normal to the loading surface as the yield surface aligns tangentially. In 1979, 

Phillips and Lee expanded this concept, proposing that the loading surface acts as a boundary 

layer rather than a distinct, sharp delineating boundary [17]. Their observation that yield and 

loading surfaces may not intersect immediately, even with extended stress exposure, refined 

the understanding of how plastic strain accumulates, especially under strains of approximately 

1%. They also noted the absence of corners on yield surfaces, streamlining modelling efforts 

and indicating a smoother evolution than previously expected. 

In 1984, Phillips and Kawahara further explored the effects of thermal and mechanical loading 

by analysing isothermal and non-isothermal loading paths at room temperature [18]. They 

extended equilibrium stress-strain curves to account for both increasing or decreasing stress and 

thermal effects. Experimental results demonstrated that plastic strain always follows the pre-

stress direction, regardless of whether the pre-stressing is directed towards or away from the 

origin. Their experiments showed time-dependent plastic strains up to 20Ĭ10-6 after 12 hours 

under isothermal conditions and up to 28Ĭ10-6 under thermal cycling, attributing these to a 

combination of creep and plasticity [18]. This affirmed the role of temperature in yield surface 

penetration and deformation evolution. In a parallel effort in 1984, Phillips and Lu conducted 

tension-torsion experiments under load- and strain-controlled conditions on pure aluminium 

specimens [19]. They successfully mapped initial and evolving yield surfaces during loadings. 

The load-controlled experiment allowed for a precise understanding of how the yield surface 

moves as the stress path progresses. By monitoring the simultaneous increase in strain, they 

demonstrated that the yield surface becomes tangent to the loading surface, providing deeper 

insight into how the loading surface itself may be influenced by the amount of plastic strain 

accumulated during loading. In the strain-controlled experiment, continued stress relaxation 

was observed at the end of each segment of the strain path. The stress path remained within the 

loading surface, and plastic strains predominantly accumulated near the loading surface, 

providing further evidence of the material's response under controlled strain. This study 

enriched the conceptual framework of yield and loading surfaces and provided empirical data 

quantifying the evolution of these surfaces under various loading regimes. 

In perhaps one of the most expansive studies, in 1985, Phillips and Das systematically compared 

yield and loading surfaces in commercially pure aluminium and free-cutting brass under varied 

pre-stressing conditions [20]. The study introduces several novel aspects that mark an important 

contribution to understanding the evolution of yield surfaces under different pre-stress 

conditions. One of the primary innovations is the systematic comparison between yield surfaces 
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and associated loading surfaces under multi-dimensional stress states, with a clear operational 

definition of yielding based on a limited plastic strains (2Ĭ10-6 to 5Ĭ10-6). This procedure 

ensured that the yield surface strictly encloses the purely elastic region, providing more precise 

and physically meaningful yield criteria than traditional definitions. A major novelty lies in the 

three-dimensional pre-stressing path applied, combining tension, torsion, and internal pressure. 

Previous investigations largely relied on two-dimensional stress states; thus, this work 

significantly extends the experimental database to more complex stress conditions, closer to 

real-world applications. The study carefully traces how initial yield surfaces and subsequent 

yield surfaces evolve under three-dimensional loading, something rarely achieved before. A 

major contribution was demonstrating that the yield surface evolves anisotropically based on 

pre-stress direction. It confirms that when pre-stressing is directed away from the origin, the 

yield surface contracts along the pre-stressing direction, whereas if pre-stressing moves towards 

the origin, the yield surface expands [20]. This dynamic behaviour validates theoretical 

predictions made in Phillipsô earlier works and is systematically supported by experimental 

evidence across different loading paths and temperatures. The study on free-cutting brass 

offered valuable comparative insights, with brass displaying Tresca-like yield surfaces while 

aluminium followed Mises-like behaviour. This material-dependent divergence strengthened 

the general applicability of the proposed framework importantly. The experimental findings 

also reinforce the lack of cross-effects, meaning that stress components not directly involved in 

the pre-stress path do not significantly influence the motion of the yield surface ð a key 

assumption in plasticity theories. The observed near-tangential relationship between displaced 

yield surfaces and corresponding loading surfaces strengthens the two-surface plasticity 

models. 

In 1985, Stout et al. presented valuable insights into the yield and flow behaviour of 1100 

aluminium, emphasizing the interplay between microstructure, texture, and plastic flow under 

various deformation regimes [21]. One of the key advances presented is the identification of 

distinct yield regimes at different strain levels, highlighting the transition from microstructural 

to texture-dominated behaviour. At strains below those that induce shear bands, the yield 

behaviour is characterised by a 5Ĭ10-6 offset yield criterion, governed by the formation of 

dislocation cell substructures. The yield locus is observed to distort and translate in the direction 

of the applied stress, indicating that the developing cell structure carries a memory of the 

directional history of deformation. This novel finding underscores the importance of 

microstructural evolution in the early stages of deformation. In contrast, at larger offset yield 

criteria (back extrapolation technique), the yield locus is less distorted and does not exhibit 

significant translation, aligning with predictions from texture-based polycrystal plasticity 

theory (Figure 2.8). This suggests that for large-scale yielding, the texture of the material 

becomes the dominant factor, overshadowing the influence of microstructural changes. The 

paper further explores the onset of shear band formation, which occurs at a von Mises effective 

strain of approximately 0.5 for aluminium in rolling. Once shear bands form, texture alone no 

longer governs the large offset strain yielding. Instead, shear bands introduce anisotropy in 

plastic flow, independent of texture, likely due to relaxed constraints on deformation and the 

specific orientation of the shear bands. This transition signifies a crucial shift in the material's 

deformation mechanism, where microstructural and textural factors no longer act in isolation, 

but instead, interact in complex ways to influence the flow behaviour. 
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Figure 2.8. A comparison of the yield locus after a torsional pre-strain of 50% [21] . 

In 1986, Helling et al. investigated the small-strain offset yield behaviour (Ů = 5Ĭ10-6) of 1100-

0 aluminium, 70:30 brass, and 2024-T7 aluminium alloy under various multiaxial pre-stress 

and pre-strain paths involving combinations of normal and shear stresses, with von Mises 

effective pre-strains ranging from 1.2% to 32% [22]. The study revealed that the final direction 

of the pre-strain path, dominantly influences the distortion of the yield locus, rather than the 

pre-stress direction alone (Figure 2.9). A notable observation was that yield loci could distort 

without translating, particularly in brass and 2024-T7, challenging traditional assumptions in 

plasticity models. Moreover, these two materials exhibited a strong memory of their complete 

pre-strain history and showed primarily kinematic hardening behaviour, with the yield locus 

translating in stress space. In contrast, 1100-0 aluminium showed less memory effect and 

mainly isotropic hardening, with the yield locus expanding rather than shifting. The 2024-T7 

alloy also uniquely demonstrated shrinkage of the yield surface following plastic deformation. 

These findings underscore the material-specific nature of yield surface evolution and highlight 

the limitations of conventional models that overlook the influence of pre-strain direction. The 

results emphasize the need for constitutive models to incorporate both distortion and memory 

effects, and to account for differences in hardening mechanisms across materials. Additionally, 

they suggest that microstructural factors beyond dislocation activity may be responsible for the 

observed behaviours, underscoring the complexity of accurately modelling yield surfaces in 

engineering metals under complex loading histories. 

In 1991, Wu and Yeh conducted a detailed investigation into the yield surface evolution of 

annealed AISI 304 stainless steel using a servo-controlled hydraulic testing system and a 5 ɛŮ 

(5Ĭ10 ) proof strain definition [23]. Their strain-controlled experiments successfully captured 

the dynamic behaviour of yield surfaces under various loading conditions, despite the 

challenges posed by the sensitivity of such small strain measurements to factors like probe 

orientation, data resolution, and loading path. The experiments explored three primary loading 

paths - pure axial, pure torsional, and proportional axial-torsional - each involving loading, 

unloading, reloading, and cyclic steady-state phases. The study revealed that the yield surface 
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undergoes both translation and distortion during plastic deformation (Figure 2.10). Translation 

occurs in the direction of pre-strain or pre-stress, while distortion patterns are also influenced 

by these directions. A significant finding is that the pre-stress point becomes part of the evolving 

yield surface, acknowledging its role in continuous loading histories. As loading proceeds, the 

yield surface inflates at the forward end and deflates at the rear, forming a sharp front and blunt 

rear. Upon load reversal, these regions swap, illustrating the reversible and directional nature 

of yield surface evolution. Notably, the deflation rate at the rear is greater than the inflation rate 

at the front, leading to an apparent yield surface size reduction during monotonic loading, 

although the size remains relatively constant in unloading and reloading cycles. The 

Bauschinger effect is clearly observed, while the cross effect remains weak. Their work 

emphasized that probe orientation, particularly its perpendicular alignment to the prior loading 

path, is crucial to minimize Bauschinger related bias in yield point determination. 

 

Figure 2.9. A comparison of the yield loci of 70:30 brass after different stress/strain paths 

[22] . 

 

Figure 2.10. Subsequent yield surfaces during proportional axial-torsional loading for 304 

stainless steel [23] . 
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In 1992, Kim presented significant advances in the investigation of yield surface evolution for 

cold-drawn SAE 1020 steel tubes subjected to different shear strains [24]. The study provides 

valuable insights into the material's orthotropic behaviour during twisting and its yield locus 

evolution. Key findings highlight that the orthotropy of the material is maintained during 

twisting, with the orthotropic axes (x and y) continuously rotating into new orientations. 

Notably, within a shear strain of up to 30%, the x-axis remains aligned with the orientation of 

the mechanical fibers, indicating the stability of the materialôs anisotropic characteristics during 

deformation. The study also reveals that the plane stress yield locus in the biaxial plane evolves 

towards an ellipsoidal shape, with the major axis positioned at a 45Á angle to the „-axis, 

showing a significant change in the yield surface geometry as shear strains increase. Hill's 

quadratic yield function is confirmed as an effective representation of the material's orthotropic 

anisotropy at each stage of twisting, offering a more precise characterisation of the yield 

behaviour under non-proportional loading. While the paper emphasizes that work hardening is 

path-dependent and cannot be solely attributed to plastic work, the observations serve as a 

valuable foundation for future experimental studies. A particularly promising area for further 

investigation is the measurement of the yield locus for tubular specimens subjected to a 

combination of elongation, expansion, and twist, which could provide deeper understanding of 

the material's overall work hardening behaviour. 

In 1993, Khan and Wang introduced the concept of the equimodulus surface to enhance the 

experimental investigation of yield surfaces, particularly after large pre-straining [25]. Using 

fully annealed, copper thin-walled tubular specimens subjected to large torsional loading 

followed by combined tension-torsion loadings, they experimentally determined the 

equimodulus surface and subsequent yield surfaces under various offset strain conditions. The 

equimodulus surface, defined based on the hardening modulus at the point of maximum 

preloading, was found to lie significantly outside the von Mises loading surface, especially for 

large von Mises offset strains (Figure 2.11). This suggests the necessity of adjusting hardening 

modulus values when using two-surface plasticity theories, particularly after load reversals. 

Their study also demonstrated that subsequent yield surfaces evolve with translation, distortion, 

and expansion after preloading. When smaller offset strains were applied, more severe 

distortions appeared; a rounded corner developed at the torsional preloading point, while the 

region opposite flattened. In contrast, larger offset strains produced yield surfaces that better 

aligned with the equimodulus surface, expanding beyond the von Mises surface and reflecting 

more stable plastic behaviour. Interestingly, while von Mises offset strains caused the yield 

surfaces to pass through the original von Mises loading surface, Tresca offset strains did not, 

highlighting the importance of the offset strain definition in yield surface determination. 

Furthermore, the back-extrapolation method yielded subsequent yield surfaces nearly 

completely outside the von Mises surface, yet closer to the Tresca surface, indicating 

divergence in prediction models. The study also examined plastic strain increment vectors 

following sudden changes in loading path and found that these vectors tended to align with the 

deviatoric stress direction more closely as the offset strain increased, ultimately coinciding at 

high strain levels. These findings highlight the complex interactions between pre-strain history, 

offset strain magnitude, and material response in defining accurate yield surfaces. 

In 1997, Dietrich and Kowalewski conducted an in-depth experimental investigation on the 

effects of pre-deformation on the yield surface evolution of aged pure copper under two distinct 

loading conditions: (a) tension creep at elevated temperatures and (b) monotonic tension at 
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ambient temperature [26]. The yield surfaces were determined using a probing technique 

applied to a single specimen, ensuring consistency across comparisons. A least-squares fit using 

an anisotropic yield condition further quantified the evolution of the surfaces.  

 

Figure 2.11. Subsequent yield surface of copper after large torsional preloading and its 

variation with the offset strains [25] . 

 

Figure 2.12. Comparison of the initial and subsequent yield surfaces of tensile pre-strained 

copper [26] . 

Initial yield surface of material was well represented by the isotropic Huber-Mises yield 

criterion and virtually no shift from the origin, providing a reliable baseline for comparison. 
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Upon subjecting the material to monotonic preloading at ambient temperature, even a small 

plastic pre-strain of 5% led to significant distortion of the yield surface. The major and minor 

axes expanded disproportionately, and the axis ratio decreased substantially, eventually 

stabilizing at a constant value with further increases in pre-strain up to 15% (Figure 2.12). In 

addition to dimensional changes, a clear translation of the yield surface centre was observed in 

the direction of preloading, indicating the development of directional anisotropy. When the 

same level of pre-strain was induced via tension creep at elevated temperature, changes in the 

yield surface were still evident but noticeably less pronounced. This discrepancy is attributed 

to the high-temperature exposure, which changes microstructural evolution and affects 

hardening behaviour differently than room temperature deformation [26]. The findings reveal 

that while plastic pre-strain, regardless of its origin, can significantly distort the yield surface, 

the dimensional ratio tends to stabilize with increasing strain, suggesting a form of behavioural 

convergence. 

In 1997, Ishikawa presented significant insights into the behaviour of yield surfaces of 304 

stainless steel after tension and/or torsion preloading [27]. The study investigated the 

subsequent yield surfaces under different loading conditions by using a 50 ɛm/m offset strain 

definition of yield. A key advancement is the exploration of three distinct starting points for 

probing the yield surface, leading to the identification of three types of subsequent yield 

surfaces. The surface probed from its current centre is confirmed as valid based on the proposed 

formula, providing a reliable framework for yield surface analysis. The paper demonstrated that 

during proportional loading, the subsequent yield surface undergoes compression in the 

direction of pre-stress, accompanied by a translation of its centre. This transformation is 

captured by an elliptical shape, with the plastic strain experienced being a defining factor in the 

evolution of yield surface. In the case of non-proportional loading, the study observed more 

complex transformations, including distortion, translation, and rotation of the yield surface. 

This highlights the non-linear nature of material response under mixed loading conditions. The 

paperôs proposed formula successfully captures the shape of all subsequent yield surfaces, 

except after unloading, where a slight expansion of the surface is noted. This behaviour under 

unloading conditions provides valuable insights into material recovery and potential 

irreversible changes in the materialôs structure. 

In 1997, Kowalewski and śliwowski conducted a detailed experimental study on 18G2A low-

alloy steel to examine how plastic pre-deformation induced by cyclic loading and monotonic 

tension affects yield surface shape and dimensions [28]. Initially, in its as-received state, the 

material showed nearly uniform lower yield limits in all directions within the axial-shear plane, 

though the shape and position of the yield surface indicated inherent anisotropy. Cyclic loading 

introduced a significant softening effect, visibly reducing the yield locus size. This softening 

was direction-dependent, with the maximum reduction always aligned with the pre-strain 

direction. The study notably quantified the softening caused by monotonic tension, revealing 

that it exceeds the softening from cyclic loading by over 11% when applied in the same 

direction and with similar plastic strain (Figure 2.13). Yield surfaces were constructed using 

sequential probing of a single specimen and modelled effectively using SzczepiŒskiôs 

anisotropic yield criterion [29]. These findings highlight the strong influence of loading history 

on anisotropic behaviour and yield surface evolution. 
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Figure 2.13. Comparison of the initial yield surface (0) with yield surfaces for the material 

pre-strained in the same direction due to cyclic loading (1), and monotonic loading (2) [28] . 

Akhtar S. Khan's work on yield surface evolution, particularly in the context of materials such 

as aluminium alloys, has contributed significantly to our understanding of how materials 

respond under various loading conditions [30ï32]. One of Khan's most notable studies, 

conducted in 2009, examined the evolution of the yield surface in Al 6061-T6511 (a low work 

hardening alloy), by using a 10 ɛŮ deviation from linearity to define yield surfaces, which were 

experimentally determined under proportional loading paths: tension, torsion, and combined 

tensionïtorsion [30]. The initial yield surface closely followed the von Mises prediction, while 

subsequent yield surfaces showed translation, distortion, and contraction in size with negative 

cross-effects. A ñnoseò feature became prominent in the loading direction, especially under 

tension and combined loading, and surfaces became flattened in the reverse direction. 

Importantly, yield surfaces obtained after linear, bilinear, and nonlinear unloading paths were 

smaller than the initial surface but larger than those obtained during prior loading, indicating 

path dependency [30]. The elastic moduli (Youngôs and shear) were measured for each yield 

surface and found to decrease slightly with plastic deformation, much lower than previously 

reported, due to improved experimental procedures including 1-hour relaxation periods and 

remounted strain rosettes. 

In 2010, Khan extended this work to annealed 1100 Al, a high work hardening alloy [31]. 

Unlike Al 6061-T6511, the 1100 Al showed yield surface expansion, positive cross-effects, and 

pronounced noses in the loading direction. Yield surfaces were determined under both 

proportional and non-proportional loading paths, revealing significant differences such as non-

proportional loading caused shrinkage, compounded distortion, and smaller cross-effects 

compared to proportional paths. After unloading, surfaces translated in the loading direction 

and retained positive cross-effects. The Youngôs and shear moduli also declined with increasing 

strain, more so in combined tensionïtorsion and this trend was consistent across both 

proportional and non-proportional loadings. Kinematic hardening was initially dominant but 

diminished with strain, while isotropic hardening increased. 

A further 2010 study investigated yield surfaces under tensionïtension stress space in axial, 

hoop, and combined loadings for both alloys [32]. The same 10 ɛŮ offset definition was used. 
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Yield surface behaviour in this space followed prior observations such as Al 6061-T6511 

showed contraction, negative cross-effects, and strong kinematic hardening, while annealed 

1100 Al showed expansion, positive cross-effects, and isotropic hardening. The yield surfaces 

for 1100 Al had sharper noses in axial and hoop directions, and more blunted shapes under 

combined loading. The elastic modulus decreased by less than 5% after 6% strain in Al 6061-

T6511 and after 12% strain in 1100 Al. These comprehensive studies filled a gap in 

experimental data on yield surface evolution under finite plastic deformation and complex 

loading paths, offering valuable benchmarks for constitutive model development in plasticity. 

In 2012, Dietrich and Socha investigated the degradation of A336 GR5 structural steel under 

cyclic loading, focusing on yield surface evolution and mechanical property changes [33]. Their 

study revealed that cyclic loading along both proportional and non-proportional paths in strain 

space leads to isotropic softening, manifested as a shrinkage of the yield surface in stress space, 

due to increased inelastic response. This softening indicates a reduced yield limit as fatigue 

damage accumulates. Notably, the direction of cyclic loading had little impact on the damage 

rate, which was instead governed by load magnitude. However, proportional loading introduced 

plastic anisotropy, with the most significant softening occurring in the direction of applied load. 

In contrast, non-proportional loading paths, such as circular paths, resulted in a higher rate of 

damage accumulation than proportional paths with the same strain amplitude. These findings 

enrich the understanding of how complex cyclic loading affects yield behaviour and fatigue-

induced softening. 

In 2014, Kowalewski et al. conducted a detailed investigation into the multiaxial cyclic 

behaviour of metallic materials, particularly focusing on the evolution of the yield surface under 

non-proportional loading [34]. A key observation was the additional hardening effect in 2024 

aluminium alloy during non-proportional loading along a circular strain path, an effect absents 

during proportional loading, indicating a strong dependence of material behaviour on the 

loading path. The study also revealed a significant phase shift between peak strain and stress 

signals, which varied with material type, strain amplitude, and frequency, highlighting the 

complex nature of cyclic deformation. Through experiments involving torsion-reverse-torsion 

superimposed on monotonic tension in X10CrMoVNb9-1 steel and Cu 99.9 E copper, the 

authors identified a notable reduction in axial stress associated with increasing shear strain 

amplitude. However, yield surface analyses using a 0.005% offset strain revealed that this axial 

stress reduction was not permanent but transient, disappearing once the cyclic torsion ceased. 

