
 
 
 
 
 
 
 
 
 
 
 

Decoding viral infections and cellular signalling​
via mathematical modelling 

 
 

Frederic Grabowski 
 
 
 
 

Doctoral thesis advisor: 

Tomasz Lipniacki 
 
 

Doctoral thesis auxiliary advisor: 

Marek Kochańczyk 
 
 
 
 

 
 

Institute of Fundamental Technological Research, 
Polish Academy of Sciences 

 
 

Warsaw 2025  

 



 

 



 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Results presented in this thesis were obtained in the 
outstanding research environment of the Department of 

Biosystems and Soft Matter of the Institute of Fundamental 
Technological Research, Polish Academy of Sciences. 

 
Support from the National Science Centre and the Norwegian 

Financial Mechanism are kindly acknowledged. 
 

I would also like to thank my wife for her continuous support, 
and my cat for watching over my laptop when I wasn't. 

 
 
 
 
 
 

       
 

      
 



 

 



 

Abstract 
In my PhD thesis, I employed mathematical and computational modelling to investigate 
virus–host interactions, epidemic dynamics, immune escape and information processing in 
cell systems. 

The first part of my research focuses on computational modelling of viral infections at the 
cellular level. I developed a spatial, stochastic, agent-based model to study the interactions 
between respiratory syncytial virus (RSV) and an infected monolayer of cells. This model, 
calibrated using diverse experimental data from our laboratory (obtained from 
immunofluorescence imaging, ELISA, dPCR, and Western blotting), captures the mutual 
antagonism between the virus and the innate immune response at both the single-cell and 
the population level. It allowed me to distinguish four cell states: naïve, infected 
interferon-producing, infected virus-spreading, and interferon-responding. Next, I extended 
my analysis to influenza A virus (IAV). While the spread of RSV is mainly controlled by type I 
interferon, the spread of IAV is mitigated by both type I and type III interferons, which play 
different roles. Using a simple SIR model, I argue that type III interferons can suppress IAV 
by promoting faster cell death of infected cells, a mechanism that RSV evades by blocking 
apoptosis. 

The emergence of the COVID-19 pandemic has led to restrictions in IPPT PAN 
experimental laboratories, but also shifted my focus to epidemic modelling, which shares 
many similarities with virus spread modelling, and resulted in four well-cited publications. We 
introduced and analysed several models to capture key aspects of the pandemic. First, using 
a modified SEIR model with an Erlang-distributed incubation period, I studied the interplay 
between epidemic spread and human population behaviour. Second, through stochastic 
simulations, I demonstrated that a small fraction of superspreaders can lead to epidemic 
spread with a high basic reproduction number (R0), which can be underestimated during the 
early epidemic phase, before superspreading events occur. Later, I focused on specific 
SARS-CoV-2 variants: Alpha and Omicron. In particular, using a Bayesian approach, I 
estimated the time of emergence of the Omicron variant by modelling the accumulation of 
mutations during its evolution. 

In the final section, I focus on cell signalling and information theory. Motivated by my work 
on RSV infection and earlier studies in Prof. Lipniacki's laboratory, I explored the utility of 
non-identifiable models in a Bayesian framework using Markov chain Monte Carlo (MCMC) 
simulations, demonstrating that even only partially constrained models can yield predictive 
insights. I also investigated the bitrate capacity of the MAPK/ERK pathway, which is critical 
for continuous coordination during processes like wound healing. The thesis includes two 
publications on the numerical estimation of mutual information (MI). The first introduces a 
comprehensive benchmark for evaluating existing MI estimators. This benchmark leverages 
the fact that MI is preserved under diffeomorphisms, enabling the construction of various 
pairs of random variables with known MI for a systematic comparison of estimator 
performance. The second article extends this work by analyzing pointwise mutual 
information profiles and mixture distributions, further refining the benchmark and introducing 
a Bayesian estimator of mutual information.  



 

 



 

Streszczenie (Polish) 
W mojej rozprawie doktorskiej skupiłem się na matematycznym i numerycznym 
modelowaniu interakcji między wirusami a komórkami gospodarza, dynamice epidemii, 
ucieczce immunologicznej oraz przetwarzaniu informacji w układach komórkowych. 

Pierwsza część badań dotyczy modelowania infekcji wirusowych na poziomie 
komórkowym. Opracowałem przestrzenny, stochastyczny model agentowy do analizy 
interakcji wirusa RSV (ang. respiratory syncytial virus) z monowarstwą zarażonych komórek. 
Model, który został skalibrowany na podstawie danych eksperymentalnych uzyskanych w 
naszym laboratorium (obrazowanie immunofluorescencyjne, ELISA, dPCR i Western blot), 
odtwarza wzajemny antagonizm między wirusem a nieswoistą odpowiedzią odpornościową, 
zarówno na poziomie pojedynczych komórek, jak i całej populacji. Wyróżniłem cztery 
kluczowe stany komórkowe: komórki w stanie wyjściowym, komórki zarażone produkujące 
interferon, komórki zarażone rozprzestrzeniające wirus oraz komórki odpowiadające na 
interferon. Następnie rozszerzyłem analizę na wirusa grypy A (ang. influenza A virus, IAV). 
Podczas gdy rozprzestrzenianie RSV jest hamowane głównie przez interferon typu I, w 
przypadku IAV kluczową rolę odgrywają zarówno interferony typu I, jak i III, pełniące 
odrębne funkcje. Korzystając z prostego modelu SIR, wykazałem, że interferony typu III 
mogą ograniczać zarażenia IAV poprzez indukcję śmierci zarażonych komórek – mechanizm 
ten jednak nie działa w przypadku RSV, który skutecznie blokuje apoptozę. 

Pojawienie się COVID-19 skierowało moją uwagę na modelowanie epidemii, które pod 
wieloma względami przypomina modelowanie rozprzestrzeniania wirusów na poziomie 
komórkowym. W efekcie powstały cztery często cytowane publikacje, w których opracowano 
i przeanalizowano kilka modeli opisujących kluczowe aspekty pandemii. Po pierwsze, 
wykorzystując zmodyfikowany model SEIR z rozkładem Erlanga dla okresu inkubacji, 
zbadałem zależności między dynamiką epidemii a zachowaniami populacji. Po drugie, na 
podstawie symulacji stochastycznych wykazałem, że niewielka frakcja super-roznosicieli 
może prowadzić do epidemii o wysokiej podstawowej liczbie odtwarzania (R₀), której wartość 
bywa niedoszacowana w początkowej fazie epidemii, zanim wystąpią zdarzenia 
wielokrotnych zarażeń. W kolejnych etapach badań skupiłem się na nowych wariantach 
SARS-CoV-2, Alfa i Omikron. W szczególności, stosując bayesowskie podejście, 
oszacowałem moment pojawienia się wariantu Omikron, modelując akumulację mutacji w 
trakcie jego ewolucji. 

Ostatnia część pracy dotyczy sygnalizacji komórkowej oraz teorii informacji. 
Zainspirowany badaniami nad infekcją RSV oraz wcześniejszymi pracami w laboratorium 
prof. Lipniackiego, przeanalizowałem użyteczność nieidentyfikowalnych modeli w podejściu 
bayesowskim, stosując symulacje metodą łańcuchów Markowa Monte Carlo (MCMC). 
Pokazałem, że nawet modele z nie w pełni zidentyfikowanymi parametrami mogą dawać 
precyzyjne przewidywania. Zbadałem również przepustowość informacyjną szlaku 
MAPK/ERK, który pozwala komórkom na koordynację przemieszczania się podczas 
procesów takich jak gojenie ran. Rozprawa zawiera też dwie publikacje dotyczące 
numerycznej estymacji informacji wzajemnej (MI). Pierwsza publikacja wprowadza 
benchmark estymatorów korzystając z faktu, że dyfeomorfizmy zachowują MI, co pozwala 
na konstrukcję różnych par zmiennych losowych o znanym MI. Druga publikacja skupia się 
na profilach punktowej informacji wzajemnej oraz rozkładach mieszanych, poszerza 
benchmark i wprowadza bayesowski estymator informacji wzajemnej.  
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1. Background 

1.1. Compartmental models of infections 

Viral infections have been studied quantitatively for a long time. The classic Susceptible, 
Infectious, Removed (SIR) model, introduced in the 1920s [1], [2], [3], remains widely used 
due to its simplicity, broad applicability, and extensibility. The model describes the dynamics 
of an epidemic by categorizing individuals into one of three exclusive states at any given 
time: Susceptible (S) individuals can become infectious (I) after contact with infectious 
individuals, and infectious individuals eventually transition to the removed (R) state – which 
includes individuals who have either recovered and acquired immunity or died. In both 
cases, it is assumed that they are no longer infectious and cannot be infected again. The 
dynamics are commonly described with a compartmental model formulated as a set of 
coupled ordinary differential equations (ODEs): 

S' = −β I S 

I' = β I S − γ I 

R' = γ I, 

where the prime (') denotes differentiation with respect to time. Parameter β determines the 
infectivity of the disease, and γ determines the recovery (removal) rate. The initial conditions 
usually assume a small fraction of infectious individuals, I(t = 0) > 0, and no recovered 
individuals, R(t = 0) = 0. Notably, by defining the total population as N = S + I + R, we see 
that (S + I + R)' = 0, meaning the population size remains constant over time. The model can 
also be recast as a Markov chain and then simulated stochastically, for example using the 
Gillespie algorithm. In this case, S, I, and R take non-negative integer values, and the 
following transition rules apply: 

 S + I → I + I (rate β) 

    I → R (rate γ) 

Example ODE trajectories and sample stochastic simulations of a corresponding stochastic 
model are shown in Figure 1. 

The main advantage of the SIR model is its simplicity, which makes it easy to extend. A 
common variation is the SEIR model, which introduces an additional exposed (E) individuals 
who have been infected but are not yet infectious. The model's formulation is also highly 
general, allowing it to be applied to both human, animal or plant populations and viral or 
bacterial infections in cell populations. In this thesis, adaptations of the SIR model were used 
to study differential roles of type I and type III interferons in influenza A (IAV) and respiratory 
syncytial virus (RSV) infections of cells, analyze the impact of super-spreading events on 
estimation of R0 in COVID-19, investigate the effect of different incubation period 
distributions, and finally to compare advantages of emerging SARS-CoV-2 strains, in terms 
of transmission and fitness. 
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Figure 1. Trajectories of the SIR model for N = 100, I(0) = 1, β = 0.5, γ = 5. Bold lines show 
the ODE solution, transparent lines show three stochastic runs of the Gillespie algorithm. 

1.2. Epidemic modelling 

The COVID-19 pandemic has had profound global health and economic impacts. After the 
emergence of SARS-CoV-2 in Wuhan, China, at the end of 2019, the virus rapidly spread 
worldwide. By January 2020, the first cases had already been reported in North America, 
Australia, and Europe. In Poland, the epidemic officially began with the first confirmed case 
in March 2020, causing major disruptions to daily life—from holiday gatherings to the 
operation of experimental laboratories at IPPT PAN. 

A key parameter (in addition to the mortality rate) governing the speed and severity of an 
epidemic is the basic reproduction number, R0. The basic reproduction number is the 
expected number of immediate infections caused by an infected individual, assuming that all 
other individuals in the population are susceptible. If R0 < 1, the number of infected 
individuals will tend to decrease, and no epidemic outbreak is expected. Conversely, when 
R0 > 1, the epidemic may start spreading. Initially, the numbers of both infected and 
recovered individuals increase, and thus the fraction of susceptible individuals S(t) / N 
decreases. This implies that the effective reproduction number, Rt = R0 S(t) / N, also 
decreases. Eventually, Rt drops below 1, and the number of infected individuals starts 
decreasing. We see that this occurs when S(t) = N / R0, linking the peak of infections with the 
basic reproduction number. Once the susceptible fraction is below N / R0, the population is 
said to have attained herd immunity. This does not mean the disease has been eradicated; 
rather, it indicates that new large-scale outbreaks are unlikely to occur. 

In the SIR model, the basic reproduction number is given by R0 = β / γ. This can be seen from 
the stochastic interpretation of β and γ. An individual stays infected on average for 1 / γ units 
of time, and infects β individuals per unit of time, thus infecting on average β / γ individuals. 
This points to two factors influencing R0: the infectivity of the virus, and the period of 
infectiousness. However, β, and therefore R0, is also influenced by social factors, such as 
the expected number of contacts between individuals, or measures imposed to impede viral 
transmission (masks, social distancing, increased diagnostic capacity, contact tracing). This 
last factor is the primary motivation for restrictions introduced during the pandemic. More 
detailed models [4] can incorporate spatial effects, such as the spatial distribution of infected 
and susceptible individuals, social distancing, or population density. 
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In this thesis, I explore a dynamical model in which population response influences β 
[Dynamics ★], the impact of super-spreading events (heterogeneous β across population) 
and incubation time (i.e., time after which an infected individual becomes infectious) on the 
R0 estimation [Super-spreaders ★], and the emergence of two new SARS-CoV-2 variants 
[Alpha ★, Omicron ★], including a two-strain model comparing the effects of increased 
transmissibility vs. immune evasion of the Omicron variant. 

1.3. Viral infections in cell populations 

The SIR model can also be adapted to study viral infections in cell populations. In this 
context, infected cells replicate viral RNA and produce viral proteins, which are essential for 
assembling new virions. Many viruses also encode non-structural proteins (not used for 
assembling virions) that disrupt the host immune response. Once assembled, virions are 
released and can infect neighbouring cells, or spread through the extracellular medium, 
infecting cells farther away. Other modes of infection are also possible; the respiratory 
syncytial virus (RSV), studied in this thesis, can infect neighbouring cells by inducing fusion 
of cellular membranes, creating syncytia with multiple nuclei. In response to non-self RNA, 
(some) infected cells produce and secrete interferons, which serve as a warning to 
neighboring cells, triggering transcription of interferon-stimulated genes (ISGs) encoding 
proteins that make cells more resistant to infection. In terms of the SIR model, the effect of 
(proteins of) ISGs can be compared to vaccination, as they reduce the effective infection 
rate, β. In this thesis, we also explore differential roles of type I and type III interferons, 
linking type I to ISG production and type III mainly to acceleration of cell death, which affects 
the removal rate γ [Lambda ★]. 

To model cellular dynamics at the single-cell level, compartmental models can be extended 
into agent-based models. In agent-based models, each cell is treated as an individual agent, 
and its state evolves according to a set of rules that govern stochastic state-to-state 
transitions. This approach allows for heterogeneity in cellular responses and modelling of 
spatial effects. A simple example of an agent-based model is a spatial version of the SIR 
model, where cells are arranged on a grid. Susceptible cells can become infected at a 
predefined rate if they neighbour infectious cells. Cytokine signalling can be incorporated by 
coupling the cell-agents to external partial differential equations (PDEs). Other approaches 
include the Cellular Potts model, in which a single cell occupies multiple nodes of a grid, and 
the stochastic evolution is governed by a global Hamiltonian [5], [6]. In this thesis, I 
constructed an agent-based model of RSV infection in a cell monolayer, which was 
constrained by experimental data from our laboratory. The model was used to dissect the 
mutual antagonism between virus and the innate immune response [Antagonism ★]. 

1.4. Modelling delays in compartmental models 

A recurring issue addressed in this thesis is the challenge of accurately modelling delays in 
compartmental models. Consider a toy example in which exposed individuals (E) become 
infectious (I) after a certain time. In the classical SEIR model, this transition is modelled by 
the rule E → I, with the rate α determining the expected time for an individual to transition 
from E to I. In this case, the distribution of transition times is exponential, (Figure 2, blue 
line), meaning that the most likely time for an exposed individual to become infectious is 
t = 0. However, in reality, humans can only become infectious after a minimum amount of 
time has passed since exposure (for COVID-19, the incubation period is rarely shorter than 2 
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days [7], [8]). Such a delay is a consequence of latent physiological processes which can be 
modelled as intermediate steps, E1 → E2 → … → Ek → I. When the rate for each transition is 
set to α / k, the resulting distribution of transition times (from E1 to I) follows an Erlang 
distribution with mean 1 / α, mode (k − 1) / (k α), and variance 1 / (k α2). For k → ∞, the Erlang 
distribution converges to a Dirac δ distribution, corresponding to a fixed latency time of 1 / α. 

 

Figure 2. Distribution of completion times for a multistep process E1 → … → Ek → I, starting 
from E1. Different combinations of steps and expected transition times are shown. In each 
case, the expected total process time is 4 days. 

We can introduce intermediate steps, even if we do not observe them directly, to achieve the 
correct distribution of transition times for the entire process. For example, if there are k = 4 
steps, each taking 1 day, the total process will take on average 4 days, with a mode of 3 
days (Figure 2, yellow line). If we replace these intermediate steps with a single transition 
with an expected time of 4 days, the variance of the process time increases, and the most 
likely transition time will be zero. Alternatively, one could use delay differential equations with 
a fixed delay of 4 days, but this approach neglects the stochastic nature of the process and 
can easily lead to negative (unphysical) solutions. We use such intermediate steps in several 
articles included in this thesis [Antagonism ★, Dynamics ★, Super-spreaders ★]. 

1.5. Non-identifiability and information capacity of signalling pathways 

Different sets of rates can lead to very similar distributions of process time (compare the 
yellow and red lines in Figure 2). On one hand, this justifies setting all intermediate rates to 
α / k when the goal is simply to model experimental delays. On the other hand, it has 
important consequences for model identifiability in situations where we are interested in the 
intermediate steps but cannot directly measure them. This is because increasing the rate of 
a given step can be largely compensated by decreasing the rate of another step. The 
mathematical consequence of this compensation is non-identifiability of model parameters. 
From a biological perspective, it has been suggested that such heterogeneity of parameters 
can be beneficial for populations of cells in terms of robustness and evolvability [9]. In this 
thesis, we explore the utility of such non-identifiable, dynamic models of signalling pathways 
[Predictive ★]. 

4 



 

At the same time, non-identifiability also suggests that signalling pathways can be analysed 
without building and parameterizing explicit models. One way to approach biological data in 
this manner is through methods from information theory [10], [11], [12]. For example, Teng et 
al. [13] used hidden Markov models (HMMs) to analyze and quantify the information 
processed by cells responding to chemokines. In this thesis, I explore in silico the 
information rate achievable by the MAPK/ERK pathway [Limits ★]. This direction was later 
pursued by Paweł Nałęcz-Jawecki, who quantified the information transmitted in the 
MAPK/ERK pathway based on experiments [14] and analyzed, in silico, the information 
transmitted by waves of activity in a cell monolayer [Monolayer ☆].  

Mutual information has several advantages over classical measures of interaction, such as 
Pearson or Spearman correlation. First, it is strictly positive for any pair of statistically 
dependent variables and exactly zero for independent variables. Second, it applies to both 
continuous variables (e.g., expression levels) and categorical variables (e.g. cytokine types). 
Third, it is invariant under continuous transformations of variables—log-transforming 
expression levels, for instance, does not affect the mutual information. Finally, in the context 
of systems biology, it quantifies how much information can be transmitted: if a signalling 
pathway relays 1 bit of information about the level of an extracellular cytokine, this can be 
interpreted as being sufficient to make a binary decision. 

However, these properties come at a cost: numerically estimating mutual information from a 
finite sample is, in general, difficult. A useful perspective is to consider a finite sample of n 
points (Xi, Yi) and an estimator E, which produces an estimate E({Xi, Yi}). Since mutual 
information is invariant to transformations, one might expect that applying transformations 
f, g to the variables should yield a similar result, i.e. E({Xi, Yi}) ≈ E({f(Xi), g(Yi)}). However, it is 
clear that for sufficiently complicated functions f, g the estimator's performance will degrade. 
In an extreme case, if X and Y are valued in ℝn with n > 1, continuous functions f, g can be 
chosen to transform any given set of n distinct points to any other set of n distinct points. 
While this does not mean estimation is infeasible in practical scenarios, it underscores that 
different estimators introduce implicit or explicit biases—much like curve fitting or selecting 
an appropriate deep learning architecture. This highlights the need for thorough empirical 
evaluation to assess the practical limitations and comparative advantages of different 
estimators. 

To assess the performance of different mutual information estimators in practice, this thesis 
introduces a comprehensive benchmark covering a range of challenges, including 
high-dimensionality, long-tailed distributions, and cases with high mutual information 
[Beyond ★]. In a follow-up study, we further refine this benchmark by examining pointwise 
mutual information and mixture distributions, and we introduce a Bayesian estimator of 
mutual information [Mixtures ★].  
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2. Research hypotheses 

1.​ Hypothesis: Cells use interferon signalling to slow down viral spread; in turn, viruses 
use non-structural proteins to interfere with interferon signalling. This mutual 
inhibition can lead to bistability at the single-cell level, in which certain cells employ 
interferon signalling to inform other cells about oncoming infection, while other cells 
are reprogrammed by the virus to produce new virions. Population averaging would 
mask this behavior, and thus single-cell experiments and modelling are necessary to 
verify this hypothesis.​
Publication: Antagonism between viral infection and innate immunity at the 
single-cell level. [Antagonism ★] 

2.​ Hypothesis: It is known that in human alveolar cells, prestimulation with IFN-β leads 
to a stronger antiviral response than prestimulation with IFN-λ1. Surprisingly, from our 
own pilot experiments we learned that knockout of the IFN-λ1 receptor IFNLR, but 
not knockout of the IFN-β receptor IFNAR, enhances the spread of influenza A virus 
(IAV). Since in IFNLR-deficient cells the increased number of IAV-infected cells (with 
respect to wild-type cells) did not lead to an increase in the number of cell deaths, we 
hypothesise that IFN-λ1 promotes death in infected cells.​
Publication: Type III interferons suppress influenza A virus infection independently 
of STAT activation by triggering cell death. [Lambda ★] 

3.​ Hypothesis: For a basic reproduction number R0 of 3, the classic SEIR model 
predicts a surge of COVID-19 cases, with over 30% of the population infected in the 
worst week. This estimate, a consequence of assuming a constant infection rate, β, 
appears implausible from a sociological perspective. We decided to investigate 
models in which people respond to high risk of infection and death by modifying their 
behavior (even in the absence of administratively imposed restrictions). We also 
consider a scenario in which, over time, individuals gradually accept the risk.​
Publication: Dynamics of COVID-19 pandemic at constant and time-dependent 
contact rates. [Dynamics ★] 

4.​ Hypothesis: The classical SEIR model assumes that the infection rate, β, is uniform 
across the population. However, it has been shown that social networks have a 
highly uneven distribution of connections, with a small number of people having a 
large number of contacts. In an epidemic, these people can become 
super-spreaders, significantly increasing R0. This effect would be hidden in the initial 
phase of the epidemic, i.e. before any super-spreading event occurred. We 
hypothesise that this could lead to an underestimation of R0, and explain the 
discrepancy between initial estimates of R0 for COVID-19 (between 2 and 4) and the 
much faster spread of the epidemic in European countries (which suggested R0 in the 
range of 4.7–11.4).​
Publication: Super-spreading events initiated the exponential growth phase of 
COVID-19 with ℛ0 higher than initially estimated. [Super-spreaders ★]  
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5.​ Hypothesis: At the end of 2020 we observed that the SARS-CoV-2 variant Alpha 
has had a significant replicative advantage over previous strains and will likely 
spread towards global fixation. Accumulating mutations in variant Alpha sequences 
pointed to the emergence of potential future variants.​
Publication: SARS-CoV-2 Variant of Concern 202012/01 Has about Twofold 
Replicative Advantage and Acquires Concerning Mutations. [Alpha ★] 

6.​ Hypothesis: We estimated the initial date when the Omicron variant started to 
spread based on the number of accumulated mutations. This estimation suggested 
that Omicron spread with a very high reproduction number, R0, in the South Africa 
population in which most individuals have already been infected by previous variants. 
We thus hypothesised that the significant replicative advantage of the Omicron 
variant is associated with immune evasion. ​
Publication: The spread of SARS-CoV-2 variant Omicron with a doubling time of 
2.0–3.3 days can be explained by immune evasion. [Omicron ★] 

7.​ Hypothesis: As previously explored by Kochańczyk et al. [15], the MAPK pathway 
employs a combination of positive and negative feedback loops, which leads to 
pulsatile signals of ERK activity. This allows cells to coordinate using spatially 
organised waves of ERK activity during wound healing or cell movement. It was 
previously shown that only around 1 bit of information about the stimulus 
concentration is encoded in the level of ERK activity [16], [17]. We hypothesised that 
since the MAPK pathway processes information continuously, the quantity of interest 
is the information transmitted per unit of time, i.e. bitrate, and estimated it in silico.​
Publication: Limits to the rate of information transmission through the MAPK 
pathway. [Limits ★] 

8.​ Hypothesis: Even a single biological system can have dozens of different proteins 
interacting. We might be interested only in the "input", "output", or some key proteins, 
but in works included in this thesis (Dynamics ★, Antagonism ★), we saw that 
intermediate steps are crucial for replicating the system's dynamics. Inspired by 
previous work on sloppiness, we hypothesise that understanding the effective 
dynamics of a signalling pathway does not necessarily require measuring all 
variables. However, it might still be necessary to include processes associated with 
these variables in the model.​
Publication: Predictive power of non-identifiable models. [Predictive ★] 

9.​ Hypothesis: Information theory is a valuable tool for studying biological systems. 
However, comprehensive benchmarks of MI estimators were missing, especially 
comparing classical (for example, the KSG estimator [18]) to neural approaches 
(such as InfoNCE [19]). It is known that MI is invariant to homeomorphisms. We thus 
hypothesise that homeomorphisms can be used to transform pairs of random 
variables for which MI can be calculated analytically to obtain a variety of probability 
distributions, with known MI, which can be used for testing different estimators. To 
verify this hypothesis, we built a benchmark using information-preserving 
transformations of multivariate Gaussian and Student distributions. ​
Publication: Beyond normal: On the evaluation of mutual information estimators. 
[Beyond ★] 
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10.​Hypothesis: We hypothesise that Pointwise Mutual Information (PMI), especially the 
distribution of PMI (PMI profile), can be a valuable tool for understanding mutual 
information estimation. In particular, we discovered that the PMI profile is preserved 
by transformations used in our previous benchmark, uncovering a limitation in our 
approach. We circumvent this issue by using mixture distributions, allowing us to 
study probability distributions with different PMI profiles.​
Publication: On the Properties and Estimation of Pointwise Mutual Information 
Profiles. [Mixtures ★] 
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3. Summary of main results 

3.1. Dissecting interactions between RSV and innate immunity 

We hypothesised that during the infection of a cell monolayer, individual cells could follow 
qualitatively different transcriptional and translational programs due to the antagonism 
between viral proteins and innate immunity. To investigate this interaction, I constructed an 
agent-based, spatial, stochastic model that simulates RSV infection of a cell monolayer. The 
model was parameterised using a wide range of experimental data both at the single-cell 
and at the population level generated in our laboratory (immunofluorescence imaging, 
Western blotting, ELISA, dPCR). 