This behaviour demonstrated that stress drops resulted from loading history rather than 

irreversible material degradation. Additionally, experiments under square strain path non-

proportional loading showed stress reductions regardless of deformation direction. The Mr·z 

and Maciejewski three-surface model was successfully applied to predict hysteresis loops and 

stress-strain behaviour under square, circular, and combined loading paths, further confirming 

the importance of cyclic loading history in shaping yield surface evolution. This work provided 

critical insight into the transient, history-dependent nature of yield surface changes in metallic 

materials under complex multiaxial loading. 

These above reported investigations establish a comprehensive experimental and theoretical 

basis for analysing the evolution of yield surfaces under various pre-strain conditions. The 

findings emphasize the significant influence of loading path, microstructural evolution, and 

early-stage plastic deformation on the geometry and progression of the yield surface. Such 

insights have direct implications for the accurate characterisation and predictive modelling of 
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materials subjected to multiaxial and non-proportional loading conditions. Furthermore, by 

highlighting the sensitivity of yield surface determination to the choice of yield definition and 

loading sequence, these studies reinforce the necessity for advanced constitutive models. These 

models should incorporate the underlying physical mechanisms of plasticity to enable more 

accurate predictions of material response, particularly in the low strain regime where 

conventional formulations often fall short. Table 2.1 summarize the historical development of 

the yield surface determination. 

Table 2.1. Summary timeline of yield surface analysis 

Period Key developments Materials Focus 

18thï19th century 
Simple friction and tension tests, basic 

yield criteria (Coulomb, Tresca) 
Metals, soils 

Early 20th century 
Multiaxial stress experiments (Bridgman), 

pressure dependence studies 
Ductile metals 

Mid-20th century 
Anisotropic yielding (Hill), pressure-

sensitive models (DruckerïPrager) 
Metals, soils, concrete 

Late 20th century 
Cyclic loading, evolving yield surfaces, 

large deformation 
Metals, soils 

21st century 
DIC, micro/nano testing, true triaxial tests, 

high-rate effects 

Metals, composites, 

soils, rocks 

 

2.3 Effects of pre-deformation on the mechanical properties 

Pre-deformation has been shown to induce notable changes in the microstructural 

characteristics of materials. For instance, it refines the grain structure, introduces dislocation 

networks, and can facilitate the formation of deformation bands or sub-grains. These 

microstructural alterations enhance the yield strength due to increased resistance to dislocation 

motion while potentially reducing ductility. The influence of pre-deformation on mechanical 

behaviour has been extensively investigated in the literature [35ï42]. Researchers have 

examined the effects of various pre-strain levels on overall mechanical properties including 

yield strength, ultimate strength, ductility, fatigue life, and creep resistance. Such studies are 

critical for optimizing the mechanical performance of materials in demanding engineering 

applications. 

During the manufacturing of structural components, engineering materials often experience 

pre-deformations as a result of their processing history. This mechanical prehistory, commonly 

referred to as pre-straining, significantly alters the subsequent mechanical behaviour of the 

material. Pre-straining induces dislocation multiplication, work hardening, and residual 

stresses, which collectively influence the yield strength, ductility, fatigue resistance, creep 

behaviour, and plastic deformation capacity of the material. The magnitude of these property 

modifications is closely associated with the degree of induced pre-deformation and the nature 

of the loading conditions that induce pre-strain. 
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An illustrative example of pre-deformation application is the work conducted by Piao et al. 

[43,44], who developed a method to control the transformation temperature in shape memory 

alloys through pre-deformation. This advancement has practical implications in the 

manufacturing of pipe couplings and sealing components, where precise control over phase 

transformation behaviour is crucial. The initial observation of this phenomenon was made by 

Melton et al. [45,46], while subsequent detailed investigations were carried out by Zhao et al. 

[47,48]. Their research demonstrated that pre-deformation could effectively tailor the 

functional properties of alloys, making them more suitable for specialized industrial 

applications. 

 

Figure 2.14. Ways of causing pre-deformation in a material. 

In summary, pre-deformation is a critical processing technique that has proven instrumental in 

enhancing the mechanical performance and functionality of engineering materials. By 

comprehensively understanding the relationship between pre-deformation, microstructural 

evolution, and mechanical properties, researchers and engineers can optimize material 

processing strategies to meet the stringent requirements of modern industrial applications. Pre-

deformation processes can broadly be classified into two categories: (a) laboratory-scale 

mechanical testing methods, including uniaxial tension, compression, torsion, and bending; and 

(b) industrial-scale or processing-related techniques, such as rolling, extrusion, forging, and 

drawing. The former group is primarily employed in research settings to investigate the 

fundamental deformation mechanisms and microstructural evolution under controlled 

conditions, while the latter represents real-world applications where materials are subjected to 

complex strain histories during manufacturing. 

Pre-
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In the context of this Thesis, experiments have been systematically performed through three 

laboratory-based loading modesðtension, compression, and torsion. These modes were 

selected due to their relevance in evaluating anisotropic plasticity and yield surface evolution 

in metals in a biaxial (normal-shear) stress space. Accordingly, the literature review presented 

in the subsequent sections focuses specifically on the effects of tensile, compressive, and 

torsional pre-deformation, as illustrated in Figure 2.14. This targeted review aims to provide a 

scientific foundation for understanding the influence of these deformation modes on the 

mechanical response and microstructural behaviour of metallic materials. 

2.3.1 Effects of pre-deformation caused by tension 

This section of the chapter examines the influence of tensile pre-deformation on the mechanical 

behaviour of various materials. Yang et al. [49] conducted a detailed investigation into the effect 

of tensile pre-deformation on the mechanical properties of the aluminium alloy AA2219. In 

their study, specimens were subjected to different pre-strain levels of 0%, 3%, 6%, 9%, and 

15%, with a deformation speed of 2 mm/min. Following this pre-deformation process, the 

samples underwent stress relaxation aging for 720 minutes. Table 2.2 presents the strength data 

of AA2219 alloy subjected to various levels of pre-deformation. The results indicate that 

increasing the pre-deformation level from 0% to 3% leads to a notable enhancement in 

mechanical properties, with ultimate tensile strength (UTS) and tensile yield strength (TYS) 

increasing by 12.9% and 38.9%, respectively. However, further increments in pre-deformation 

from 3% to 9% result in only marginal improvements, with UTS and TYS increasing by an 

additional 3.0% and 5.0%, respectively. Beyond this range, at a pre-deformation level of 15%, 

the strength exhibits a slight decline. The strengthening effect of tensile pre-deformation can be 

attributed to its role in promoting the nucleation and growth of the primary strengthening 

phases, such as ɗ' precipitates, during the subsequent aging process. This microstructural 

refinement enhances the dislocation interaction with precipitates, thereby improving strength. 

However, excessive pre-deformation, such as the 15% level, can lead to the formation of 

precipitate-free zones (PFZs) and coarsening of precipitates. These microstructural defects 

reduce the dislocation-pinning effect, resulting in a decline in mechanical strength [49]. These 

findings suggest that tensile pre-deformation can either enhance or diminish the strength of 

materials, depending on the magnitude of the applied pre-strain. There exists an optimal pre-

deformation level that maximizes the strengthening effect, beyond which the material's 

mechanical performance deteriorates due to adverse microstructural changes. 

Table 2.2. Mechanical strength of the AA2219 alloy under various pre-deformations. 

Pre-deformation level Tensile yield strength (MPa) Ultimate tensile strength (MPa) 

0% 259.55 401.00 

3% 360.10 453.00 

6% 366.20 458.33 

9% 378.05 466.75 

15% 375.38 456.42 
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Wang et al. [50] examined the effect of 4% tensile pre-deformation on the mechanical 

properties aluminium alloy AA7093 subjected to a 20-minute pre-aging treatment. AA7093 is 

a novel zinc-containing 7XXX series aluminium alloy that has been specifically developed to 

meet the high-performance requirements of structural components in the aerospace and 

automotive industries [51]. The study revealed that the hardness of the alloy increased by 

approximately 30%, the tensile yield strength improved by nearly 12%, and the ultimate tensile 

strength exhibited an increase of 4.3% after the pre-tension and pre-aging treatments. These 

improvements in mechanical properties can be primarily attributed to two synergistic 

mechanisms: (1) the formation of fine, uniformly dispersed strengthening precipitates during 

the pre-aging process, which act as effective obstacles to dislocation motion; and (2) the 

introduction of dislocations during the pre-stretching step, which increases dislocation density 

and promotes dislocation-particle interactions, thereby enhancing resistance to plastic 

deformation. The combined effect of these microstructural changes leads to enhancement in the 

material's mechanical performance. 

Hu et al. [52] conducted a comprehensive study on the influence of pre-tension strain on the 

mechanical properties and microstructural evolution of hot-rolled magnesium alloy (Mg-Sn-

Zn). Specimens were subjected to pre-strains of 0%, 3%, and 10% at room temperature, 

followed by isothermal aging for 48 hours at 150ÁC in a silicone oil bath. Tensile samples with 

dimensions of 18 mm Ĭ 6 mm Ĭ 2 mm were prepared along both the rolling direction (RD) and 

the transverse direction (TD). Uniaxial tensile tests were subsequently carried out on these 

specimens at a crosshead speed of 0.5 mm/min. The corresponding mechanical properties are 

summarized in Table 2.3. The experimental results revealed that with increasing pre-tension 

strain, the strength of the magnesium alloy increased, but at the expense of ductility. This 

strengthening trend was consistently observed in both RD and TD samples. The enhancement 

in strength was attributed to multiple microstructural factors induced by pre-tension 

deformation. 

Table 2.3. Mechanical properties of hot rolled Mg-alloy at various pre-tension deformation 

level. 

Direction Pre-tension TYS (MPa) UTS (MPa) Elongation (%) 

Rolling 

Direction 

0% 196 278 17.7 

3% 233 294 14.1 

10% 260 296 10.6 

Transverse 

Direction 

0% 189 279 17.3 

3% 228 284 16.0 

10% 263 299 12.2 

Pre-straining was found to weaken the basal texture of the alloy [53], introducing a high density 

of dislocations and a limited number of tensile twins. These deformation-induced defects 

facilitated the heterogeneous nucleation of Mg2Sn precipitates during aging, which acted as 
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effective barriers to dislocation motion. The existence of tension twins in adverse orientation 

has also been reported in the literature [54ï57], suggesting that twin formation may contribute 

to anisotropic mechanical responses in magnesium alloys. The overall strengthening effect can 

be attributed to three primary mechanisms: (1) precipitation strengthening due to the formation 

of Mg2Sn precipitates, contributing approximately +22 MPa with 10% pre-tension; (2) 

dislocation strengthening resulting from an increased dislocation density; and (3) texture 

weakening, which slightly reduces the strength by approximately -14 MPa with 10% pre-

tension [52]. 

Park et al. [55] investigated the effects of pre-tension on the mechanical behaviour of hot-rolled 

magnesium alloy AZ31 (Mg-3Al-1Zn) with pre-strain levels of 0%, 2%, 5%, and 10% applied 

along the rolling direction. The room-temperature compressive behaviour of pre-strained 

cylindrical samples (◖6mm x 9mm) was evaluated under a strain rate of 10-3s-1, as shown in 

Figure 2.15. The initial stage of compression testing revealed that all samples exhibited a 

characteristic concave-upward stress-strain curve. This behaviour was primarily attributed to 

twinning-dominated deformation. The pre-tension process produced an insignificant volume 

fraction of twins; however, the pre-strained grains were favorably oriented to support {10-12} 

tensile twinning during subsequent compression along the rolling direction. With the increase 

of pre-tension, the compressive yield strength exhibited a progressive increase, with values of 

66 MPa, 79 MPa, 95 MPa, and 116 MPa corresponding to pre-strain levels of 0%, 2%, 5%, and 

10%, respectively. This enhancement in compressive yield strength is associated with the 

increased dislocation density generated during pre-tension. The accumulation of dislocations 

raises the critical shear stress required for the activation of {10-12} tensile twinning, thereby 

delaying twin initiation and enhancing the material's resistance to plastic deformation. 

Although, twinning acts as main mode of deformation mechanism under compression, but basal 

slip was also observed to contribute significantly to plastic deformation, accounting for 

approximately 35% of the overall deformation within twinning-dominated regions. This 

observation is consistent with the findings of other research study [58], which suggest that basal 

slip can complement twin propagation, leading to a more complex deformation mechanism in 

magnesium alloys. 

 

Figure 2.15. Compressive stress-strain curves of Mg alloy AZ31 at various pre-tension levels. 
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Park et al. [55] also studied the effects of pre-tension on the fatigue behaviour of hot-rolled 

AZ31. During cycle deformation, all samples showed asymmetric hysteresis loops, which were 

attributed to the {10-12} twinning-detwinning activity occurring in the compressive region of 

the stress cycle. This behaviour is characteristic of hexagonal close-packed (HCP) magnesium 

alloys due to their limited slip systems and the ease of twinning under compressive stress. 

It was observed that, following the first loading cycle, both the tensile and compressive peak 

stresses increased with increasing pre-tension. This increase in peak stress was primarily driven 

by the elevated dislocation density introduced during the pre-tension process. Further 

evaluation of the cyclic deformation behaviour revealed that during the initial 50 cycles, 

samples pre-strained to 10% exhibited cyclic strain softening, whereas the undeformed (0% 

pre-tension) samples displayed cyclic strain hardening. The strain softening in the pre-strained 

samples was likely due to the rearrangement and annihilation of pre-existing dislocations, as 

well as the activation of twinning-detwinning mechanisms that facilitated plastic deformation. 

Table 2.4. Low cycle fatigue response of AZ31 at various pre-tension levels. 

No. of 

cycles 

Pre-tension 

level 

Tensile peak stress 

(MPa) 

Compressive peak stress 

(MPa) 

Mean stress 

(MPa) 

1 

0% 174.73 -55.73 46.80 

2% 208.25 -67.20 59.35 

5% 234.57 -83.44 65.62 

10% 272.07 -105.41 75.03 

10 

0% 194.68 -85.35 44.44 

2% 211.44 -89.17 52.03 

5% 222.60 -101.60 51.76 

10% 247.34 -114.97 58.30 

100 

0% 228.19 -108.28 52.29 

2% 234.57 -109.24 53.07 

5% 232.98 -115.92 52.55 

10% 249.73 -125.48 55.69 

 

Conversely, the strain hardening in the undeformed samples can be attributed to the progressive 

accumulation of dislocations during cyclic loading. Interestingly, after 100 cycles, the 

differences in fatigue response among the samples with varying pre-tension levels diminished, 

as shown in Table 2.4. This convergence in fatigue behaviour suggests that the microstructural 

evolution during cyclic loading mitigates the initial variations induced by pre-strain. The 
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findings of this study [55] suggest that pre-tension can be employed as a processing technique 

to enhance the compressive yield strength of hot-rolled magnesium alloys without significantly 

compromising their low-cycle fatigue strength. This is particularly important for structural 

applications where improved yield strength is desired alongside satisfactory fatigue resistance, 

such as in automotive and aerospace components made from magnesium alloys. 

Zheng et al. [59] conducted a detailed investigation into the effect of pre-stretching prior to 

artificial aging (200ÜC for 24 hours) on the mechanical properties of a Mg alloy with the 

composition Mg-11Gd-2Nd-0.5Zr. Pre-strains of 0%, 5%, and 10% were applied to the samples 

before aging. The age-hardness measurements were performed using a load of 49 N and a dwell 

time of 30 s, as summarized in Table 2.5. The results indicated that pre-deformation enhanced 

the hardness of the alloy, increasing from 74.55 HV for the 0% pre-stretch condition to 76.1 

HV and 80.0 HV for the 5% and 10% pre-stretch conditions, respectively. 

The aging kinetics were also significantly influenced by pre-stretching. In the 0% pre-stretch 

samples, the peak hardness of 117 HV was achieved after 64 hours of aging. In contrast, the 

peak hardness was attained within a reduced aging time of 24-32 hours for the 5% pre-stretch 

samples (117 HV) and the 10% pre-stretch samples (118 HV). This acceleration in aging 

response can be attributed to the introduction of dislocations and deformation twins due to pre-

stretching, which serve as heterogeneous nucleation sites for the precipitation of ɓ" and ɓ' 

phases. These phases predominantly govern the age-hardening behaviour, while the ɓ1 phase 

has a relatively minor influence before peak aging [59]. However, during prolonged aging, the 

heterogeneous precipitation of the ɓ1 phase at dislocations and twin boundaries becomes more 

pronounced, advancing the peak aging time. 

Table 2.5. Age hardness of Mg alloy at 0%, 5% and 10% pre-deformed specimens. 

Aging time (h) 
Vickers hardness value (HV) 

0% pre-deformed 5% pre-deformed 10% pre-deformed 

0 74.55 76.17 80.00 

1 92.52 93.46 99.89 

10 108.47 110.89 113.43 

100 115.31 114.77 113.84 

300 111.96 109.68 106.86 

 

Table 2.6 presents the tensile properties of the pre-deformed and aged specimens tested at 

various temperatures. The tensile tests were conducted on rectangular specimens (2 mm x 3.5 

mm x 15 mm) at a strain rate of 1 mm/min [59]. At temperatures up to 250ÁC, the alloy exhibited 

a progressive increase in strength with increasing pre-deformation. Under peak-aged 

conditions, the yield strength increased by 24% and 34% in the 5% and 10% pre-deformed 

samples, respectively, compared to the 0% pre-deformed samples. However, this strength 

enhancement was achieved on the expense of 20% and 44% loss in ductility for the 5% and 

10% pre-stretch conditions, respectively. This trade-off between strength and ductility is 
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primarily attributed to the presence of deformation twins, increased dislocation density, and 

heterogeneous precipitation of the ɓ1 phase along twin boundaries. Serra et al. [60,61] also 

demonstrated that in hexagonal close-packed (HCP) metals, twins can act as effective barriers 

to basal slip, thereby enhancing strength. However, when the testing temperature exceeds 

250ÁC, a decline in the strength of pre-deformed samples is observed, falling below that of 

undeformed samples. This degradation in strength is primarily due to rapid over-aging, which 

coarsens the strengthening precipitates, and the activation of non-basal slip systems at elevated 

temperatures, facilitating plastic deformation. These observations align with the findings of 

Ahmad et al. [62], further emphasizing the temperature-dependent nature of magnesium alloys. 

Table 2.6. Tensile properties of Mg alloy specimens at various temperatures. 

Condition Temperature (ÜC) TYS (MPa) UTS (MPa) Elongation (%) 

0% pre-deformed 

Room Temperature 222 336 2.5 

200 - 339 9.9 

250 - 300 11.2 

300 - 251 12.9 

5% pre-deformed 

Room Temperature 276 351 2.0 

200 - 348 6.3 

250 - 328 8.2 

300 - 250 14.6 

10% pre-deformed 

Room Temperature 298 381 1.4 

200 - 365 5.0 

250 - 336 7.1 

300 - 247 15.2 

 

2.3.2 Effects of pre-deformation caused by compression 

This section of the chapter presents the influence of compressive pre-deformation on the 

mechanical behaviour of various materials. Mehmanparast et al. [63] conducted a 

comprehensive investigation into the influence of pre-compression on the mechanical 

properties of Type 316H stainless steel. Specimens were subjected to 8% pre-compression 

strain at room temperature, and their properties were subsequently compared with as-received 

(AR) material. Table 2.7 presents the tensile behaviour of AR and pre-compressed (PC) 

specimens at 550ÁC. The results indicate a substantial increase in tensile yield stress 

(approximately 50%) in PC material compared to AR material. This increase is attributed to 

work hardening induced by room temperature pre-compression, which results in strain 

accumulation and microstructural modifications. Microstructural analysis revealed that the 
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cracking mode in PC specimens exhibited brittle intergranular characteristics [63].  Despite the 

enhanced yield stress, the elastic Youngôs modulus and ultimate tensile strength remained 

nearly identical between AR and PC materials, although PC specimens exhibited reduced 

failure strain. A similar trend was reported by Davies et al. [64], who observed comparable 

behaviour at 4% pre-compression in 316H stainless steel tested at 550ÁC. 

Table 2.7. Tensile properties of as-received and 8% pre-compressed materials at 550ÁC. 

Material state Youngôs modulus (GPa) TYS (MPa) UTS (MPa) Elongation (%) 

AR 140 177 432 46.70 

8% PC 140 259 441 40.24 

 

The study further examined the effects of pre-compression on uniaxial creep deformation and 

creep ductility at 550ÁC [63]. Table 2.8 shows the loading conditions and creep behaviour of 

AR and PC materials. AR specimens experienced significant plastic strains (2.5ï6%) under 

nominal stress levels of 257ï300 MPa, whereas PC specimens exhibited predominantly linear 

behaviour under identical conditions. This discrepancy is due to the lower yield stress of AR 

material, which facilitates plastic strain development during loading at elevated temperatures. 

In contrast, the hardened PC specimens demonstrated limited plasticity owing to prior strain 

hardening. 