The model scheme is depicted in Figure 3. A cell's state is defined by the activation step of 
each variable: v (infection status), vRNA (viral RNA), vProteins (viral proteins), pIRF3 
(active, phosphorylated transcription factor IRF3 that regulates expression of interferon, 
IFN), IFNi (intracellular interferon), pSTATs (active phosphorylated transcription factors 
STAT1 and STAT2, activated by interferon and capable of triggering activation of 
interferon-stimulated genes, ISGs), and ISGs (proteins encoded by ISGs). The activation 
steps change according to predefined rules, with possible steps of activation indicated as 
boxes. For example, an infected cell (v = 1) can transition towards producing viral RNA (i.e., 
the step of vRNA can increase). Once vRNA = 3, RNA synthesis is complete, and the levels 
of vProteins and pIRF3 can increase. The requirement for vRNA to reach step 3 to initiate 
synthesis of viral proteins is indicated by the dark box. The intermediate steps are introduced 
to capture the experimentally observed vRNA ‘incubation period’, as explained in the 
Background. Once vProteins = 3, neighbouring cells can become infected (v can change 
from 0 to 1 therein). Concurrently, when pIRF3 = 3, the cell starts producing (intracellular) 
interferon, IFNi. Once produced (IFNi = 3), interferon is secreted, increasing the amount of 
extracellular interferon (IFNe). Extracellular interferon diffuses (Figure 2B), reaching first 
neighboring cells, then more distant cells (diffusion is modelled by approximating a 3D 
process). Cells (including the secreting cell), respond to the presence of IFNe by 
phosphorylation of STATs (pSTATs increases), and, subsequently, production of (proteins of) 
interferon-stimulated genes (ISGs). Notably, partial activation of STATs can still activate ISGs 
production, albeit at a slower rate (indicated by light grey boxes). Finally, the model 
incorporates several cross-inhibitory interactions. Viral proteins inhibit the activation of 
pIRF3, IFNi, and pSTATs; and ISGs impede the production of vRNA and vProteins. 
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Figure 3. RSV infection of a cell monolayer, model scheme. A. The state of a cell evolves 
according to predefined rules. When a state reaches the level of activation indicated by grey 
boxes, it can enable (blue arrows) or inhibit (red hammer-headed arrows) other transitions. 
B. Diffusion of extracellular interferon is modelled assuming two compartments (lower and 
upper) above each cell. Cells secrete interferon into their respective lower compartments, 
but at later stages of the infection, interferon also accumulates in upper compartments. 
Reproduced from Antagonism ★. 

After being constrained by experimental cell population-level data, the model successfully 
reproduces spatial patterns observed during viral infection (Figure 4), i.e. single-cell-level 
data. Importantly, cells producing viral proteins rarely produce interferon, and vice versa 
(panel A). This phenomenon arises because in cells producing viral proteins, non-structural 
viral proteins quickly block interferon production. Consequently, interferon is primarily 
produced by infected cells that detected viral RNA before the onset of viral protein 
production. In response to interferon, bystander cells produce ISGs, which in turn slow down 
accumulation of viral RNA and viral proteins, thereby extending the window of opportunity for 
interferon production. This interplay between virus and innate immunity would be hidden at 
the population level, where only the average level of ISGs and viral proteins is considered. 

 

Figure 4. Comparison between immunostaining images (A–B) and model simulations (C). 
A. Cells in which non-self RNA was detected (IRF3 active, red) may start producing and, 
eventually, secreting interferon (yellow). B. Interferon leads to activation of STAT1 by 
phosphorylation (green) in neighbouring cells. At later stages of the infection, interferon 
accumulates and almost all non-infected cells are phosphorylated (active) STAT. C. Model 
simulations match the experimentally observed effects. Reproduced from Antagonism ★. 
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3.2. Differential role of type I and type III interferons 

Both IFN-β and IFN-λs are known to activate STAT1/2 signalling pathways, leading to the 
production of interferon-stimulated genes (ISGs). While a type I interferon, IFN-β, generally 
elicits a stronger antiviral response in respiratory epithelial cells, type III interferons, 
IFN-λ1–λ4, play a distinct and non-redundant role, although the underlying mechanisms 
remain unclear. In animal studies, Galani et al. [20] have shown that mice deficient in 
IFNLR1 (subunit of the receptor for type III IFNs) suffer higher mortality in response to 
influenza A virus infection. 

Our experiments on A549 cells (human alveolar cell line) revealed further differences in 
these two interferons' roles. Prestimulation with IFN-β leads to greater suppression of 
influenza A virus (IAV) compared to prestimulation with IFN-λ1. However, knock-out of 
IFNLR1 causes a more pronounced increase in viral spread than knock-out of IFNAR1 
(subunit of the receptor for type I IFNs). Moreover, this phenomenon is specific to IAV: 
knock-out of IFNLR1 does not increase the spread of respiratory syncytial virus (RSV), 
which is known to effectively block apoptosis. Based on these findings, we hypothesized that 
IFN-λs suppress IAV spread by inducing early cell death in infected cells, thereby limiting the 
number of secondary infections. 

To test this hypothesis, the most straightforward approach would be to measure the number 
of cell deaths during IAV infection. However, no differences were observed in cell death rates 
between IFNLR1 knock-out and IFNAR1 knock-out conditions. To reconcile these 
observations, I employed a simple SIR model. In this model, IFN-β induces ISG production, 
reducing the infection rate β, while IFN-λ increases the removal rate, which we suggestively 
renamed λ (typically denoted as γ). An increase in λ reduces the basic reproduction number 
R0 = β / λ, thereby limiting the overall spread of the infection. This constitutes an antiviral 
effect, even though it cannot be directly demonstrated by measuring cell death rates. 

The model kinetics shows that the effect of increasing the removal rate λ depends on the 
time of measurement (Figure 5A). At different time points, an increase of λ can either lead to 
an increase or a decrease of the fraction of removed cells, indicating that in the analysis of 
experimental data, the amount of dying cells is not a reliable metric for detecting changes in 
λ. The fraction of infected cells changes monotonically with λ (Figure 5B), but is also affected 
by β (Figure 5C). This indicates that changes in the fraction of infected cells alone cannot 
conclusively indicate changes in λ. In contrast, the ratio of removed to infected cells (R / I) 
changes distinctly and monotonically with λ (Figure 5D), while being only weakly influenced 
by β (Figure 5E). This demonstrates that R / I is a reliable metric for experimentally testing 
our hypothesis. 
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Figure 5. Fraction of removed, infected, and the ratio of removed to infected cells as a 
function of time, the removal rate λ and the contact rate β. Default parameter values are 
shown in bold. Reproduced from Lambda ★. 

We performed paired measurements of viral protein levels (via Western blots) and cell death 
counts (via FACS analysis). Figure 6 presents the relative changes in IAV nucleoprotein (NP) 
and cell deaths in IFNLR1 KO compared to WT cells. While cell death levels remained 
relatively unchanged, there was an almost threefold increase in IAV NP levels in IFNLR1 KO 
cells. This observation supports the hypothesis that the absence of IFNLR1 reduces the 
coefficient λ, indicating that the lack of IFNLR1 leads to slower death of infected cells. 
However, the biological mechanism by which IFN-λ promotes selective cell death remains to 
be identified, representing a key limitation of this study. 

 

Figure 6. Relative accumulation of IAV nucleoprotein (NP, left column) and cell deaths (right 
column), shown as a ratio between IFNLR1 KO and WT A549 cells. Higher levels of IAV NP 
in INFLR1 KO cells together with a small increase in cell deaths indicate an overall lower 
level of cell deaths per infected cell, compared to WT cells. Reproduced from Lambda ★. 
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3.3. Estimation of R0 of COVID-19 

The basic reproduction number, R0, is a critical parameter in understanding epidemic spread, 
dictating the extent to which the contact rate or fraction of susceptible individuals (through 
recovery or vaccinations) must be reduced to prevent further spread. Early estimates of R0 
for COVID-19 ranged between 2 and 4, suggesting that a fourfold reduction in contact rates 
would be sufficient to prevent epidemic growth. However, our estimates (based on data from 
China, Italy, Spain, France, UK, Germany, Switzerland and New York State) were 
significantly higher, in the range from 4.7 to 11.4. This discrepancy arises mainly from the 
assumed distribution of the incubation period and our estimates of the doubling time based 
on published data. 

3.3.1. Incubation period 

The incubation period of COVID-19 has been experimentally estimated to average around 5 
days, with a range from 2 to 14 days [7], [8]. The SEIR model, on the other hand, assumes 
that the incubation period follows an exponential distribution (see Background). This 
assumption implies that the most likely incubation time is 0 days, which is inconsistent with 
observed data. To better capture the observed distribution of incubation periods, we modified 
the SEIR model by introducing k exposed states (Figure 7). This modification causes the 
incubation period to follow an Erlang distribution. By setting k = 5 and the average incubation 
period τ = 5 days, the model produces a more realistic distribution: a low probability of 
infectiousness within the first 2 days and a negligible probability of incubation periods 
exceeding 2 weeks. Setting k = 1 reverts to the standard SEIR model. 

 

Figure 7. Modified SEIR model with multiple exposed states. The introduction of additional 
states leads to a realistic, Erlang distributed latent period. Reproduced from Dynamics ★. 

This modification has significant implications for estimating the basic reproduction number 
R0. While the number of exposed states, k, does not directly influence the basic reproduction 
number (since R0 = β / γ), it does affect the daily multiplication coefficient, θ, which can be 
directly estimated from the epidemic dynamics and used to calculate R0. The coefficient θ is 
defined as the day-to-day fractional increase in the number of new confirmed cases. For 
instance, if the number of new cases on a given day is 25% higher than the previous day, 
then θ = 1.25. The daily multiplication coefficient can be computed using the following implicit 
formula, where α = log θ / day is the daily growth rate on a logarithmic scale: 

. β
 γ + α  =  (1 + τ α

𝑘 )𝑘
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The relationship between R0 and θ for various values of k is shown in Figure 8A, with the 
corresponding distributions of incubation periods shown in Figure 8B. For the same daily 
multiplication coefficient, θ, a higher number of exposed states k leads to a higher R0. This 
has practical consequences for interpreting pandemic growth rates. For example, a daily 
multiplication coefficient of θ = 1.5 could be explained by R0 = 6–7 under the classic SEIR 
model (k = 1), or a much higher R0 = 10–11 under our modified model with k = 5. Although the 
pandemic grows at a similar pace in both scenarios, the higher R0 value in the modified 
model implies that contact rates must be reduced nearly twice as much to contain the 
spread. This in turn translates to more stringent public health restrictions. 

 

Figure 8. Influence of the number of exposed states k. A. Relationship between R0 and the 
daily multiplication coefficient θ. B. Distribution of the incubation period. Higher values of k 
lead to a lower daily multiplication coefficient and a more narrowly distributed incubation 
period. The default value is k = 5. Reproduced from Dynamics ★. 

3.3.2. Super-spreaders 

Divergent estimates of R0 can also be attributed to differences in the reported doubling times 
(Td = log 2 / log θ). Early studies of Wu et al. [21], [22] and Li et al. [23] reported doubling 
times of 5.2 days, 6.4 days and 7.4 days, respectively. In contrast, our estimates indicated 
much shorter doubling times, ranging from 1.94 to 2.68 days. These estimates were based 
on data collected during the two-week period following the point when the total number of 
cases exceeded 100 in six European countries, China and New York State. 

We chose this threshold because super-spreading events, which are critical drivers of 
epidemic spread, become more prominent as the number of infections increases. In the very 
early phase of the pandemic, when fewer than 100 cases are reported, the probability of 
observing such events is low, potentially leading to underestimation of the doubling time​. By 
including data after the 100th-case mark, our method captures the effect of super-spreading 
events, providing a more accurate estimate of doubling times. 

An extreme example of super-spreading effects is illustrated in Figure 9, where 1% of the 
population accounts for two-thirds of all infections (hyper-spreaders). We ran multiple 
simulations of the onset of the epidemic, beginning with a single infected (but not 
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hyper-spreading) individual, and estimated the doubling times using two methods: (1) a 
14-day window starting from 100 total cases and (2) a 30-day window starting from the first 
case. As shown in the accompanying histograms, the second method overestimates the 
doubling time on average by 50%, while the first method yields more accurate results on 
average and exhibits smaller standard deviations. In reality, the difference would likely not be 
as drastic, although Endo et al. [24] estimated that 80% of secondary transmissions could 
have been caused by as little as 10% of infectious individuals. 

Figure 9. Left: Stochastic simulations of the system with 1% hyper-spreaders responsible for 
two-thirds of all infections (100 trajectories are shown), starting from one 
non-hyper-spreading infected individual. Dashed line shows the trajectory of the 
corresponding deterministic model. Right: Distribution of estimates of the doubling time Td 
based on two schemes is shown. Reproduced from Super-spreaders ★. 

Our estimates of R0 (4.7–11.4) are significantly higher than the initial estimates of 2–4. 
These values can be compared to the measures introduced that eventually halted the 
exponential growth of the epidemic. By May 2020 (at the time of our initial submission), Italy 
and Spain successfully ended the initial exponential growth phase through nationwide 
quarantine measures. During this period, Google's COVID-19 Community Mobility Reports 
indicated an approximately 80% reduction in mobility across retail and recreation, transit 
stations, and workplaces in these countries. Together with increased social distancing, this 
reduction possibly lowered the infection rate β at least fivefold. Additionally, widespread 
testing and isolation of individuals who tested positive reduced the effective infectious 
period, 1 / γ. Consequently, we suspect that the effective reproduction number was reduced 
more than fivefold, resulting in values smaller than 1 and containment of the epidemic's 
spread. This suggests that the basic reproduction number R0 in these countries was larger 
than 5, consistent with our estimates. 

3.4. Population response to the SARS-CoV-2 epidemic 

First, we explored the long-term evolution of the epidemic under the assumption that the 
basic reproduction number does not change over time (i.e. the epidemic is essentially 
ignored by the population). In this scenario, the outcome depends solely on the daily 
multiplication coefficient, θ. For a population of 50 million people starting with 500 confirmed 
cases, the maximum number of daily new cases is 0.3 million for θ = 1.05 (corresponding to 
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a doubling time Td ≈ 2 weeks) and reaches 1 million for θ = 1.1 (Td ≈ 1 week), as shown in 
Figure 10A. Figure 10B depicts the number of new cases in the worst month or week of the 
epidemic, alongside the time at which the peak occurs. For the still conservative estimate, 
θ = 1.1, we find that, in the worst month, nearly half of the population would be infected. 

 

Figure 10. A. Simulations of the epidemic for two values of the daily multiplication 
coefficient: θ = 1.05 (corresponding to a doubling time Td ≈ 2 weeks) and θ = 1.1 (Td ≈ 1 
week). B. Number of new cases in the worst week/month of the epidemic, and the time to 
the day with the highest number of new cases, both as a function of θ. Reproduced from 
Dynamics ★. 

However, this scenario is unrealistic. With such high daily case numbers, it is reasonable to 
assume that people will reduce their contact rates voluntarily, for example, by increasing 
physical distancing. To account for such time-dependent dynamics, we introduce a 
relationship for the contact rate, β, that depends on the number of daily new cases: 

β = β0 H / (H + (daily new cases)) . 

Here, the parameter H controls the extent of voluntary isolation: as daily new cases rise, the 
contact rate decreases. When the number of daily cases reaches H, the contact rate is 
halved. For H = 10,000, the number of daily cases grows rapidly until it peaks at around 
15,000 cases, at which point it starts to gradually decrease, over multiple years, as the 
fraction of susceptible individuals is slowly depleted (Figure 11A). However, this scenario 
would require the population to reduce contact rates for extended periods of time. In Figure 
11B, we introduce a further assumption: people gradually become more negligent, accepting 
the risk of infection as time passes. To reflect this, we allow H to vary over time: 

H(t) = H0 (t + Tnegl) / Tnegl . 
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Figure 11. Dynamics of the epidemic with the population responding to high numbers of new 
cases by decreasing the contact rate (A) and, additionally, by slowly accepting the risk (B). 
Reproduced from Dynamics ★. 

This final modification results in a broader peak of 30,000 to 50,000 cases, but a shorter 
epidemic than in Figure 11A. Although this model is simplistic and based on arguably 
arbitrary assumptions about the population’s response, it goes beyond the very unrealistic 
scenario where no population-level response occurs. Furthermore, despite its simplifications, 
the model’s predictions were surprisingly accurate in retrospect. The maximum number of 
new cases predicted in Figure 11B matches historical data from Poland: the first three waves 
of COVID-19 saw approximately 30,000 daily new cases, while the fourth wave peaked at 
nearly 60,000 cases on the worst day. 

However, while the model successfully captured the scale of these peaks, it did not predict 
multiple waves, largely driven by the emergence of new SARS-CoV-2 variants. 

3.5. Emergence of new SARS-CoV-2 variants 

Mutations in the virus can increase its fitness, typically by enhancing infectivity or immune 
evasion—thereby increasing the likelihood of infecting individuals who have recovered or 
been vaccinated. Mutations can also lead to outcomes such as decreased virulence [25], 
lowering the risk of host death, isolation, or treatment. The large number of individuals 
infected with SARS-CoV-2 provided ample opportunities for mutations, leading to the 
emergence of new strains. In our work, we analysed the emergence of the Alpha and 
Omicron variants. These publications have been widely cited and reported, including by BBC 
News [26], News Medical [27] and others [28], [29]. 

3.5.1. Variant Alpha 

The first known sample of the SARS-CoV-2 variant Alpha, also referred to as PANGO 
lineage B.1.1.7 or initially as Variant of Concern (VOC) 202012/01, was collected on 
September 20, 2020, in Kent, United Kingdom. It began spreading rapidly and, by January 
2021, accounted for 86% of all genomes sequenced in England. The rise of this new variant 
coincided with a sharp increase in total cases in Kent and Greater London. 
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In Figure 12A, we categorized sequenced genomes into four groups: variant Alpha (labelled 
VOC), 20A.EU1 (the previous dominant strain), other genomes carrying the D614G 
mutation, and all remaining genomes with D614 (both variant Alpha and 20A.EU1 carry the 
D614G mutation). As new, more fit variants emerge, their share of sequenced genomes 
grows until they reach fixation or are overtaken by the next dominant variant. To estimate the 
replicative advantage of variant Alpha over 20A.EU1, we analyzed the ratios of their 
respective sequence counts (Figure 12B). We calculated the weekly growth rate of these 
ratios, v, by fitting two trend lines. Using a 9-week window, we obtained a lower estimate of 
v = 1.88 [95% CI: 1.75–2.01], while a 5-week window yielded a higher estimate of v = 2.24 
[95% CI: 2.03–2.48]. Assuming both variants shared the same serial interval of 6.73 days, 
we computed the ratio of their reproduction numbers as RAlpha / R20A.EU1 = v 6.73 / 7. This resulted 
in a lower estimate of 1.83 [95% CI: 1.71–1.96] for the 9-week window and a higher estimate 
of 2.18 [95% CI: 1.97–2.40] for the 5-week window. 

This approximately two-fold increase in the reproduction number explains the rapid fixation 
of variant Alpha in Kent, as well as the increase in the total number of new cases. 

 

Figure 12. A. History of dominant variants of SARS-CoV-2 in England, as of Jan 3, 2021.​
B. Replicative advantage of variant Alpha over A20.EU1, the previous dominant strain in 
England. Reproduced from Alpha ★. 

3.5.2 Variant Omicron 

The SARS-CoV-2 variant Omicron was first identified in Gauteng, South Africa. Figure 13 
shows the estimated case numbers for Omicron, Delta, and other pre-existing variants in 
Gauteng and the neighboring KwaZulu-Natal province. After a wave of Delta infections in 
both regions, which effectively displaced all pre-existing variants, case numbers dropped to 
nearly zero by mid-October (panel A). Notably, this decline occurred without significant 
reductions in population mobility at workplaces or retail and recreation centers (panel B), 
suggesting that these populations had effectively reached herd immunity. 

However, the emergence of Omicron triggered a new wave of infections with a doubling time 
of approximately three days (panel C). This rapid spread suggests that Omicron effectively 
evades immunity acquired from previous infections, including variant Delta. Additionally, the 
rapid growth of Omicron cases in countries with high vaccination rates further suggests 
evasion of immunity provided by vaccination (see Figures 2–3 in Omicron ★). Immune 
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evasion can pose a greater threat than increased infectivity, as it expands the pool of 
susceptible individuals, potentially leading to larger outbreaks (see Figure 4 in Omicron ★). 

The timing of the initial Omicron spreading event can be estimated by extrapolating the 
exponential growth trend of estimated Omicron cases (panel C). However, this method can 
be unreliable due to high stochasticity when case numbers are low and few Omicron 
genomes are sequenced. To independently verify our estimate, we analyzed the cumulative 
number of mutations present in sequenced genomes (panel D). Crucially, this approach 
does not rely on consistent genome sequencing or timely infection reporting. Instead, 
assuming that the virus accumulates random mutations at an approximately constant rate, 
we performed a Bayesian analysis to determine the most likely date when Omicron 
sub-variants began to diverge, pinpointing the event that initiated its spread in Gauteng. 
Results from this method align with the simpler estimate based on growth trends (panel C), 
further supporting our estimate of the doubling time. 