Creep ductility was evaluated using axial failure strain and reduction of area (ROA) 

measurements, as described by equations 2.1 and 2.2. The ROA method provides localized 

measurements in the failure region, typically resulting in higher ductility values compared to 

the average strain values obtained from the axial failure strain approach, as summarized in 

Table 2.8. 

Uniaxial creep strain at failure (known as creep ductility) using axial elongation and reduction 

of area can be defined as [65]; 

‐ ȿ   
Ў  Ў

 
Ў

                  (2.1) 

‐ ȿ   
 

 ‐ȟ                   (2.2) 

where, Ў = total displacement, Ў  = axial displacement during loading, Ў = creep 

displacement, ὰ = initial gauge length, ὃ = initial cross-sectional area, ὃ = final cross-

sectional area at failure, and  ‐ȟ  = axial plastic strain at the end of loading. 

The true failure strain and stress can be written as; 

‐ ÌÎ ρ ‐                    (2.3) 

„  „ ρ  ‐                    (2.4) 

where, „  is the engineering (i.e. nominal) stress and ‐  is the engineering strain. 
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Table 2.8. Comparison of load up strain and creep ductility for AR and PC specimens. 

Material 
„  

(MPa) 

„  

(MPA) 

‐  

(%) 

‐ȟ  

(%) 

‐ Axial 

(%) 

‐ Axial 

(%) 

‐ ROA 

(%) 

‐ ROA 

(%) 

AR 

335 356 6.20 5.96 12.14 11.46 17.56 20.79 

300 313 4.35 4.07 13.39 12.56 21.35 25.34 

290 304 4.75 4.60 10.97 10.41 22.73 27.27 

280a 293a 4.42a 4.18a - - - - 

257 264 2.90 2.69 14.99 13.97 29.24 35.82 

8% PC 

300 301 0.24 0.03 3.41 3.35 23.04 26.20 

280 281 0.28 0.07 2.93 2.89 11.33 12.04 

270 271 0.25 0.05 3.07 3.02 8.62 9.02 

257 258 0.19 0.01 1.20 1.19 4.25 4.34 

a Prematurely stoppage of test prior to final failure. 

He et al. [66] explored the effects of compressive pre-deformation on the mechanical properties 

of hot-extruded AZ31 (Mg-3Al-1Zn) alloy. Pre-compression was applied at a constant rate of 

10-4 s-1, with strain levels of 0.5%, 1.5%, 1.7%, and 3.0% along the extrusion direction (ED). 

The mechanical responses under tensile and compressive loading are summarized in Table 2.9. 

Tensile yield stress initially decreased sharply with increase of pre-compression strain from 0% 

to 1.5%. However, beyond this level of pre-strain, tensile yield strength followed a gradual 

decline. This behaviour is attributed to detwinning within twinned regions generated by 

compressive pre-deformation. Conversely, compressive yield stress increased consistently with 

pre-compression strain. This increase results from crystal reorientation from soft to hard 

orientations and the requirement of higher stress levels for continued twin growth. The evolving 

texture impedes deformation, necessitating greater stress for further twin activation [67,68]. 

Yield asymmetry between tension and compression decreased before 1.5% pre-compression 

but increased thereafter. This finding highlights the potential for controlling compressive pre-

strain levels to minimize yield asymmetry in AZ31 alloy [66]. 

Sarker and Chen [69] investigated the effects of pre-compression along the extrusion direction 

(ED) in extruded magnesium alloy (AM30). Specimens were pre-strained to 1.5%, 2.3%, 4.0%, 

5.8%, 7.5%, and 8.2% at a strain rate of 1.25 x 10-4s-1 and room temperature. Figure 2.16 

displays the compressive properties of pre-strained samples subjected to re-compression until 

failure along ED (denoted x%ED-ED) or transverse direction (TD) (denoted x%ED-TD), where 

x represents the pre-strain level. The compressive yield strength (CYS) increased linearly with 

pre-strain in x%ED-ED samples (e.g., from 91 MPa at 0% to 232 MPa at 8.2% pre-strain). In 

contrast, CYS in x%ED-TD samples increased nonlinearly, showing saturation beyond 5.2% 

pre-strain. 



Literature review   

 
36 

Table 2.9. Strength of samples in tensile and compressive state at various pre-compression 

levels. 

Loading Mode Pre-compression (%) Yield strength (MPa) Ultimate strength (MPa) 

Compression 0 125 418 

Compression 

then 

compression 

0.5 129 407 

1.5 140 419 

1.7 149 423 

3.0 163 415 

Tension 0 202 326 

Compression 

then tension 

0.5 194 312 

1 150 320 

1.5 125 322 

1.7 120 325 

3.0 118 332 

 

 

Figure 2.16. Compressive properties of pre-strained extruded AM30 alloy. 

Figure 2.16 also demonstrates that the effect of pre-compression on ultimate compressive 

strength (UCS) of AM30 alloy depends greatly on the re-compression loading direction. UCS 

of x%ED-ED samples decreased linearly with the increase of pre-strain level, whereas, UCS of 

x%ED-TD samples initially increased and then reached to saturation. The increase in CYS and 

UTS in x%ED-TD samples is attributed to the formation of new twins during re-compression 

along TD, which resulted in grain subdivision and a refinement effect. In contrast, re-

compression along the same direction (x%ED-ED) led to linear change in CYS and UCS due 

to twin boundary coalescence, twin growth, or twin disappearance (also reported by Hong et al. 
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[70]). Twin growth is facilitated by interactions between dislocations and twin boundaries, 

which depends on the driving stress and characteristics of dislocations [71ï73]. Furthermore, it 

has been found that extension twins formed during pre-compression along ED can recover 

(known as detwinning) upon reverse loading along TD. This detwinning behaviour has been 

reported by Park et al. [74ï76] and other researchers [77ï81]. The evolution of twinning-

detwinning and twin boundary dynamics significantly impacts the anisotropic mechanical 

behaviour of magnesium alloys under different pre-strain and loading conditions. 

2.3.3 Effects of pre-deformation caused by torsion 

Torsional deformation is an effective method for introducing large plastic strains dominated 

primarily by shear deformation [82]. Compared to conventional tensile and compressive 

deformation, torsional pre-straining can accumulate higher plastic strain while avoiding strain 

localization and premature fracture [83,84]. This is particularly advantageous for achieving 

uniform deformation across the specimen. 

Jie et al. [85] investigated the effect of torsional pre-deformation on the mechanical properties 

of commercially pure titanium at room temperature. The torsional pre-straining was conducted 

at a rotational speed of 30 rpm, with samples subjected to 1, 2, and 3 full rotations, designated 

as Torsion-1, Torsion-2, and Torsion-3, respectively. The micro-hardness of the pre-strained 

and unstrained samples was measured along both transverse and longitudinal sections using a 

Vickers indenter under a 4.903 N load with a 15 s dwell time, as depicted in Figure 2.17. The 

results indicated a significant increase in hardness with an increasing number of torsional turns, 

which is attributed to the progressive grain refinement. The average grain size reduced from 70 

ɛm in the un-deformed sample to approximately 60 ɛm, 50 ɛm, and 40 ɛm in the Torsion-1, 

Torsion-2, and Torsion-3 samples, respectively. 

  

Figure 2.17. Variation of Vickers hardness of torsional pre-deformed titanium. 

Furthermore, Jie et al. [85] examined the combined effects of torsional and tensile pre-

deformation on hardness. Tension pre-deformation was conducted at a strain rate of 10-3 s-1, 

with the tensile pre-strained samples referred to as Torsion-0-Tension, Torsion-1-Tension, 

Torsion-2-Tension, and Torsion-3-Tension. The hardness results, shown in Figure 2.18, 

revealed that the combined torsion-tension pre-deformation samples exhibited a more 

pronounced increase in hardness, with increments of approximately 48 HV, 56 HV, and 65 HV 

compared to un-deformed samples. Whereas, the increment in hardness of deformed samples 

by single-mode deformation was about 50 HV by torsion deformation, which is higher than that 

by tension deformation (about 40 HV). Microstructure analysis [85] confirmed that torsion pre-
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deformation effectively enhanced grain refinement, which was further intensified when 

combined with subsequent tensile deformation. The Torsion-2-Tension sample exhibited the 

finest grain size of 25 ɛm, surpassing the refinement achieved through single-mode tension (40 

ɛm) and torsion (40 ɛm) processes. 

 

Figure 2.18. Variation of Vickers hardness of combined torsion-tension pre-deformed 

titanium. 

The tensile properties of the torsion-pre-deformed titanium samples are summarized in Table 

2.10. The results demonstrated a significant increase in yield strength and ultimate tensile 

strength with an increasing number of torsional turns, while the ductility exhibited a declining 

trend. Fractographic analysis [85] revealed that samples subjected to combined torsion-tension 

pre-deformation displayed larger and deeper dimples compared to those pre-deformed by 

tension alone. With increased pre-deformation, non-uniform plastic deformation zones became 

more prominent, suggesting an enhancement in local toughness. 

Table 2.10. Mechanical properties of pre-deformed titanium samples after twisting different 

turns. 

Pre-deformation TYS (MPa) UTS (MPa) Elongation (%) 

Torsions-0 365.06 503.81 21.1 

Torsion-1 457.45 564.19 19.6 

Torsion-2 517.77 614.29 13.5 

Torsion-3 545.90 660.74 9.84 

 

Many researchers have investigated the effects of pre-strain at room temperature on the 

mechanical properties of magnesium alloys [59,66,76,86ï89] and steel alloys [90,91]. Guo et 

al. [92] investigated the effect of pre-torsion on the tensile and compressive properties of 

extruded magnesium alloy AZ31 and its microstructural evolution. Cylindrical extruded AZ31 

rods were twisted to nominal angles of 0Á, 36Á, 72Á, and 144Á at a constant rotational speed of 

2 rpm. Due to elastic spring-back, the actual twisted angles were measured as 0Á, 23Á, 55Á, and 

130Á, respectively, and were denoted as PT-0, PT-36, PT-72, and PT-144 respectively. Tensile 
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and compressive tests were performed along the extrusion direction (ED) at a strain rate of 

1³10-3 s-1, with the mechanical properties summarized in Table 2.11. 

The results highlighted the notable yield asymmetry characteristic of extruded AZ31, defined 

as the ratio of compressive yield strength (CYS) to tensile yield strength (TYS). With increasing 

torsional angle from 0Á to 72Á, the tensile yield strength initially increased, peaking at PT-72, 

before decreasing at PT-144. The TYS values increased by 6 MPa, 23 MPa, and 16 MPa for 

PT-36, PT-72, and PT-144 samples, respectively, compared to PT-0. Conversely, the CYS 

demonstrated a continuous increase with the pre-torsion angle, with increments of 12 MPa, 21 

MPa, and 35 MPa, respectively. The enhancement in yield strength under both tensile and 

compressive loading was attributed to the increased dislocation density and the activation of 

twinning deformation during pre-torsion. Additionally, pre-torsion weakened the pre-existing 

extruded fiber texture in AZ31 alloy, which contributed to the observed non-monotonic 

variation in TYS. Texture weakening reduced the basal plane alignment parallel to the loading 

direction, thereby increasing the stress required for basal slip and enhancing CYS. The decrease 

in yield asymmetry with increasing pre-torsion was primarily attributed to the weakened fiber 

texture, which reduced the dominance of basal slip and facilitated the activation of non-basal 

slip systems [92]. However, pre-torsion increases the ultimate compressive strength but 

decreases ultimate tensile strength. Additionally, it should be point out that pre-torsion reduced 

the strain values at failure. 

Table 2.11. Tensile and compressive properties of AZ31 at various pre-torsion levels. 

Pre-

deformation 
Conditions 

Yield 

strength 

(MPa) 

Ultimate 

strength 

(MPa) 

Ductility 

(%) 

Yield asymmetry 

= (CYS/TYS) 

PT-0 

Tension 196 321 10.0 

0.61 

Compression 119 337 14.0 

PT-36 

Tension 202 309 8.9 

0.65 

Compression 131 375 13.8 

PT-72 

Tension 219 317 6.4 

0.64 

Compression 140 359 12.3 

PT-144 

Tension 212 316 8.0 

0.73 

Compression 154 370 14.9 

 

Overall, pre-torsion processing is a promising technique for enhancing the mechanical 

properties of magnesium alloys and titanium by promoting grain refinement, increasing 

dislocation density, and altering crystallographic texture, ultimately reducing yield asymmetry 

in hexagonal close-packed (HCP) metals. 
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2.4 Concluding remarks 

Over the decades, yield surface determination has undergone significant evolution, driven by 

the need to accurately describe plastic deformation behaviour under complex loading 

conditions. The literature reveals a transition from simplified models, such as von Mises and 

Tresca, to more sophisticated and physically grounded approaches that incorporate 

microstructural characteristics, anisotropy, and path-dependence. Notably, advanced 

characterisation techniques and computational methods have enabled a development of more 

accurate constitutive models that better reflect real material behaviour. In parallel, pre-

deformation has emerged as a highly effective technique for enhancing the mechanical 

properties and stability of metallic materials. Research findings suggest that a balance between 

pre-deformation intensity and post-processing treatments is essential to maximize mechanical 

performance while minimizing potential drawbacks. The key findings can be summarized in 

below points: 

¶ Microstructural refinement and strengthening 

By introducing controlled plastic strain before subsequent processing or aging 

treatments, pre-deformation increases dislocation density, refines grain structure, and 

facilitates the precipitation of strengthening phases, leading to improved yield strength 

and hardness. 

¶ Need of optimal strain levels for maximum performance 

While moderate pre-deformation enhances mechanical properties, excessive pre-strain 

can lead to microstructural defects, such as precipitate-free zones (PFZs) and coarsened 

precipitates, which adversely affect ductility and fatigue resistance. Balancing pre-strain 

is thus critical. 

¶ Material -specific effects 

The effects of pre-deformation and subsequent yield behaviour vary across different 

alloys. For instance, in aluminium and magnesium alloys exhibit enhanced aging 

responses with pre-strain, while stainless steels benefit primarily through work 

hardening and dislocation accumulation 

¶ Advancements in yield surface characterisation 

The evolution of experimental techniques, such as Bauschinger effect tests, digital 

image correlation, and biaxial testing alongside computational modeling has enabled 

deeper insights into yield locus evolution, anisotropy, and kinematic hardening 

phenomena. 

¶ Industrial relevance and future research 

Pre-deformation is widely applied in aerospace, automotive, and structural applications. 

Future investigations should focus on optimizing deformation-processing sequences, 

quantifying the influence of loading paths on evolving yield surfaces, and understanding 

long-term implications for fatigue, corrosion, and service life. 
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Chapter 3 

Experimental techniques and their methodology 
 

 A general summary of the experimental techniques for material characterisation under 

quasi-static conditions is reported. The experimental methods include uniaxial tension and bi-

axial stress space loading conditions, where pre-deformation methods are applied. These 

methods simulate realistic stress conditions, with a focus on yield surface determination to 

define material limits. The relations required to obtain material characteristics under different 

loading conditions are given. Additionally, microstructural testing, which complements 

mechanical tests by analysing structural changes at the microscopic level is discussed. The 

study of the literature concerning the tests discussed is also included. 

 

3.1 Introduction 

Understanding of material behaviour under various loading conditions is fundamental for 

developing and designing materials that meet the demands of engineering applications. In this 

chapter the experimental framework used in the Thesis are described. The discussed 

experiments are applied to characterise the Thesis materials. Study on the metalôs deformation 

in uniaxial and bi-axial stress space offers valuable insights into how materials respond to 

different stress combinations, yielding critical data that directly influences the optimization of 

materials for strength, durability, and other essential performance parameters. Although the 

basic principles of the testing techniques are rather straightforward, interpretation of the 

experimental results is less obvious. By defining and analysing yield surfaces, determining yield 

strength, and conducting microstructural evaluations, the framework provides a comprehensive 

view of both mechanical and structural material characteristics. This introduction outlines the 

significance of these techniques, their implementation, and their role in advancing material 

science. 

The strength tests are performed to determine the mechanical characteristics of the materials. 

However, the mechanical testing of these materials is still primarily performed under simple 

stress conditions in research and commercial facilities. The most common form of testing is 

tension and compression of solid cylindrical specimens. Such types of testing can only generate 

limited results concerning the mechanical strength and damage of materials in a single direction 

which does not simulate the real-world stress conditions encountered by materials in most 

engineering applications. Therefore, this Thesis also aims to report complex stress loading 

experiments to understand the physical mechanism accountable for plastic deformation caused 

by monotonic tension and tension assisted by cyclic torsion of the materials considered. 

The experimental programme comprised of following steps: 

¶ Uniaxial tensile tests for determining the mechanical properties of the materials; 

¶ Determination of the initial yield surface of the as-received material; 

¶ Introduction of the plastic pre-deformation in the specimens; 

¶ Determination of the subsequent yield surfaces of the pre-deformed specimens; 

¶ The microstructural analysis of the as-received and pre-deformed specimens. 
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The uniaxial tension test is conventional test used to obtain basic characteristics of the material 

ï details in Section 3.2. Under quasi-static tension loading the testing procedure is normalized 

and well established for several materials. Material characterisation under complex stress states 

requires a detailed approach to accurately capture the stress-strain relationships, yield criteria, 

and deformation mechanisms that materials undergo under load. Such experimental data is 

indispensable, especially for applications in aerospace, automotive, civil engineering, and other 

fields where materials must withstand high-stress conditions without compromising 

functionality. In these industries, materials are often exposed to multiaxial loading 

environments, where stresses do not act purely in one direction but instead combine to create 

complex load paths. Traditional uniaxial testing methods, while useful, provide only a partial 

understanding of material behaviour, highlighting the importance of biaxial stress testing in a 

complete characterisation. This combined approach supports the development of materials with 

predictable and reliable properties, leading to safer and more efficient applications. 

One of the experimental techniques included in this framework is the introduction of pre-

deformation in materials, a critical step for simulating the effects of initial stresses or loads that 

materials may experience during processing or in-service application. Pre-deformation 

influences material properties by introducing residual stresses or dislocation structures that alter 

the way materials respond to subsequent loading. Pre-loading of materials in uniaxial or biaxial 

directions enables researchers to assess an influence of prior deformation on yield behaviour, 

fracture toughness, and fatigue life, all of which are crucial for understanding long-term 

performance and durability. This approach is especially relevant for high-strength and ductile 

materials that are used in structures subjected to cyclic or combined stress states, such as in 

pressure vessels, pipelines, and load-bearing components. 

A primary goal of the experimental framework is to determine yield strength under different 

stress states and map the yield surface for materials subjected to biaxial stress loading. Yield 

strength, the point at which a material begins to deform plastically, is a critical property that 

influences the overall structural integrity and performance of the material in practical 

applications. Different loading conditions can alter the yield strength, affecting how the material 

performs under real-world stress scenarios. Uniaxial testing provides basic information on yield 

properties in a single direction, while biaxial testing captures more complex yield behaviour, 

allowing for a complete understanding of material responses in multidimensional stress spaces. 

By exploring the yield surface, or the boundary in stress space where yielding occurs, this 

framework aims to predict material performance in more intricate and realistic stress 

environments. 

To accurately identify how materials behave under testing, we need to carefully consider factors 

like external conditions, friction, and boundary constraints, as these elements significantly 

affect the results. The materialôs response does not only depend on its inherent qualities but is 

also influenced by the test setup and the structural aspects of the sample being tested. Advanced 

measurement techniques are essential for capturing the intricate interactions between external 

conditions and material behaviour. Additionally, new methods for both conducting and 

interpreting these tests are key to providing a more complete and accurate picture of how 

materials perform under different stresses. Working with experimental data requires a lot of 

attention to detail, especially in setting up tests, calibrating equipment, and choosing the right 

measurement methods. The shape of the test samples also plays an important role; choosing the 

optimal geometry can minimize potential inaccuracies. Without careful attention to these 
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factors, experimental data could introduce errors that compromise the reliability of theoretical 

models and conclusions. 

Equally important to the mechanical tests is the microstructural analysis, which complements 

and enhances the understanding gained from stress tests. Microstructural testing investigates 

the internal changes that materials undergo during deformation, such as dislocation movement, 

grain boundary behaviour, and phase transformations. These microstructural features provide a 

link between the macroscopic properties measured in mechanical tests and the fundamental 

atomic and molecular interactions that define material behaviour. Techniques such as scanning 

electron microscopy (SEM), transmission electron microscopy (TEM), and X-ray diffraction 

(XRD) reveal critical insights into how structural changes at the micro and nano-levels 

influence the overall mechanical properties of the material. In the Thesis, fractured surface of 

materials was analysed using SEM, whereas, grain orientation and texture evolution was 

observed using Electron Backscatter Diffraction (EBSD) technique. 

The implications of this experimental framework are far-reaching, as the data obtained from 

these tests directly impacts the design, selection, and application of materials in engineering 

fields. The ability to predict material behaviour under complex loading is invaluable for 

industries where structural failure could lead to catastrophic outcomes, such as in aerospace and 

civil engineering. In these high-stakes applications, understanding the yield behaviour of 

materials ensures that components are reliable, durable, and meet safety standards. 

Additionally, as new materials are developed with tailored properties for specific applications, 

the experimental techniques outlined in this chapter provide a foundation for evaluating their 

suitability under real-world stress conditions. 

3.1.1 Determination of the yield strength 

Yield strength is a fundamental property that defines the stress threshold at which materials 

transition from elastic to plastic behaviour. Yield strength is commonly determined through 

tensile testing, where a sample is subjected to increasing uniaxial stress until it begins to deform 

plastically. However, real-world applications often involve complex stress states, requiring a 

more nuanced understanding of yield strength across different loading conditions. When stress 

is applied in more than one direction, the materialôs behaviour may differ significantly 

compared to uniaxial loading. For instance, in biaxial or triaxial stress conditions, yield strength 

can be influenced by the interaction of many components of the stress tensor, leading to yield 

criteria that vary depending on the combination of stresses involved. Traditional criteria, such 

as the Huber, von Mises, and Tresca, are commonly used to predict yield behaviour under 

complex stress states. They are helpful to construct yield surfaces, providing a visual 

representation of yield points across different stress combinations, which is crucial for 

designing components subjected to multidimensional loads. Various examples of yield criteria 

are given in Chapter 4 of the Thesis. 

The yield strength of a material is affected by various factors, including surface characteristics, 

internal structure, and geometry, all shaped by production and mechanical treatments. These 

processes can result in residual stresses, voids, and irregularities, which may weaken the 

material. Heat treatments, such as annealing, can help normalize the material's structure and 

reduce internal stresses. 
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It is important in strength testing that samples used have to be free of surface defects, since 

imperfections like scratches or voids introduce areas of local stress concentration, leading to 

early deformation. A polished surface generally enhances yield strength by minimizing the 

stress concentration points, while rough surfaces with micro-cracks reduce it. Surface 

treatments, such as anodizing or carburizing, can further increase yield strength by hardening 

the materialôs surface. Internally, defects like dislocations and inclusions play a critical role, 

with dislocations potentially causing atomic slip, although strain hardening can counteract this 

in cold-worked materials. However, clustered dislocations at grain boundaries can create 

localized stress points. 

The geometry of the sample is also equally crucial; for example, ñdog-boneò shapes in tensile 

testing minimizes stress concentration at the grips and leads to an uniform deformation across 

the gauge length. However, in samples with notches or complex shapes, stress may localize, 

resulting in premature yielding at these points. Thickness also plays a role; thinner samples may 

exhibit a phenomenon known as size effect, where yield strength appears higher due to a more 

limited number of slip systems available for deformation. This is especially true in micro- or 

nano-scale samples, where surface effects and grain size can significantly influence yield 

behaviour. Thus, optimizing sample preparation is essential to accurately determine yield 

strength values. 

Yield strength refers to the stress level at which a material begins to undergo irreversible plastic 

deformation, indicating the limit of its elastic behaviour. It is crucial to clearly define the 

specific type of yield when using terms such as "yield," "yield strength," or "yield point" to 

avoid misunderstandings and inaccurate measurements. The selection of a suitable technique 

for determining yield points under different loading conditions is essential for the accurate 

identification of the yield surface. There are several distinct methods available to define the 

yield point, each designed for specific material behaviours and testing conditions. Here are 

some of the most common approaches: 

¶ Upper and Lower Yield Points: In some materials, like low-carbon steel, a clear yield 

point phenomenon clearly occurs on the stress-strain curve, where an initial peak (upper 

yield point) is followed by a lower, steady stress (lower yield point) ï Figure 3.1. Here, 

the yield point can be taken as either the upper or lower yield stress, depending on the 

intended application. 

 

Figure 3.1. Stress-strain curve for low-carbon steel. 
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¶ Designated Offset Strain: The most widely used approach, especially for metals, 

where a line is drawn parallel to the initial linear portion of the stress-strain curve, offset 

by a predetermined amount of strain (example: 0.2% strain). The point where this line 

intersects the stress-strain curve defines the yield point ï Figure 3.2. The onset of 

yielding may be identified with the beginning of inelastic strain, as defined in Eq.3.1: 

‐ ‐                            (3.1) 

where, ‐  - offset strain value; ‐  - total strain and E - Youngôs modulus. 

 

Figure 3.2. Designated offset strain method to define the yield point. 

¶ Backward Extrapolation or Double Secant Line: In this method two lines are drawn 

on the stress-strain curve, where one line reflects the elastic deformation behaviour and 

the other reflects the plastic stage deformation behaviour. The point of intersection of 

these two secant lines corresponds to the yield point ï Figure 3.3. 

 

Figure 3.3. Double secant line method to define the yield point 

¶ Thermoelastic Effect: Specimen temperature is measured during loading condition and 

the stress corresponding to the minimum change of the specimen temperature defines 
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the yield point ï Figure 3.4. The thermoelastic method is a non-contact, full-field 

experimental technique conducted under adiabatic conditions, highly sensitive to small 

plasticity, capable of detecting yield points even without a clear mechanical indication, 

and effective for accurate yield point detection in metals, composites, and thin sheets. It 

has to be mentioned, however, that this method can only be used for materials having a 

positive thermal expansion coefficient. 

 

Figure 3.4. Thermoelastic effect method to define the yield point. 

¶ K-S entropy approach: The K-S entropy approach (Kolmogorov-Sinai entropy 

method) is a statistical technique used to identify the yield strength of materials during 

tensile testing. This method relies on detecting the transition from elastic to plastic 

deformation based on entropy changes in the stress-strain data. The transition between 

these two states corresponds to the yield point, where significant internal 

rearrangements occur (e.g., dislocation movement, slip activation). For materials 

showing the physical yield point, the K-S entropy method enables its clear identification 

by marked drop of the metric entropy (entropy of measurement data) ï Figure 3.5. 

 

Figure 3.5. K-S entropy approach to define the yield point of C45 (medium carbon 

steel). 
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The K-S metric entropy for a discrete probability distribution is expressed by the Eq.3.2: 

Ὓ В ὴ ÌÎὴ                         (3.2) 

where, Ὓ ï the metric entropy; ὔ ï the number of sub-intervals into which the data set 

of measurement results was divided and ὴ ï the probability of the results in Ὥ interval, 

(where by definition ὴ ÌÎὴ ſ 0, if ὴ = 0). 

 

In the Thesis, the designated offset strain method was used to obtain the yield point since it was 

found as the most reliable for Thesis materials. The yield point determined for different values 

of the offset strain equal to: 

¶ 0.2% for uniaxial tension test, this value of the offset strain represents commonly used 

standard in the available literature to report the yield strength of materials; 

¶ 0.001%, 0.005%, and 0.01% for the complex stress state test. Such a small offset strain 

for the definition of yield should be used during determination of the yield surface 

applying a single specimen in order to reduce an effect of plastic strain accumulation 

from the previous loading paths to negligible small amount (detailed explanation is 

provided in Section 3.3.2). 

The subsequent sections will explore into each experimental technique in detail, illustrating 

how these methods collectively contribute to a robust understanding of material behaviour and 

provide a basis for the design and optimization of materials in engineering applications. 

 

3.2 Uniaxial tension test 

The uniaxial tension test is one of the most fundamental and widely used methods for evaluating 

the mechanical properties of materials. By applying a controlled tensile load along a single axis, 

this test provides valuable insights into the materialôs response under uniaxial stress, including 

elastic and plastic behaviour, and fracture characteristics. The stress-strain curve generated 

from the test serves as a comprehensive tool for determining properties such as Youngôs 

modulus, yield strength, tensile strength, ductility, and elongation at break. These properties are 

essential for material selection, quality control, and engineering design. 

The uniaxial tension test is particularly suitable for isotropic materials, as the uniform stress 

state allows accurate determination of mechanical properties. However, precise results require 

careful consideration of specimen geometry, as it directly influences stress and strain 

uniformity. Thin rods with constant cross-sections or optimized dog-bone geometries fulfil 

these conditions, ensuring accurate measurement of applied load and surface displacement. The 

simplicity and reliability of this test method have made it the primary tool for characterising 

materials, offering a standardized approach to comparing properties across different materials 

and applications. 

One of the significant advantages of the uniaxial tension test is its straightforward interpretation. 

The simple stress state ensures that results can be directly compared with data from literature 

and other materials. The experiment involves application of a tensile force to a specimen, 

typically dog-bone-shaped, with standardized dimensions. This geometry is specifically 
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designed to ensure uniform stress and strain distribution across the gauge length, minimizing 

stress concentrations at the gripping ends. The gauge section, with its reduced cross-section, 

ensures that deformation and failure occur in this region, making it the focal point of the 

analysis. 

The standard specimen with a diameter of 6 mm in the gauge length was used for determination 

of material tensile characteristics under constant strain rate of 0.005 s-1. Engineering drawing 

of the tubular specimen is shown in Figure 3.6. All the specimens were machined in a Computer 

Numerical Control (CNC) lathe machine to ensure precise dimensions. 

 

Figure 3.6. Engineering drawing of the solid tubular specimen for uniaxial tensile tests 

(dimensions in millimeters). 

All mechanical testing were performed on the MTS 858 servo-electrohydraulic biaxial testing 

machine with maximum capacity of Ñ 25 kN axial force and Ñ 100 Nm torque (Figure 3.10a 

and Figure 3.10b). The testing machine employs a load unit that features two vertical columns 

with maximum stroke of Ñ 50 mm and a generous horizontal test space between the columns, 

which enables easy specimen mounting. The load unit uses an integral crosshead-mounted 

linear actuator with an attached manifold. This provides close-coupled servovalves and 

accumulators for improved performance and reduced pressure fluctuations. The testing machine 

was properly calibrated to operate at constant rates of crosshead motion. During the test, the 

axial force F is recorded directly from the testing machine, whereas, the axial elongation ŭ is 

measured by an MTS extensometer on the gauge section ï Figure 3.7. 

 

Figure 3.7. MTS extensometer used to measure axial elongation. 
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To eliminate the effect of sample geometry on the response of the material, the stress-strain 

relation is given in the engineering (nominal) coordinates: 

ὃ  
  

                      (3.3) 

‏  ὰ  ὰ                      (3.4) 

„                        (3.5) 

‐                        (3.6) 

where, ὃ ï initial gauge length cross-sectional area; Ὀ  ï initial diameter of the specimen in 

the gauge length; ŭ ï axial elongation; ὰ ï current gauge length of the specimen during 

elongation; ὰ ï initial gauge length of the specimen; „  ï engineering stress; Ὂ ï axial force 

and ‐  ï engineering strain. 

Each test was repeated three times to guarantee the reliability of the results obtained. The tests 

were performed at room temperature (23ÁC). 

3.3 Complex stress state test 

The complex stress state test is an advanced method for characterising material behaviour under 

multi-axial loading conditions, where stresses are applied simultaneously along different 

directions. Unlike uniaxial tests, which provide valuable data under simple stress states, 

complex stress state tests simulate real-world scenarios where materials often experience 

combined stresses, such as tension, torsion, and compression. These tests are essential for 

understanding material responses in applications involving structural components, pipelines, 

and rotating machinery, where multi-axial loads and cyclic stresses are common. 

The primary objective of the complex stress state test is to capture the material's yield and 

failure behaviour under non-uniform stress distributions. In the Thesis to study the materialôs 

mechanical properties under the complex path of loading, tension-cyclic torsion and tension-

torsion-compression tests were employed. As a result of these complex stress states, the 

material's yield surface was obtained, which defines the boundary between elastic and plastic 

deformation in multi-axial stress space. These data are critical for developing accurate 

constitutive models, which predict material behaviour under service conditions. 

3.3.1 Introduction of the pre-deformation 

Pre-deformation refers to the application of an initial strain or deformation to a material before 

subjecting it to subsequent loading. This process plays a critical role in understanding and 

tailoring the mechanical behaviour of materials, as it alters their initial microstructure, stress 

distribution, and mechanical properties. In industrial applications, pre-deformation is 

commonly encountered during forming, machining, or other preparatory processes, making its 

study essential for predicting the material's performance under service conditions. The detailed 

analysis of pre-deformation is provided in Chapter 2 of the Thesis. 

The processes that causes initial plastic deformations are also one of the reasons of the acquiring 

of undesired anisotropic properties in the material, which are difficult to remove by heat 
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treatment. Therefore, it is important to study experimentally the influence of the load history 

on evolution of mechanical properties. In the Thesis, pre-deformation is explored under 

monotonic tension and combined tension-cyclic torsion loading conditions. The monotonic 

tension pre-deformation provides insights into the material's behaviour under uniform, 

unidirectional loading, while the combined tension-cyclic torsion introduces complex, multi-

axial stress states that simulate more realistic loading paths. These experiments help to identify 

how the pre-deformation affects the yield surface, and anisotropic behaviour of the material. 

Understanding of these effects is crucial for developing predictive models and optimizing 

materials for applications where they are subjected to sequential or cyclic loading after pre-

deformation, ensuring enhanced performance and reliability. 

 

 

Figure 3.8. Strain controlled complex loading programme with monotonic tension and cyclic 

torsion with strain amplitudes of Ñ0.4% (a); and Ñ0.8% (b) at a frequency of 0.5 Hz. 

In the Thesis to study the materialôs mechanical properties following plastic pre-deformation 

were introduce in the material: 

¶ Monotonic tension up to 1% permanent strain under a constant strain rate of 5Ĭ10-6 s-1. 

¶ Combination of monotonic tension up to 1% permanent strain under a constant strain 

rate of 5Ĭ10-6 s-1, and torsion-reverse-torsion cyclic loading for different magnitudes of 

strain amplitude (example of Ñ0.4% and Ñ0.8%, Figure 3.8) at different values of 

frequency. 
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In a combined monotonic tension ï cyclic torsion pre-deformation, a specimen was subjected 

to axial tension while cyclic torsional loads were applied simultaneously, allowing for the 

evaluation of the material's response to combined static and dynamic stresses. 

Complex loading tests were performed on the thin-walled tubular specimens. Engineering 

drawing of the thin-walled tubular specimen is shown in Figure 3.9. The wall thickness of the 

thin-walled tubular specimen was large enough to satisfy the thin-walled tube criterion and to 

avoid buckling during sequential loading. 

 

Figure 3.9. Engineering drawing of the thin-walled tubular specimen for complex loading 

tests and yield surface determination (dimensions in millimeters). 

Vishay 120ɋ temperature compensated strain gauges were bonded on the outer surface of the 

tubular specimens to measure and control axial, shear and hoop strain, Figure 3.10c and Figure 

3.10d. Two sets of strain gauges were used: 

¶ The axial and shear strain components were measured using three-element 45Á 

rectangular rosette EA-05-125RA-120 with a gauge length equal to 3.18 mm. 

¶ The hoop strain was measured using linear pattern rosette EA-13-062AK-120 with a 

gauge length equal to 1.57 mm. 

Both gauges were produced by Vishay. The gauges were bonded using M-Bond 610 adhesive 

produced by Measurements Group Inc. The three-element rectangular rosette was arranged in 

a manner, that one strain gauge cemented along the longitudinal axis of the specimen was used 

as the quarter bridge circuit to measure the axial strain, whereas, the other two strain gauges 

located at +45Á and -45Á angle with respect to the longitudinal axis of the specimen were used 

as the half-bridge circuit to measure the shear strain. The hoop strain was measured using a 

linear rosette by means of the additional half-bridge circuit perpendicular to the longitudinal 

axis of the specimen. 

This strain gauges measurement systems enabled independent monitoring of strain. Since they 

were directly connected to the machine controller, the precise strain control of tests was 

ensured. Before each test, bridge circuits were calibrated to guarantee the high accuracy of the 

test. 



Experimental techniques and their methodology   

 
52 

 

Figure 3.10. Set-up of the MTS 858 biaxial testing machine with the strain gauges bonded to 

the thin-walled tubular specimen (a); and its magnified view (b); image of the strain gauges 

bonded to the thin-walled tubular specimen (c); schemes of the strain gauge circuits on the 

specimen (d). 

3.3.2 Determination of the yield surface 

Yielding process and strain hardening effect are the primary issues studied in the framework of 

the material plasticity. An evolution of the initial yield surface well illustrates the characteristics 

of plastic deformation [93]. In order to better understand and describe fairly accurately a 

mechanical behaviour of the material in question, it is important to carry out the comprehensive 

experimental investigations of subsequent yield surfaces after different loading histories. A 

challenge in the initial yield surface determination and its evolution due to deformation history 

have received much attention in the literature. The internal area of yield surface can be 
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described as a region in the stress space where the material always behaves as elastic. The 

effects of yielding, along with that of isotropic and kinematic hardening, can all be described 

by using the yield surface. It was found, that various materials exhibited a wide range of shapes 

of the yield surface in the stress space [31,34]. The position, dimensions and shape of the yield 

surface of a material are substantially impacted by the experimental probe technique (single 

specimen or multiple identical specimens) used, the loading paths, and a definition of the 

yielding [94]. 

Table 3.1. A comparative table summarizing the key differences between single-specimen and 

multiple-specimen techniques for yield surface determination. 

Factor Single-specimen technique Multiple-specimen technique 

Number of specimens 

required 

One specimen tested under 

various loading paths. 

Multiple specimens, each tested 

under a specific loading 

condition. 

Cost Lower overall testing cost. 
Higher cost, due to preparation 

and testing of several specimens. 

Time Requirement 
Relatively faster, as a single 

specimen is used for all tests. 

More time-consuming due to the 

need to test each specimen 

separately. 

Accuracy and 

Resolution 

Comparatively lower, as the 

specimen might accumulate 

additional plastic strain from 

previous loading paths during 

sequential loading. 

Higher, as fresh specimens are 

used for each loading path, 

ensuring accurate results. 

Applicability 

Suitable for materials with 

minimal degradation under 

sequential loading. 

Preferred for materials sensitive to 

prior deformations or for highly 

anisotropic materials. 

Reproducibility 

Lower reproducibility, as the 

specimenôs condition changes 

during testing. 

Higher reproducibility, as each 

test uses an undisturbed specimen. 

Experimental 

Challenges 

Requires application of small 

offset strain as definition of 

yielding to limit an influence 

of loading history. 

Requires careful preparation to 

ensure all specimens are identical. 

 

Yield surfaces can be determined by testing a single specimen or multiple identical specimens 

which are loaded in different stress directions [94]. Previous experiments show, that results 

obtained using multiple identical specimens are qualitatively best in comparison to the single 
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specimen technique. It should be mentioned, however, that multiple specimens method for a 

single yield surface make the experiment costly and machining of geometrically identical 

testing specimens is nearly impossible [95]. The comparison of both probe techniques is 

summarized in Table 3.1. 

The disadvantage of single specimen probe technique is the accumulation of additional plastic 

strain from the previous loading direction on the same specimen. However, this disadvantage 

can be successfully overcome if loading in one direction is carried till very limited measurable 

plastic strain that leads to defining the yield point at small offset plastic strain and also the 

loading path is following a specific sequence to determine the yield surface.  

Researchers have followed different sequences of loading paths to obtain the yield surface 

among which the most preferable are: 

¶ starting from zero stress level, the specimen is gradually loaded in the tensile direction 

of a defined stress space and after achieving the desired level of plastic strain, further 

loading stops and the specimen is unloaded to zero stress level, then this loading-

unloading cycle is repeated in the exactly opposite direction of the same offset strain in 

the stress space defined. The next loading path differs from the previous path by a 

chosen angular increment ï Figure 3.11 [96]; 

 

 

Figure 3.11. Schematics of yield locus determination adopted by Khan et al. [30] . 

¶ the loading sequence follows a predetermined proportional (or radial) loading path, 

starting from zero stress, the specimen is first loaded in tension direction only till 

yielding occurs and then the specimen is completely unloaded and again loaded with 

some angular increment in the tension-torsion direction of a fixed defined stress space. 

This loading sequence is carried out till it reaches again the path representing the tension 

direction only ï Figure 3.12 [33]. 



 Experimental techniques and their methodology 

 
55 

 

 

Figure 3.12. Schematics of yield locus determination adopted by Dietrich and Socha 

[33] . 

The second sequence is the most suitable for the single specimen technique as previous results 

obtained using the first one introduces the Bauschinger effect [97]. 

The yield surface concept in the two-dimensional stress space (ʎ , ʐ) was applied to identify the 

impact of plastic pre-deformation on the material by evaluation of the yield points. Yield points 

were determined by the technique of sequential probes of the single-specimen along different 

paths in the plane stress state. Starting from the origin, loading in each direction took place until 

a limited plastic strain was observed (in our case it was 2 x 10-4). The limited plastic strain of 2 

x 10-4 (0.02%) was employed for probing in individual loading paths to ensure, that the plastic 

offset strain falls within the appropriate range of yield definition assumed. The loading 

components were strain controlled maintaining a constant ratio of the strain components. 