 

Figure 13. A. Timeline of dominant SARS-CoV-2 variants in Gauteng and KwaZulu-Natal 
provinces, South Africa, as of Jan 2, 2022. B. Mobility in retail and recreation, as well as 
workspaces, in the affected provinces. C. Doubling time of Omicron, based on the estimated 
number of new cases. D. Bayesian estimation of the initial spreading event date, based on 
accumulation of mutations in sequenced Omicron genomes. Each circle corresponds to a 
sequenced genome; the number of sequenced genomes for each total number of mutations 
is given on the right. Reproduced from Omicron ★. 
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3.6. Applicability of partially-constrained models to signalling pathways 

A common motif between the multi-state SEIR models used to model the COVID-19 
epidemic and the agent-based model of RSV presented earlier is the need to incorporate 
intermediate transition states. In the case of COVID-19, these additional states ensure that 
the incubation time and serial interval align with reported data. For RSV, the intermediate 
states are necessary to account for experimentally measured incubation periods—from 
virion entry to the production of viral RNA or proteins—as well as delays in protein signalling 
and transcription, such as the time from phosphorylation of IRF3 to secretion of IFN-β. 
These intermediate steps introduce additional model parameters, which we have previously 
avoided by assuming that the rates of all intermediate steps are equal. However, this 
assumption might not always hold, and we might not always know how many steps should 
be introduced. These challenges point to a deeper issue: how can we model a large, 
interconnected system when we are only able to measure a few variables? 

Previously, we tackled this problem by starting with a simple model and gradually increasing 
its complexity until we were satisfied with the agreement between the model and the 
observed data. An alternative approach involves so-called "sloppy models" [30], [31]. The 
core idea behind sloppy models is that biological systems often contain many redundant 
counterbalances. As a result, different sets of parameters can lead to very similar system 
behaviour. For example, if there is insufficient protein A, the effect can often be compensated 
by increasing levels of a different protein, B. In fact, individual cells having different "sets of 
parameters" can enhance the cell population's robustness [9]. 

We investigated the applicability of this framework to dynamical models in systems biology 
by studying a simple signalling cascade (of four kinases, Ki) with a negative feedback 
(structurally similar to, for example, the MAPK or NF-κB pathways). The model scheme and 
governing equations are shown in Figure 14a,b. Since we are primarily interested in 
multiplicative changes, we always transform the resulting trajectories using softlog(x) = 
log10(x + 0.001). To generate synthetic training data, we simulated the true system with 
default parameters and a rectangular input signal, Strain (corresponding to adding an 
activatory cytokine at t = 1 and washing it out at t = 5). Then, we simulated measurement 
errors by adding gaussian noise to the (softlog transformed) true trajectories of kinases Ki​. 
We generate three measurements for each Ki at time points t = 1, 2, …, 12 (Figure 14c). We 
then use the Markov Chain Monte Carlo (MCMC) algorithm to generate sets of parameters 
that fit these synthetic measurements. 

First, we allowed the MCMC algorithm to use only measurements of K4​. The resulting 
parameter sets predict the response of K4 to a different input signal, Stest, with a very small 
margin of error (Figure 14d). Meanwhile, the levels of activation of K1, K2 and K3 differ 
significantly between parameter sets, implying that we cannot reliably infer their dynamics 
based solely on the available measurements and model constraints. Similarly, additionally 
including measurements of K2 (Figure 14e) allows for prediction of K2's response to the test 
signal, but does not improve predictions for the remaining steps, K1 and K3. 
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Figure 14. Toy model of a signalling cascade with negative feedback. (a, b). Model scheme 
and equations. c. Simulated measurements in response to the signal Strain. (d, e). Model 
predictions in response to a different signal, Stest, after training on K4 (d) and K2 and K4 (e). 
Reproduced from Predictive ★. 

This behavior can be understood in terms of sloppy and stiff directions in the parameter 
space. A change in parameters along a "sloppy" direction does not significantly alter the 
behavior of measured system variables, while a change in a "stiff" direction does. For 
instance, increasing the rate a₂ two-fold can be countered by a two-fold increase in d₂, 
leaving the overall dynamics of the system largely unchanged. Thus, the direction of 
"increasing the activation rate of i and deactivation rate of i" is "sloppy". In contrast, the 
direction of "increasing all activation rates" is stiff, as it strongly affects the system’s 
dynamics. Measuring only K₄ allowed us to approximate the overall delay of the system with 
significant accuracy but provides little insight into the source of this delay. This results in only 
one stiff direction after measuring K₄. 

The distribution of parameters after successively including measurements from additional 
steps is shown in Figure 15a. Notably, even after measuring all four steps—allowing for 
accurate predictions of the entire system—the distribution of some parameters remains 
broad. We quantify this uncertainty in parameter estimation by plotting the principal 
multiplicative deviations, δi = exp(√λi), where λi are the principal values of the distribution of 
log-transformed parameters (Figure 15b). We define stiff dimensions as those with δi ≤ 1.5, 
meaning that parameters obtained from MCMC vary in these directions by at most a 
multiplicative factor of 1.5. When only K4 is measured, a single direction is stiff, and this is 
sufficient for accurate predictions of K4 in response to previously unseen input signals. The 
number of stiff dimensions increases to two when K2 is also included, and to four when all 
steps Ki are measured. To better visualize these results, we show optimised sparse bases 
spanning these "stiff subspaces" in Figure 16 (details in Predictive ★). 
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Figure 15. Successive inclusion of steps Ki in training. a. Histograms of parameters derived 
from MCMC simulations. b. Principal multiplicative deviations, δi = exp(√λi), where λis are the 
principal values of the distribution of log-parameters. Reproduced from Predictive ★. 

 

Figure 16. Normal vectors in log-parameter space spanning the same "stiff subspace" as the 
stiff eigenvectors (with δi ≤ 1.5 in the previous Figure), optimised to minimise the grey entries. 
Reproduced from Predictive ★. 
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Even though these models are only partially constrained, they still exhibit significant 
predictive power. The model trained solely on K4 can predict the effect of a multiplicative 
change in parameters, even though the parameters are not constrained by the available 
measurements (Figure 17). Such multiplicative changes are commonly explored in systems 
biology, as they can be easily induced through techniques like gene knockdown or protein 
overexpression. 

 
Figure 17. Model predictions of the trajectory of K4 for 10-fold changes of parameters. Model 
trained only on K4. The changed parameter is shown in square brackets above each 
subpanel. Reproduced from Predictive ★. 

In summary, the proposed approach allows for more interactive work with biological models 
[32]. Researchers can start with a general representation of the studied system and focus 
their measurements on the variables of interest. At any stage, the parameter sets generated 
by MCMC can be examined to identify which parameters or predictions are well-constrained 
by the experimental data. If necessary, additional measurements can be taken to further 
refine the set of permissible parameters. 

A notable practical limitation of this approach is that MCMC can be computationally 
expensive for large models. However, techniques like Hamiltonian Monte Carlo [33], [34], 
No-U-Turn Sampler [35], stochastic variational inference [36], or simulation-based inference 
[37], are making sampling more efficient. For larger models, sloppiness can also be 
analyzed locally, using tools like the Fisher information matrix [38], [39]. Importantly, this 
computational bottleneck does not undermine the broader insight: biological systems often 
exhibit inherent redundancies, allowing accurate predictions even without fully constrained 
parameters. 

25 



 

3.7. Numerical study of MAPK/ERK channel capacity 

Signalling pathways can also be investigated in terms of their information processing 
capacity. Kochańczyk et al. [15] demonstrated that by employing a combination of positive 
and negative feedback loops, the MAPK pathway is well-suited to process pulsatile signals 
of ERK activity. This enables cells to coordinate their movements using spatially localised 
waves of ERK activity during e.g.wound healing. While previous studies showed that the 
level of ERK activation can transmit only about 1 bit of information about stimulus 
concentration [16], [17], we quantify (in silico) the amount of information that can be 
transmitted through the MAPK pathway per unit of time, which we refer to as the bitrate. 

We measured the bitrate by analyzing the system's (stochastic) responses to binary 
sequences of pulses. A key limitation is the pathway’s refractory time—if two pulses are sent 
too closely together, the second pulse will be ignored. Consequently, an important parameter 
is the base repeating time, or the delay between subsequent pulse slots. Figure 18 shows all 
possible binary sequences of length 3, sent with different base repeating times. When the 
base repeating time is set to an hour, the pathway processes all pulses effectively. However, 
when the base repeating time is decreased to just half an hour, consecutive pulses are 
ignored. We group sequences that lead to similar responses in red frames. Importantly, 
decreasing the base repeating time increases the information throughput. 

 
Figure 18. Simulated trajectories of the MAPK model in response to all possible binary 
sequences of length 3, with three different base repeating times. Sequences that elicit 
similar responses are grouped within red boundaries. Reproduced from Limits ★. 
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We can understand this by imagining that the system is able to perfectly distinguish between 
the red groups. In this case, with a base repeating time of 60 minutes, we can correctly 
recognise all pulses and thus transmit 1 bit per hour. When the base repeating time is 
reduced to 30 minutes, some pulses overlap, and only 6 distinct groups can be recognised. 
Consequently, we can transmit up to log₂(6) bits every 3 × 30 minutes, or approximately 1.7 
bits per hour. With a base repeating time of 20 minutes, the bitrate increases further to 
log₂(4) bits per 60 minutes, or 2 bits per hour. 

In reality, the distinction between merged inputs is not perfect. Figure 19 shows the system's 
response to four different inputs (00, 01, 10, and 11) for various base repeating times, 
measured as the log-integral of the ERK activity in response to the first and second halves of 
the stimulation. For a base repeating time of 60 minutes, the responses can be clearly 
distinguished. However, as the base repeating time decreases, the response to input 11 
(red) begins to overlap with the response to input 10 (blue). The mutual information was 
computed using the Kraskov–Stögbauer–Grassberger (KSG) estimator [18]. By optimizing 
the probabilities of input sequences, we were able to maximise the channel's capacity. Panel 
B compares the results for equiprobable and optimised input probabilities, alongside 
numerical estimates and our theoretical approximation (see Limits ★ for details). 

 

Figure 19. a. Scatter plots showing the system's response to two binary pulses (grey = 00, 
green = 01, blue = 10, red = 11) for three different base repeating times. b. Bitrate estimates 
as a function of sequence length, comparing results with and without optimised input 
probabilities. Numerical and theoretical estimates are presented. Reproduced from Limits ★. 
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3.8. Benchmarking mutual information estimators 

To compute the bitrate of the MAPK pathway, we estimated the mutual information between 
binary sequences and the pathway’s responses using the KSG estimator. Although the KSG 
estimator is theoretically guaranteed to converge given enough samples, in real life acquiring 
a sufficient number of samples can be prohibitively expensive, especially for 
high-dimensional variables. Since then, several new estimators based on neural networks 
and the Donsker-Varadhan variational formula have been proposed, including MINE [40], 
InfoNCE [19], and NWJ [41], [42], [43]. However, mutual information estimators have 
typically been evaluated using simple families of random variables, such as Gaussian 
distributions or selected one-dimensional distributions, which can introduce selection bias. 
To address this gap, together with Paweł Czyż we constructed a comprehensive benchmark 
for evaluating mutual information estimators. 

The tasks in the benchmark leverage the fact that continuous injections do not affect mutual 
information. This result is formalized in the following theorem: 

Theorem 1. Let 𝒳, 𝒳′, 𝒴 and 𝒴′ be standard Borel spaces (e.g., smooth manifolds with their 
Borel σ-algebras), and let f: 𝒳 → 𝒳′ and g: 𝒴 → 𝒴′ be continuous injective mappings. Then, 
for every 𝒳-valued random variable X and 𝒴-valued random variable Y: 

I(X; Y) = I(f(X); g(Y)) 

Starting with a pair (X, Y) with known mutual information (e.g., multivariate normal or Student 
distributions), we can create more complex tasks by applying appropriately chosen 
transformations. This procedure is illustrated in Figure 20, where a bivariate Gaussian 
distribution is transformed into four distinct distributions used in the benchmark. 

 

Figure 20. A bivariate Gaussian is transformed by applying continuous injective mappings to 
its marginals. The resulting benchmark tasks have the same mutual information as the 
original distribution.. Color shows the original value of Y. Reproduced from Beyond ★. 

The main benchmark (Figure 21) consists of forty tasks, designed to test different factors 
such as dimensionality, long-tailed distributions, or robustness to diffeomorphisms. We found 
that, for low- and medium-dimensional problems, the classical KSG estimator remains a 
reliable baseline. Neural estimators perform better in high-dimensional problems, especially 
when interactions are sparse (i.e., only a few dimensions contribute to mutual information). 
The benchmark also highlights that evaluating mutual information estimators solely on 
Gaussian distributions can lead to overly optimistic results, as these tasks tend to be simpler. 
Furthermore, when the distribution is known to be approximately Gaussian, the estimator 
based on canonical correlation analysis [44] (CCA) significantly outperforms all other, more 
general methods. 
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Figure 21. Main benchmark of mutual information estimators. Mutual information estimates 
obtained from different estimators (rows) for various benchmarking tasks (columns) are 
shown. The last row provides the true mutual information. Underestimations are highlighted 
in blue, while overestimations are shown in red. The first section of the benchmark consists 
of various low-dimensional tasks, including those illustrated in Figure 20. The second section 
explores multidimensional Gaussian distributions with two different correlation structures. 
The third section incorporates Student-t distributions with varying degrees of freedom, 
resulting in long-tailed distributions. The final section features transformed multivariate 
Gaussian and Student-t distributions to create more challenging benchmark tasks. It also 
includes Student-t distributions transformed by an inverse hyperbolic sine (Asinh), which 
removes the long tails, but still results in challenging tasks. The InfoNCE estimator performs 
very well across most tasks, except for Gaussian distributions, where the CCA estimator 
decidedly outperforms all other methods. Reproduced from Beyond ★. 

The main benchmark is complemented by several additional numerical experiments. These 
explore the influence of the interaction structure on estimator performance (Sec. 4.1), the 
impact of long-tailed distributions (Sec. 4.2), robustness of estimators to diffeomorphisms 
(Sec. 4.3), and the limits of high mutual information (Sec. 4.4). All code is open-source and 
facilitates benchmarking of estimators implemented in any programming language. 
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3.9. Pointwise mutual information and mixture models 

The benchmark proposed in Beyond ★ has an important limitation, which we explore in a 
follow-up article, Mixtures ★, by studying the pointwise mutual information (PMI) profile. To 
begin, we recall that the mutual information between two random variables, X and Y, can be 
expressed as the expected value of the PMI function: 

I(X; Y) = 𝔼(x, y) ~ P_XY PMIXY(x, y)​

PMIXY(x, y) = log pXY(x, y) − log pX(x) − log pY(y), 

where pXY, pX and py are the probability density functions (PDFs) of the joint and marginal 
distributions, respectively. 

The PMI profile, ProfXY, is defined as the distribution (over real numbers) of the PMI function 
when sampling pairs (x, y) from the joint distribution PXY. In other words, the PMI profile is the 
distribution of the random variable T = PMIXY(X, Y). Consequently, the expected value of the 
PMI profile coincides with the mutual information: 

I(X; Y) = 𝔼T ~ Prof_XY [ T ] 

For most pairs of variables the PMI profile is not known analytically. However, if the joint 
distribution of (X, Y) is multivariate normal, the PMI profile can be expressed in terms of 
canonical correlations between X and Y: 

Theorem 2. Let X and Y be random variables such that their joint distribution PXY ∈ P(ℝm, 
ℝn) is multivariate normal. If k = min(m, n) and ρ1, ρ2, . . . , ρk are the canonical correlations 
between X and Y, then the profile ProfXY is a generalized χ2 distribution, specifically the 
distribution of the variable: 

T = I(X; Y) + ½ ∑i  ρi (Qi − Qi'), 

where Qi and Qi' are independent and identically distributed (i.i.d.) variables drawn from the 
χ1

2 distribution. In particular, ProfXY is symmetric around its median, which is equal to the 
mean. Additionally, 

I(X; Y) = −½ ∑ log(1 − ρi
2) 

All moments of ProfXY  exist, and its variance is given by Var[T] = ρ1
2 + · · · + ρk

2. 

Crucially, Theorem 1 from Beyond ★ (on the invariance of mutual information under 
continuous injections) can be extended to the entire PMI profile. We state the theorem here 
in the case of diffeomorphisms and smooth manifolds; the more general setting of Borel 
spaces and continuous injections is discussed in Appendix A.5 of Mixtures ★. For smooth 
manifolds 𝒳 and 𝒴, we define the set P(𝒳 , 𝒴) to consist of all probability measures PXY on 
𝒳 × 𝒴 such that the joint measure PXY, as well as the marginal measures PX and PY, can be 
represented by smooth and positive PDFs. This ensures that the PMI function always exists 
and is smooth.  
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Theorem 3. Let PXY ∈ P(𝒳, 𝒴), and let f: 𝒳 → 𝒳 and g: 𝒴 → 𝒴 be diffeomorphisms. Then, 
for X′ = f(X) and Y′ = g(Y), it holds that PX′ Y′ ∈ P(𝒳, 𝒴) and ProfXY = ProfX′ Y′. 

This result has significant implications for the benchmark constructed in Beyond ★. All tasks 
generated by transforming multivariate normal variables will have a PMI profile characterized 
by Theorem 2. Conversely, pairs of variables (X, Y) with a different PMI profile can never be 
constructed by transforming multivariate normal variables. This limitation is illustrated in 
Figure 22. The blue bivariate normal distribution is transformed into a distinct multimodal 
distribution, but the PMI profile remains unchanged. The simple mixture distribution, shown 
in green, has a distinct asymmetric PMI profile and thus cannot be generated by 
transforming any normal distribution. However, mixture distributions commonly arise in real 
world problems (e.g., in our analysis of the MAPK pathway), and should, therefore, be 
included in any general-purpose benchmark. 

 

Figure 22. A bivariate normal distribution is transformed to produce a multimodal 
benchmarking task; both have the same generalized-χ2 PMI profile (blue). The mixture 
distribution has a distinct asymmetric PMI profile (green) and thus cannot be constructed by 
transforming any multivariate normal distribution. Reproduced from Mixtures ★. 

To address this limitation, we propose a broader family of probability distributions, called 
Bend and Mix Models (BMMs), combining marginal transformations and statistical mixtures. 

Definition 1. A distribution PXY ∈ P(X , Y) is considered a Bend and Mix Model if we can 
efficiently sample from the joint distribution (X, Y) ∼ PXY and numerically evaluate the 
densities pXY(x, y), pX(x) and pY(y) at every point (x, y) ∈ X × Y. 

Any distribution satisfying this definition can be used as a basic building block for a BMM. In 
particular, multivariate normal and Student distributions both qualify. More complex 
distributions can be constructed using the following bending and mixing operations: 

Proposition 1. If PXY is a BMM and f and g are diffeomorphisms with numerically tractable 
Jacobians (e.g., normalizing flows), then Pf(X) g(Y) is a BMM. 

Proposition 2. Consider BMMs P1
XY , . . . , PK

XY . If w1, . . . , wK are positive weights such 
that w1 + · · · + wK = 1, then the mixture distribution PX′ Y′ = w1 P1

XY + · · · + wK PK
XY is a BMM. 
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Unfortunately, the mutual information of a mixture distribution cannot be estimated as a 
weighted sum of mutual information of its components. In Mixtures ★, we prove the 
following tight bound on the mutual information of mixtures: 

0 ≤ I(X'; Y') ≤ ∑i wi I(Xi; Yi) + log K), 

as illustrated in Figure 23. However, the properties of BMMs have been chosen to enable 
efficient sampling of the PMI profile. This can be achieved by sampling (x, y) from the joint 
distribution PXY and evaluating t = PMIXY(x, y). The mutual information can then be 
approximated using a Monte Carlo estimate I(X; Y) = 𝔼[T]. 

 

Figure 23. Mixture distributions can create and destroy information. The first two pairs of 
random variables have zero mutual information, but their mixture (third column) has 1 bit of 
mutual information. By constructing another mixture with a suitably chosen pair of random 
variables (fourth column), the mutual information is again reduced to zero (fifth column). 
Reproduced from Mixtures ★. 

Using BMMs, we extend the previous benchmark. Selected tasks are shown in Figure 24 
demonstrating both bending and mixing. The article also includes several case studies 
illustrating the utility of the PMI profile and BMMs. These include an analysis of estimator 
robustness to inlier and outlier noise (Sec. 3.2), and an in-depth examination of the 
relationship between variational estimators and the PMI profile (Sec. 3.3). We also show 
how one can construct distributions involving discrete variables (Appendix B). 

 

Figure 24. Example tasks constructed using BMMs. In the Waves and Galaxy tasks, the 
variable Y is indicated by color. Reproduced from Mixtures ★. 
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Finally, we show that BMMs can be used to develop model-based Bayesian estimators of 
mutual information. This approach is particularly useful when sample sizes are small, and 
uncertainty quantification is required—for instance, when one wants to compute the 
probability that mutual information is positive. As in Predictive ★, this involves running an 
MCMC algorithm to fit plausible parameter sets of the BMM to the observed samples. For 
each parameter set, mutual information is then estimated using the Monte Carlo sampling 
procedure outlined above. An example of this process is shown in Figure 25. 

 

Figure 25. Bayesian estimation of mutual information and of the PMI profile. The first panel 
shows 500 data points sampled from the ground truth distribution. Posterior parameter sets 
of a Gaussian Mixture Model (GMM) are sampled using MCMC simulations. The second 
panel shows 500 data points sampled from an example parameter set obtained in this 
process. For each parameter set, the mutual information is estimated using Monte Carlo 
sampling, and the histogram of resulting values is shown (panel three). Since GMMs are a 
subclass of BMMs, the PMI profile can also be computed for each sampled parameter set, 
resulting in a posterior distribution of PMI profiles (panel four). Reproduced from Mixtures ★.​
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4. Discussion and further directions 

The research presented in this thesis contributes to our understanding of viral infections, 
epidemic spread, and cellular signalling by introducing new insights and modelling 
approaches. However, these remain vast and evolving fields, and the included papers point 
to several directions for further investigation. 

Our early model of COVID-19 explored the hypothesis that populations would initially 
decrease contact rates (by self-isolation or restrictions) but would gradually increase them 
due to increasing risk acceptance. This accurately predicted a prolonged pandemic. 
However, we did not anticipate the oscillations caused by the repeated emergence of new 
strains and delays in population response. While automated systems flagged new variants, 
analysis and risk assessment were frequently carried out by individual groups in the context 
of specific variants, often at the level of individual countries. This allowed for development of  
some more advanced, but post hoc, models based on accumulated data. Potentially, 
developing more comprehensive models that integrate real-time data [45], [46]—such as 
reported cases, emerging variants, vaccination rates, and mobility patterns—could provide a 
unified and continuously updated source of risk assessment, facilitating more responsive 
public health policies in future pandemics. 

In the realm of cellular signalling, our work on the MAPK/ERK pathway highlights how 
information-theoretic approaches can help elucidate how cells transmit and process 
information responding to diverse stimuli. This line of inquiry was further pursued by 
Nałęcz-Jawecki et al., who quantified the bitrate of the MAPK/ERK pathway based on 
experimental data [14] and analyzed the capacity of MAPK/ERK waves to transmit 
information in silico [Monolayer ☆]. Currently, in collaboration with Paweł Nałęcz-Jawecki, 
we are applying a similar approach to measure how oncogenic mutations and 
pharmacological interventions can impact information flow. A particularly interesting direction 
is the development of tools that enable real-time intervention during experiments, such as 
optogenetic stimulation of individual cells. New methods, such as CORTICAL [47], could 
allow for direct measurement of channel capacity in this setting by continuously adjusting 
inputs and decoding cellular responses. 