Subsequently, the unloading was carried out under stress control until zero force and torque 

were reached. The experimental procedure was performed along 17 stress paths (Figure 3.13), 

starting with simple tension and finishing with tension in the same direction. The loading and 

unloading were carried out for the following strain paths 00, 300, 450, 600, 900, 1200, 1350, 1500, 

1800, 2100, 2250, 2400, 2700, 3000, 3150, 3300, 3600 in the (ʀ , σȾρ  ʉ ʀ ) strain plane, 

Figure 3.13. Separate specimens were utilized for each yield surface (initial and pre-deformed) 

following the aforementioned sequential loading paths. It should be noted, that all specimens 

after pre-strain in tension or combined tension-torsion were relaxed for 1 hour, and then, 

subjected to the yield surface determination procedure. By incorporating the relaxation step, it 

was aimed to limit the effect of different strain rates during pre-deformation and probing since 

metals have relatively high strain rate sensitivity. 
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Figure 3.13. Loading sequence of strain paths for yield points determination in the biaxial 

strain space. 

One should highlight the importance of careful selection of the plastic offset strain value as a 

definition of yield point in the yield surface characterisation. In several investigations presented 

in the literature, the plastic offset definition of yield ranging from 0.0005% to 0.2% was often 

used for determination of the yield surface [20,23,27,30,98ï100]. A small plastic offset strain 

is recommended for the yield definition when only single specimen is used to determine the 

yield surface. This is due to the fact that the accumulation of additional plastic strain from the 

previous loading path should be as small as possible to be treated as negligible [30]. Therefore, 

to provide a more realistic elastic-to-plastic transition, the yield stress was defined as the 

equivalent plastic offset strain equal to 0.005% and 0.01% for each of the loading directions 

considered. The chosen plastic offset strain definition of yield in this investigation exceeded 

the 0.001% used in Khan et al. [30] due to the selection of a different sequential probing path 

for yield surface determination. However, yield stress definition of 0.001% plastic offset strain 

was used in the investigation of SS316L due to application of three pre-strain levels on a single 

specimen. The yield surfaces investigated using these probing parameters showed negligible 

effect from the history of previous loading paths of the same specimen. The yield surface is 

formed using yield point values determined for 16 different loading directions in the strain space 

under consideration (Figure 3.13). The last loading path, designated as 17, corresponds to pure 

tension, and it coincides with the initial loading path, denoted as 1. It was assumed, that 16 

different directions of loading in the stress space would be sufficient for determination of a 

yield surface shape represented by the ellipse. 

Szczepinski anisotropic yield condition was applied for the numerical calculation of yield 

surface [29]. To fit the experimental yield points by the Szczepinski anisotropic yield equation, 

the least squares method was used. The aforementioned methodology was applied to determine 
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the initial and subsequent yield surfaces. Szczepinski anisotropic yield condition and applied 

methodology have been comprehensively outlined in Chapter 4 of the Thesis. 

When an arbitrary solid body oriented in a Cartesian coordinate system is subjected to a number 

of forces in different directions such that the net force (i.e., the vector sum of all forces) acting 

on the body is zero, the body is said to be in static equilibrium. Under these conditions, the 

stress and strain states can be systematically expressed using tensors in a matrix form as: 

Ɑ  

„ † †
† „ †
† † „

  &   Ⱡ  

‐ ‐ ‐
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‐ ‐ ‐

                (3.7) 

During all tests, the stress state components were defined by the following well-known 

relationship for thin-walled tubes: 

„  
  

    
                     (3.8) 

†  
    

    
                     (3.9) 

The equivalent stress is computed from the following equation based upon the distortion-energy 

theorem (also known as the shear-energy or von Mises theory): 

„

 „ „ „ „ „ „ φ† † †    

         (3.10) 

Complex stress state tests were performed in the tension and torsion stress conditions, i.e. 

except „  and †  , all other stress components were equal to zero. The equivalent stress 

becomes: 

„  „ σ  †                   (3.11) 

The equivalent strain was determined from the general formula involving Poissonôs ratio ’: 

‐
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which leads with e e  ne   and e e π to the relationship 

‐  ‐  ‐                  (3.13) 

‐   ὉήόὭὺὥὰὩὲὸ ίὸὶὥὭὲὉὰὥίὸὭὧ ίὸὶὥὭὲ                    (3.14) 



Experimental techniques and their methodology   

 
58 

’
 

 
                 (3.15) 

The effective Youngôs modulus was determined from the initial linear region of the equivalent 

stress-equivalent strain curves corresponding to each loading path employed in the yield point 

determination, as illustrated in Figure 3.13. It quantifies the stiffness of a material and is defined 

as: 

Ὁ                   (3.16) 

where, „  - axial stress; F - axial force; D - initial outer gauge diameter of the specimen; d - 

initial inner gauge diameter of the specimen; †  - shear stress; T - twisting moment; „  - 

equivalent stress; ‐  - equivalent strain; ‐  - total axial strain; ‐  - total shear strain;  
‐  ï equivalent plastic strain; Ὁ  - effective Youngôs modulus; ’ - Poissonôs ratio and ‐  - 

hoop strain. 

The Poissonôs ratio for the testing materials was experimentally determined as the negative 

value of ratio of hoop (circumferential) to axial (longitudinal) strain values (Eq. 3.15). These 

strains components were precisely recorded by the strain gauges attached to the surface of the 

specimenôs gauge length. The average value of the Poissonôs ratio was simultaneously used in 

Eq. 3.13 for a given range of plastic deformation determined for the material in preliminary 

tests. 

The use of Eqns. (3.8) -(3.16) was solely intended for controlling the tests in order to obtain a 

predetermined pre-strain value. It is important to note, that these equations did not have any 

influence on the actual mechanical response of the material during the loading program, which 

was the main focus of the study. However, during the experiments, individual components of 

stress and strain were recorded as the function of time. On their basis, the components of stress 

are recalculated as functions of the corresponding strain components. 

3.4 Microstructural test 

Microstructural analysis is an essential component of materials science, providing 

understanding of a materialôs internal structure and how it evolves under various mechanical 

and thermal conditions. The microstructural test connects the macroscopic mechanical 

properties of a material with its microscopic characteristics, including grain structure, grain 

orientation, phase distribution, and defects like dislocations and voids. Understanding these 

characteristics is crucial for predicting material behaviour, enhancing mechanical performance, 

and customizing materials for specific applications. 

In the Thesis, one of the key motivations for conducting microstructural tests is to study the 

effects of pre-deformation on a materialôs internal structure. Pre-deformation, whether through 

monotonic tension or combined tension-cyclic torsion, induces significant changes in the 

microstructure, particularly in grain size and texture or grain orientation. These changes can 

influence mechanical properties, such as yield strength, ductility, and fatigue resistance, by 

modifying the materialôs ability to accommodate further deformation. 

Microstructural tests are performed using advanced techniques such as optical microscopy, 

scanning electron microscopy (SEM), electron backscatter diffraction (EBSD), and 

transmission electron microscopy (TEM). These techniques provide detailed visualization and 
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quantification of grain size, shape, and orientation, as well as the identification of phase 

boundaries and defects. For example, EBSD is particularly effective in mapping texture and 

assessing changes in grain orientation, enabling researchers to link the observed microstructural 

characteristics to the deformation history of the material. Additionally, knowledge of grain 

orientation and texture evolution is critical in processes such as rolling, forging, and additive 

manufacturing, where the mechanical properties of the final product are strongly connected to 

its microstructure. 

In the Thesis, the microstructural analysis was performed by using a FEI Quanta 3D field 

emission gun scanning electron microscope (FEG-SEM) operated at 20 kV. The Quanta 3D 

SEM was equipped with an energy dispersive spectroscopy (EDS) and an electron backscatter 

diffraction (EBSD) systems. The specimens were collected from the central part of the gauge 

length area and were prepared by conventional metallographic procedures for metals, including, 

grinding, initial polishing and electro-polishing. The specimens were ground in a sequence (low 

to high granulation size) by using 600, 800, 1200, and 2400 SiC graded papers. In the next step, 

initial polishing was performed with diamond suspensions of 3, 1, and 0.25 ɛm grain sizes. 

Finally, electro-polishing was conducted with following conditions: an electrolyte of 95% 

acetic acid and 5% perchloric acid, a voltage of 50ï60 V, and a temperature of 14ï16 ÁC. The 

samples for EBSD analysis require a highly polished flat surface to obtain reliable and high-

quality results. Any contamination, deformation, or oxidation near the surface can significantly 

hinder the process, as EBSD signals depend on electrons diffracted from only a few tens of 

nanometres beneath the specimen surface. Figure 3.14 represents a schematic of the specimen 

planes [Extrusion direction (ED) ï Transverse direction (TD) ï Radial direction (RD)] of the 

thin-walled tubular specimen for EBSD observations. In the Thesis, EBSD scan was acquired 

for ED ï RD plane. 

 

Figure 3.14. Scheme of the thin-walled tubular specimen planes for EBSD. 

In the Thesis, microstructural tests are conducted on materials subjected to monotonic tension 

and combined tension-cyclic torsion loadings. These tests aim to characterise the differences in 

microstructure evolution under simple and complex loading conditions. For monotonic tension, 

the focus is on understanding how uniform strain affects grain elongation and texture. For 

combined tension-cyclic torsion, the analysis explores how multi-axial stress states and cyclic 

loading lead to unique texture patterns. 

By correlating microstructural changes with mechanical performance, these tests provide a 

comprehensive understanding of material behaviour. This information is invaluable for 

developing predictive models that account for microstructural effects and for optimizing 

processing conditions to achieve desired mechanical properties. Ultimately, microstructural 

tests are an important component of modern materials research, enabling the design of advanced 

materials which fulfil the demanding requirements of various engineering applications. 
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3.5 Concluding remarks 

This chapter has provided a comprehensive review of the experimental techniques and 

methodologies employed to characterise the Thesis materialôs behaviour under different 

loading conditions, highlighting their significance in understanding mechanical properties and 

microstructural evolution. From determining yield strength through uniaxial and complex stress 

state tests to analysing pre-deformation effects and microstructural changes, each experimental 

approach contributes to building a comprehensive understanding of how materials respond to 

various mechanical stimuli. 

The uniaxial tension test, widely regarded as a fundamental tool of mechanical testing due to 

its simplicity and ability to derive fundamental properties like Youngôs modulus, yield strength, 

and tensile strength. However, the limitations of uniaxial testing under idealized conditions 

necessitate more advanced methods, such as complex stress state tests, to simulate real-world 

multi-axial loading scenarios. The complex stress state test allows to obtain more data points in 

the stress space because it applies combined loadings. By using a biaxial stress state, 

experimental yield points can be measured in both the positive and negative ranges of the stress 

axes. 

Through microstructural testing, the framework provides a comprehensive understanding of the 

materialôs structural characteristics on the role of grain structure, and texture in influencing 

material performance. By correlating mechanical test results with microstructural changes, such 

as those induced by pre-deformation, the insights gained are invaluable for optimizing materials 

for specific applications. 

Overall, the experimental methods described in this chapter are crucial for improving material 

design and performance. They provide the data needed to ensure materials behave reliably 

under real-world conditions, supporting advancements across industries like aerospace, 

automotive, and construction, where safety and durability are crucial. These techniques are not 

only tools for scientific discovery but also for driving innovation in engineering and 

manufacturing. 
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Chapter 4 

Yield criteria  
 

 The study of the yielding and failure behaviour of materials is crucial in solid 

mechanics and materials science. This chapter presents an overview of yield criteria, forming 

the theoretical basis of the Thesis. Before introducing the SzczepiŒski anisotropic yield criterion 

(1993), techniques for yield surface visualization are outlined. Historical and widely used yield 

models, including Tresca and von Mises, are briefly discussed, emphasizing their evolution. 

The SzczepiŒski criterion, which accounts for the Bauschinger effect and anisotropy, is 

simplified for biaxial (axial-shear) stress space to align with the Thesis experiments. This 

approach provides a practical framework for interpreting experimental data and evaluating 

the anisotropic properties of tested materials. 

4.1 Introduction 

Research into the strength of materials and structures plays a pivotal role in the design and 

safety assessment of various engineering applications. The accurate evaluation of material 

strength under complex stress states is essential for ensuring structural integrity and 

performance. The strength of materials is influenced by several factors, including temperature, 

loading rates, and the applied stress state. Understanding how these factors interact poses a 

significant scientific challenge, particularly under multiaxial loading conditions. Materials, 

both in nature and engineering applications, are frequently subjected to complex stress systems, 

which can be represented as a point or a cubic element subjected to combined stresses on its 

faces. These combined stresses are described by nine stress components, of which only six are 

independent due to the symmetry of the stress tensor. This complexity makes it difficult to 

derive a universal solution for material strength under arbitrary loading conditions, even when 

the problem is simplified to three principal stresses in isotropic materials. 

Principal stresses, which represent the normal stresses acting on specific planes with zero shear 

stresses, form the basis of many yield criteria. The three-dimensional representation of principal 

stresses, often referred to as triaxial stresses is shown in Figure 4.1. The uniaxial and biaxial 

stress states are special cases. Understanding the behaviour of materials under these stress 

conditions is fundamental for predicting the onset of plastic deformation and designing 

structures that can withstand diverse loading scenarios. 

 

Figure 4.1. Principal stresses acting on an element. 
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Different materials exhibit distinct mechanical behaviour, characterised by their uniaxial stress-

strain curves, which vary significantly depending on material properties. The yield point in a 

uniaxial stress-strain curve represents a critical threshold where materials transition from elastic 

(reversible) to plastic (irreversible) deformation. This yield point marks the limit of linear 

behaviour, beyond which permanent deformation occurs. When extended to three-dimensional 

complex stress states, the mathematical representation of the yield point is described by the 

yield criterion. 

The yield criterion is a cornerstone concept in solid mechanics, serving as the theoretical basis 

for understanding the load-bearing capacity of materials and the development of elastoplastic 

constitutive relations. It provides a mathematical framework to predict the onset of plastic 

deformation under applied stresses. In engineering applications, particularly for metals used in 

structural, automotive, and aerospace industries, accurate yield models are critical for designing 

components that balance strength, durability, and weight efficiency. Yield criteria are 

indispensable for describing the complex interplay of stresses that govern material behaviour 

under multiaxial loading conditions. They allow engineers to anticipate material performance, 

optimize structural designs, and ensure safety under various service conditions. For example, 

in structural engineering, yield models guide the design of beams and columns to prevent 

permanent deformation under load. In the automotive and aerospace sectors, yield criteria 

enable the development of lightweight yet resilient components, enhancing both energy 

efficiency and crashworthiness. The continuous advancement of yield models, integrating both 

experimental and computational methods, is essential for addressing the demands of modern 

engineering applications. 

The scope of this chapter encompasses a range of approaches to describing yielding, starting 

from classical isotropic criteria, such as the Tresca and von Mises criteria, to contemporary 

anisotropic models that account for the direction-dependent behaviour of metals. While 

isotropic criteria assume uniform properties in all directions, anisotropic criteria consider the 

influence of factors like texture, grain orientation, and prior deformation history, which are 

particularly significant in processed metals such as rolled sheets and extruded profiles. 

The objectives of this chapter are twofold: 

¶ To trace the historical development of yield criteria and highlight key theoretical 

advancements. 

¶ To compare isotropic and anisotropic yield criteria, discussing their assumptions, 

applications, and limitations. Discussion of the Szczepinski yield criteria used in this 

Thesis for yield surface visualization. 

4.2 General formulation and visualization of yield criteria 

In uniaxial stress states, the onset of plastic deformation is defined by the yield strength limit 

or yield point, where materials transition from elastic to plastic behaviour. However, for 

complex stress states, yielding occurs only when the components of the stress tensor („ ) 

satisfy a specific function known as the yield criterion. This yield criterion, expressed through 

the yield function Ὢ„ , defines a hypersurface in the stress space dependent on the stress 

tensor components. 
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The yield function can be formally expressed as: 

Ὢ„  π               O     ὩὰὥίὸὭὧ ὦὩὬὥὺὭέόὶ                 (4.1) 

Ὢ„  π               O     ὩὰὥίὸέὴὰὥίὸὭὧ ὦὩὬὥὺὭέόὶ                (4.2) 

The condition Ὢ„  π holds no physical meaning, as yielding is not possible beyond the 

yield surface. The equation Ὢ„  π defines a yield surface in the six-dimensional stress 

space. 

The stress tensor „  is a second-order Cauchy stress tensor, representing the general state of 

stress at a point and can be written as: 

„  

„ † †
† „ †
† † „

                    (4.3) 

The three eigenvalues („ȟ„ȟ„) of the stress tensor represent the principal stresses, which can 

be described as the normal stresses acting on a particular plane (principal planes) with zero 

shear stresses. Principal stresses are obtained as the three roots of the characteristic equation: 

„ Ὅ„ Ὅ„ Ὅ π                   (4.4) 

Principal stresses can be presented as: 

„  
„ π π
π „ π
π π „

                    (4.5) 

The three invariants (ὍȟὍȟὍ) of the stress tensor at a given point are scalar quantities that 

remain invariant under coordinate system transformations, making them independent of the 

orientation of the chosen axes. These invariants can be expressed in terms of the components 

of the Cauchy stress tensor or the principal stresses: 

Ὅ „ „ „ „ „ „ ὸὶ„                (4.6) 

Ὅ „ „ „ „ „ „ † † † „„ „„ „„

ὸὶ„ ὸὶ„                   (4.7) 

Ὅ ÄÅÔ „ „„„                  (4.8) 

However, for practical applications in plasticity, the stress tensor („ ) is often decomposed into 

the mean or hydrostatic stress tensor („‏ ) and the deviatoric stress tensor (Ὓ ). The relation 

can be expressed as: 

„ ‏„ Ὓ                      (4.9) 

where, the mean stress and the Kronecker delta are defined as:  

„ „ „ „ „ „ „                       (4.10) 
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‏  
ρ π π
π ρ π
π π ρ

                            (4.11) 

and the deviatoric stress tensor can be determined as: 

Ὓ „ ‏„

„ „ † †
† „ „ †
† † „ „

             (4.12) 

also, the deviatoric stress tensor on the principal plane can be defined as: 

Ὓ

„ „ π π
π „ „ π
π π „ „

               (4.13) 

The deviatoric stress invariants are given by: 

ὐ ὸὶὛ π                   (4.14) 

ὐ ὛὛ „ „ „ „ „ „             (4.15) 

ὐ ÄÅÔ Ὓ „ „ „ „ „ „               (4.16) 

The yield function is typically expressed in terms of the invariants of stress tensor and its 

deviator, as they are independent of the coordinate system. The general form of the yield 

criterion can be written as: 

ὪὍȟὐȟὐ π                   (4.17) 

This formulation for an isotropic material can be geometrically interpreted within the three-

dimensional principal stress space, where the principal stresses serve as the coordinate axes, as 

illustrated in Figure 4.2. This conceptual representation was first introduced by Haigh and 

Westergaard in 1920 [101,102] and is often referred to as the HaighïWestergaard space. The 

primary advantage of this space lies in its simplicity and the intuitive visualization of the stress 

state. In this principal stress space, each point corresponds to a unique stress state characterised 

by its three principal stress components („ȟ„ȟ„). The yield criterion is represented by a 

surface, known as the yield surface, which delineates the boundary between elastic and plastic 

behaviour of the material. If a given stress point lies inside the yield surface, the yield function 

satisfies f < 0, indicating that the material remains in the elastic regime. When the stress point 

reaches the yield surface, the yield function becomes zero, f = 0, signifying the onset of yielding. 

Stress states outside the yield surface are not physically possible for perfectly plastic materials 

Figure 4.3. This geometric interpretation simplifies the analysis of yielding under multiaxial 

stress states, offering valuable insights into material behaviour under various loading 

conditions. 
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Figure 4.2. Three-dimensional representation of a yield surface. 

 

Figure 4.3. The yield curve in the plane stress state („=0). 

 

4.3 Historical development of yield and failure criteria 

The development of yield and failure criteria has evolved gradually over several centuries, with 

significant contributions from pioneering scientists. The earliest documented investigations into 

material strength can be traced back to Leonardo da Vinci (1452ï1519) and Galileo Galilei 

(1564ï1642) [103]. Da Vinci hypothesized that the strength of an iron wire was influenced by 

its length, while Galileo proposed that fracture occurs when a critical stress threshold is reached 

[104]. These early observations laid the groundwork for what later became known as the 

maximum normal stress strength theory, often regarded as the first strength theory. The 

subsequent advancements in yield criteria were marked by the emergence of various theories 

addressing different aspects of material behaviour. The maximum strain strength theory 

proposed in 1686 by Marriott, though published posthumously, introduced strain-based failure 

conditions [105]. A significant contribution was made by Charles-Augustin de Coulomb (1736ï

1806), who extended the maximum shear stress theory in 1773 by incorporating the effects of 

normal stress on shear failure [106], which became the basis for the Mohr-Coulomb yield 
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criterion. Coulomb's work profoundly influenced the mechanics of elastic bodies and the 

analysis of materials in geotechnical engineering [103]. Later, the maximum shear stress 

strength theory was developed by Henri Tresca in 1864, which played a fundamental role in 

describing ductile material behaviour under multiaxial stress states [107]. Further refinements 

were introduced with the shear strain energy strength theory, independently proposed by Huber 

in 1904 and von Mises in 1913 [108,109]. This theory emphasized the role of deviatoric stress 

in yielding, leading to the development of the widely applied Huber-von Mises-Hencky (HMH) 

criterion. The single-shear strength theory, introduced by Christian Otto Mohr in 1900, was a 

critical milestone that provided a geometric interpretation of failure conditions through Mohrôs 

circle [110]. 

In the latter half of the 20th century, more advanced models emerged to address anisotropic 

materials and directional dependencies. The anisotropic yield criteria proposed by Hill in 1948 

accounted for texture-induced variations in yield behaviour [111]. Additionally, the twin-shear 

stress yield criterion, developed by Mao-Hong Yu in 1983, extended earlier single-shear models 

to provide more comprehensive descriptions of yielding [112]. The continuous evolution of 

yield criteria reflects the increasing complexity of material behaviour observed in experimental 

studies and the need for more accurate predictive models. 

Modern yield criteria are often categorized based on various factors, including: 

¶ Material Effort: Stress-based, strain-based, or energy-based formulations. 

¶ Yield Surface Geometry: Cylindrical (Huber), conical (Drucker-Prager), or paraboloid 

(Theocaris) shapes. 

¶ Directionality: Isotropic or anisotropic response. 

¶ Material Type: Metals, polymers, rocks, soils, ceramics, or composite materials. 

The development of yield criteria has been pivotal in advancing our understanding of material 

behaviour under complex stress states. The concept of yielding, or the onset of plastic 

deformation, emerged from early experimental observations and gradually evolved into robust 

mathematical models. This section traces the historical milestones in yield criterion research, 

focusing on the key theories and their implications for isotropic and anisotropic materials. 

4.3.1 Tresca criterion (1864) 

Henri Tresca made one of the earliest significant contributions to yield theory by proposing a 

mathematical formulation of the yield criterion in the mid-19th century [107]. His pioneering 

work focused on the flow of metals under compression, where he proposed that yielding occurs 

when the maximum shear stress within a material reaches a critical value. This concept marked 

a departure from earlier ideas that relied solely on normal stress considerations, offering a more 

refined perspective on material failure. Subsequent refinements to Tresca's model were 

introduced by Guest, who simplified the criterion to enhance its applicability to a broader range 

of ductile materials [113]. The Tresca-Guest criterion, also referred to as the maximum shear 

stress criterion, is mathematically expressed as: 

Ὢ„ ḳȿÍÁØ„ȟ„ȟ„ ÍÉÎ „ȟ„ȟ„ ȿ „ π             (4.18) 

„ ȿÍÁØ„ȟ„ȟ„ ÍÉÎ „ȟ„ȟ„ ȿ               (4.19) 
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†                     (4.20) 

where, „ is the equivalent uniaxial yield stress and †  is the yield shear stress of the material. 

This hypothesis aligns well with the observation that shear stress, rather than normal stress, 

governs plastic deformation in ductile materials. Consequently, Tresca's criterion provided a 

more practical and experimentally verifiable method for predicting material yielding under 

uniaxial and multiaxial loading conditions. The shape of Tresca-Guest criterion is a hexagonal 

cylinder in the 3-dimensional principal stress space as shown in Figure 4.4. The Tresca-Guest 

criterion exhibits certain limitations. It tends to overestimate yield strength under multiaxial 

loading conditions and fails to account for the influence of intermediate principal stresses. 

However, its straightforward nature makes it highly suitable for analytical calculations in cases 

involving simple stress states. 

 

Figure 4.4. Graphical representation of the Tresca-Guest criterion. 

 

4.3.2 Mohr -Coulomb criterion (1900) 

The Mohr-Coulomb criterion extends the Tresca approach by incorporating the effects of 

normal stress on shear failure. Coulomb hypothesized that failure occurs due to sliding along 

specific planes within a material. He proposed that failure initiates when the shear stress along 

a plane exceeds the material's inherent cohesive resistance, combined with the frictional 

resistance generated by the normal stress acting on that plane [106]. The Mohr hypothesis 

further refined this understanding by establishing a functional relationship between shear stress 

and normal stress on the failure plane. According to Mohr, failure occurs when the stress state 

on a plane reaches a critical combination of shear and normal stresses, which can be represented 

as a failure envelope in stress space [110,114]. The Mohr-Coulomb criterion mathematically 

expresses this relationship as a linear failure envelope (Figure 4.5), given by the equation: 

† ὧ „ ÔÁÎ•                  (4.21) 

The Mohr-Coulomb criterion in terms of principal stresses: 

„ „ „ „ ÓÉÎ• ςὧÃÏÓ•               (4.22) 
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where, †  = shear stress on the failure plane, ὧ = cohesion (inherent shear strength), „  = 

normal stress on the failure plane, • = angle of internal friction, „ = maximum principal stress, 

and „ = minimum principal stress. 

 

Figure 4.5. Mohr diagram and failure envelope. 

The Mohr-Coulomb criterion introduces two material constants (ὧ and •), unlike the Tresca 

criterion, which relies on a single material constant (the yield shear stress). Notably, when the 

angle of internal friction • becomes zero, the Mohr-Coulomb criterion reduces into the Tresca 

criterion, indicating that the critical shear stress is no longer influenced by normal stress. This 

highlights the versatility of the Mohr-Coulomb criterion in describing a broader range of 

material behaviours. However, both the Tresca and Mohr-Coulomb criteria share a significant 

limitation: they do not account for the intermediate principal stress. This omission can lead to 

inaccuracies in predicting material failure, as the intermediate principal stress can influence the 

stress state and failure characteristics of materials, even when its value is zero. Despite its 

limitations, the Mohr-Coulomb criterion remains widely used in geotechnical, structural, and 

geological engineering due to its simplicity and effectiveness in modelling the failure of 

frictional materials [115]. In three-dimensional principal stress space, the Mohr-Coulomb 

criterion takes the form of a hexagonal pyramid (Figure 4.6).  

 

Figure 4.6. Graphical representation of the Mohr-Coulomb criterion [116]. 
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4.3.3 Huber-von Mises-Hencky criterion (1913) 

The Huber-Mises-Hencky (HMH) yield criterion, also known as the von Mises isotropic yield 

criterion, is a fundamental one-parameter model widely used to predict the onset of yielding in 

metallic materials that exhibit identical yield stresses in tension and compression. This criterion 

is particularly applicable to isotropic materials, which exhibit uniform mechanical properties in 

all directions, and assumes that yielding is insensitive to the hydrostatic stress tensor. The HMH 

criterion is based on the concept of distortion energy, which suggests that yielding begins when 

the energy associated with the change in shape (distortion) of a material reaches a critical value. 

The development of the HMH criterion has a rich historical background. It was first proposed 

by James Clerk Maxwell in 1865 [117], who laid the groundwork for the concept of energy-

based yield criteria. Later, it was independently refined by Huber in 1904, Richard von Mises 

in 1913, and Hencky in 1924 [108,109,118]. These contributions culminated in the formulation 

of the HMH criterion, which states that yielding of materials begins when the second invariant 

of the deviatoric stress tensor reaches a critical value. The HMH criterion is also known as the 

maximum distortion energy criterion, as it focuses on the energy associated with shear 

deformation rather than volumetric changes. The HMH criterion is expressed mathematically 

as: 

Ὢὐ ḳὐ π                 (4.23) 

ὐ       O   „ σὐ    O    „ σ „ „ „ „ „

„                     (4.24) 

„ „ „ „ „ „ „              (4.25) 

Whereas, in an arbitrary system of reference the HMH isotropic criterion is expressed as 

follows: 

„

„ „ „ „ „ „ φ† † † (4.26) 

The yield limit in shear according to the uniaxial yield stress can be expressed as: 

†
Ѝ

                   (4.27) 

In three-dimensional principal stress space, the von Mises criterion is represented as a circular 

cylindrical yield surface of infinite length, with its axis equally inclined to the three principal 

stress axes (Figure 4.7).The von Mises criterion is widely used for isotropic materials due to its 

ability to account for the influence of all stress components, providing a more comprehensive 

description of yielding compared to the Tresca criterion, which only considers the maximum 

shear stress. It is useful in engineering design and analysis due to its good correlation with 

experimental data for many ductile materials. It provides a more accurate prediction of yielding 

compared to the Tresca criterion under complex loading conditions, including multiaxial stress 

states. Despite its widespread use, the HMH criterion has limitations. It is not suitable for 
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materials that exhibit pressure-dependent yielding (e.g., soils, polymers, or composites) or 

anisotropic behaviour (e.g., rolled metals or fiber-reinforced materials). 

 

Figure 4.7. Cylindrical yield surface predicted by the HMH criterion. 

 

Anisotropic criterion by von-Mises (1928): 

Later, in 1928, von-Mises generalized his yield function to consider the anisotropy in materials 

[119]. The criterion can be presented as: 

ςὪ„ ḳ„ὑ „ ρ       O        Ɑ Ɑ ρ             (4.28) 

In Eq. (4.28), no prior assumptions are made regarding the isotropy characteristics of the fourth-

order tensor, represented by , contain the yield parameters of the material. Components of  

are indexed by Ὥ, Ὦ, Ὧ, ὰ each ranging from 1 to 3 in 3D space, resulting in 34 = 81 components. 

By an adequate selection of the components of  along material axes, this tensor can describe 

a full anisotropy, orthotropy, transversally isotropy or, even, an isotropy yield condition. Also, 

Eq. (4.28) is directly written in terms of the stress tensor, denoted by Ɑ, and not in terms of its 

deviatoric part, ╢, so the equation is able to predict yield under either hydrostatic or deviatoric 

stresses. 

Eq. (4.28) is presented using classical tensor notation. However, when dealing with actual 

calculations, the Voigtôs matrix format is more convenient. With this format, Eq. (4.28) is re-

written as Eq. (4.29), where tensor indices now span in the range Ὥ, Ὦ Í {1, 2, 3, 4, 5, 6}. Here, 

the fourth-order tensor of yield parameters  is written as a 6 ³ 6 square matrix (╚), while the 

second-order tensor of stress Ɑ is written as 6 ³ 1 column matrix („), presented in Eq. (4.30). 

ςὪ„ ḳ„ὑ„ ρ       O        „╚„ ρ             (4.29) 
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As Eqs. (4.28) and (4.29) are a quadratic form in „, and quadratic forms generally exhibit 

insensitivity to the skew-symmetric part of ╚, choosing ╚ to have a symmetric matrix does not 

affect the generality of the equation. Thus, for the fully anisotropic case, ╚ has 21 independent 

components, reflecting the anisotropic nature of the material under consideration. 

„

ụ
Ụ
Ụ
Ụ
Ụ
ợ
„
„
„
†
†
† Ứ
ủ
ủ
ủ
ủ
Ủ

  &  ὑ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὧ Ὧ Ὧ Ὧ Ὧ Ὧ
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ίώά Ὧ Ứ
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ủ
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Ủ

               (4.30) 

 

Inserting Eq. (4.30) into Eq. (4.29) and expanding the quadratic form, results in the scalar yield 

criterion given by Eq. (4.31). 

ςὪ„ ḳ Ὧ „ Ὧ „ Ὧ „ Ὧ † Ὧ † Ὧ †

ςὯ „ „ Ὧ „ „ Ὧ „ † Ὧ „ † Ὧ „ †

Ὧ „ „ Ὧ „ † Ὧ „ † Ὧ „ † Ὧ „ † Ὧ „ †

Ὧ „ † Ὧ † † Ὧ † † Ὧ † † ρ            (4.31) 

The anisotropic von Mises criterion is limited in its ability to describe different elastic limits of 

materials under tension and compression loading conditions. Since the criterion remains 

invariant when the sign of all stress components is reversed, making it unable to capture the 

phenomenon of the Bauschinger effect. As such, the anisotropic von Mises criterion may not 

provide a complete and accurate representation of the behaviour of materials under various 

loading conditions. 

 

4.3.4 Drucker-Prager criterion (1952) 

The Drucker-Prager yield criterion is an elastoplastic isotropic model, that serves as a smooth 

approximation of the Mohr-Coulomb criterion. It is specifically designed to predict the onset 

of plastic deformation in pressure-sensitive materials, such as soils, concrete, and rocks 

[120,121]. Unlike the Huber-Mises-Hencky criterion, which is independent of hydrostatic 

pressure, the Drucker-Prager criterion explicitly incorporates the influence of mean stress 

(hydrostatic pressure) on the shearing resistance of a material. This makes it particularly 

suitable for modelling the behaviour of brittle materials, although it has also been applied to 

metals under specific conditions, such as high-pressure environments or porous materials [122ï

125]. The Drucker-Prager criterion is based on the assumption that the octahedral shear stress 

at failure depends linearly on the octahedral normal stress through material constants. 

Mathematically, the criterion is often expressed as: 

ὪὍȟὐ ḳ‌Ὅ ὐ Ὧ π    O     ὐ ‌Ὅ Ὧ             (4.32) 

where, ‌ and Ὧ are material constants. 
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Drucker-Prager model can be also expressed by using the principal stresses: 

„ „ „ „ „ „ ‌„ „ „ Ὧ            (4.33) 

In three-dimensional principal stress space, the Drucker-Prager criterion is represented as a 

conical yield surface (Figure 4.8). This conical shape reflects the criterion's dependence on 

hydrostatic pressure, with the yield strength increasing as the hydrostatic pressure increases. 

Unlike the Mohr-Coulomb criterion, which has a hexagonal pyramid-shaped yield surface with 

sharp corners, the Drucker-Prager criterion provides a smooth failure envelope. This 

smoothness avoids numerical difficulties associated with sharp corners in stress space, making 

it more computationally efficient for finite element analysis and other numerical simulations. 

The Drucker-Prager criterion is particularly valuable for modelling the behaviour of 

geomaterials and other pressure-sensitive materials under complex loading conditions. It 

provides a more accurate prediction of material behaviour compared to the HMH criterion for 

materials like soils and rocks, where the influence of hydrostatic pressure on yielding is 

significant. However, the criterion has notable limitations: 

¶ The Drucker-Prager criterion tends to overestimate material strength for general stress 

states, particularly in triaxial extension (where the intermediate principal stress is 

significantly different from the minimum principal stress). 

¶ Due to its conical failure surface, the criterion is only accurate within a limited range 

of hydrostatic stress. It fails to properly describe material behaviour near the apex of 

the cone, where the hydrostatic pressure is very high or very low. 

¶ The criterion assumes isotropic material behaviour, which limits its applicability to 

anisotropic materials or materials with complex microstructures. 

 

Figure 4.8. Yield surface of Drucker-Prager criterion in the principal stress space (a), in the 

plane of „ π [126]. 

4.3.5 Hill's criterion for anisotropic m aterials (1948) 

Hillôs anisotropic yield criterion, proposed by Rodney Hill in 1948, represents a significant 

advancement in plasticity theory by extending the von Mises yield criterion to account for 

material anisotropy. Hillôs criterion introduces anisotropic yield functions incorporate the 

directional dependence of material properties. This makes it particularly suitable for materials 

(a) (b) 
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such as rolled metal sheets, extruded components, and fiber-reinforced composites, which 

exhibit distinct mechanical properties along different axes due to their microstructure or 

manufacturing processes [111]. Unlike the von Mises anisotropic criterion (Eq. (4.28)) which 

employs a fourth-order tensor of yield parameters (ὑ ), Hill instead directly derives a scalar 

expression that is quadratic in the differences between the normal stress components and every 

single shear stress. As a result, the Hill criterion focuses exclusively on the deviatoric part of 

the stress tensor and does not account for the influence of hydrostatic stress on yielding. This 

simplification is consistent with the assumption that yielding is primarily driven by shear 

deformation rather than volumetric changes. Mathematically, the general form of the Hill yield 

criterion can be expressed as: 

ςὪ„ ḳὊ„ „ Ὃ„ „ Ὄ„ „ ςὒ†

ςὓ† ςὔ† ρ                  (4.34) 

where, ὊȟὋȟὌȟὒȟὓ ὥὲὨ ὔ are coefficients representing the anisotropic material constants. If 

Ὂ Ὃ Ὄ ρ and ὒ ὓ ὔ σ, the Hill criterion will turn into Huber-Mises-Hencky 

isotropic yield criterion. 

Hillôs criterion is particularly well-suited for orthotropic materials, where the material 

properties are symmetric along three mutually perpendicular axes. It has been widely applied 

in industries such as aerospace, automotive, and manufacturing, where materials like rolled 

metal sheets and fiber-reinforced composites are commonly used. Thus, the Hill criterion, as 

defined by Eq. (4.34), only captures orthotropic behaviour but not full anisotropy. This restricts 

its applicability to materials with more complex directional properties. 

Similarly, to the von Mises anisotropic criterion (Eq. (4.31)), linear term in the stress is not 

present in the Hill criterion (Eq. (4.34)). The quadratic nature of Hillôs criterion means that 

changes in the signs of stress components do not affect the yield condition. This can lead to 

inaccuracies in predicting yielding under certain stress states, such as biaxial tension-

compression or cyclic loading. 

To address some of these limitations, Hill proposed a generalized yield function in 1979 

[127,128]. This extended formulation is non-quadratic and expressed in terms of the principal 

stress components, allowing for a better approximation of material behaviour under complex 

stress states. The generalized Hill criterion can be written as: 

Ὂȿ„ „ȿ Ὃȿ„ „ȿ Ὄȿ„ „ȿ ὒȿς„ „ „ȿ ὓȿς„

„ „ȿ ὔȿς„ „ „ȿ „               (4.35) 

where, ά is the material parameter with ά ρ. 

However, this criterion is limited to stress states where the directions of the principal stresses 

are aligned with the orthotropic axes of the material. This restriction reduces its applicability 

for materials subjected to arbitrary loading directions. 

4.3.6 Contemporary developments and advanced models 

Modern research in plasticity theory has led to the development of advanced yield criteria that 

integrate experimental data, computational methods, and microstructural considerations. These 

advancements are driven by the need to accurately predict the plastic behaviour of materials 
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under complex loading conditions, such as uniaxial tension, equi-biaxial tension, near-plane 

strain, and pure shear, which are commonly encountered during manufacturing and engineering 

applications. To address these challenges, researchers have developed new yield criteria or 

modified existing ones to better capture the plastic anisotropy and stress-state dependence of 

materials [129]. Some of the most notable contributions in this field are presented as follows: 

Hosford yield criterion:  In 1972, William F. Hosford proposed an isotropic yield criterion that 

generalized the Huber-Mises-Hencky criterion while emphasizing the role of stress triaxiality 

[130]. The criterion introduced a material-dependent exponent to better fit the yield behaviour 

of face-centered cubic (FCC) and body-centered cubic (BCC) metals. Later, in 1980, Logan 

and Hosford proposed an anisotropic yield criterion which is a special case of generalized Hill 

criterion (Eq. (4.35)), specifically designed for planar anisotropy in sheet metals [131]. It 

accounts for differences in yield strength between rolling, transverse, and diagonal directions. 

The model provides more realistic predictions in deep drawing and other forming operations. 

Barlat yield criterion:  Fr®d®ric Barlat and colleagues developed a series of anisotropic criteria, 

including YLD 89, YLD91, YLD2000-2d, and YLD2004 [132ï135]. These criteria improve 

upon earlier models like the Hill and Hosford criteria for the case where the directions of the 

orthotropic axes are not coincident with the directions of the principal stresses. These criteria 

offer more accurate predictions of yield surfaces for materials with pronounced anisotropic 

properties, such as aluminium alloys, steels, and textured metals. For example, the YLD2000-

2d criterion is widely used for sheet metal forming applications. It incorporates linear 

transformations of the stress tensor to better capture the anisotropic yield surface, making it 

highly accurate for predicting yield behaviour under complex loading conditions. The Barlat 

criteria have become a standard in industries such as automotive and aerospace, where precise 

modelling of anisotropic materials is critical. 