The agent-based model of RSV infection provided insights into the antagonistic interaction 
between viruses and innate immunity. However, it also underscored the limitations of 
traditional compartmental models in capturing the complexity of biological systems. The 
exploration of non-identifiable models and the application of information theory present 
promising alternatives for studying cellular signalling networks. Advances in deep learning 
are also likely to shape the methodologies explored in this thesis. State-of-the-art vision 
models already enable real-time tracking and stimulation of individual cells during 
experiments, allowing for a more precise understanding of cell population responses and 
their information-processing capabilities. Similarly, a future iteration of systems similar to 
AlphaFold3 [48] could predict potential interactions within a biological system, serving as a 
prior for the Bayesian techniques applied to non-identifiable models in this thesis. Ultimately, 
integrating deep learning with mechanistic modelling will provide a more comprehensive 
framework for understanding complex biological systems. 
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VIS-A-VIS: Agent-based simulator of viral infection spread.​
Used in Antagonism ★. Available at: https://github.com/grfrederic/visavis 
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Abstract

When infected with a virus, cells may secrete interferons (IFNs) that prompt nearby cells to

prepare for upcoming infection. Reciprocally, viral proteins often interfere with IFN synthesis

and IFN-induced signaling. We modeled the crosstalk between the propagating virus and

the innate immune response using an agent-based stochastic approach. By analyzing

immunofluorescence microscopy images we observed that the mutual antagonism between

the respiratory syncytial virus (RSV) and infected A549 cells leads to dichotomous

responses at the single-cell level and complex spatial patterns of cell signaling states. Our

analysis indicates that RSV blocks innate responses at three levels: by inhibition of IRF3

activation, inhibition of IFN synthesis, and inhibition of STAT1/2 activation. In turn, proteins

coded by IFN-stimulated (STAT1/2-activated) genes inhibit the synthesis of viral RNA and

viral proteins. The striking consequence of these inhibitions is a lack of coincidence of viral

proteins and IFN expression within single cells. The model enables investigation of the

impact of immunostimulatory defective viral particles and signaling network perturbations

that could potentially facilitate containment or clearance of the viral infection.

Author summary

When our cells fight a proliferating virus, the virus fights back. We created a spatial sto-

chastic computational model to understand the impact of such mutually antagonistic rela-

tions on the progression of viral infection. The model was tuned to an array of in vitro

experiments with the respiratory syncytial virus infecting a monolayer of cells originating

from the human respiratory tract. It reproduces complex spatial patterns of cell signaling

states. We observed that the antagonistic virus–host cell interactions elicit dichotomous

cell fates: infected cells either express viral proteins or produce interferons (biochemical

messengers that alert not yet infected cells).

Introduction

Innate immunity provides the first line of defense against viral infections. It acts primarily by

feed-forward signaling from infected cells to not (yet) infected bystander cells: upon
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recognition of viral genetic material by intracellular receptors, some infected cells synthesize

and secrete intercellular messengers, most importantly interferons (IFNs), that prompt nearby

cells to enter an antiviral state, rendering them more resistant to secondary infections [1–5].

Imminently, with respect to the presence or absence of the virus and the antiviral state, a (par-

tially) infected cell population is spatiotemporally stratified into functionally distinct subpopu-

lations [3,6–8].

To invade a host cell and successfully replicate, viruses evolved multiple strategies to evade

or counteract cellular mechanisms of the innate immune response [9]. Commonly, viral, often

non-structural, proteins attenuate viral RNA sensing and interfere with the synthesis of IFNs

and IFN-induced STAT signaling. For example, in respiratory viruses, NS1 of influenza A/B

virus (IAV/IBV) directly and indirectly inhibits activation of IRF3, a key transcription factor

of type I and type III IFNs [10,11]; NS1 and NS2 of the respiratory syncytial virus (RSV) simi-

larly impinge on activation of IRF3 and, principally by disrupting STAT1 and STAT2 signal-

ing, impede the induction of IFN-stimulated genes (ISGs) [12–14]; a multitude of effectively

analogous interactions have been recently discovered in the case of SARS-CoV-2 [15,16]. The

mutual virus–host cell interactions amplify heterogeneity of the stratified, infected cell popula-

tion and modulate the progression of viral infection. The picture can be even more convoluted

in the presence of immunostimulatory, replication-incompetent defective viral particles [17].

Understanding the complex interplay between viruses and the innate immune response at

the system level requires experimentation at the single-cell resolution combined with data-

driven single-cell level computational modeling [18,19]. Thus far, integration of quantitative

data on Ifnb1 (IFNβ gene) and ISGs expression in single cells over time and stochastic model-

ing allowed to demonstrate that paracrine signaling has a major impact on heterogeneous cell

responses to infection [2,3,20]. Recently, benefits of interferon expression heterogeneity have

been studied within a spatial agent-based model of an infection with a “generic” virus [21]. A

spatial agent-based model with ODE-based intracellular kinetics and stochastic transitions

between cell types in a recent work of Aponte-Serrano et al. [22] was directly tuned to recapit-

ulate the kinetics of plaque formation by IAV in human bronchial cells. It was demonstrated

that a sufficiently fast synthesis and diffusion of (or a prestimulation with) interferon may

entirely arrest plaque growth. The action of IAV NS1 was factored into a reduction of the

activity of a viral RNA sensor and an IRF inducer, RIG-I. The employed generative computa-

tional approach enabled extending the model by inclusion of multiple types of immune cell

types (also those involved in adaptive immunity), several diffusible cytokines, as well as cell

attachment and migration [23,24]. It was proposed that locally concentrated exposure to a

virus can elicit a productive infection, whereas uniform exposure to the virus is likely

ineffective.

Here, we present an agent-based, spatial, stochastic model of infection propagation in a

monolayer of cells. The model was developed and manually calibrated based on an array of

our experiments on epithelial cells of respiratory origin (A549 cell line) infected with human

RSV, a common pathogen in severe respiratory disease in both young children and the elderly

[25–27]. Upon viral infection, these cells communicate through interferons of type I (IFNβ)

and type III (IFNλs) [28]. By analyzing results from cell population-level techniques (Western

blot, ELISA, dPCR), we delineated the structure and constrained kinetic rates of the regulatory

network. By analyzing heterogeneous single-cell responses in immunofluorescence micros-

copy images, we quantified the degree of antagonism between the virus and host cells. The

data demonstrate that, by triggering universal interferon-mediated mechanisms of the innate

immune response [28,29], epithelial cells fight the virus using STAT-inducible ISGs, which

inhibit the synthesis of viral RNA and proteins. RSV proteins, in turn, specifically attenuate

the immune response by interfering with the activation of IRF3 [30,31], synthesis of IFNs [32],
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phosphorylation of STAT1 [33], and by degrading STAT2 [34–36]. These reciprocal, antago-

nistic interactions give rise to a transient switch-like behavior: an infected cell is unlikely to

simultaneously produce IFNs and express RSV proteins. The modes of interference of various

viruses display common, recurrent motifs, rendering the constructed model general enough to

study, after readjustment of transition rates, kinetics of infection with another virus.

Results

Spatial stochastic model of viral infection

The constructed agent-based, spatial, stochastic model of viral infection is outlined in Fig 1.

Below, we describe modeled cell components and biological processes, including virus–host

cell interactions. Model derivation and parameter calibration are described in Methods. Exper-

imental results used to parametrize the rates of processes included in the model are shown in

Figs A–E in S1 Appendix (we provide raw data as S1, S2, and S3 Dataset files). Model processes

and rate parameters are given in Table A in S1 Appendix.

Agents (cells) are arranged in a regular two-dimensional lattice. The state of each agent-cell

is fully characterized by seven discrete variables: the binary variable v, which indicates the

cell’s infection status, and six other variables: vRNA, vProteins, pIRF3, IFNi, pSTATs,

and ISGs, each assuming a discrete value from the set {0, 1, 2, 3} and in this way describing

the status of the respective intracellular biochemical species (Fig 1A). The cell state evolves as a

Fig 1. Computational model. A. Host cell–virus interactions and adjusted kinetic rate parameter values. Black arrows indicate state transitions of seven

variables characterizing the cell state: v, vRNA, vProteins, pIRF3, IFNi, pSTATs, ISGs. All forward transitions (thin straight arrows pointing right) are

induced by other variables (as indicated by blue arrows), while the reverse transitions (thin straight arrows pointing left) have constant rates. The

corresponding rate coefficients are given in gray. For forward reactions to occur, the inducing agent variable has to be maximally active, with the exception of

activation of pSTATs (Michaelis–Menten kinetics) and activation of ISGs (by partially active pSTATs); see model reactions in Table A in S1 Appendix. Red

dashed hammer-headed arrows are inhibitory interactions: three of them emanate from vProteins, two emanate from ISGs. The expressions in red

indicate how vProteins or ISGs modify the (forward) transition propensities. When an arrow has three roots (all inhibitions and ISGs activation), the

strength of the interaction depends on the stage of activation of the inducing variable (additionally indicated by the hue of the inducing variable). The

extracellular interferon IFNe is produced at the given rate (molecules / hour) when the state of the intracellular interferon is IFNi = 3. IFNe diffuses (see

panel B) and, when present in the lower subcompartment above a given cell, regulates the pSTATs transition rate with Michaelis–Menten kinetics. An infected

cell with vProteins = 3 infects adjacent (non-infected) cells (v = 0! v = 1) at the given rate (the infecting virions are implicit). B. Processes related to

the transport of extracellular IFN (IFNe) and related parameter values. IFNe diffuses between the lower and the upper subcompartment above each cell and

between respective subcompartments above neighboring cells.

https://doi.org/10.1371/journal.ppat.1011597.g001
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time-continuous Markov process influenced by neighboring cells, which may infect the cell (v
= 0! v = 1), and by extracellular interferon, IFNe.

Intracellular state transitions

As depicted in Fig 1A, viral infection (v = 1) leads to the synthesis of viral RNA (increase of

vRNA), followed by the synthesis of viral proteins (increase of vProteins) and the produc-

tion of infectious virions (implicit in the model). Advancements of viral entities (v, vRNA,

vProteins) are irreversible. The emergence of viral RNA leads to phosphorylation of IRF3

(increase of pIRF3 at vRNA = 3), which in turn leads to the synthesis of (intracellular) inter-

feron (increase of IFNi at pIRF3 = 3) and its secretion. Secreted interferon is represented as

a continuous variable (IFNe) and diffuses between subcompartments associated with individ-

ual cells (see Fig 1B and Methods for details). Extracellular interferon induces phosphorylation

of STAT1 and STAT2 (represented by an increase of pSTATs, with saturable kinetics) that

jointly trigger the synthesis of proteins coded by interferon-stimulated genes (increase of

ISGs). In the model, we consider only one generic type of interferon that accounts for both

type I and type III interferons (IFNβ and IFNλs, respectively; our experiments indicate that in

the case of infection with RSV, IFNβ plays a decisive role, see Fig D panels a and b in S1

Appendix in conjunction with Fig A panels a, b and Fig E in S1 Appendix). It is worth noting

that our model includes both autocrine and paracrine interferon signaling, however, as

explained later, we have found that the autocrine interaction does not play a significant role

during RSV infection of A549 cells.

Virus–host cell interactions. The model includes two mutually antagonistic groups of

interactions. The first group comprises a three-level inhibition of the immune response—

phosphorylation of IRF3, synthesis of interferons, and phosphorylation of STAT1 and STAT2

—by viral proteins (the strengths of each inhibition increase with vProteins). The second

group consists of two interactions, in which the accumulation of viral RNA and viral proteins

is slowed down due to activity of proteins coded by interferon-stimulated genes (the strength

of both inhibitions increases with ISGs). The presence of these two reciprocally antagonistic

groups of interactions ensures the mutual inhibition of the virus and the innate immune

response.

Model simulations vs. immunostaining images

To characterize the incidence and co-incidence of biological entities included in the model at

the single-cell level, we performed an array of experiments on A549 cell cultures infected with

RSV (with or without additional IFNβ prestimulation). The cells were immunostained for

RSV proteins, IRF3, phospho-Tyr701 STAT1 (p-STAT1), and IFNβ, auxiliarily stained with a

DNA marker, and imaged using multi-channel confocal microscopy. In Fig 2, representative

microscopy images from experiments at a multiplicity of infection (MOI) of 0.01 (Fig 2A and

2B) are juxtaposed with model simulations (Fig 2C). The case of an MOI of 1 is shown in Fig F

in S1 Appendix.

Fig 2A and 2B show that at 8–10 h post infection (p.i.) with RSV, the infection may manifest

through IRF3 phosphorylation (p-IRF3 is translocated to the nucleus, giving a discernible

nuclear IRF3 signal, overlapping with that of NF-κB at later time points in Fig G in S1 Appen-

dix), expression of RSV proteins, and/or production of IFNβ. In Fig 2A, a 2-hour-long treat-

ment with brefeldin A prior to fixation enabled capturing IFNβ in the cytoplasm, allowing for

its reliable visualization and quantification (see Fig H in S1 Appendix for immunostaining of

IFNβ without a prior treatment brefeldin A). Initially, characteristic rings of p-STAT1 positive

cells are formed (Fig 2A, 8 h p.i), often revealing an infected cell being a local source of IFNβ

PLOS PATHOGENS Viral infection versus innate immunity
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Fig 2. Images from experiments and snapshots from a simulation. A, B. Overlays of images of A549 cells at three time points post infection (p.i.) with RSV at

an MOI of 0.01, immunostained for: RSV proteins (polyclonal antibody)–magenta, IRF3 –red, (intracellular) IFNβ –yellow (only in panel A), phospho-Tyr701

STAT1 (p-STAT1)–green (only in panel B). To improve the detection of intracellular IFNβ, we used a 2-hour-long treatment with brefeldin A (BFA, in panel

A) before cell fixing, which prevented secretion of IFNβ produced during this treatment. When phosphorylated, IRF3 translocates to the nucleus giving a

discernible signal. White dotted lines are nuclear outlines determined based on DAPI counterstaining (channel not shown). Scale bars, 50 μm. C. Snapshots

from a simulation of infection at an MOI of 0.01 in a compact monolayer of cells (subpanels show fragments of a simulated 100 × 100 lattice). The color key

corresponds to pseudocolors of immunostained proteins used in panels A, B (concentration of IFNβ in the lower subcompartment is indicated at hexagon

borders; yellow/orange/olive colors in nuclei result from mixing of red and green at various intensities).

https://doi.org/10.1371/journal.ppat.1011597.g002
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(Fig 2B). In subsequent time points, 14 h p.i. and 24 h p.i., secondary infections yield small

clusters of RSV proteins-producing cells. In the considered time span, IFNβ reaches all the

cells and the spatial profile of p-STAT1, still concentrated around local sources of IFNβ at 14 h

p.i., is largely homogeneous across bystander cells at 24 h p.i. Fig 2C shows an example model

simulation, at the same stages of infection. Contrary to immunostaining images, the simula-

tion allowed us to study the same cell population at different time points, as well as to simulta-

neously record all components of the model.

After a high-MOI infection (Fig F in S1 Appendix), nearly all bystander cells display p-

STAT1 already at 10 h p.i., but also very likely have a virus-infected neighbor. These cells are

expected to be granted less time to upregulate their ISGs prior to infection compared to the

bystander cells after low-MOI infection. As demonstrated using model trajectories (Fig I in S1

Appendix), during a low-MOI infection, the primary infected cells exhibit fast growth of the

average level of vProteins and have low levels of ISGs (Fig I panel a in S1 Appendix),

however the cells infected between 16 and 24 h p.i. (secondary infections) have on average a

higher level of ISGs, which noticeably hamper the production of vProteins (Fig I panel b

in S1 Appendix).

Antagonism between RSV and the single-cell immune response

RSV proteins terminate STAT activity. Immunostaining images obtained at 24 h p.i.

show markedly lower levels of p-STAT1 in cells expressing RSV proteins (Fig 3A). To quantify

this effect, we compared the distributions of the nuclear p-STAT1 signal in cells stratified into

either expressing or not expressing RSV proteins (‘same cells’ statistics in Fig 3B). Next, we

selected cells that do not express RSV proteins, divided them into either having or not having

an RSV proteins-expressing cell in direct neighborhood, and compared nuclear p-STAT1

between these two groups (‘neighboring cells’ statistics in Fig 3B). To characterize quantita-

tively the extent to which the considered distributions are discordant, we calculated the signed

Kolmogorov–Smirnov (sKS) statistic (see Methods for details). The sKS statistic is a real num-

ber in the range [−1, +1], where values near zero imply that the distributions are similar, low

values suggest the first distribution frequently has lower values than the second distribution,

and high values suggest that the second distribution frequently has higher values than the first

one. We use the sKS statistic rather than a pure KS statistic because in certain cases the com-

pared distributions exchange their locations. It also allows us to differentiate between an sKS

value, which is consistently low and positive or low and negative for all experimental replicates,

and a noisy sKS value changing its sign between replicates. We acknowledge that the sKS can

be problematic when a narrower distribution is nested within a broader one, however, this is

not the case in our study. For all studied MOIs (0.01, 0.1, and 1), the value of sKS is about 0.5

for ‘same cells’ and close to 0 for the ‘neighboring cells’, which agrees well with mean model

predictions (Fig 3C). However, experimental results show high variability between replicates.

To investigate the potential source of this variability, we first ran the model 10,000 times on a

50 × 50 cell lattice (containing n = 2500 cells, which is typical for shown experimental repli-

cates) and computed the 95% CrI. The resulting plot shows that most of the variability in

experiments with a low fraction of RSV proteins-expressing cells can be explained by stochas-

tic noise. Next, we ran the model on a 50 × 50 lattice with parameters randomly selected from

log-normal distributions (σ = 0.2) centered at the default values, and again showed the 95%

CrI. The high variability of obtained numerical results demonstrates the systems’ sensitivity to

variation of underlying biological parameters, which could explain the spread observed in

experimental replicates. Snijder et al. showed that cell population context is a major compo-

nent of the cell-to-cell variation observed during viral infection [37]. Using the model, in Fig
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Fig 3. Relation between RSV proteins and STAT signaling. A. A549 cells 24 h post infection (p.i.) with RSV at an MOI of 0.1, immunostained for RSV

proteins–magenta, p-STAT1 –green, and IRF3 –red; left to right, incremental overlays. White dotted lines are nuclear outlines determined based on DAPI

counterstaining (channel not shown). Scale bar, 50 μm. B. Distributions of the mean nuclear p-STAT1 intensities in cells either expressing or not expressing

RSV proteins (top subpanel, ‘same cells’) and in cells not expressing RSV proteins but either having or not a neighboring cell expressing RSV proteins (bottom

subpanel, ‘neighboring cells’). Pairs of histograms, cell counts, and signed Kolmogorov–Smirnov (sKS) statistics are given for a representative experiment of an

MOI of 0.1 (marked in panel C with an arrow). C. Dependence of the ‘same cells’ sKS(pSTATs | RSV proteins) statistics and ‘neighboring cells’ sKS(pSTATs |

RSV proteins) statistics on the fraction of RSV proteins-expressing cells at 24 h p.i. Marker sizes correspond to the number of cells quantified in each

experiment. Experimental results are juxtaposed with model predictions. Colored dotted lines show mean predictions for default parameters, colored contours

show 95% CrI computed for default parameters, and gray contours show 95% CrI computed for randomly perturbed default parameters with log-normal (σ =

0.2) noise. In both cases, Crl bands are computed based on multiple simulations each with n = 2500 cells. D. ‘Same cells’ sKS(pSTATs | RSV proteins) over the

period of two days post infection at an MOI of 0.1, according to the model. The dashed lines were obtained at different strengths of the vProteins a
pSTATs inhibition. E. Model-based analysis of the influence of the vProteins a pSTATs inhibition: ‘Same cells’ sKS(pSTATs | RSV proteins) (upper

subpanel, at 24 h p.i.), average ISGs and vProteins states (middle subpanel, at 48 h p.i.), average level of extracellular interferon IFNe (lower subpanel, at

48 h p.i.).

https://doi.org/10.1371/journal.ppat.1011597.g003
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3D we show that the sKS statistic for ‘same cells’ increases in time from 0 to 0.5 (stabilizing at

24 h p.i.), which indicates more pronounced virus-induced pSTATs deactivation at later

times. The model also predicts that the value of the ‘same cells’ sKS increases with the strength

of the vProteins a pSTATs inhibition (Fig 3D and 3E), but is insensitive to variations in

the strengths of the inhibition of pIRF3 and the inhibition of IFNi by vProteins (Fig J

panel a in S1 Appendix). The ‘neighboring cells’ sKS statistics remain close to zero regardless

of the strengths of all inhibitions originating from vProteins (Fig J panels a and b in S1

Appendix).

In agreement with the model, we observed that activation of STAT1/2 is key for attenuation

of viral spread; prestimulation with IFNβ substantially lowered viral load (Fig E in S1 Appen-

dix), while IFNAR or STAT1 or STAT2 KOs (Fig D panels c and a in S1 Appendix) increased

viral load. Surprisingly, the model indicates that the strength of pSTATs inhibition by

vProteins ― although influencing the status of pSTATs in vProteins-expressing cells

― very weakly influences the overall spread of infection (Fig 3E). For an MOI of 1 (but not for

an MOI of 0.01) and stronger vProteins a pSTATs inhibition, the average status of ISGs
is lowered, but this leads to a very modest increase of the average status of vProteins at 48

h p.i. and does not influence extracellular IFN accumulation. This is because, in individual

cells, inhibition of pSTATs and consecutive depletion of the build-up of ISGs typically

occurs after the (irreversible) accumulation of vProteins, and is thus not advantageous to

the virus according to the model. This suggests that autocrine pSTATs activation does not

play a significant role during RSV infection of A549 cells.

RSV proteins inhibit IRF3 activation. Viral RNA is required for synthesizing RSV pro-

teins as well as for activating IRF3; these two processes, however, may but do not need to

occur simultaneously in the same cell. Accordingly, in our immunostaining images, there are

cells expressing RSV proteins with and without active IRF3, as well as cells with active IRF3

but devoid of RSV proteins (Fig 4A). Imaging data collected at different time points (16, 20,

24, 36, 40, and 48 h p.i.) and various initial MOIs (0.01, 0.1, and 1) show that approximately

40% of RSV proteins-expressing cells have active IRF3, with a good agreement with the model

(Fig 4B). Conversely, approximately 50–80% of cells with active IRF3 express RSV proteins

(Fig 4C). In experiments, the percentage of IRF3-active cells is somewhat larger for a larger

fraction of cells expressing RSV proteins, but this finding is not reproduced by our model. An

auxiliary demonstration of the vProteins a pIRF3 inhibition is provided in Fig G in S1

Appendix, where a sizable fraction of cells displays NF-κB but no IRF3 activity at 24 h and 40

h p.i. (but not at 16 h p.i.). In Fig 4B and 4C, we observe high variability between experimental

replicates, indicating that the counterbalance between the strength of the innate immune

response (indicated by the fraction of cells with active IRF3) and virus spread (indicated by the

fraction of cells with RSV proteins) is heterogeneous and sensitive to experimental conditions.

Analogously to Fig 3C, we plot 95% CrI in Fig 4B and 4C. These CrI show that the observed

variability in experimental replicates could be attributed to relatively small variations in bio-

chemical rates, which are expected between cell populations.

To show the importance of inhibitions, we include model predictions with the

vProteins a pIRF3 inhibition and with all inhibitions either turned off or made 10-fold

stronger (Fig 4B and 4C). This analysis highlights the key role of the vProteins a pIRF3
inhibition in the regulation of the proportions of cells co-expressing active IRF3 and RSV pro-

teins with respect to cells expressing RSV proteins (Fig 4B) or active IRF3 (Fig 4C). According

to the model, the fraction of cells that display both RSV proteins and IRF3 activity increases in

time (as the infection progresses) and substantially decreases with the strength of inhibition of

pIRF3 by vProteins (Fig 4D, left subpanel). Consequently, the overall fraction of IRF3-ac-

tive cells is lower for stronger inhibition (Fig 4D, right subpanel).
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Fig 4. Relation between expression of viral proteins and IRF3 activity. A. Incremental overlays of images of A549 cells 24 h post infection (p.i.) with RSV

at an MOI of 0.1, immunostained for IRF3 –red, RSV–magenta, and p-STAT1 –green. White dotted lines are nuclear outlines determined based on DAPI

counterstaining (channel not shown). Scale bar, 50 μm. B. Conditional probability P(pIRF3 | RSV proteins) as a function of the percentage of RSV proteins-

expressing cells. Experiments (at 16, 20, 24, 36, 40, 48 h p.i.)–disks, model (at 16, 24, 48 h p.i.)–lines (line points were computed for a specific MOI, resulting

in a given proportion of RSV-positive cells; results are averages over 1000 stochastic simulations on the 100 × 100 lattice). Dashed lines show model

predictions (at 24 h p.i.) without all 5 inhibitions or with 10 times stronger inhibitions (as shown in the figure). Dotted lines show model predictions (at 24

h p.i.) without the vProteins a IRF3 inhibition or with 10 times stronger inhibition. Light gray contours show 95% CrI computed for default

parameters; dark gray contours show 95% CrI computed for randomly perturbed default parameters with log-normal (σ = 0.2) noise, both for n = 2500

cells. C. Conditional probability p(RSV proteins | pIRF3), notation as in panel B. D. Proportion of the (IRF3 & vProtein)-positive cells (left) and

IRF3-positive cells (right) as a function of time for a default strength of the vProteins a pIRF3 inhibition, no inhibition, and the inhibition 10 times

stronger than the default.

https://doi.org/10.1371/journal.ppat.1011597.g004
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Mutual exclusion between the expression of RSV proteins and the synthesis of IFNβ.

Viral RNA triggers production of IFN (via activation of IRF3) and is required for the synthesis

of viral proteins. However, as we can see in immunostaining images in Fig 5A (as well as in Fig

2A and Fig H in S1 Appendix), the accumulation of IFN and RSV proteins rarely coincides in

the same cell. The analysis of immunostaining images indicates that about 10% of cells express-

ing RSV proteins exhibit IFN accumulated during 2 hours of brefeldin A treatment that blocks

IFN secretion (Fig 5B). In turn, 30–40% of the cells exhibiting accumulated IFN have RSV pro-

teins (Fig 5C). Both percentages do not change significantly with initial MOIs (0.01, 0.1, and 1)

and over time (experimental time points: 16, 20, 24, 36, 40, and 48 h p.i.), and are in good

agreement with the model. As previously demonstrated in Figs 4B, 4C, 5B, and 5C we observe

high variability between experimental replicates, which again can be attributed to stochastic

noise and relatively small variability of biochemical parameters.

When comparing predictions of the model in which inhibitions vProteins a pIRF3
and vProteins a IFNi are either turned off or made 10-fold stronger (dotted lines in

Fig 5. Mutually exclusive expression of RSV proteins and synthesis of IFNβ. A. Incremental overlays of images of A549 cells 26 hours post infection (h

p.i.) with RSV at MOI 0.1, immunostained for IFNβ –yellow, RSV–magenta, and IRF3 –red. To improve detection of intracellular IFNβ, we used a 2-hour-

long treatment with brefeldin A (BFA) before cell fixing, which prevented secretion of IFNβ produced during this treatment. White dotted lines are nuclear

outlines determined based on DAPI counterstaining (channel not shown). Scale bar, 50 μm. B. Conditional probability P(IFN | RSV proteins) as a function

of the percentage of RSV proteins-expressing cells. Experiments (at 16, 20, 24, 36, 40, 48 h p.i.)–disks, model (at 16, 24, 48 h p.i.)–lines (line points were

computed for a specific MOI, resulting in a given proportion of RSV-positive cells; results are averages over 1000 stochastic simulations on the 100 × 100

lattice). Dashed lines show model predictions (at 24 h p.i.) without all 5 inhibitions or with 10 times stronger inhibitions (as shown in the figure). Dotted

lines show model predictions (at 24 h p.i.) without vProteins a pIRF3 and vProteins a IFNi inhibitions, or with these two inhibitions 10 times

stronger. Light gray contours show 95% CrI computed for default parameters; dark gray contours show 95% CrI computed for randomly perturbed default

parameters with log-normal (σ = 0.2) noise, both for n = 2500 cells. C. Conditional probability p(RSV proteins | IFN), notation as in panel B.

https://doi.org/10.1371/journal.ppat.1011597.g005
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Fig 5B and 5C) to predictions of the model in which all inhibitions are either turned off or

made 10-fold stronger (dashed lines in Fig 5B and 5C), we can see the crucial role of inhibi-

tions vProteins a pIRF3 and vProteins a IFNi in achieving correct proportions of

cells co-expressing IFN and RSV proteins with respect to cells expressing RSV proteins

(Fig 5B) or IFN (Fig 5C).

Model-based analysis of the influence of inhibitory interactions on the progression of

viral infection. The effect of antagonistic inhibitions from vProteins to pIRF3 and

IFNi, and from ISGs to vRNA and vProteins (Fig 6A) on the progression of the infection

is further studied using the validated model. We focus on the case of MOI = 0.01, in which

the immune response is granted time to develop.

As shown in Fig 6B, the fraction of cells producing both IFN and RSV proteins grows in time

as the infection spreads, but remains below 0.2% even at 48 h p.i. This fraction is controlled by the

strengths of inhibitions vProteins a pIRF3 and vProteins a IFNi. When these inhibi-

tory interactions are 10 times stronger, the fraction is close to 0, whereas their removal increases

the fraction fivefold, to 1%. Correspondingly, the removal of these inhibitory interactions

increases the overall fraction of cells producing IFN (at 48 h p.i.) more than twofold, to above 1%

(Fig 6C). However, when 10-fold stronger inhibitory interactions are assumed, the relative effect

on the fraction of IFN-producing cells is negligible, since only about 10% of cells producing IFN

have vProteins (consistently with data in Fig 5B). The effect of removing inhibitory interac-

tions vProteins a pIRF3 and vProteins a IFNi is forwarded through subsequent tiers

of the immune response leading to an increase in the levels of pSTATs (Fig 6D) and ISGs (Fig

6E). The most significant increase is observed, respectively, at about 20 and 30 h p.i. Consequently,

induction of a more pronounced antiviral state at about 30 hours (epitomized by an increased

level of ISGs) leads to a decrease of vProteins-producing cells after that time point (Fig 6F).

In summary, the analysis presented in Fig 6B–6F dissects regulatory steps in which the virus

enhances its propagation by suppressing the innate immune response.

Next, we analyze how the strengths of inhibitory interactions mediated by the immune

response, ISGs a vProteins and ISGs a vRNA, influence the propagation of infection

and activation of the immune response. As shown in Fig 6G, an increase in the strength of the

ISGs a vProteins inhibition leads to a decrease in the fraction of vProteins-producing

cells and a simultaneous increase in the number of interferon-producing cells. Clearly, this

inhibitory interaction attenuates viral infection and promotes interferon signaling. The effect

of inhibitory interaction ISGs a vRNA is different; an increase in its strength leads to a mod-

erate decrease of the fraction of vProteins-producing cells, but also to a substantial

decrease of interferon-producing cells (Fig 6H). This is because viral RNA is necessary for

both the synthesis of viral proteins and activation of the IRF3! IFN pathway.

Influence of defective viral genomes (DVGs) on virus spread

In the model we have not accounted for the potential formation of defective viral particles with

incomplete genomes that are capable of activating IRF3 (triggering IFN synthesis), but are

incapable of producing infectious virions and may not be able to express proteins that would

inhibit IFN synthesis. In experimental conditions, DVGs may emerge as an artifact during

viral amplification [38] and although we cannot rule out their presence in our experiments,

the obtained results can be explained by the model that neglects their presence. Since DVGs

are known to be important drivers of the immune response [17], we analyze theoretically the

consequence of their presence on IFN synthesis and virus spread.

For the sake of simplicity we assume that there is a fraction of cells infected solely with

DVGs (fDVG) that are capable of activating IRF3 but, in the absence of replication-competent
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Fig 6. Influence of inhibitions on the progression of viral infection (model). A. Simplified scheme of antagonistic interactions present in the model. B–

E. (B) Fraction of cells producing IFNe (IFNi = 3) and vProteins (vProteins > 0) simultaneously, (C) fraction of cells producing IFNe, (D)

average activation of pSTATs, (E) average activation of ISGs, (F) fraction of cells producing vProteins; all as a function of time for an MOI of 0.01

for default inhibition strengths (black line), inhibitions vProteins a IRF3 and vProteins a IFNi 10 times stronger (thick line), and turned off

(dashed, dotted and dash-dotted lines). G. Change of the average level of vProteins and of the fraction of cells producing IFNe as a function of the

ISGs a vProteins inhibition, at 48 h p.i. at an MOI of 0.01. H. Change of the average level of vProteins and of the fraction of cells producing

IFNe as a function of the ISGs a vRNA inhibition, at 48 h p.i. at an MOI of 0.01.

https://doi.org/10.1371/journal.ppat.1011597.g006
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helper virions, cannot express viral proteins. In Fig 7A we show a relatively modest increase of

IFNe and about a twofold decrease in the average vProteins level as fDVG increases from 0

to 30%. This surprisingly weak influence is a consequence of the fact that for the default model

parameters, cells are able to express IFN before viral proteins are produced. However, when

the vProteins forward rate is increased threefold, the effect of DVGs on infected cells is

much stronger, leading to a fourfold reduction of the level of vProteins (Fig 7B). Overall,

this analysis indicates that DVGs can be critical drivers of innate responses, but only in the

case of viruses that are capable of quickly terminating the synthesis of IFN.

Discussion

Viral infection, when viewed at the cell-population level, leads to both the multiplication of

viral particles and the triggering of the innate immune response. The intuitively expected and

experimentally widely observed antagonism between these two processes [29] can be investi-

gated at the single-cell level. Based on cell-population and single-cell experiments involving

RSV, we constructed and constrained a stochastic, agent-based model that elucidates this

mutual antagonism.

To assemble the model, we confirmed experimentally the importance of the RIG-I/MAVS

! IRF3! IFNβ! IFNAR! STAT1/2! ISGs axis in antiviral signaling by characterizing

the effects of knockouts of its components at the level of (epithelial) cell population. The lack

of RIG-I, MAVS, IRF3, IFNAR, STAT1, or STAT2 leads to at least several-fold increase in viral

load, in agreement with earlier studies. Seth et al. [39] showed that knockdowns of MAVS and

RIG-I reduce IRF3 phosphorylation and promote viral spread (a direct interaction between

MAVS and IRF3 in virus-infected cells was demonstrated later by Liu et al. [40]). Wathelet

et al. [41] showed that in response to virus infection, IRF3 (as well as IRF7), jointly with ATF-

2/c-Jun and NF-κB, form the enhanceosome to trigger IFN expression. Correspondingly,

Hatesuer et al. [42] showed that the lack of both IRF3 and IRF7 resulted in the absence of type

I interferons after IAV infection in mice and resulted in a strong increase of mortality. In the

case of RSV infection, IFNβ! IFNAR signaling plays a dominant role, while in the case of

IAV, IFNλ! IFNLR is of equal importance. As shown by Goritzka et al. [43], IFNAR1-defi-

cient mice displayed increased lung viral load during RSV infection. Correspondingly, Crotta

et al. [44] showed that a simultaneous deletion of IFNAR and IFNLR renders mice vulnerable

Fig 7. Influence of DVGs on IFN expression and viral progeny (model). A. The average status of vProteins and IFNe as a function of the percentage of

cells infected solely by DVGs at 48 h p.i. Initial MOI: 0.01. B. Same as in panel A, but with the vProteins forward rate coefficient (vProteins_inc)

increased 3-fold. Note the different range on the left vertical axis.

https://doi.org/10.1371/journal.ppat.1011597.g007
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to IAV infection of the respiratory tract. Both STAT2- and STAT1-deficient mice are more

vulnerable to viral infections, however, unsurprisingly, the effect is more pronounced for

STAT1-deficient mice as they also cannot respond to type II interferons, reviewed by Meyts &

Casanova [45].

The proposed model recapitulates the expected time to production of IFN by early respond-

ers, which is in the range of 4–8 h [2,46]. The low fraction of IFN-producing cells is also on par

with other estimates indicating that up to a few percent of cells produce interferons, see, e.g.,

[6,47,48]. As in experiments, the scant sources of IFN, especially at a low MOI, amplify cell

population heterogeneity by giving rise to characteristic foci of IFN-activated cells [46].

The model allowed us to investigate correlations between the levels of key proteins in the

same cell as well as in adjacent cells, which enabled quantitative comparison with spatial pat-

terns observed in immunostaining images. Both the experimental data and the model indicate

that while viral RNA triggers the innate immune response, viral proteins inhibit this response

at 3 levels: by blocking activation of IRF3, by blocking the synthesis of IFN, and by inhibiting

STATs activation. The first two interactions promote the spread of infection, whereas, as sug-

gested by the model, the last one has a minimal influence on virus spread. The fact that the

direct inhibition of STAT phosphorylation by RSV (nonstructural) proteins has little influence

on RSV replication in the model suggests that this interaction may be implicated in regulatory

processes not included in the model. It is plausible that disabling the production of ISG-

encoded proteins redirects ribosomes to the production of viral proteins, enabling efficient

generation of viral progeny. Consistent with this hypothesis, RSV has been shown to take over

the global control of host cell translation [49]. The innate immune response inhibits viral prop-

agation through paracrine IFN signaling, which activates STAT signaling which, in turn, upre-

gulates expression of ISGs. Once a cell becomes infected, ISGs slow down the synthesis of RSV

proteins, giving more time for activation of IRF3 and the synthesis of IFN. However, because

the process of RSV protein synthesis is irreversible, at some point, RSV proteins accumulate

and terminate both the activity of IRF3 and synthesis of IFN. A consequence of the

vProteins a pIRF3 and vProteins a IFNi inhibitions is that only about 40% of viral

proteins-expressing cells have active IRF3 and as little as 10% of such cells produce IFN.

This picture is changed in the presence of DVGs; the model indicates that the fraction of

cells infected solely by DVGs can, due to the lack of viral protein expression, serve as a source

of IFN and in that way limit virus spread. The effect is modest for default model parameters

but significant when faster accumulation of viral proteins is assumed — this implies that

DVGs can be critical drivers of interferon-mediated responses, as shown experimentally by

Sun et al. [38], but only in the case of viruses that would effectively inhibit interferon synthesis.

In many viral infections, an important factor limiting virus spread is a programmed death

of infected cells [50,51]. Although RSV protein F can trigger apoptosis [52], two non-structural

proteins of RSV, NS1 and NS2 effectively block apoptosis [53]. This blockage may be only

transient, but in our immunostaining images we see that for at least 48 h p.i. the foci of infected

regions remain confluent, suggesting an insignificant apoptotic rate. The protective effect may

be at least in part attributed to the observed sustained nuclear residence of plausibly anti-apo-

ptotic NF-κB. Since our model is calibrated for RSV based on our experimental data, it does

not include infected cell death. As a consequence, the virus spread can be only slowed down

(but not contained) by interferon signaling that mounts an antiviral state in not yet infected,

bystander cells. Deaths of infected cells, if occurring during the early onset of infection, would

change this picture through the elimination of infected cells before they produce or release

new virions, as is the case during some other viral infections [54].

Finally, we note that IRF3 (independently of NF-κB) induces the expression of several

genes—including ISG56/IFIT1, ISG54/IFIT2, and ISG60/IFIT3—in an IFN-independent
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manner [55]. IFIT1/2/3 are involved in the inhibition of RSV infection [56], whereas RSV NS1

impinges on the expression of IFIT2/3 [13,57]. These antagonistic interactions are not

included in the model. NF-κB, which is also activated in response to viral RNA, activates the

transcription of proinflammatory interleukins IL-6 and IL-8 [58]. Their primary role is the

regulation and attraction of immune cells, which are however absent both in our experiments

and in our model.

In summary, single-cell experimental data and the proposed stochastic, agent-based model

demonstrate the importance of reciprocally inhibitory interactions between the virus and the

innate immune response. Because of the irreversible progression of virus replication (not lim-

ited by cell death), these interactions do not lead to typical bistability; instead, they result in

divergent single-cell trajectories. A single infected cell may either rapidly initiate a cascade of

new infections or become a transient source of IFN, allowing neighboring cells to enter an

antiviral state and slow down virus spread. As a consequence, when the respiratory epithelium

is infected by a small number of virions, heterogeneity of single-cell responses introduced by

noise and mutually inhibiting interactions may lead to different outcomes of infection at the

organismal level.

Methods

Experimental methods

Cell lines and cell culture. The A549, HeLa (used for RSV proliferation), and HEK-293T

(used for the production of lentiviral particles) cell lines were purchased from ATCC. A549

cells were cultured in F-12K basal medium. HeLa and HEK-293T cells were maintained in

Dulbecco’s modified Eagle’s medium (DMEM). Both media were supplemented with 10% FBS

and a penicillin–streptomycin antibiotic solution. Cells were cultured under standard condi-

tions (37℃ with 5% CO2) in a Series 8000 WJ incubator (Thermo Fisher Scientific) and kept

in monolayers up to 90% confluency.

For STAT1 and STAT2 gene knockouts, a CRISPR lentiviral vector system was used. Com-

mercially available sgRNAs sets were purchased from Applied Biological Materials (catalog

numbers, K0002501 and K2300601, respectively). STAT1 knockout was obtained by targeting

sequence TGATCCAAGCAAGCATTGGG in exon 9 of STAT1 gene; STAT2 knockout was

obtained by targeting sequence AGCTCCCATTGACCACGGGT in exon 8 of STAT2 gene.

Two days after transfection of HEK-293T cells with plasmids encoding Cas9 nuclease (catalog

number K002; Abm), lentivirus packaging particles (catalog number LV053; Abm), and men-

tioned earlier of each single sgRNA, the media with lentiviral particles were collected, enriched

with 8 mg/mL Polybrene, and filtered through 0.45-mm syringe filters. Next, each lentiviral

supernatant was used to transduce A549 wild-type cells, which were subcultured at low conflu-

ence (seeding density of 5×104 cells per 30-mm dish). After another 2 days, A549 cells were

subjected to selection with 800 mg/mL of G418 for 10 days and seeded into a 96-well plate to

obtain single-cell colonies. Clones were validated by Western blotting of p-STAT1 and p-

STAT2 in response to IFNβ. Additionally, the KO clones selected for further experiments were

verified by sequencing.

RIG-I KO cells were purchased from InvivoGen (catalog number a549d-korigi). The A549

IRF3 KO and MAVS KO cell lines were obtained as described by Korwek et al. [7]. The A549

IFNAR1 KO, IFNLR1 KO, IFNAR1 and IFNLR1 double KO cell lines were obtained as

described by Czerkies et al. [28].

RSV amplification and isolation. Respiratory syncytial virus strain A2 was purchased

from ATCC and amplified in HeLa cells. The cells were seeded into 225-cm2 tissue culture

flasks (Falcon) and cultured as described above for 2 to 3 days until they reached 90%
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confluence. The virus growth medium (DMEM with 2% FBS) and a virus dilution (with a tar-

get MOI of ~0.01) were prepared on the day of infection. The culture medium was removed

and cells were washed once with phosphate-buffered saline (PBS) and overlaid with 10 mL of

the inoculum. The virus was allowed to adsorb to cells for 2 h at 37℃, with occasional stirring.

Next, additional virus growth medium was added to a total volume of 40 mL per flask. Infected

cells were cultured for 3–6 days at 37℃ until the development of cytopathic effects was

observed in at least 80% of the cells. Virus-containing culture fluid was then collected and clar-

ified by centrifugation at 3,000 g at 4℃ for 20 min. Next, virus particles were precipitated by

adding 50% (wt/vol) polyethylene glycol 6000 (PEG 6000) (Sigma-Aldrich) in NT buffer (150

mM NaCl, 50 mM Tris-HCl [pH 7.5]) to a final concentration of 10% and stirring the mixture

gently for 90 min at 4℃. Virus was centrifuged at 3,250 g for 20 min at 4℃ and re-centrifuged

after the removal of the supernatant to remove the remaining fluid. The pellet was suspended

in 1 mL 20% sucrose in the NT buffer, aliquoted, and stored at −80℃.

RSV quantification. The virus concentration was quantified using an immunofluores-

cence protocol. HeLa cells were seeded onto microscopic coverslips and cultured upon reach-

ing 90 to 100% confluence. Serial dilutions of virus samples were prepared in the virus growth

medium in a range of 10−3 to 10−7. After washing with PBS, cells were overlaid with the diluted

virus (for each virus dilution, two coverslips were used). The virus was allowed to adhere for 2

h and occasionally stirred. Afterward, the virus-containing medium was removed, and cells

were overlaid with fresh virus growth medium and cultured for 24 h. Next, cells were washed

with PBS and fixed with 4% formaldehyde for 20 min at room temperature. Cells were stained

using a standard immunofluorescence protocol with an anti-RSV fusion glycoprotein antibody

(catalog number ab43812; Abcam). Cells containing stained viral proteins were counted using

a Leica TCS SP5 X confocal microscope. The virus concentration was calculated using the fol-

lowing formula: (average number of infected cells)/(dilution factor × volume containing virus

added) = infectious particles/mL.

Compounds and stimulation protocols. Human IFNβ 1a was purchased from Thermo

Fisher Scientific (catalog number PHC4244) and prepared according to the manufacturer’s

instructions. For cell stimulation, interferons were further diluted to the desired concentration

in F-12K medium supplemented with 2% FBS. The decreased FBS content was used to prevent

the inhibition of viral attachment and entry at the second stage of experiments. For interferon-

and-virus experiments, the cell culture media were exchanged for interferon-containing or

control media at time zero and were not removed until the end of the experiment. Appropri-

ately diluted virus was added in small volumes (less than 10 μl) directly into the wells. The

even distribution of the virus across the cell population was aided by the intermittent rocking

of the plate for 2 h. For intracellular IFNβ visualization, a brefeldin A solution (catalog number

00-4506-51; Invitrogen) was added 2 h prior to cell fixation.

Western blotting. At the indicated time points, cells were washed twice with PBS, lysed in

Laemmli sample buffer containing dithiothreitol (DTT), and boiled for 10 min at 95℃. Equal

amounts of each protein sample were separated on 4% to 16% Mini-Protean TGX stain-free

precast gels using the Mini-Protean Tetra cell electrophoresis system (Bio-Rad). Upon the

completion of electrophoresis, proteins were transferred to a nitrocellulose membrane using

wet electrotransfer in the Mini-Protean apparatus (400 mA for 50 min). The membrane was

rinsed with TBST (Tris-buffered saline [TBS] containing 0.1% Tween 20; catalog number

P7949, Sigma-Aldrich) and blocked for 1 h with 5% BSA–TBS or 5% nonfat dry milk. Subse-

quently, the membranes were incubated with one of the primary antibodies diluted in a 5%

BSA–TBS buffer at 4℃ overnight. After thorough washing with TBST, the membranes were

incubated with secondary antibodies conjugated to a specific fluorochrome (DyLight 800;

Thermo Fisher Scientific) or horseradish peroxidase (HRP-conjugated polyclonal anti-mouse/
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anti-rabbit immunoglobulins; Dako) diluted 1:5,000 in 5% non-fat dry milk–TBST for 1 h at

room temperature. The chemiluminescence reaction was developed with the Clarity Western

ECL system (Bio-Rad). For GAPDH detection, hFAB rhodamine anti-GAPDH primary anti-

body (Bio-Rad) was used. Specific protein bands were detected using the ChemiDoc MP imag-

ing system (Bio-Rad).

Immunostaining. For staining of intracellular proteins, cells were seeded onto 12-mm

round glass coverslips, which were previously washed in 60% ethanol–40% HCl, thoroughly

rinsed with water, and sterilized. After stimulation, cells on the coverslips were washed with

PBS and immediately fixed with 4% formaldehyde (20 min at room temperature). Cells were

then washed 3 times with PBS and incubated with 100% cold methanol for 20 min at −20℃.

After washing with PBS, coverslips with cells were blocked and permeabilized for 1.5 h with

5% BSA (Sigma-Aldrich) with 0.3% Triton X-100 (Sigma-Aldrich) in PBS at room tempera-

ture. Subsequently, coverslips with cells were incubated with primary antibodies diluted in a

blocking solution overnight at 4℃. Cells were then washed 5 times with PBS, and then appro-

priate secondary antibodies conjugated with fluorescent dyes were added in a blocking solu-

tion for 1 h at room temperature. Subsequently, cells were washed with PBS and their nuclei

were stained with 200 ng/mL 4’,6-diamidino-2-phenylindole (DAPI; Sigma-Aldrich) for 10

min. After a final wash in MilliQ water, coverslips with stained cells were mounted onto

microscope slides with a Vectashield Vibrance Antifade Mounting Medium (Vector Laborato-

ries). Multichannel fluorescence images were acquired with a Leica TCS SP5 X confocal

microscope.