GursonïTvergaardïNeedleman (GTN) yield criterion: The GTN yield criterion is a 

mesomechanical model developed to predict the ductile fracture behaviour of porous materials 

under plastic deformation. The criterion was initially proposed by Gurson in 1977 [136] to 

model the plastic flow and fracture of ductile metals considering the effects of hydrostatic stress 

and later modified by Tvergaard and Needleman in 1984 through introducing three additional 

fitting parameters [137ï139]. This criterion describes the influence of void nucleation, growth, 

and coalescence on the yielding and failure of ductile materials. 

Crystal plasticity-based yield criteria: Crystal plasticity has emerged as a powerful 

framework for understanding the plastic behaviour of polycrystalline materials by considering 

their microstructural characteristics, such as grain orientation, slip systems, and 

crystallographic texture. Unlike conventional yield criteria, which treat materials as 

homogeneous and isotropic, crystal plasticity-based models account for the anisotropy and 

heterogeneity of individual grains. These models are particularly useful for materials like 

metals, alloys, and single crystals, where microscopic deformation mechanisms play a critical 

role in macroscopic behaviour. Crystal plasticity-based yield criteria use crystallographic 

texture and intrinsic single-crystalline anisotropy as inputs to model phenomena such as: micro-

crack initiation and propagation, fatigue and creep in small-scale plasticity, texture evolution 

during deformation, damage parameter calculation, fracture criteria for crystalline materials 

[140ï142]. These models are often implemented in finite element simulations to predict the 

deformation and failure of materials at both the microscopic and macroscopic scales. They have 
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found applications in material design, process optimization, and failure analysis, particularly in 

industries where precise control over material properties is essential, such as aerospace, 

automotive, and additive manufacturing. 

 

4.4 Anisotropic yield criterion by SzczepiŒski (1993) 

Wojciech Adam SzczepiŒski (1924ï2010) was a prominent Polish scientist who made 

significant contributions to the fields of mechanics and theory of plasticity. In 1993, 

SzczepiŒski proposed an anisotropic yield criterion that extended traditional isotropic yield 

models by incorporating the effects of material texture and deformation-induced anisotropy 

[29]. His work was particularly focused on addressing the Bauschinger effect, a phenomenon 

observed in metals where the yield strength in one direction (e.g., tension) differs from that in 

the opposite direction (e.g., compression) after plastic deformation. This effect is critical in 

materials subjected to cyclic loading or reverse loading conditions, such as in metal forming 

and fatigue analysis. 

SzczepiŒskiôs criterion builds upon the von Mises anisotropic yield criterion (Eq. (4.31)), which 

is a quadratic function of the stress components. However, unlike the von Mises criterion, which 

does not account for the Bauschinger effect or directional dependence of yield strength, 

SzczepiŒski introduced linear terms with respect to the stress components into the yield 

condition. This modification allows the criterion to better capture the asymmetric yielding 

behaviour observed in anisotropic materials. Mathematically, SzczepiŒskiôs yield criterion can 

be expressed as:  

Ὢ„ Ὧ „ „ Ὧ „ „ Ὧ „ „

ς† Ὧ „ „ Ὧ „ „ ς† Ὧ „ „ Ὧ „

„ ς† Ὧ „ „ Ὧ „ „ Ὧ † Ὧ †

Ὧ † ὦ „ „ ὦ „ „ ὦ „ „ ὦ †

ὦ † ὦ † ρ                  (4.36) 

where, Ὧ  and ὦ  are coefficients representing the anisotropic material constants. 

The SzczepiŒskiôs yield criterion presented by Eq. (4.36) is simplified according to the 

experiments performed for yield surface identification of materials in this Thesis. The 

experiments were performed in the plane stress conditions for which except „  and †  , all 

other components of stress were equal to zero. So, yield condition for the plane stress is 

simplified as follows: 

Ὢ„ Ὧ Ὧ „ ςὯ † „ Ὧ † ὦ ὦ „

ὦ † ρ                   (4.37) 

Physical interpretation of some of the coefficients Ὧ  and ὦ  can be expressed as: 

Ὧ   
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Ὧ   

Ὧ   

ὦ ὦ   

ὦ   

where, ὣ ȟὣ ȟὣ  are the yield limits under uniaxial tension and ὤ ȟὤ ȟὤ  are the absolute 

values of yield limit under uniaxial compression in x, y, z directions, respectively; Ὑ  is the 

yield limit under simple shear by positive shear stress † ; and Ὓ  is the absolute value of yield 

limit under simple shear by negative shear stress † . 

Taking into account the physical interpretation of anisotropic coefficients, Ὧ  and ὦ  can be 

written in following coefficients:  

ὃ Ὧ Ὧ   

ὄ Ὧ   

ὅ Ὧ   

ςὈ ὦ ὦ   

ςὊ ὦ   

After replacing the coefficients Ὧ  and ὦ  in Eq. (4.37) by the coefficients A, B, C, D and F 

from Eq. (4.39), the second order equation representing the yield surface in biaxial stress plane 

can be written as follows: 

ὃ„ ςὄ„ † ὅ† ςὈ„ ςὊ† ρ             (4.40) 

It can be observed that coefficients ὃ and Ὀ are related to axial yield limits for tension and 

compression, whereas, coefficients ὅ and Ὂ represents functions of yield limits under torsion 

and reverse torsion. However, the coefficient ὄ has no simple physical interpretation and it 

cannot be determined by a simple uniaxial test. It is proportional to the rotation of the yield 

surface with respect to the biaxial („ ȟ† ) co-ordinate axes. Its value can only be obtained by 

performing at least one test in combined axial-shear loading condition. 

The yield surface for the anisotropic materials can be determined by the five main ellipse 

parameters, that can be expressed by coefficients of the above mentioned second-order equation 

in the following way: 

 

(4.38) 

(4.39) 
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(1) Co-ordinates of the ellipse centre: 

ὼ  
      

          (4.41) 

ώ  
      

          (4.42) 

(2) Rotation angle of the ellipse axes with respect of („  , † ) co-ordinate system: 

ᶮ  ὥὸὥὲ
  

  
         (4.43) 

(3) Major and minor ellipse semi-axes: 

ὥ
Ў

 z 
          (4.44) 

ὦ
Ў

 z 
                   (4.45) 

where, 

Ў  ὃ ὅ ς ὄ Ὀ Ὂ ὅ Ὀ ὃ Ὂ ὄ     (4.46) 

‏ ὃ ὅ ὄ           (4.47) 

ὥᶻ  ὃ ὅ ὃ ὅ τ  ὄ       (4.48) 

ὦᶻ  ὃ ὅ ὃ ὅ τ  ὄ       (4.49) 

To fit the experimental data by the equation of ellipse, the least squares method is used to 

calculate all coefficients of the equation (4.40). As a result of this approach, all values of the 

coefficients can be calculated, and necessary data regarding the anisotropic properties of the 

tested material can be captured. One should note, that the SzczepiŒski anisotropic yield criterion 

for plane stress (Eq. (4.40)) can be turned into the von Mises anisotropic yield criterion by 

imposing D = F = 0 and the Hill criterion by imposing B = D = F = 0. 

4.4.1 Key features of SzczepiŒskiôs criterion  

Main features of the criterion can be summarized as follows: 

¶ By introducing linear terms in the stress components, SzczepiŒskiôs criterion captures 

the asymmetric yielding behaviour of materials, which is essential for accurately 

modelling the Bauschinger effect. 

¶ The criterion accounts for the anisotropic nature of materials, particularly those with 

texture-induced anisotropy, by including terms that reflect the directional dependence 

of yield strength. 

¶ SzczepiŒskiôs criterion can be viewed as a generalization of the von Mises anisotropic 

yield criterion, extending its applicability to materials with deformation-induced 

anisotropy and kinematic hardening. 
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4.4.2 Applications and significance 

SzczepiŒskiôs yield criterion has found applications in the analysis of metal forming processes, 

cyclic loading, and fatigue failure, where the Bauschinger effect and anisotropic behaviour play 

a significant role. It is particularly useful for materials such as rolled metals, textured alloys, 

and composites, which exhibit pronounced directional dependence in their mechanical 

properties. The criterion provides a more accurate prediction of yield surfaces and plastic 

deformation under complex loading conditions, making it a valuable tool for engineering design 

and material characterisation. 

4.4.3 Limitations 

While SzczepiŒskiôs criterion represents a significant advancement in plasticity theory, it has 

some limitations: 

¶ The accurate determination of material constants (Ὧ  and ὦ ) requires extensive 

experimental data, which can be time-consuming and costly. 

¶ The criterion is primarily designed for materials with texture-induced anisotropy and 

may not fully capture the behaviour of materials with more complex microstructures or 

pressure-dependent yielding. 

¶ The inclusion of linear terms increases the mathematical complexity of the criterion, 

making it more challenging to implement in numerical simulations compared to simpler 

models like the von Mises criterion. 

 

4.5 Concluding remarks 

This chapter provides a comprehensive overview of various yield criteria used to describe the 

onset of plastic deformation in materials under complex stress states. The study traces the 

historical evolution of yield models from classical isotropic theories to advanced anisotropic 

models, highlighting the critical role of yield criteria in engineering applications. The chapter 

emphasizes that understanding yield behaviour is essential for accurate material performance 

predictions in structural, automotive, aerospace, and manufacturing industries. 

The findings of this chapter stress that the choice of a suitable yield criterion depends on factors 

such as material anisotropy, loading conditions, and computational complexity. The chapter 

also acknowledges the ongoing advancements in yield modelling, particularly the integration 

of experimental methods and numerical simulations to refine existing models. 
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Chapter 5 

Yield surface identification of CP-Ti  
 

 This chapter presents the results of experimental investigations conducted on CP-Ti 

(Commercially Pure Titanium) following the methodology discussed in Chapter 3. Basic 

mechanical properties were characterised, including equivalent mechanical parameters under 

combined loading conditions, such as tension-torsion. The mechanical response of Titanium 

under multiaxial stress states was explored. The initial yield surface was determined from tests 

on the as-received material, followed by an analysis of subsequent yield surfaces after pre-

deformation. Additionally, Electron Backscatter Diffraction (EBSD) analysis was performed to 

assess microstructural changes induced by pre-deformation. These findings contribute to 

understanding the deformation mechanics and anisotropic yield behaviour of Pure Titanium. 

 

5.1 Introduction 

Titanium and its alloys have been widely used in significant engineering disciplines such as 

medicine [143], aerospace, and marine engineering [144], due to their high specific strength, 

corrosion resistance, high impact resistance, and other properties. However, the mechanical 

testing of these materials is still primarily performed under simple stress conditions in research 

and commercial facilities. The most common form of testing is tension and compression of 

solid cylindrical specimens. Such types of testing can only generate limited results concerning 

the mechanical strength and damage of materials in a single direction which does not simulate 

the real-world stress conditions encountered by materials in most engineering applications. 

In recent years, many researchers have performed complex loadings on metals to investigate 

their behaviour under metal forming conditions. Combined tension/compression - torsion 

loading experiments have been conducted on Mg alloys using solid specimens [145,146] as 

well as thin-walled tubular specimens [147,148]. It should be stressed, however, that solid 

specimens are not adequate for these experiments since the shear stress and strain distributions 

along the specimen's radial direction are not uniform. For the rolled Mg alloy AZ31B, the 

maximum strength is in simple tension (300.1 MPa) and simple compression (297.2 MPa) 

whereas the lowest strength is in torsion with slight tension (169.3 MPa), and the strength in 

other loading paths falls in between. This can be attributed to enhanced tension twinning in the 

tension-torsion loading path [149]. Multiaxial loading tests performed on the sintered porous 

iron reveal, that strength during uniaxial loading conditions was slightly lower than that 

obtained under combined tension-torsion proportional loading tests with a maximum variation 

of 10%. Furthermore, the sintered iron exhibited significantly higher strength during non-

proportional loading tests in comparison to that captured under proportional loading paths with 

a maximum aberration of 35%. Such behaviour indicates the presence of additional hardening 

[150]. One should highlight, that the evolution of damage in porous sintered metals follows a 

two-stage process. In the initial stage, plastic deformation primarily occurs at the pore edges, 

while in the subsequent stage, bulk deformation becomes the dominant mechanism. Notably, 

micro-cracks always originated from pores oriented with their major axis perpendicular to the 

direction of tensile loading [150,151]. Commercially pure copper has also been tested under 
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combined tension-torsion loading conditions [152]. The results showed, that the magnitude of 

tensile and shear stresses assessed at a given strain were significantly lower in the combined-

loading conditions compared to the simple tension or pure torsion conditions, Figure 5.1. The 

ultimate tensile stress in the simple tension case (ɓ = 900) was equal to 274 MPa, whereas, under 

pure torsion conditions (ɓ = 00), shear stress was equal to 160 MPa. One should mention, that 

for combined loading conditions including tension-dominated loading (ɓ = 49.90) and torsion-

dominated loading (ɓ = 42.50), the tensile stress of 210 MPa and 223 MPa and shear stress of 

102 MPa and 141 MPa were obtained, respectively [153]. Furthermore, it has been observed, 

that the simultaneous tension-torsion deformation of pure copper leads to the formation of an 

ultrafine-grained microstructure with high-angle boundaries. The fractured surface of the 

specimens subjected to pure torsion exhibited ductile mode with oval cavities. However, under 

combined tension-torsion loading, the fracture mode transits to a mixed fracture pattern, 

featuring equiaxial dimples and oval cavities [153,154]. 

 

Figure 5.1. Variation of the ultimate stress under different states of stress of commercially 

pure copper [153]. 

Fatigue life assessment of different materials had been performed under multi-axial 

proportional and non-proportional loading conditions [155,156]. Conventional uniaxial fatigue 

techniques frequently overestimate the fatigue life of engineering components, which might 

have adverse effects during their critical applications. Over the past few decades, multiaxial 

fatigue testing has been more important for the goal of a reliable and safe design. Additive 

manufactured IN718 nickel-based alloy shows slightly lower fatigue lifetimes in the 

perpendicular to the building direction during tests under combined proportional tension-

torsion loading (5295 cycles) than during tension-compression (6081 cycles) and pure torsion 

(5442 cycles) loading conditions at the equivalent strain amplitude of 1%. It has been found 

[157], that fatigue lifetimes under non-proportional cyclic loading are significantly lower 

(maximum of 87% decrease) than those in proportional cyclic loading obtained at the same 

equivalent strain [157]. Unlike other metals, there have been very limited experimental 

investigations conducted on Ti and its alloys under complex stress loadings. Majority of these 

investigations did not involve an effect of the multiaxial loading on the mechanical properties, 

in particular, yield strength using the concept of yield surface. 

The literature review performed in the area of materials and existing methods for yield surface 

identification enabled to highlight the novelty of this Thesis, which is mainly expressed by: 
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(a) a new database from investigations on CP-Ti alloy carried out under complex stress state; 

(b) complex stress loading experiments to understand the physical mechanism accountable for 

plastic deformation caused by monotonic tension and monotonic tension assisted by cyclic 

torsion in the CP-Ti; 

(c) application of the yield surface approach to assess the variation of mechanical properties in 

the as-received and pre-deformed material; 

(d) identification of the optimal loading parameters under which tension of titanium could be 

performed under lower forces. This aspect is directly related to the potential applications in the 

industrial forming processes. 

5.2 Materials and Methods 

The material investigated in this research was CP-Ti alloy. The titanium bars are classified as 

grade 2 (3.7035/UNSR50400/ASTM B348 EN10204/3.1) and undergo a sequence of heat 

treatments. This includes a process of soft annealing at temperatures between 600ÁC and 700ÁC, 

followed by stress relief heat treatment within the range from 450ÁC to 600ÁC. The 

experimental investigations conducted on CP-Ti involved four stages following the 

methodology discussed in Chapter 3: 

¶ determination of the basic mechanical properties of CP-Ti; 

¶ introduction of the following plastic pre-deformation in the specimens: 

(a) monotonic tension up to 1% permanent strain at constant strain rate of 5 x 10-6 

s-1. 

(b) combination of monotonic axial tension up to 1% permanent strain at constant 

strain rate of 5 x 10-6 s-1, and torsion-reverse-torsion cyclic loading for two 

magnitudes of strain amplitude (Ñ0.2% and Ñ0.4%) at two different values of 

frequency (0.5 Hz and 1 Hz), Figure 5.2. 

¶ determination of the initial yield surface of the as-received material and yield surfaces 

of the pre-deformed specimens; 

¶ determination of the microstructure and texture evolution after pre-deformation. 

The selection of plastic pre-deformation values was based on the material properties and 

experimental limitations, with the objective of attaining controlled deformation in the 

specimens. Strain gauges attached to the specimenôs outer surface facilitated more accurate 

monitoring and control of pre-deformation strain than compared to depending only on the 

testing machineôs crosshead movement. Attachment of stain gauges is explained in details in 

Chapter 3. A 1% axial pre-strain level was chosen based on the tensile stress-strain behaviour 

of CP-Ti and the operational range of the strain gauges, ensuring a consistent and limited plastic 

strain value. However, tests involving combined monotonic tension and cyclic torsion showed 

that CP-Ti was unable to achieve the 1% axial pre-strain value when the shear strain amplitude 

was Ñ0.8% and more at frequencies of 0.5 and 1 Hz, as shown in Figure 5.3. This result 

demonstrates that the response of CP-Ti is significantly influenced by the cyclic shear strain 

amplitude. At higher cyclic shear strain amplitudes, CP-Ti exhibits preferential plastic 

deformation in the shear direction, reducing axial strain accumulation. This effect is 

strengthened by its rate sensitivity and limited strain hardening, which increase resistance to 

axial plastic flow under multiaxial loading conditions. Consequently, to ensure stable pre-
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deformation during bi-directional stress loading, cyclic shear strain amplitudes of Ñ0.2% and 

Ñ0.4% at frequencies of 0.5 Hz and 1 Hz were selected, enabling the specimens to reach the 

target axial strain level of 1%. 

 

Figure 5.2. Strain controlled complex loading programme with monotonic axial tension and 

cyclic torsion with strain amplitudes of Ñ0.2% (a); and Ñ0.4% (b) at a frequency of 0.5 Hz. 

 

Figure 5.3. Response of CP-Ti in axial direction during monotonic tension assisted by the 

torsion-reverse torsion cycles of strain amplitude equal to: Ñ0.8% and Ñ1.2% and frequency 

of: (a) 0.5 Hz and (b) 1 Hz. 

Only one specimen was used to determine the initial and subsequent yield surfaces after pre-

deformation. The specimens were loaded to the desired value of plastic strain and then linearly 

unloaded to zero stress state. Subsequently, yield points for each path at 0.01% and 0.005% 

plastic offset strains were determined. The yield surface was obtained by fitting the 

experimental yield points with the Szczepinski anisotropic yield equation [29] using the least 

squares method as discussed in Chapter 4. 

 

5.3 Results and discussion 

5.3.1 Identification  of the basic mechanical parameters of the material 

The room temperature tensile properties of CP-Ti can be determined on the basis of stress-strain 

curve (Figure 5.4a), they are listed in Table 5.1. Tensile tests were carried out using solid tubular 

and thin-walled tubular specimens. The variation of the results obtained in Figure 5.4a for both 

types of specimen was attributed to the specimen geometry differences. It is challenging to 

compare the findings given here with those in the available literature presented, since the 

mechanical properties of commercially pure titanium are significantly dependent on the 

microstructure, interstitial elements (O, N, C) concentration and manufacturing method. As the 
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reference, the yield and tensile strengths published in earlier studies [158ï161] fall in the ranges 

of 170-550 MPa and 240-750 MPa, respectively. One can indicate, that the values of these 

parameters for the material tested are within those ranges.  

Table 5.1. The mechanical properties of CP-Ti. 

 0.2% Yield 

strength           

[MPa] 

Tensile 

strength     

[MPa] 

Elongation 

[%] 

Youngôs 

modulus  

[GPa] 

Solid tubular specimen 390 (Ñ 2) 503 (Ñ 1) 29 (Ñ 0) 107 (Ñ 1) 

Thin-walled tubular specimen 400 (Ñ 3) 531 (Ñ 1) 37 (Ñ 1) 100 (Ñ 1) 

ASTM standard 350 - 450 > 485 > 28 103 

 

5.3.2 Equivalent mechanical parameters of the material tested under combined loading 

Figure 5.4b shows the equivalent stress-strain curve for the comparison of material 

characteristics determined on the thin-walled tubular specimen subjected to tension (1), tension-

torsion (2) and pure torsion (3). It can be observed from the Figure 5.4b that all three curves do 

not coincide themselves, i.e. material characteristics varies in different loading conditions for 

the same material. These differences are probably the result of initial anisotropy introduction to 

the material during the manufacturing process. This anisotropy will be further discussed in 

details using the yield surface of óas-receivedô material in the section 5.3.4. 

 

Figure 5.4. Tensile stress-strain characteristics of solid tubular and thin-walled tubular 

specimen of CP-Ti (a); Comparison of material characteristics of pure titanium for different 

loading paths: simple tension; tension-torsion and pure torsion on thin-walled tubular 

specimen (b). 