Antibodies. Antibodies for Western blotting. Primary antibodies: anti-phospho-STAT1

(Tyr701) (clone 58D6) (catalog number 9167; Cell Signaling Technologies; 1:1000); anti-phos-

pho-STAT2 (Tyr690) (clone D3P2P) (catalog number 88410; Cell Signaling Technologies;

1:1000); anti-phospho-IRF3 (Ser396) (clone 4D4G) (catalog number 4947; Cell Signaling

Technologies; 1:1000); anti-IRF3 (clone D6I4C) (catalog number 11904; Cell Signaling Tech-

nologies; 1:1000); anti-RIG-I (clone D14G6) (catalog number 3743; Cell Signaling Technolo-

gies; 1:1000); anti-STAT1 (catalog number 610116; BD Biosciences; 1:1000), anti-STAT2

(catalog number PAF-ST2; R&D Systems; 1:1000); anti-PKR (clone B-10) (catalog number sc-

6282; Santa Cruz Biotechnology; 1:1000); anti-RNase L (clone E-9) (catalog number sc-74405;

Santa Cruz Biotechnology; 1:1000); anti-OAS1 (clone F-3) (catalog number sc-374656; Santa

Cruz Biotechnology; 1:1000), anti-Respiratory Syncytial Virus (clone 2F7) (catalog number

ab43812; Abcam; 1:1000); hFAB Rhodamine anti-GAPDH (catalog number 12004168; Bio-

Rad; 1:10,000).

Secondary antibodies: goat anti-rabbit IgG (H+L), DyLight 800 4X PEG (catalog number

SA5-35571; Thermo Fisher Scientific; 1:10,000); goat anti-mouse IgG (H+L), DyLight 800 4X

PEG (catalog number SA5-35521; Thermo Fisher Scientific; 1:10,000); StarBright Blue 700

goat anti-mouse IgG (catalog number 12004159; Bio-Rad; 1:10,000), rabbit anti-goat immuno-

globulins/HRP (catalog number P0449; Agilent; 1:10,000).

Antibodies for immunostaining. Primary antibodies: anti-phospho-STAT1 Tyr701 (clone

58D6) (catalog number 9167; Cell Signaling Technologies; 1:1000); anti-IRF-3 (clone D-3)

(catalog number sc-376455; Santa Cruz Biotechnology; 1:500), anti-Respiratory Syncytial

Virus (catalog number ab20745; Abcam; 1:1000), anti-human interferon beta (catalog number

MAB8142; R&D Systems; 1:100).

Secondary antibodies: donkey anti-rabbit IgG (H+L), Alexa Fluor 488 conjugate (catalog

number A-21206; Thermo Fisher Scientific; 1:1000); donkey anti-mouse IgG (H+L), Alexa

Fluor 555 conjugate (catalog number A-31570; Thermo Fisher Scientific; 1:1000); donkey anti-

goat IgG (H+L), Alexa Fluor 633 conjugate (catalog number A-21082; Thermo Fisher Scien-

tific; 1:1000).
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Computational methods and modeling

Image quantification. Confocal images obtained from immunostaining were analyzed

using our in-house software (https://pmbm.ippt.pan.pl/software/shuttletracker). Nuclear

regions were detected based on DAPI staining. The nuclei that were partially out of frame or

mitotic were excluded from the analysis; outlines of overlapping nuclei were split based on

geometric convexity defects when possible. To characterize cells with respect to the levels of

RSV proteins, nuclear IRF3 (as a proxy of p-IRF3), accumulated IFNβ, and p-STAT1, we used

image features that were visually checked and confirmed to adequately capture the immuno-

fluorescence signal in a number of fields of view in several experiments. Specifically, cells were

classified as: RSV proteins positive/negative—based on both the mean intensity of pixels of a

perinuclear ring (after rejecting ⅓ of the brightest and ⅓ of the darkest pixels) and the sum of

pixel intensities in the nuclear region and in the sigmoidally weighted nuclear halo around the

nucleus in its corresponding Voronoi tile (2 features); p-IRF3 positive/negative—based on

both the mean intensity of the nuclear region (after rejecting 10% brightest and 10% darkest

pixels) and nuclear dominance (calculated as the difference between the mean nuclear and the

mean perinuclear ring intensity normalized by the sum of these mean intensities, all calculated

after rejecting 10% brightest and 10% darkest pixels; 2 features); IFNβ positive/negative—

based on both the mean intensity of the 50% brightest pixels in the perinuclear ring and the

sum of pixel intensities in the nuclear region and in the sigmoidally weighted nuclear halo

around the nucleus in its corresponding Voronoi tile (2 features); p-STAT1 was quantified as

the mean intensity of the nuclear region (after rejecting 10% brightest and 10% darkest pixels;

1 feature, not subjected to thresholding). Thresholds used to binarize the features of RSV pro-

teins, IRF3, and IFNβ were selected to correctly identify cells visually identified as RSV pro-

teins, p-IRF3, and IFNβ positive/negative in a number of fields of view in several experiments.

To express the extent to which the two distributions are disjoint, we calculated the signed

Kolmogorov–Smirnov (sKS) statistic. The absolute value of sKS is that of the standard Kolmo-

gorov–Smirnov statistics, whereas the sign additionally informs about the relative locations of

two (empirical) probability densities (shown in histograms as probability density functions,

PDFs). We used the notation sKS(X | Y) to express the sKS statistics for a pair of distributions

of X (both continuous in the case of p-STAT1 or both binary otherwise), one obtained for Y-

negative cells and the other obtained for Y-positive cells. The sKS statistic attains the values of

±1 for fully disjointed distributions and 0 for exactly overlapping distributions.

Model justification and choice of parameters. The model structure is justified and

model parameters selected based on a series of experiments involving IFNβ stimulation and

RSV infection of A549 cells, discussed in the following sections. Overall, parameter values

were initially constrained based on cell-population experiments (Figs A–E in S1 Appendix),

and then further manually adjusted based on single-cell data (Figs 3C, 4BC, and 5BC). Finally,

we tuned feedback strengths based on IFNβ pre-stimulation experiments (Figs D, E in S1

Appendix) and single-cell data. Although the model parameters are constrained based on

ample data collected in Figs A–E in S1 Appendix and Figs 3–5, our choice of parameters may

not be unique [59,60].

When comparing model predictions with experimental data in Figs 3C, 4B,4C, 5B and 5C

we additionally show two types of 95% credibility intervals (95% CrI). First, to estimate the

effects of stochastic noise, we run the model 10,000 times for default parameter values on a

50 × 50 lattice containing n = 2500 cells. Second, to estimate the combined effect of stochastic

noise and parameter variation, we run the model for log-normally (σ = 0.2) perturbed parame-

ters, also on a 50 × 50 lattice. We observe that when two types of noise are taken into account,

variability between experimental and numerical replicates is similar.
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In Figs A–E in S1 Appendix, overviewed below, we compare population-averaged model

trajectories with respective population-based data.

Cascade initiated by RSV infection. In Fig A in S1 Appendix, based on Western blotting and

ELISA, we quantified levels of proteins in the cascade initiated by RSV infection at three MOIs

(0.01, 0.1 and 1); in Fig B in S1 Appendix, for MOI = 0.1, we analyzed how this cascade is

affected by IRF3 knockout. In brief: RSV infection leads to phosphorylation of IRF3 (Fig A

panel a in S1 Appendix), which colocalizes with NF-κB in cell nuclei (Fig G in S1 Appendix),

triggering synthesis and secretion of IFNβ (Fig A panel c in S1 Appendix). There are several

components that form the enhanceosome and are jointly required to initiate Ifnb1 expression,

namely IRF3, NF-κB, and ATF-2/c-Jun complex [41,61]. As a simplification, in our model we

included only IRF3, which localizes to cell nuclei with kinetics comparable to that of NF-κB

(as we show in Fig G in S1 Appendix). The two transcription factors are well colocalized at 24

h p.i. Secreted IFNβ activates STAT1 and STAT2 (jointly represented by the accumulation of

pSTATs in the model), which results in the accumulation of three proteins coded by inter-

feron-stimulated genes: RIG-I, PKR, and OAS1 (collectively represented as ISGs in the

model), as well as STAT1 and STAT2. In IRF3-deficient cells, we observed no IFNβ production

(Fig A panel c in S1 Appendix) and, consequently, no STAT1/2 phosphorylation and no accu-

mulation of ISGs.

Dynamics of STATs and ISGs. The IFNβ signaling is key to building an antiviral state in

bystander cells, and thus we characterized in detail responses to IFNβ in separate experiments.

Parameters governing pSTATs kinetics were estimated based on Fig C panels a and c in

S1 Appendix. In Fig C panel a in S1 Appendix, we found that in a broad range of IFNβ stimula-

tion doses (30 U/ml–1000 U/ml) STAT1 phosphorylation peaks and STAT2 phosphorylation

plateaus 0.5 hour after stimulation. STAT2 phosphorylation monotonically increases with

stimulation dose, reaching half of the maximal activation for about 100 U/ml, and this value

determines the Michaelis–Menten constant in pSTATs heterodimers accumulation. Fig C

panel c in S1 Appendix shows that one hour after IFNβ washout STAT1 and STAT2 lose phos-

phorylation, but can be rapidly re-phosphorylated in response to the next IFNβ pulse (which

allows estimation of forward and reverse kinetic rate constants for pSTATs accumulation).

The forward and reverse kinetic rate constants for ISGs were estimated based on Fig C

panel e in S1 Appendix, in which we observe accumulation of RIG-I, PKR, and OAS1 over 24

hours of IFNβ stimulation and their slow degradation over 48 hours after IFNβ washout and

STATs dephosphorylation.

Comparison of experimental p-STAT1 and p-STAT2 time profiles with pSTATs following

from the model (Fig C panels b and d in S1 Appendix) indicates that the kinetic of p-STAT1 is

more complex, but the assumed simplified kinetic of pSTATs which follows the kinetic of p-

STAT2 is sufficient to reproduce the kinetics of ISGs (Fig C panel f in S1 Appendix).

Antiviral effect of IFN signaling. In Fig D panel a in S1 Appendix we studied the importance

of IFNβ and IFNλ for attenuating virus spread by knockouts of their respective receptors,

IFNAR1 and IFNLR1. We observed that at 48 h p.i. there is significantly more RSV protein F

in IFNAR1 KO cells than in WT cells. In turn, IFNLR1 knockout does not influence RSV pro-

tein accumulation, as indicated by a comparison of WT and IFNLR1 KO cells as well as of

IFNAR1 KO cells and DKO cells (knockout of both IFNAR1 and IFNLR1). This indicates that

IFNβ is critical for attenuating RSV spread, and accordingly in our RSV model the ‘generic

interferon’ can be identified with IFNβ.

IFNβ attenuates RSV spread by activating STAT1 and STAT2, which dimerize and trigger

the expression of ISGs. Accordingly, both in STAT1 KO and STAT2 KO cells we did not

observe accumulation of ISGs: RIG-I, PKR, and OAS1, and observed increased accumulation

of RSV protein F (Fig D panel c in S1 Appendix). Stimulation of WT cells for 24 hours before
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infection with IFNβ results in a decrease of RSV protein F with respect to non-pre-stimulated

cells, but this effect is negligible in STAT1 KO and STAT2 KO cells.

The effect of STAT1, STAT2, and interferon receptors knockouts on RSV propagation is

reproduced by the model, as shown in Fig D panels b and d in S1 Appendix. When comparing

the model with experimental data from Fig D panels a and c in S1 Appendix, we simulated

IFNAR1 KO, DKO (with IFNAR1 and IFNLR1 knockouts), STAT1 KO and STAT2 KO cell

by prohibiting ISGs from increasing (as in this case the p-STAT1/p-STAT2 dimers cannot be

formed), while IFNLR1 KO is treated as WT (i.e., simulated with default parameters). Trajec-

tories of p-STAT1 in STAT2 KO and p-STAT2 in STAT1 KO cells are assumed to be the same

as in WT cells (as activation of STATs isoforms is independent), but, obviously, we assumed

no increase of p-STAT1 in STAT1 KO cells and no increase of p-STAT2 in STAT2 KO cells.

The inhibitory effect of IFNβ prestimulation on RSV propagation is shown using Western

blotting (Fig E panel a in S1 Appendix) and dPCR (Fig E panel c in S1 Appendix). Generally,

the influence of prestimulation is more pronounced for lower MOIs (where the level of RSV

RNA and proteins depends on replication cycles inhibited by ISGs accumulated due to IFNβ
prestimulation). This tendency is reproduced by our model (Fig E panels b and c in

S1 Appendix).

Model implementation. Agents (cells) are arranged on a triangular lattice (in which each

node has 6 neighbors), which mimics a monolayer of epithelial cells (in which, based on Voro-

noi tessellation with geometric centers of cell nuclei used as seeds, each cell has on average 6

neighboring cells). Periodic boundary conditions are assumed along both axes. In all simula-

tions, 100% confluency is assumed, meaning that all lattice nodes are occupied by cells.

For three variables: vRNA, pIRF3, and IFNi the last state, 3, stands for active species,

while the intermediate states {1, 2} are introduced to account for a time delay associated with

activation or synthesis. For the remaining three intracellular species: vProteins, pSTATs,

ISGs, the intermediate states {1, 2} stand for partial activation (which reflects the assumption

of gradual accumulation or activation of these species). Of note, vProteins = 1, 2, 3 may

inhibit the increase of IRF3 and IFNi, but only vProteins = 3 renders the cell infectious.

The stochastic internal state of cells is coupled to an external, two-layer interferon field (see

Fig 1B). The field evolves following the diffusion equation, solved using discretization intro-

duced by cell-associated subvolumes. Cells with IFNi = 3 secrete interferon to the lower

layer. Activation of pSTATs follows the Michaelis–Menten kinetics, based on the amount of

interferon in this layer. The upper layer accounts for the fact that in experimental settings

interferon diffusion takes place in 3D (not 2D) space.

Unless specified otherwise, the model is initialized with all stages and interferon layers set

to 0. Infected cells are selected randomly with probability dictated by MOI and their v is set to

1. Prestimulation with IFN sets the upper layer to the specified concentration; a wash sets both

layers to 0. A typical simulation (100 × 100 grid, 100% cell confluence, IFN field update every

0.1 min) with default parameters and MOI 0.1 for 24 hours of simulated time takes a few sec-

onds of CPU time on a standard PC.

The model does not account for cell movement, and only infection of neighboring cells is

allowed. This is consistent with microscopy images where we observe growing clusters of

infected cells (see Fig 2). The model also does not account for apoptosis of infected cells, as it is

known that apoptosis is blocked by RSV [62]. In our experiments we see occasional formation

of syncytia (see Fig 2A), which allows for a direct cell-to-cell transfer of both viral RNA and

proteins. Instead of modeling syncytia formation, we have tuned our model to reflect the

observed rate of infecting neighboring cells.

To report population-averaged variables, 1000 stochastic simulations were performed on

the 100 × 100 grid, with the exception of Figs 3D and 7, and Figs A–E, Fig I, and Fig J panel a
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in S1 Appendix, for which 100 stochastic simulations were performed. The estimations of

credible intervals (Fig 3C) were based on 10,000 stochastic simulations.

Comparison of experimental and simulation results. MOI and the time post infection

are two parameters that in principle should determine the state of infection. Because of

unavoidable differences between experimental replicates in the number of active virus particles

actually infecting cells (despite the same MOI), we observe that using the observed fraction of

cells expressing RSV proteins in a given time post infection (instead of MOI) allows for more

reliable comparisons across experiments, and with model simulations.

Neighboring cells are well defined for simulations (on the model lattice each cell has 6

neighbors). In order to compare simulation results with experimental data, we define neigh-

bors by constructing Voronoi diagrams for microscope images. We identify cell nuclei using

DAPI staining and use their centers of mass as Voronoi centers. We then consider cells to be

neighbors if their respective Voronoi tiles share an edge. Conveniently, this procedure assigns

on average 6 neighbors to each cell, the same as in our model.

In immunostaining images, levels of observed species IFNβ, nuclear IRF3, and RSV proteins

are discretized into binary variables (quantification and discretization of immunostaining images

are described in the previous subsection Image quantification). We perform a similar binarization

in the model when comparing with immunostaining images. In the case of IFNi and pIRF3,

for which the states {1, 2} are introduced solely to account for production delay, only their last

state, 3 is considered active. In the case of vProteins intermediate states denote the accumula-

tion of viral proteins, and thus all states vProteins > 0 are considered active. In the analysis of

experimental data, we leave p-STAT1 as a continuous variable, while in the model we use a 4-state

discretization. Importantly, this means that for low levels of p-STAT1, small differences might be

picked up in experimental data but are not accounted for in the model.

To compare Western blots with the model simulation data, for a given simulation protocol

we performed 100 simulations on a 100 × 100 lattice, and then average over all cells and simu-

lations. We assumed that the levels of p-STAT1 and p-STAT2 are proportional to the average

activation level for pSTATs, the levels of RIG-I, PKR, and OAS1 are proportional to the aver-

age activation level of ISGs, and the level of RSV protein F is proportional to the average acti-

vation level of vProteins. We also assumed that the level of p-IRF3 is proportional to the

fraction of cells in which pIRF3 = 3 (as in this case states 1 and 2 are introduced solely to

account for time delay associated with IRF3 activation). Western blots were first normalized

by the corresponding reference GAPDH, then by the maximum value in the series of measure-

ments (from the same blot). Next, we added 0.03 to each value and finally normalized the

series by the geometric mean. This procedure reflects the assumption that blots adequately

capture fold differences between measurements and that differences between values smaller

than 0.03 of the maximum from a given blot are not meaningful. The same normalization pro-

cedure (without the reference GAPDH step) is applied to simulation data. Overall, this

approach yields a dynamic range that accommodates up to ~30-fold protein level differences.

ELISA measurements (Fig A panel c in S1 Appendix) are compared with IFNe summed

over upper and lower compartments and averaged over cells. dPCR measurements for RSV

RNA (Fig E panel c in S1 Appendix) are compared with the model based on the simplifying

assumption that the average level of viral RNA is proportional to the fraction of cells with

vRNA = 3 (for vRNA states 1 and 2 account solely for time delay).

Supporting information

S1 Appendix. The Appendix PDF file containing Figs A–J and Table A.

(PDF)
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S1 Dataset. ELISA data for Fig A panel c in S1 Appendix.

(XLSX)

S2 Dataset. Digital PCR data for Fig E panel c in S1 Appendix.

(XLSX)

S3 Dataset. Uncropped Western blot images for Fig A panel a, Fig B panel a, Fig C panel e,

Fig D panel c, Fig E panel a in S1 Appendix.

(ZIP)
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Type III interferons suppress influenza A virus infection 1 

independently of STAT activation by triggering cell death 2 
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Type III interferons (IFN-λ1–λ4) are known to limit influenza infections in vivo and are 8 

non-redundant to type I interferons (IFN-α and IFN-β). Here, we demonstrated in vitro that 9 

type III interferons secreted by infected epithelial cells limit infection with influenza A virus 10 

(IAV). This effect occurs independently of STAT1 and STAT2 activation. Knockout of the 11 

IFN-λ receptor subunit IFNLR1 results in a slight reduction of STAT1/2 phosphorylation 12 

during infection with IAV, but leads to a substantially increased fraction of IAV-infected 13 

cells and higher levels of viral RNA and protein in the cell population. In contrast, 14 

knockout of the IFN-β receptor subunit IFNAR1 results in a pronounced reduction of 15 

STAT1/2 phosphorylation but a smaller increase in IAV proliferation. We propose that 16 

type III interferons limit the spread of IAV by promoting death of IAV-infected cells and 17 

demonstrate that the ratio of dying to infected cells is lower in IFNLR1 KO cells compared 18 

to wild-type cells. Overall, our results suggest an additional non-transcriptional role of 19 

type III interferons in the control of viral infection. 20 

Keywords:  innate immunity / cell signaling / interferons / respiratory viruses / cell death 21 

Key points: 22 

● IFNAR1 deficiency leads to a significant reduction of STAT1/2 activation in cell 23 

populations infected with IAV and a small decrease in IAV proliferation. 24 

● IFNLR1 deficiency leads to a small reduction of STAT1/2 activation in cell populations 25 

infected with IAV and a significant increase in IAV proliferation. 26 

● IFN-λ controls the proliferation of IAV (but not RSV) independently of STAT1/2 27 

signaling. 28 

● IFN-λ signaling increases the ratio of the dead to the infected cells, likely promoting 29 

death in IAV-infected cells.  30 
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Introduction 31 

The discovery of type III interferons significantly expanded our awareness of the complexity 32 

of anti-viral mechanisms in innate immunity (Kotenko et al, 2003; Sheppard et al, 2003). This 33 

novel cytokine family, consisting of interferons λ1, λ2, λ3, and λ4, was initially believed to be 34 

mostly supplementary or even redundant to a much better described and understood family 35 

of type I interferons (represented importantly by interferons α and β, but also including 36 

several others). This was due to similarities between both cytokine families in the 37 

mechanisms of their production, recognition, activation of signaling pathways and 38 

downstream expression of target genes. Their production is triggered by recognition of 39 

pathogen particles by the same cellular pathogen recognition receptors and is dependent on 40 

activation of transcription factors NF-κB and IRF3/7 (Osterlund et al, 2007). Type I and type 41 

III interferons bind to their cognate receptors, IFNAR1/2 and IFNLR1/IL10R2, respectively, to 42 

activate the JAK/STAT pathway, which mediates phosphorylation of STAT1 and STAT2 43 

(collectively referred to as STAT1/2) (Mesev et al, 2019). These two transcription factors 44 

form a complex with IRF9 and initiate expression of the so-called interferon-stimulated genes 45 

(ISGs), which allow the cell to enter a state of increased viral resistance and help activate 46 

adaptive immune responses (Schoggins, 2019). These common characteristics of type I and 47 

III interferons are generally not shared by type II interferon, IFN-γ, which exhibits a distinct 48 

immunomodulatory mode of action and is secreted mostly by specialized immune cells 49 

(Schoenborn & Wilson, 2007). 50 

Despite their similarities, accumulating in vivo evidence suggests that the roles of type I 51 

and III interferons in response to viral infections are partially divergent, with IFN-λ playing a 52 

significant role in containing influenza A virus (IAV) infections. In animal studies, Galani et al, 53 

2017 demonstrated that IFN-λ suppresses the initial viral spread, ensuring optimal viral 54 

clearance, while, in the case of high-dose infections, type I interferons are activated later to 55 

enhance antiviral and pro-inflammatory responses. Accordingly, IFNLR1-deficient mice 56 

display enhanced type I IFN production, and lethality. Klinkhammer et al, 2018 showed that 57 

IFN-λ, not type I interferons, conferred long-lasting antiviral protection in the upper airways 58 

against influenza virus transmission. A more significant role of type III interferons compared 59 

to type I interferons was also observed in mouse models for other viruses, including rotavirus 60 

(Pott et al, 2011), norovirus (Nice et al, 2015). 61 

The non-redundant and significant role of IFN-λ is puzzling. Despite single reports of type 62 

III interferons uniquely inducing certain genes in specific cell lines: Mmp7, Serpinb1a, and 63 

Csprs in mouse IEC cells by IFN-λ1 (Selvakumar et al, 2017); or CXCL10, CXCL11, IFIT3, 64 

IFI30, and TDRD7 in HECV cells also by IFN-λ1 (Caine et al, 2019), transcriptome profiling 65 
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studies have established that the type I and type III signatures are overlapping, and the ISGs 66 

induced by type III IFNs are a subset of those induced by type I IFNs (Lazear et al, 2019 and 67 

references therein). The major difference is in kinetics and magnitude of expression of genes 68 

stimulated by type I and III interferons – strong and rapid in the first group, weaker but more 69 

sustained in the second group. In their review, Lazear et al, 2019 characterizes type I versus 70 

type III interferons as having respectively high/low potency, rapid/slower kinetics, 71 

inflammatory/less inflammatory, systemic/restricted by anatomic barriers. Observations 72 

indicate that the expression of IFNLR is generally limited to epithelial surfaces of the 73 

airways, gut, liver, urinary tract and the blood–brain barrier, being especially high in the 74 

airway epithelium, which contrasts with a much more ubiquitous expression of IFNAR 75 

(Lazear et al, 2015; Wack et al, 2015). Such localized expression of IFNLR predisposes type 76 

III interferons to play a major role in combating infections with respiratory viruses. Thus to 77 

some extent the distinct role of type III interferons observed in animal models can be 78 

attributed to differences in their expression and the expression of their cognate receptor. 79 

In this study, we show that IFN-λ plays a distinct and significant role in limiting infection 80 

with IAV, but not with respiratory syncytial virus (RSV), in respiratory epithelial cells in vitro. 81 

As expected, we observed that prestimulation with IFN-β leads to higher accumulation of 82 

ISGs than prestimulation with IFN-λ1, resulting in a stronger inhibition of both IAV and RSV 83 

proliferation. Upon viral infection, activation of STAT1/2 is dramatically reduced in IFNAR1-84 

deficient but not in IFNLR1-deficient cells, whereas, surprisingly, proliferation of IAV (but not 85 

of RSV) is better facilitated by the deficiency of IFNLR1 compared to the deficiency of 86 

IFNAR1. Since IFNLR1 has no ligands other than type III interferons (Peterson et al, 2019), 87 

this indicates that IFN-λ confers protection against IAV through mechanisms beyond 88 

JAK/STAT signaling. We observed that the ratio of infected to dead cells is higher in 89 

populations of IFNLR1-deficient cells compared to wild-type (WT) cells, indicating that IFN-λ 90 

may also play a role in promoting the death of infected cells, thereby limiting viral spread. 91 

Results 92 

Stimulation with IFN-β elicits stronger STAT1/2 response and higher ISG 93 

accumulation compared to stimulation with IFN-λ1 94 

Type III interferons are relatively weak inducers of STAT signaling in A549 cells. As shown in 95 

Figs. 1A and 1B, stimulation with IFN-λ1 (at its saturation concentration of 50 ng/ml) results 96 

in lower levels of phosphorylated STAT1/2 (p-STAT1/2) after 1 h, after intermediate times (2 97 

and 6 h), and after longer times (24 and 48 h) compared to stimulation with IFN-β (also at its 98 

saturation concentration of 1000 U/ml; saturation concentrations for IFN-λ1 and IFN-β were 99 
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determined in Fig. EV1; all replicates of Western blots used in this study are shown in 100 

supplementary Source Data S1). Consequently, stimulation with IFN-λ1 compared to IFN-β 101 

leads to a lower accumulation of STAT1, STAT2, and three important ISG-coded proteins: 102 

RIG-I, PKR, and OAS1 (Figs. 1A and 1B). Similarly, mRNA levels are significantly lower after 103 

stimulation with IFN-λ1 compared to IFN-β for 15 out of 16 analyzed ISGs important in the 104 

regulation of the innate immune response (Fig. 1C). 105 

Prestimulation with IFN-β inhibits virus proliferation more markedly than 106 

prestimulation with IFN-λ1 107 

In our previous study, we have demonstrated that a 24-hour prestimulation with IFN-β 108 

reduces IAV RNA count by approximately 300-fold and RSV RNA count by about 5–10-fold 109 

(Czerkies et al. 2022, Fig 2A and 2B therein). Consistent with the weaker activation of ISGs 110 

by IFN-λ1, we have found that a prestimulation with IFN-λ1 has a lesser effect; it reduces 111 

IAV RNA count by about 5–10-fold, while the reduction for RSV RNA is insignificant 112 

(Czerkies et al. 2022, Figs. 2A and 2B therein). The effect is similar at multiplicity of infection 113 

(MOI) of 0.1 and 1. The difference between IFN-β and IFN-λ1 is also evident in the number 114 

of cells infected with IAV: the prestimulation with IFN-β leads to an about 15-fold reduction in 115 

the infected cell count, whereas the prestimulation IFN-λ1 leads to an about 4-fold reduction 116 

(Czerkies et al. 2022, Fig. 4 therein). 117 

Here, we confirm the more substantial effect of prestimulation with IFN-β compared to 118 

IFN-λ1 (for infections with either IAV or RSV) by Western blotting. In the case of an infection 119 

with IAV (Figs. 2A and 2B), a 24-hour prestimulation with IFN-β (compared to mock) leads to 120 

markedly higher levels of p-STAT1/2, and, consequently, to higher accumulation of STAT1/2 121 

and ISGs observed at 24 and 48 h post infection (p.i.). This results in drastically lower IAV 122 

nucleoprotein (NP) levels, below the detection threshold for all combinations of the MOI and 123 

time p.i. The effect of IFN-λ1 prestimulation (compared to mock) is faint — p-STAT1/2 and 124 

ISG levels are only slightly elevated, and IAV NP levels are on average about 3-fold lower. In 125 

the case of an infection with RSV (Figs. 2C and 2D), p-STAT1/2 levels (at 24 and 48 h p.i.) 126 

are similar for non-prestimulated and IFN-λ1- or IFN-β-prestimulated cells, indicating that a 127 

sufficient amount of IFN-β is produced during infection to trigger STAT1/2 phosphorylation. 128 

However, the early accumulation of ISGs, observed in Figs. 1A and 1B after IFN-β 129 

prestimulation, resulted in about 10-fold reduction of RSV fusion (F) protein levels 130 

(compared to non-prestimulated cells), not observed in the case of IFN-λ1 prestimulation 131 

(Figs. 2C and 2D). 132 
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In summary, we have shown that (pre)stimulation with IFN-β, compared to IFN-λ1, leads 133 

to a higher level of p-STAT1/2, higher expression of ISGs, and, consequently, when applied 134 

before viral infection, more effectively reduces viral spread. 135 

IFNLR1 knockout markedly promotes IAV spread while modestly influencing 136 

STAT1/2 activation 137 

In previous experimental protocols, cells responded to a specific interferon provided in 138 

prestimulation and, at later stages of the infection, to type I and type III interferons secreted 139 

by infected cells. To disentangle the effect of a single type of interferon during viral infection 140 

we employed A549 knock-out cell lines: IFNAR1 KO, IFNLR1 KO, and IFNAR1 & IFNLR1 141 

double KO (further referred to as DKO). We found that although IFNLR1 deficiency has a 142 

modest impact on p-STAT1/2 levels and ISG accumulation, it significantly increases IAV NP 143 

accumulation (p < 0.001; approximately 3-fold higher than in WT cells), indicating enhanced 144 

virus propagation (Figs. 3A and 3B). The small decrease in p-STAT1/2 levels in the IFNLR1 145 

KO cell population can be explained by a higher fraction of IAV-infected cells, in which (as 146 

we demonstrated previously) p-STAT1/2 levels are reduced (Czerkies et al, 2022). In 147 

contrast, the lack of IFNAR1 results in a high reduction of p-STAT1/2 and STAT1/2 levels as 148 

well as ISG accumulation, but does not lead to a significant change in IAV NP levels. 149 

Furthermore, when comparing IFNAR1 KO and DKO cells, we observe that the additional 150 

loss of IFN-λ signaling leads to an increase in the IAV NP level (Figs. 3A and 3B). 151 

This suggests that IFN-λ slows IAV propagation independently of STAT1/2 signaling. This 152 

effect is not observed in the case of infection with RSV, which exhibits a slightly lower 153 

accumulation of its F protein in IFNLR1 KO cells compared to WT cells. Given the 154 

substantial variability in viral protein levels between experimental replicates, Figs. 3B and 3D 155 

present the quantification of eight replicates for IAV and seven replicates for RSV (two from 156 

our earlier study, Czerkies et al, 2022, and the remaining performed for the current study). 157 

Full quantifications, including mock infections and 24 h p.i., can be found in Figs. EV2 and 158 

EV3. The increased spread of IAV in IFNLR1 KO cells, compared to WT cells, is also 159 

reflected at the IAV RNA level. Digital PCR measurements (Fig. EV4) indicate approximately 160 

3-fold higher accumulation of IAV RNA (for MOI=0.01 and 0.1, 24 to 96 h p.i.), in good 161 

agreement with the Western blot results. 162 

Finally, higher levels of IAV mRNA and NP protein observed in IFNLR1 KO cells (but not 163 

in IFNAR1 KO cells) with respect to WT cells correlate with a higher fraction of infected cells, 164 

shown in Fig. 4A and 4C. We thus showed that IFNLR1 deficiency increases IAV NP, IAV 165 

RNA, and the fraction of infected cells (with respect to WT), without substantially changing p-166 

STAT1/2 levels and accumulation of ISG-encoded proteins. 167 
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Functions of IFN-λ extend beyond induction of ISGs 168 

As shown in the previous section, during IAV infection, lack of IFNLR1 does not significantly 169 

hinder the production of the considered ISG-encoded proteins but leads to significantly 170 

higher levels of viral RNA, viral proteins, and a greater fraction of infected cells. To exclude 171 

the effect of ISG production resulting from IFNLR1 activation, we performed an 172 

immunostaining experiment comparing the fraction of IAV-positive cells in WT and IFNLR1 173 

KO cell populations. We prestimulated the cells with 100 U/ml IFN-β for 24 hours before 174 

infection with IAV (MOI = 1) and lysed 24 h p.i. (Fig. 4B and 4D). We used a high MOI and a 175 

lower IFN-β concentration, because IFN-β prestimulation substantially inhibits IAV spread. 176 

We observed that the fraction of infected cells was about 6-fold higher in IFNLR1 KO cells 177 

compared to WT cells. This implies that IFN-λ signaling suppresses IAV spread even more 178 

effectively when expression of ISGs is already ensured by IFN-β prestimulation. 179 

In summary, we demonstrated that IFN-λ signaling hinders viral spread during an 180 

infection with IAV (but not with RSV), and this effect is independent of its regulation of 181 

expression of ISGs. In the following sections, we argue that IFN-λ signaling is linked to cell 182 

death (without distinguishing between apoptosis, pyroptosis, or other cell death types), which 183 

is crucial for eliminating infected cells. 184 

Measuring an increase in the cell death rate 185 

We postulate that IAV-infected IFNLR1 KO cells are more resistant to cell death compared 186 

to WT cells, allowing for faster virus proliferation. The natural inclination is to compare the 187 

number of cell deaths in IFNLR1 KO and WT cell populations infected with IAV. However, a 188 

change in the cell death rate affects the total number of infected cells, rendering a direct 189 

comparison impossible. Instead, the ratio of cell death events to the number of infected cells 190 

is a much more reliable indicator of an increased cell death rate. We clarify this by adapting 191 

the susceptible, infected, removed (SIR) model (Eqs. 1–3) to represent viral infection of the 192 

cell population, interpreting the removed cells (R) as dead. The kinetics are given by the 193 

following equations: 194 

S' = −β I S  (1) 

I' = β I S − λ I (2) 

R' = λ I (3) 

where '  denotes differentiation with respect to time, β denotes the infection rate, and λ 195 

denotes the death rate. In Fig. 5, we show time trajectories of observables R, I, and their 196 

ratios for varied values of parameters β and λ for an MOI of 0.1 (see Fig. EV5 for MOIs of 197 

.CC-BY 4.0 International licenseperpetuity. It is made available under a
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in 

The copyright holder for thisthis version posted September 13, 2024. ; https://doi.org/10.1101/2024.09.09.612051doi: bioRxiv preprint 

https://doi.org/10.1101/2024.09.09.612051
http://creativecommons.org/licenses/by/4.0/


 

0.01 and 0.3). The fraction of dead cells R can increase with λ (at early times) or decrease 198 

with λ (at later times), and is generally not monotonic with respect to this parameter (Fig. 199 

5A). This occurs because, at higher λ, the infection progresses more slowly, leading to an 200 

overall lower fraction of infected cells (Fig. 5B). However, since the fraction of infected cells 201 

(I) is also strongly affected by the infection rate β (Fig. 5C), it cannot be used alone to 202 

distinguish between a decrease in mortality and an increase in infectivity. In contrast, the 203 

ratio R / I changes strongly and monotonically with λ (Fig. 5D), but weakly and not 204 

monotonically with β (Fig. 5E). 205 

In summary, a simultaneous increase in the virus-infected cell fraction (I) and a decrease 206 

in the ratio of dead to virus-infected cells (R / I) indicates a decrease in the death rate λ. An 207 

important detail is that when experimentally measuring the proportion of infected cells (by 208 

immunostaining) or viral proteins or RNA produced by infected cells (by digital PCR or 209 

Western blot), we account for live infected cells but also some already dead infected cells. 210 

Fortunately, the monotonicity of the ratio R / I with respect to λ implies monotonicity of the 211 

ratio R/(I + α R) for any α ≥ 0. Furthermore, even when α = 1, the ratio R/(I + R) still grows 212 

substantially with λ (Fig. 5F). 213 

IFN-λ signaling suppresses viral spread by promoting cell death 214 

In Fig. 6A we show that the ratio of cell deaths to accumulated IAV NP is higher in WT cells 215 

than in IFNLR1 KO cells, which is equivalent to showing that the ratio of dying to infected 216 

cells is higher in the case of WT than IFNLR1 KO cells. The left column of Fig. 6A presents 217 

results from Western blots and shows the ratio of IAV NP between IFNLR1 KO and WT cells 218 

at 24 h p.i. and 48 h p.i. The amount of IAV NP increases significantly (p < 10−7) in IFNLR1 219 

KO cells, consistent with previous experiments (compare with Fig. 3B), despite the high 220 

variability observed between experiments.The right column of Fig. 6A shows the ratio of the 221 

fraction of cell deaths (measured by FACS) between IFNLR1 KO and WT cells for the same 222 

experimental protocol. On average, the ratios are only slightly higher than 1, indicating that 223 

the fraction of dead cells in IFNLR1 KO cell populations is comparable to that in WT cell 224 

populations. Since the ratio of viral proteins is higher than the ratio of cell deaths, we may 225 

conclude that the overall death rate is higher in WT than in IFNLR1 KO cells (p < 0.01). 226 

RSV provides a relevant comparison, as it is known that its NS1 protein effectively blocks 227 

cell death, promoting viral spread (Bitko et al, 2007). To compare cell death rates during 228 

infection with IAV and RSV, we measured fractions of cells displaying propidium iodide 229 

signal during 24 and 48 hour long infections. Next, the cells were fixed, and fractions of virus 230 

positive cells at 24 and 48 hours were measured based on immunostaining images. In Fig. 231 
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6B, we show that cell death fractions for RSV and IAV are similar, but the infected cell 232 

fraction is much higher for infection with RSV than for infection with IAV. Consequently, this 233 

indicates a higher death rate for IAV infections compared to RSV infections (p < 0.01). The 234 

effect is observed for both WT and IFNLR1 KO cells. This supports our reasoning that an 235 

inhibition of cell death can be manifested by an increase of the fraction of infected cells 236 

rather than a decrease in the fraction of dead cells, suggesting that IFN-λ signaling 237 

suppresses viral spread by promoting cell death. 238 

Discussion 239 

Using WT, IFNLR1 KO, IFNAR1 KO, and IFNLR1–IFNAR1 DKO A549 cells, we 240 

demonstrated divergent roles of type I and type III interferons in control of IAV and RSV 241 

proliferation. (1) We showed that (pre)stimulation with IFN-β leads to a strong increase of p-242 

STAT1/2 and STAT1/2 levels, high accumulation of ISGs, and, through those mechanisms, 243 

a pronounced reduction of proliferation of IAV as well as RSV. Prestimulation with IFN-λ 244 

(compared to IFN-β) results in lower levels of p-STAT1/2 and STAT1/2, lower accumulation 245 

of ISGs, and only moderately reduces proliferation of IAV, and does not reduce proliferation 246 

of RSV. (2) Next, we showed that in IAV- or RSV-infected IFNAR1 KO cells, p-STAT1/2 247 

levels are pronouncedly reduced (with respect to WT cells), while the effect of IFNLR1 248 

knockout on p-STAT1/2 levels is weak. However, IAV proliferates significantly faster in 249 

IFNLR1 KO cells than in WT or IFNAR1 KO cells. This indicates that IFN-λ suppresses IAV 250 

proliferation independently to STAT signaling. We note the possibility that IFNLR1 inhibits 251 

IAV proliferation independently of type III interferons, however mouse studies indicate that 252 

type III interferon deficiency has the same consequences as IFNLR1 deficiency during 253 

infections with norovirus, reovirus, and influenza virus (Peterson et al, 2019). The faster viral 254 

propagation in IFNLR1 KO cells is not observed for RSV. (3) Finally, we showed that 255 

absence of IFN-λ signaling significantly increases the level of IAV protein and the fraction of 256 

infected cells, without an increase in the fraction of dead cells. With the help of a simple 257 

mathematical model we interpret this observation as the ability of IFN-λ to promote early 258 

death in cells infected with IAV. Additionally, we showed that for infection with IAV, the ratio 259 

of dead to infected cells is higher than for infection with RSV. This is in line with earlier 260 

observations that NS proteins of RSV very effectively suppress cell death in infected cells, 261 

promoting virus proliferation (Bitko et al, 2007). This could explain why the effect of IFN-λ on 262 

RSV spread appears negligible. 263 

Although divergent roles of type I and type III interferons have been highlighted in 264 

numerous studies, reports of a non-transcriptional role, especially of a proapoptotic (or 265 

propyroptotic) role, of IFN-λ are scarce. In two studies not related to infections, it was shown 266 
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that in intestinal cells type III interferons (compared to type I interferons) are a more potent 267 

inducer of apoptosis (Li et al, 2008) and pyroptosis (preprint: Sposito et al, 2022). Major et al 268 

(Major et al, 2020) found that IFN signaling (especially IFN-λ) hampers lung repair by 269 

inducing p53 and inhibiting epithelial proliferation and differentiation, which potentially can 270 

also promote cell death. Broggi et al (Broggi et al, 2017), in a study not directly related to 271 

infections, showed that IFN-λ regulates functions of neutrophils (known to have high 272 

expression of IFNLR) independently of transcription, and that treatment with IFN-λ induced 273 

in these cells a reduction in the phosphorylation of AKT at Ser473 and Thr308, which could 274 

make these cells more prone to cell death. Earlier, Denisova et al (Denisova et al, 2014) 275 

showed that inhibiting AKT suppresses proliferation of IAV in A549 cells. In the context of 276 

viral infections, a straightforward demonstration that IFN-λ increases the cell death rate is 277 

challenging because a higher cell death rate does not necessarily result in a greater fraction 278 

of dead cells, as it also suppresses viral propagation. We suspect that this may partially 279 

explain why this phenomenon was not reported earlier. 280 

Our findings confirm that the role of IFN-β is to promote an antiviral state in not yet 281 

infected bystander cells, which increases their  resistance to infection and/or slows down 282 

virus replication once they are infected. In terms of the SIR model, the effect of IFN-β can be 283 

seen as a reduction of the infection rate coefficient β (see Eq. 2). The role of IFN-λ (apart 284 

from STAT signaling) would be to promote cell death, and thus removal of infected cells. In 285 

the SIR model, this corresponds to an increase of the death rate coefficient λ (see also Eq. 286 

2). In this picture, type III interferons are more universal than type I interferons, being able to 287 

both induce some STAT signaling and trigger cell death. Finally, it should be stressed that 288 

our data does not exclude the possibility that IFN-λ triggers cell death using ISGs that are 289 

accumulated (mostly) due to IFN-β signaling. This is in line with the observation that the 290 

effect of IFNLR1 deficiency is the strongest when cells are already prestimulated with IFN-β, 291 

and our earlier study (Czerkies et al, 2018) which showed that the death rate after poly(I:C) 292 

stimulation is much higher in IFN-β-prestimulated cells. 293 

Methods 294 

Cell lines and cultures. The A549, HEK-293T, HeLa and MDCK cell lines were purchased 295 

from the ATCC. A549 cells were cultured in F-12K basal medium supplemented with 10% 296 

fetal bovine serum (FBS) and a penicillin-streptomycin antibiotic solution. MDCK, HeLa cells 297 

and HEK-293T cells were maintained in Dulbecco’s modified Eagle’s medium (DMEM) 298 

supplemented with 10% FBS and a penicillin-streptomycin antibiotic solution. All cell lines 299 

were cultured under standard conditions (37°C with 5% CO2) and kept in monolayers up to 300 

90% confluence. The IFNAR1, IFNLR1, and IFNAR1-IFNLR1 knockouts based on the A549 301 
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cell line were developed using the CRISPR lentivirus system (Abm). The detailed procedure 302 

for obtaining these cell lines have been described in (Czerkies et al, 2022, see Methods 303 

section and Supplementary Figure S3 therein). 304 

Virus amplification and isolation. Respiratory syncytial virus strain A2 and influenza A 305 

virus H1N1 strain A/PR/8/34 were purchased from the ATCC and amplified in HeLa and 306 

MDCK cells, respectively. Cells were seeded into 225-cm2 tissue culture flasks (Falcon) and 307 

cultured as described above for 2 to 3 days until they reached 90% confluence. On the day 308 

of infection, the following virus growth medium was prepared: DMEM with 2% FBS for RSV 309 

or basal minimal essential medium (MEM) with 0.3% bovine serum albumin (BSA) and 310 

1 μg/mL of L-1-tosylamido-2-phenylethyl chloromethyl ketone (TPCK-trypsin) for IAV. The 311 

dilutions of the virus were prepared in an appropriate medium, with target MOIs of around 312 

0.01 for RSV and 0.05 for IAV. Culture media were removed, and cells were washed once 313 

with phosphate-buffered saline (PBS) and overlaid with 10 mL of the inoculum. Virus was 314 

allowed to adsorb to cells for 2 h at 37°C, with occasional stirring. Next, additional virus 315 

growth medium was added to a total volume of 40 mL per flask. Infected cells were cultured 316 

at 37°C until the development of cytopathic effects could be observed in at least 80% of the 317 

cells (typically at around 3 days for IAV and 5 days for RSV). Virus-containing culture fluid 318 

was then collected and clarified by centrifugation at 3,000×g at 4°C for 20 min. Next, virus 319 

particles were precipitated by adding 50% (wt/vol) polyethylene glycol 6000 (PEG 6000) 320 

(Sigma-Aldrich) in NT buffer (150 mM NaCl, 50 mM Tris-HCl [pH 7.5]) to a final concentration 321 

of 10% and stirring the mixture gently at 4°C for 90 min. Virus was centrifuged at 3,250×g at 322 

4°C for 20 min and recentrifuged after the removal of the supernatant to remove the 323 

remaining fluid. The pellet was suspended in 1 mL of NT buffer or in 20% sucrose in NT 324 

buffer in the case of RSV, aliquoted, and stored at −80°C. 325 

Virus quantification. The virus concentration in the collected samples was quantified using 326 

an immunofluorescence protocol. HeLa or MDCK cells were seeded onto microscopic 327 

coverslips and cultured upon reaching 90 to 100% confluence. Serial dilutions of virus 328 

samples were made in virus growth medium in a range of 10−3 to 10−6. After washing with 329 

PBS, cells were overlaid in duplicates with diluted virus, which was allowed to adhere for 2 h, 330 

with occasional stirring. Afterward, the virus-containing medium was removed, and cells 331 

were overlaid with fresh virus growth medium and cultured for 16 h (for IAV) or 24 h (for 332 

RSV). Next, cells were washed with PBS and fixed with 4% formaldehyde for 20 min at room 333 

temperature. Cells were stained using a standard immunofluorescence protocol with anti-334 

RSV antibody (catalog number ab43812; Abcam) or anti-influenza A virus nucleoprotein 335 

antibody (clone C43) (catalog number ab128193; Abcam). Cells containing stained viral 336 

proteins were counted using a Leica SP5 confocal microscope. The virus concentration was 337 
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calculated using the following formula: (average number of infected cells)/(dilution factor × 338 

volume containing virus added) = infectious particles/mL. For a given MOI, we observe fewer 339 

cells expressing viral proteins in the A549 than in the HeLa and MDCK lines, which are 340 

known to be permissive for RSV and IAV infections, respectively. 341 

Compounds and stimulation protocols. Human IFN-β1A and IFN-λ1 were purchased from 342 