5.3.3 Results of the material under complex loading 

An influence of the cyclic torsion of different strain amplitudes and frequencies on the 

monotonic tension of CP-Ti was investigated. The main objectives of these tests were to 

introduce plastic pre-deformation of the material and to investigate variation of the tensile 

characteristics in the presence of torsion-reverse-torsion cycles. Figure 5.5a and Figure 5.5b 

clearly show that tensile characteristics of pure titanium significantly varies if tension is 

associated with cyclic torsion. A tendency of decreasing axial stress, looking like the softening 

effect, can be clearly observed with the progressive increase of the cyclic strain amplitude. Also, 
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an increase of the frequency led to the decrease of the axial stress.  In the case of Ñ0.2% cyclic 

torsion strain amplitude and frequency of 0.5 Hz, the tensile stress for 0.2% axial strain 

decreased from 205 MPa to 181 MPa. For the same level of axial strain in the case of cyclic 

torsion strain amplitude of Ñ0.4% such decrease takes 110 MPa, Figure 5.5a. The effect is 

strengthened for higher value of frequency. The respective values of tensile stress at strain of 

0.2% equal to 205 MPa, 178 MPa and 90 MPa, Figure 5.5b. The magnitude of axial stress 

dropped nearly 46% and 56% in the case of frequency equal to 0.5 Hz and 1 Hz, respectively, 

in comparison to that obtained at tension only for the axial strain equal to 0.2%.  

This decrease in tensile stress is expected due to the introduction of shear stress indeed. To 

address the effect of shear stress on the equivalent stress in the three cases of loading, Figure 

5.5c and Figure 5.5d provide the equivalent stress-strain curves. These curves depict the 

material's response under different loading conditions. The courses of equivalent stress-strain 

curves variation clearly demonstrate a softening effect in the material's response as the cyclic 

torsion strain amplitude increases. This further emphasizes an influence of shear stress on the 

material's behaviour during simultaneous tension. 

 

 

Figure 5.5. Comparison of standard tensile curve with tensile characteristics and curves 

representing equivalent stress captured during monotonic tension assisted by the torsion-

reverse torsion cycles of strain amplitude equal to: Ñ0.2% and Ñ0.4% and frequency of: (a, c) 

0.5 Hz and (b, d) 1 Hz. 

The aforementioned tendency of decreasing tensile stress is shown in Figure 5.6 for 0.5% axial 

strain at both cyclic torsion strain amplitude and frequency (Note that the 0% cyclic torsion 

strain amplitude represents monotonic tension). The same effect has also been reported for Mg-

alloy (AZ31B) [149], commercially pure Cu [153] and aluminium alloy (Al-6061-T6) [162] 

due to typical reduction of the tension twining volume fraction in Mg alloy and shallow more 

elongated dimples on Cu fracture surface with the increase of cyclic torsion strain amplitude 

during combined tension-torsion loading. 
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Figure 5.6. Variation of the tensile stress corresponding to the 0.5% axial strain value, in 

response to combined monotonic tension and cyclic torsion of strain amplitude equal to: 

Ñ0.2% and Ñ0.4% (a) and frequency of: 0.5 Hz and 1 Hz (b). 

5.3.4 Yield surface of the pure titanium in the as-received state 

The yield points describing initial yield surface of CP-Ti were determined by loading-unloading 

of a single specimen in different strain directions (axial-shear strain) through the specified offset 

strain method. Figure 5.7 shows the pure titanium response in biaxial stress plane on the strain-

controlled loading program discussed in Chapter 3. It can be observed, that there is negligible 

deviation from linearity during loading and unloading for each path. The total plastic strain was 

equal to 0.02%. The Poissonôs ratio for all directions taken into account was equal to 0.3. 

 

Figure 5.7. Stress responses to the strain-controlled loading program used for determination 

of the initial yield surface of CP-Ti. 
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A graphical representation of the variation in the effective Youngôs modulus for the as-received 

pure titanium specimen under plane stress loading in various directions is shown in Figure 5.8. 

The maximum variation of this parameter is approximately 10%, which emphasizes the 

existence of texture even for the as-received material. The material texture can be identified by 

comparison of characteristics determined in all directions considered. CP- metals often exhibit 

directionality due to preferred texture or crystallographic orientation, as their crystal structures 

are frequently anisotropic [163]. In previous studies, it has been reported that the Youngôs 

moduli of aluminium and some hexagonal metals, such as titanium and magnesium, exhibit 

relatively uniform variation compared to other metals such as steels and copper, which exhibit 

a significant degree of anisotropy [164,165]. However, the differences in Youngôs modulus for 

different directions in plane stress alone do not provide a satisfactory explanation of the initial 

anisotropy observed in the as-received pure titanium specimen under examination. 

Considering the low magnitude of the plastic strain probing involved in the study, such variation 

of the Youngôs modulus can have a significant impact on the results of yield surface, if only the 

Youngôs modulus of initial elastic curve is used for each stress direction. The authors have 

performed the experiment while using the initial elastic curve for each direction during plastic 

strain probing but the obtained results were deemed unacceptable. Specifically, for a limited 

plastic strain (0.02%) in each direction, which depends on the Youngôs modulus, a lesser 

equivalent strain was necessary in directions other than the initial one. The Youngôs modulus 

obtained for the initial direction is the lowest among the directions examined, as shown in 

Figure 5.8. When this variation of the Youngôs modulus ignored, specimen experienced a higher 

plastic strain in other directions than the pre-defined value.  Therefore, to account for the elastic 

anisotropy in the estimation of plastic strain during probing in different stress directions, the 

effective Young's modulus specific to each respective direction is utilized. Through this 

approach, the authors sought to improve the accuracy and reliability of their analysis by 

considering the elastic anisotropy and its impact on the estimation of plastic strain during 

probing in various stress directions. 

 

Figure 5.8. Variation of the effective Youngôs modulus in different loading directions in the 

biaxial strain space for CP-Ti. 
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The yield surfaces of the pure titanium in the as-received state were determined using a 

sequential loading procedure on a single specimen at 0.01% and 0.005% offset strain, as shown 

by the continuous line and dotted line, respectively, in Figure 5.9a. These yield surfaces show 

the dependence on the chosen definition of yield. After obtaining the yield loci for different 

directions from experimental results, ellipses were obtained by fitting the A, B, C, D, and F 

coefficients using a least squares evaluation method, as explained in Chapter 4. The main ellipse 

parameters for the initial yield surface of the titanium at both selected offset strain values are 

listed in Table 5.2. The results for the as-received state of the titanium indicate some level of 

initial anisotropy, as the yield surfaces are shifted in the compression direction and the axis 

ratios are significantly lower than 1.73 (the value for an isotropic material according to the von 

Misses-Huber yield condition). 

Table 5.2. Five ellipse parameters that define the initial yield surface for CP-Ti. 

Yield definition 
Centre ὼȟώ            

[MPa] 

Rotation angle 

(ᶮ         

[Radian] 

Semi-axes 

(ὥȟὦ)        
[MPa] 

Axis ratio 

(ὥὦ) 

0.01% offset strain -11.36, 1.15 0.14 293.61, 237.11 1.24 

0.005% offset strain -16.82, 1.99 0.22 270.25, 227.17 1.19 

 

 

 

Figure 5.9. Yield surface of CP-Ti in the as-received state determined by least square fitting 

method of yield points (square and triangular points) obtained using a sequential loading 

technique for two values of plastic offset strain, 0.005% (dotted red line) and 0.01% 

(continuous blue line) (a); comparison of the initial yield surface (0.01% offset strain) of the 

CP-Ti (continuous blue line) with the yield surface assuming isotropic material (dashed red 

line) (b). 

In order to compare the yield surface of CP-Ti, an isotropic yield surface was determined by 

fixing the yield point in tension (direction 0) of the 0.01% offset initial yield surface of pure 

titanium. The isotropic yield surface was centred at the origin, had a zero-rotation angle, and 

had an axis ratio of 1.73 according to the von Misses-Huber yield criterion. Figure 5.9b shows 

the resulting yield surface. It can be observed from Figure 5.9b, that the initial anisotropy of the 

material is mainly a distinct hardening behaviour in the shear strength and that is likely a result 

of the thin-walled tubular specimen manufacturing process from solid specimen or material 

production process applied to the as-received state of the material.  
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5.3.5 Yield surface of the pure titanium in the pre-deformed state 

The effect of monotonic tension and complex monotonic tension-cyclic torsion plastic pre-

deformation on the mechanical parameters of CP-Ti was assessed based on the evolution of the 

initial yield surface. All pre-deformations of specimens were carried out until an axial strain of 

1% was achieved. Subsequently, the yield surfaces of the pre-deformed specimens were 

determined using the same procedure as was previously used for the as-received specimen at a 

0.01% offset strain. 

The yield surface determined for 1% tensile pre-deformed titanium is shown in Figure 5.10 as 

a dashed line. The shape of the yield surface is similar to the initial one, but with an increase in 

the tensile direction. This indicates that monotonic tensile deformation has induced kinematic 

hardening of the titanium. The yield point increase in tension is about 45 MPa, which is 

approximately a 16% greater in comparison to the initial value.  

Figure 5.11 shows the yield surfaces determined after plastic pre-deformation caused by 

monotonic tension assisted by torsion-reverse-torsion cyclic loading. These yield surfaces are 

plotted together with the initial yield surface (continuous line) of the material tested. The 

combined preloading leads to anisotropic hardening of the material. For the torsional strain 

amplitude of Ñ0.2%, the subsequent yield surface exhibits an increase of the tensile yield and a 

significant reduction of the compressive yield at frequency of 0.5 Hz (Figure 5.11a), which 

decreases in both directions when the frequency is increased to 1 Hz (Figure 5.11c). 

 

Figure 5.10. Comparison of the yield surface for pure titanium after tensile pre-deformation 

to the initial yield surface. Both were obtained at 0.01% offset strain. 

On the other hand, for the torsional strain amplitude of Ñ0.4%, the yield surface size of the pre-

deformed material is reduced in both the compression and shear directions, but there is an 

increase in the tensile direction at a frequency of 0.5 Hz (Figure 5.11b). However, at an 

increased frequency of 1 Hz (Figure 5.11d), it is interesting to note that the compressive yield 

is nearly the same as that observed for the initial yield surface, with a further reduction in the 

shear yield stress. When the frequency is increased from 0.5 Hz to 1 Hz for monotonic tension 

assisted by cyclic torsion of strain amplitude equal to Ñ0.4%, the higher reduction of shear stress 

is compensated by an increase of axial stress. One should observe, that regardless the introduced 
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pre-deformation, including monotonic tension and combined tension-cyclic torsion, an increase 

of the tension stress and a decrease in shear stress at higher torsional strain magnitudes in the 

titanium could be found. Many studies have been conducted on the effects of pre-deformation 

on materials, but most of them focus on changes in cumulative mechanical properties [166,167], 

while only a few researchers have published the results related to changes of directional 

mechanical properties, specifically using the yield surface evolution approach [31,34]. 

Therefore, it is difficult to make an exact comparison to the findings of this work. A similar 

tendency of pronounced kinematic hardening after 1% tension pre-strain (shown in Figure 5.10) 

was also observed in P250GH and S235JR steel [168] and aluminium alloy (Al 6061-T6511) 

[32], and it was stated that the existence of incoherent, non-shearable precipitates, which serve 

as an obstacle to dislocation motion, may contribute to this effect. On the other hand, the 

evolution of the yield surface after monotonic tension assisted by cyclic torsion was rarely 

studied by researchers. The yield surface evolution of X10CrMoVNb9-1 steel and Cu 99.9 E 

copper [34] due to combined monotonic tension-cyclic torsion pre-deformation is in good 

agreement with the findings of this work, as the size of the subsequent yield surfaces is smaller 

in all directions except that representing pure tension. 

 

 

Figure 5.11. Comparison of the initial yield surface of CP-Ti to the yield surfaces of pre-

deformed titanium due to combined monotonic tension and cyclic torsion of strain amplitude 

equal to: Ñ0.2% and Ñ0.4% and frequency of: 0.5 Hz (a, b) and 1 Hz (c, d), respectively. 

 

The least squares method was used to calculate the coefficients of the yield equation by fitting 

the experimental data. The yield surface equation coefficients (A, B, C, D, F) were taken to 

describe the ellipse representing the approximation yield surface of the tested material. The 

fitting errors obtained while minimizing the sum of squares of the distances of experimental 

points from the approximation curve were presented in the Table 5.3 for each yield surface 

determined. 
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Table 5.3. The fitting errors for the yield surfaces in as-received state and after pre-

deformation caused by monotonic tension; combined monotonic tension with cyclic torsion of 

strain amplitude equal to: Ñ0.2% and Ñ0.4% at frequency of: 0.5 Hz and 1 Hz. 

As-received 

Monotonic  

tension 

deformed 

Ñ0.2% at 0.5 

Hz deformed 

Ñ0.4% at 0.5 

Hz deformed 

Ñ0.2% at 1 

Hz deformed 

Ñ0.4% at 1 

Hz deformed 

2.31E-01 5.73E-02 1.06E-01 1.07E-01 1.62E-01 5.01E-02 

The fitting error values obtained for each yield surface were found as minimal, indicating an 

accurate match between the experimental data and fitted ellipse. Such low fitting errors confirm 

the suitability, accuracy and reliability of the yield surface equation as well as the quality of the 

yield surface approximation.   

 

 

 

Figure 5.12. Variation of the yield surface parameters of CP-Ti due to pre-deformation 

caused by monotonic tension (0% strain amplitude); combined monotonic tension with cyclic 

torsion of strain amplitude equal to: Ñ0.2% and Ñ0.4% at frequency of: 0.5 Hz (a, b, c) and 1 

Hz (d, e, f), respectively. 
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Figure 5.12 illustrates the variation in the ellipse parameters that represent the yield surface 

(YS) of CP-Ti in the pre-deformed state. Pre-deformation caused by monotonic tension is 

denoted by 0% cyclic torsion strain amplitude. The axis ratio of the yield surface was compared 

to that representing the initial yield surface (Table 5.2) and Huber-von Mises-Hencky isotropic 

yield surface (HMH YS) (1.73) in Figure 5.12b and Figure 5.12e. The results indicate that the 

yield surface obtained following monotonic tension combined with a cyclic torsion strain 

amplitude of Ñ0.4% aligns more closely with the HMH yield criterion at both 0.5 Hz and 1 Hz 

frequencies compared to other material states (as-received or pre-deformed). This observation 

is further supported by the near-zero rotation angle (Ï) of the axes with respect of („  ȟ† ) 

co-ordinate system, as shown in Figure 5.12c and Figure 5.12f. 

Subsequently, the analysis of the centre of all the yield surfaces was performed (Figure 5.13). 

One should highlight the presence of back stress components which is often observed in 

materials that have undergone plastic deformation. Figure 5.13 shows, that the back-stress 

components are minimal in the as-received state, however, for the pre-deformed state they 

increased significantly. The back stress arises due to the formation of dislocations, which can 

block the movement of other dislocations and create areas of high stress in the material. 

 

Figure 5.13. Analysis of the yield surface origin position of CP-Ti in the as-received state and 

after pre-deformation caused by monotonic tension; combined monotonic tension with cyclic 

torsion of strain amplitude equal to: Ñ0.2% and Ñ0.4% at frequency of: 0.5 Hz and 1 Hz. 

Figure 5.14 depicts a cumulative representation of the evolution of the initial yield surface in 

the axial-shear stress space that were obtained from experimental results following pre-

deformation of the material at 0.5 Hz and 1 Hz. It can be observed, that the yield surfaces have 

distinct shapes on the one hand and the size of the subsequent yield surfaces decreases in the 

direction opposite to the pre-deformation loading on the other. As shown in Figure 5.14, the 

subsequent yield surface for monotonic tension exhibits the largest dimensions.  
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Figure 5.14. Evolution of the initial yield surface of CP-Ti due to pre-deformation caused by 

monotonic tension; monotonic tension assisted by cyclic torsion of strain amplitudes equal to: 

Ñ0.2% and Ñ0.4% at frequencies equal to 0.5 Hz (a) and 1 Hz (b). 

By examining Figure 5.14, it becomes evident that the pre-deformed material exhibits both: 

- kinematic hardening towards the applied axial pre-deformation direction in comparison to the 

as-received material surface; 

- kinematic softening after the introduction of cyclic torsion during monotonic tensile pre-

deformation in comparison to the yield surface of the material deformed due to monotonic 

tension.  
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This is demonstrated by the decrease of subsequent yield loci compared to those for monotonic 

tensile pre-deformation. For example, the yield surface obtained after combined tension-cyclic 

torsion with a strain amplitude of Ñ0.2% pre-deformation exhibits a similar shear yield strength 

but a decrease of axial yield strength compared to that obtained for monotonic tension 

deformation. Conversely, in the case of combined tension-cyclic torsion with a strain amplitude 

of Ñ0.4% pre-deformation, the opposite trend is observed. Similar tendencies can be observed 

for both frequencies of 0.5 Hz and 1 Hz, respectively. The shape analysis of these subsequent 

yield surfaces reveals that the dimensions of the yield surface are dependent on the preloading 

direction. 

5.3.6 Microstructural characteristics of the pure titanium in the as-received and pre-

deformed state 

The microstructure of titanium in its as-received state and its evolution after deformation was 

presented in the form of Inverse Pole Figure (IPF) maps and (0001) pole figures as shown in 

Figure 5.15 and Figure 5.16. Each map was related to the specific yield surface presented in 

Figure 5.14. The material of all specimens was fully recrystallized after pre-deformation and 

exhibited similar average grain size. In the as-received state of the material (Figure 5.15a and 

Figure 5.16a), two ED split basal texture could be observed. The stronger basal texture with 

most of the c-axes is inclined at + (20Á ï 55Á) from the TD towards the ED with narrow 

distribution in the extrusion direction ED-TD plane and a weaker texture component with the 

c-axes inclined at ï (45Á ï 60Á) from TD towards ED. However, for the 1% tensile pre-

deformation (Figure 5.15b and Figure 5.16b), both texture components with the c-axis tend to 

align parallel to the TD as inclination towards the ED decreased up to maximum of 30Á. When 

material is deformed with combined tension-cyclic torsion with Ñ0.2% strain amplitude (Figure 

5.15c and Figure 5.16c), the weaker texture component is intensified and its c-axis aligned more 

towards the TD. It should be noted, that the other texture component is weakened. However, 

with the increase of frequency from 0.5 Hz to 1 Hz (Figure 5.15e and Figure 5.16e), the previous 

weaker texture component disappeared and a new texture component with the c-axis distributed 

narrowly in the negative extrusion direction (-ED) ï RD plane appears. Simultaneously, the 

stronger texture component shifts towards negative RD. One could observe a new basal texture 

with most of the c-axes aligned parallel to the TD and rest distributed in the positive ED-TD 

plane when pre-deformation caused by combined monotonic tension-cyclic torsion with Ñ0.4% 

strain amplitude was applied (Figure 5.15d and Figure 5.16d). In the case of Ñ0.4% strain 

amplitude at the frequency equal to 1 Hz (Figure 5.15f and Figure 5.16f), a significantly 

different grain orientation was observed. The basal texture was distributed widely with the c-

axis in the whole ED-TD plane with 3 different high-intensity orientations. First, with most of 

the c-axes is inclined at ï (50Á ï 68Á) from the TD towards the ED; second, with the c-axis 

aligned to be parallel to the TD and third, with the c-axes inclined at + (45Á ï 50Á) from the TD 

towards the positive ED-RD plane. These results clearly support the presence of anisotropy and 

evolution of the initial yield surface of CP-Ti due to pre-deformation, presented in Figure 5.14, 

as texture evolution and preferred grain orientation can be clearly observed in Figure 5.15 and 

Figure 5.16. 
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Figure 5.15. Inverse pole figure maps of the as-received material (a); after 1% monotonic 

tension (b); and monotonic tension with cyclic torsion of strain amplitudes equal to Ñ0.2% (c, 

e) and Ñ0.4% (d, f) at frequencies equal to 0.5 Hz (c, d) and 1 Hz (e, f). 
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Figure 5.16. Pole figure maps of the as-received material (a); after 1% monotonic tension 

(b); and monotonic tension with cyclic torsion of strain amplitudes equal to Ñ0.2% (c, e) and 

Ñ0.4% (d, f) at frequencies equal to 0.5 Hz (c, d) and 1 Hz (e, f). 

 

5.4 Concluding remarks 

Presented in this chapter, an experimental approach was performed to investigate the effect of 

monotonic tension and combined monotonic tension-cyclic torsion on the pure titanium 

behaviour using the single specimen method. The 0.01% plastic offset strain was adopted as 

yield definition. Such approach was found to be suitable for sequential probing paths during the 
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