Thermo Fisher Scientific (catalog numbers PHC4244 and 34-8298-64, respectively) and 343 

prepared according to the manufacturer’s instructions. For cell stimulation, interferons were 344 

further diluted to the desired concentrations in F-12K medium supplemented with 2% FBS. 345 

The decreased FBS content was used to prevent the inhibition of viral attachment and entry 346 

at the second stage of the experiments. 347 

For interferon–virus experiments, the cell culture media were exchanged for interferon-348 

containing or control media at time zero and were not removed afterward until the end of the 349 

experiment. Appropriately diluted virus was added in small volumes (less than 10 μL) directly 350 

into the wells. The even distribution of virus across the cell population was aided by the 351 

intermittent rocking of the plate for 2 h. 352 

Antibodies. (i) Antibodies for Western blotting. Primary antibodies for Western blotting were 353 

anti-phospho-STAT1 (Tyr701) (clone 58D6) (catalog number 9167; Cell Signaling 354 

Technologies) (1:1,000), anti-phospho-STAT2 (Tyr690) (clone D3P2P) (catalog number 355 

88410; Cell Signaling Technologies) (1:1,000), anti-RIG-I (clone D14G6) (catalog number 356 

3743; Cell Signaling Technologies) (1:1,000), anti-STAT1 (catalog number 610116; BD 357 

Biosciences) (1:1,000), anti-STAT2 (catalog number PAF-ST2; R&D Systems) (1:1,000), 358 

anti-PKR (clone B-10) (catalog number sc-6282; Santa Cruz Biotechnology) (1:1,000), anti-359 

OAS1 (clone F-3) (catalog number sc-374656; Santa Cruz Biotechnology) (1:1,000), anti-360 

influenza A virus nucleoprotein (clone C43) (catalog number ab128193; Abcam) (1:1,000), 361 

anti-respiratory syncytial virus (clone 2F7) (catalog number ab43812; Abcam) (1:1,000), and 362 

hFAB rhodamine anti-glyceraldehyde-3-phosphate dehydrogenase (GAPDH) (catalog 363 

number 12004168; Bio-Rad) (1:10,000). 364 

Secondary antibodies for Western blotting were DyLight 800 4× PEG-conjugated goat anti-365 

rabbit IgG(H+L) (catalog number SA5-35571; Thermo Fisher Scientific) (1:10,000), DyLight 366 

800 4× PEG-conjugated goat anti-mouse IgG(H+L) (catalog number SA5-35521; Thermo 367 

Fisher Scientific) (1:10,000), StarBright Blue 700-conjugated goat anti-mouse IgG (catalog 368 

number 12004159; Bio-Rad) (1:10,000), and horseradish peroxidase (HRP)-conjugated 369 

rabbit anti-goat immunoglobulins (catalog number P0449; Agilent) (1:10,000). 370 
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(ii) Antibodies for immunostaining. Primary antibodies for immunostaining were anti-371 

phospho-STAT1 (Tyr701) (clone 58D6) (catalog number 9167; Cell Signaling Technologies) 372 

(1:1,000), anti-respiratory syncytial virus (catalog number ab20745; Abcam) (1:1,000), anti-373 

influenza A virus (catalog number ab20841; Abcam) (1:1,000), anti-influenza A virus 374 

nucleoprotein (clone C43) (catalog number ab128193; Abcam) (1:1,000), and anti-human 375 

interferon beta (catalog number MAB8142; R&D Systems). 376 

Secondary antibodies for immunostaining were Alexa Fluor 488-conjugated donkey anti-377 

rabbit IgG(H+L) (catalog number A-21206; Thermo Fisher Scientific) (1:1,000), Alexa Fluor 378 

555-conjugated donkey anti-mouse IgG(H+L) (catalog number A-31570; Thermo Fisher 379 

Scientific) (1:1,000), and Alexa Fluor 633-conjugated donkey anti-goat IgG(H+L) (catalog 380 

number A-21082; Thermo Fisher Scientific) (1:1,000). 381 

RNA isolation.  For gene expression analysis experiments, cells were seeded on 12- or 24-382 

well plates (Falcon) at a density of, respectively, 1.0× or 1.5×105 cells/well.  Upon completed 383 

stimulation according to chosen protocol, cells were washed once with PBS and submitted to 384 

isolation of total RNA using PureLink RNA Mini Kit (Thermo Fisher Scientific), following 385 

manufacturer’s instructions: cells were harvested and vortexed in Lysis Buffer with 2-386 

mercaptoethanol and then vortexed again with one volume of 70% ethanol.  Upon 387 

transferring to the spin cartridge, cellular RNA content was bound to the column, washed 388 

with appropriate buffers and eluted, all by centrifugation at 12,000×g.  Eluted RNA in RNase-389 

free water was used immediately for reverse transcription or stored for later use at −80 °C. 390 

Reverse transcription.  RNA concentration and quality was determined by measuring UV 391 

absorbance of samples diluted 1:100 in 10 mM Tris-HCl (pH 7.5) at 260 and 280 nm, using 392 

the Multiskan GO spectrophotometer (Thermo Fisher Scientific).  Independently, RIN index 393 

for isolated RNA was checked using Agilent 2100 Bioanalyzer (see below).  Around 1 µg of 394 

RNA was used as a template for reverse transcription, performed using High-Capacity cDNA 395 

Reverse Transcription Kit (Thermo Fisher Scientific).  Following manufacturer’s protocol, 396 

diluted RNA samples were mixed 1:1 with freshly prepared Master Mix containing RT Buffer, 397 

RT Random Primers, dNTP Mix, MultiScribe Reverse Transcriptase and RNase Inhibitor.  398 

Reaction was performed in Mastercycle Gradient thermal cycler (Eppendorf) under following 399 

conditions: 10 min at 25 °C, 120 min at 37 °C, and 5 min at 85 °C. 400 

Real-Time Quantitative Polymerase Chain Reaction.  Reaction was performed on a 401 

QuantStudio 12K Flex Real-Time PCR system with Array Card block (Life Technologies).  In 402 

most cases, 750 ng of cDNA from reverse transcription was mixed with reaction Master Mix 403 

and loaded onto TaqMan Array Card containing probes and primers for 24 genes (in 2 404 
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replicates), including endogenous reference controls (see Source Data S2).  Reaction was 405 

conducted using QuantStudio “Standard” protocol, with FAM/ROX chemistry.  Upon 406 

completion, expression of target genes was analyzed based on absolute Ct quantification or 407 

classical ΔΔCt method with QuantStudio 12K Flex software, normalized against GAPDH 408 

gene expression.  409 

Digital PCR. For gene expression experiments, cells were seeded onto 24-well plates at a 410 

density of 100,000 cells per well. RNA from virus-infected cells was isolated using a 411 

PureLink RNA Mini kit (Thermo Fisher Scientific) according to the manufacturer’s 412 

instructions: cells were harvested and vortexed in lysis buffer with 2-mercaptoethanol and 413 

then vortexed again with 1 volume of 70% ethanol. Upon transfer to the spin cartridge, the 414 

cellular RNA content was bound to the column, washed with the appropriate buffers, and 415 

eluted, all by centrifugation at 12,000×g. The eluted RNA in RNase-free water was used 416 

immediately for reverse transcription (RT) or stored for later use at −80°C. The concentration 417 

and quality of the isolated total RNA were determined by measuring the UV absorbance at 418 

260 nm and 280 nm using a Multiskan Go spectrophotometer (Thermo Fisher Scientific). 419 

Approximately 0.5 μg of RNA was used as a template for reverse transcription, performed 420 

using a high-capacity cDNA reverse transcription kit (Thermo Fisher Scientific): the diluted 421 

RNA samples were mixed 1:1 with freshly prepared master mix containing RT buffer, RT 422 

random primers, deoxynucleoside triphosphate (dNTP) mix, MultiScribe reverse 423 

transcriptase, and an RNase inhibitor. The reaction was performed in a Mastercycler 424 

gradient thermal cycler (Eppendorf) under the following conditions: 10 min at 25°C, 120 min 425 

at 37°C, and 5 min at 85°C. 426 

Measurements of the viral RNA copy number were then performed using the QuantStudio 427 

3D system (Thermo Fisher Scientific) and TaqMan Vi99990011_po and Vi99990014_po 428 

gene expression assays for the quantification of IAV and RSV RNAs, respectively. 429 

Appropriately diluted samples were mixed with the reaction master mix and the chosen 430 

assay mix, loaded onto the digital PCR (dPCR) chips in duplicates, and thermocycled using 431 

a ProFlex flat-block thermal cycler. Subsequently, chips were analyzed with a QuantStudio 432 

3D digital PCR instrument. The chip quality check and final data analysis were performed 433 

using QuantStudio 3D AnalysisSuite software. 434 

Western blotting. Cells at the indicated time points were washed twice with PBS, lysed in 435 

Laemmli sample buffer containing dithiothreitol (DTT), and boiled at 95°C for 10 min. Equal 436 

amounts of each protein sample were separated on 4 to 16% Mini-Protean TGX stain-free 437 

precast gels using the Mini-Protean Tetra cell electrophoresis system (Bio-Rad). Upon the 438 

completion of electrophoresis, proteins were transferred to a nitrocellulose membrane using 439 
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wet electrotransfer in the Mini-Protean apparatus (400 mA for 50 min). The membrane was 440 

rinsed with TBST (Tris-buffered saline [TBS] containing 0.1% Tween 20; Sigma-Aldrich) and 441 

blocked for 1 h with 5% BSA–TBS or 5% nonfat dry milk. Subsequently, the membranes 442 

were incubated with one of the primary antibodies diluted in a 5% BSA–TBS buffer at 4°C 443 

overnight. After thorough washing with TBST, the membranes were incubated with 444 

secondary antibodies conjugated to a specific fluorochrome (DyLight 800; Thermo Fisher 445 

Scientific) or horseradish peroxidase (HRP-conjugated polyclonal anti-mouse/anti-rabbit 446 

immunoglobulins; Dako) diluted 1:5,000 in 5% nonfat dry milk–TBST for 1 h at room 447 

temperature. The chemiluminescence reaction was developed with the Clarity Western ECL 448 

system (Bio-Rad). For GAPDH detection, hFAB rhodamine anti-GAPDH primary antibody 449 

(Bio-Rad) was used. Specific protein bands were detected using the ChemiDoc MP imaging 450 

system (Bio-Rad). 451 

Immunostaining. For staining of intracellular proteins, cells were seeded onto 12-mm round 452 

glass coverslips, which were previously washed in 60% ethanol–40% HCl, thoroughly rinsed 453 

with water, and sterilized. After stimulation with interferon or viral infection at the desired time 454 

points, cells on the coverslips were washed with PBS and immediately fixed with 4% 455 

formaldehyde (20 min at room temperature). Cells were then washed three times with PBS 456 

and incubated with 100% cold methanol for 20 min at −20°C. After washing with PBS, 457 

coverslips with cells were blocked and permeabilized for 1.5 h with 5% BSA (Sigma-Aldrich) 458 

with 0.3% Triton X-100 (Sigma-Aldrich) in PBS at room temperature. After the removal of the 459 

blocking solution, coverslips with cells were incubated with primary antibodies diluted in PBS 460 

containing 1% BSA and 0.3% Triton X-100 overnight at 4°C. After the cells were washed five 461 

times with PBS, the appropriate secondary antibodies conjugated with fluorescent dyes were 462 

added, and the cells were incubated for 1 h at room temperature. Subsequently, the cells 463 

were washed, and their nuclei were stained with 200 ng/mL 4′,6-diamidino-2-phenylindole 464 

(DAPI) (Sigma-Aldrich) for 10 min. After a final wash in MilliQ water, coverslips with stained 465 

cells were mounted onto microscope slides with a drop of Mowiol (Sigma-Aldrich).  466 

FACS/cell death assay. Cell death was measured using annexin V and propidium iodide 467 

staining method (FITC Annexin V Apoptosis Detection Kit II, BD Bioscience), measuring the 468 

amount of phosphatidylserine externalized to the outer layer of cell membrane. For the 469 

analysis, cells were seeded on 12-well plates at a density of 100,000 cells/well and treated 470 

according to the chosen protocol. Analysis was performed on both the cells attached to the 471 

plate surface and dying cells suspended in the medium. Flow cytometry measurement was 472 

performed using FACSCalibur (BD) and the CellQuest Pro analysis software. Cells which 473 

are both annexin V- and propidium iodide (PI)-negative were considered viable, annexin V-474 
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positive and PI-negative were considered early apoptotic or pyroptotic; PI-positive cells, 475 

irrespective of the outcome of annexin V staining, were considered dying or dead.  476 

Live imaging propidium iodide assay. To estimate cell death rates during infection with 477 

IAV and RSV, live imaging of PI intracellular accumulation  was performed. One day before 478 

the experiment, cell nuclei were stained with Hoechst 33342 (Thermo) diluted 1 µg/ml in 479 

PBS for 10 minutes at 37°C. After staining, the cells were washed and seeded onto a µClear 480 

96-well microplate at a density of 18,000 cells per well. The following day, the cells were 481 

infected with IAV or RSV, and PI was added. Cells were observed for 24 or 48 h, and within 482 

these periods fraction of PI positive cells was determined. After 24 or 48 h p.i. cell fixation 483 

and immunostaining were performed to estimate the number of infected cells. Imaging was 484 

carried out on an Operetta CLS (PerkinElmer) using Harmony software. Images were 485 

analyzed using our in-house software, ShuttleTracker (see the Data analysis section). 486 

Image analysis. Confocal images obtained from immunostaining were analyzed using our 487 

in-house software (https://pmbm.ippt.pan.pl/software/shuttletracker). Nuclear outlines were 488 

detected based on DAPI staining. Outlines of nuclei that were partially out of frame or mitotic 489 

were excluded from the analysis; outlines of overlapping nuclei were split based on 490 

geometric convexity defects when possible. Cells were classified as either virus-negative or 491 

virus-positive based on the sum of the intensities of the pixels inside nuclear outlinesCells 492 

were classified as dead/dying based on the intensities of pixels inside nuclear outlines in the 493 

PI channel.  494 

Statistical analysis. To assess statistical significance we performed the following tests: 495 

Student t-test (Fig. 1B, Figs. 2B and 2D, Figs. 3B and 3D, Figs. 4A and 4B, Fig. 6B, Fig. 496 

EV4), Wilcoxon signed-rank test (Fig. 1C, Fig. 6B), unpaired Student t-test (Fig. 6A), Mann-497 

Whitney U test (Fig. 6A). All tests assume two-tailed alternatives. 498 

In most cases (Figs. 1B and 1C, Figs. 2B and 2D, Fig. 4A, Fig. 6A and 6B, Fig. EV4), the 499 

statistical tests were performed using experimental replicates obtained for two or three time 500 

points pooled together; similarly, in Fig. 4A and Fig. EV4 two MOI values (0.01 and 0.1) are 501 

considered jointly. This approach is demonstrated in five cases below, with the remaining 502 

cases treated analogously. 503 

In Fig. 1C we compared mRNA expression of ISGs after IFN-β and IFN-λ1 stimulation. To 504 

demonstrate that in the period between 6–24 hours, mRNA expression is significantly higher 505 

after IFN-β stimulation than after IFN-λ1 stimulation, we performed 3 experimental replicates 506 

in which mRNA levels were measured at 3 time points: 6, 10 and 24 h post stimulation; data 507 

at each time point was gathered from a separate dish. We then compare these 9 pairs (IFN-508 
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β versus IFN-λ1) of data points using a single two-tailed Wilcoxon signed-rank test on paired 509 

differences. Pooling 3 different time points together is justified by the fact that the studied 510 

effect holds for all of them: for all but two ISGs we observed that in all replicates and at all 511 

time points mRNA expression after prestimulation with IFN-β is higher than after 512 

prestimulation with IFN-λ1.  513 

In Fig. 1B, we perform a similar comparison by pooling measurements at 2 h with those at 514 

6 h, and 24 h with 48 h in order to compare STAT1/2 and p-STAT1/2 levels after IFN-β and 515 

IFN-λ1 stimulation at an early time point (1 hour), for intermediate times (2–6 hours), and 516 

late times (24–48 hours). We performed a parametric two-tailed Student t-test on log ratios. 517 

In all cases where we report statistical significance, protein levels after IFN-β stimulation are 518 

consistently higher than after IFN-λ1 stimulation (for all replicates and pooled time points). 519 

In Fig. 4A, we pooled together infection experiments with an MOI of  0.1 and 0.01 lasting 520 

24 and 48 h. Again, by performing parametric two-tailed Student t-test on log ratios we 521 

showed that probing two MOI values and two infection times fraction of cells infected with 522 

IAV is higher for IFNLR1 KO than for WT cells. 523 

In Fig. 6A, the left column consists of IAV NP level ratios between IFNLR1 KO and WT 524 

cells, where both levels are measured in a single Western blot. The right column consists of 525 

ratios between the fraction of dying/dead cells between IFNLR1 KO and WT cells; both 526 

fractions are measured in a single FACS experiment. However, ratios from the left column 527 

are not paired with ratios from the right column (since the Western blot and FACS 528 

measurements were not paired). Thus, we use a (parametric) unpaired Student t-test 529 

(without assuming equal variances) and a (non-parametric) Mann-Whitney U test to compare 530 

log ratios from the left column with log ratios from the right column. Data from time points 24 531 

h p.i. and 48 h p.i. are considered jointly. 532 

In Fig. 6B, ratios from the left column (obtained from immunostaining images of fixed 533 

cells) and ratios from the right column (obtained from live-cell imaging) are paired, since both 534 

types of measurement were performed for the same cell population (for each experimental 535 

replicate). For each left–right pair, we can thus compute a ratio-of-ratios. We then perform a 536 

(parametric) two-tailed Student t-test and a (non-parametric) two-tailed Wilcoxon signed-rank 537 

test on log ratio-of-ratios. Data from time points 24 h p.i. and 48 h p.i. and cell lines WT and 538 

IFNLR1 KO are considered jointly, since the death rate in IAV is always higher than in RSV 539 

(which is equivalent to ratio-of-ratios greater than 1). 540 
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Data availability 541 

All Western blots performed for this study are available in supplementary file Source Data 542 

S1. Quantifications of Western blots, RT-PCR, digital PCR, FACS, imaging data and codes 543 

to generate figures are available in supplementary file Source Data S2. The raw imaging 544 

dataset is available at Zenodo (doi: 10.5281/zenodo.13735878). 545 
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Figures 636 

 637 

Figure 1. STAT1/2 activation and accumulation of ISGs after stimulation 638 

with IFN-β and IFN-λ1. 639 

A  A549 cells were stimulated with IFN-β (1000 U/ml) or IFN-λ1 (50 ng/ml) for 1, 2, 6, 24, 640 

or 48 h before lysis; p-STAT1, STAT1 phosphorylated at Tyr701; p-STAT2, STAT2 641 

phosphorylated at Tyr690. 642 

B  Quantification of two or three experimental replicates (as shown). Blue bars indicate 643 

control and time points of 1, 2, and 24 h; red bars indicate 6 and 48 h; darker color 644 

indicates the experimental replicate shown in panel A. Each blot quantification is 645 

normalized to the maximum. The significances p < 0.001 (***) and p < 0.01 (**) were 646 

determined using a two-tailed Student t-test on log ratios. 647 

C  RT-PCR of common ISGs as well as IL6 and TNFAIP3 after 6, 10, and 24 h stimulation 648 

with either IFN-β (1000 U/ml) or IFN-λ1 (50 ng/ml). The averaged log2 difference 649 

(based on 3 experimental replicates) with respect to control is shown. Asterisks 650 

indicate that expression of a given gene after stimulation with IFN-β is significantly 651 

higher than after IFN-λ1 at p < 0.05 (*) or p < 0.01 (**); two-tailed Wilcoxon signed-rank 652 

test on paired differences; three time points are considered jointly.  653 
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▲ (continued from the previous page) 655 

Figure 2. Effect of the prestimulation with IFN-β and IFN-λ1 on STAT1/2 656 

activation, expression of ISGs, and virus proliferation. 657 

A  A549 cells were prestimulated with either IFN-β or IFN-λ1 (or mock) 24 h before 658 

infection with IAV at MOI of 0.1 or 1 and lysed 24 or 48 h post infection (p.i.). Label 659 

‘n.t.’ denotes cells not treated with a virus. 660 

B  Quantification of three replicates of the experiment shown in A. Values for 24 h p.i. and 661 

48 h p.i. are shown in blue and red, respectively. Darker hues correspond to the blot 662 

shown in panel A are shown in blue. 663 

C  A549 cells were prestimulated with IFN-β or IFN-λ1 (or mock) 24 h before infection 664 

with RSV at an MOI of 0.1 or 1 and lysed 24 or 48 h after the infection. Label ‘n.t.’ 665 

denotes cells not treated with a virus. 666 

D  Quantification of three replicates of the experiment shown in C. Values for 24 h p.i. and 667 

48 h p.i. are shown in blue and red, respectively. Darker hues correspond to the blot 668 

shown in panel A are shown in blue. 669 

In panels A and C, due to all available 15 lanes being used for probes, the marker lane was 670 

omitted.  Locations of molecular weight markers were determined based on previous 671 

experiments. 672 

In panels B and D, quantification of the bands without infection with IAV or RSV (n.t.) are 673 

omitted. Each blot quantification is normalized to the maximum. The significances p < 0.001 674 

(***), p < 0.01 (**), p < 0.05 (*) were determined using a two-tailed Student t-test on log 675 

ratios. 676 
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▲ (continued from the previous page) 678 

Figure 3. Effect of IFNLR1 and IFNAR1 knockout on IAV and RSV 679 

proliferation and activation of immune response 680 

A  A549 WT, IFNAR1 KO, IFNLR1 KO, and IFNAR1 & IFNLR1 double KO (DKO) cells 681 

were infected with IAV at an MOI of 0.1 and lysed 24 or 48 h p.i. 682 

B  Quantification of selected bands from blots in panel A and its seven replicates at 48 h 683 

Quantification of the shown blot is marked in blue.  684 

C  A549 WT, IFNAR1 KO, IFNLR1 KO and DKO cells were infected with RSV at an MOI 685 

of 0.1 and lysed 24 or 48 h p.i. 686 

D  Quantification of selected bands from blots in panel C and its six replicates at 48 h. 687 

Quantification of the shown blot is marked in blue. 688 

In panels B and D, p < 0.001 (***), p < 0.01 (**), and p < 0.05 (*) were determined using a 689 

two-tailed Student t-test on log ratios. Only selected pairwise differences between WT, 690 

IFNAR1 KO, IFNLR1 KO, and DKO cells were considered. Each blot quantification is 691 

normalized to the value from WT cells at 48 h p.i. The quantification of all time points from 692 

blots in A and C is shown in Figs. EV2 and EV3.  693 
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▲ (continued from the previous page) 695 

Figure 4. Effect of IFNLR and IFNAR knockout on IAV propagation and 696 

activation of immune response 697 

A  Fraction of IAV-positive cells in A549 IFNAR1 KO and IFNLR1 KO with respect to the 698 

fraction observed for WT. Quantification of three experimental replicates, p < 0.001 699 

(***) according to the two-tailed Student t-test on log ratios for 24 and 48 h p.i. and 700 

MOIs of 0.01 and 0.1 considered jointly. 701 

B  Fraction of IAV positive cells in A549 IFNAR1 KO with respect to the fraction observed 702 

for WT. Cells were prestimulated with IFN-β at a concentration of 100 U/ml 24 h before 703 

infection with IAV at an MOI of 1. Cells were fixed 24 h p.i. Quantification of three 704 

experimental replicates, p < 0.05 (*), paired two-tailed Student t-test on log ratios. 705 

C  Representative fields of view (FOV) showing immunostaining for IAV and p-STAT1 in 706 

A549 WT, IFNAR1 KO and IFNLR1 KO cells fixed 24 h p.i. with IAV at an MOI of 0.01. 707 

Percentages of infected cells in shown FOVs are given in cyan. All immunostaining 708 

images are available at Zenodo (see Data availability).  709 

D  Representative fields of view (FOV) showing immunostaining for IAV and p-STAT1 in 710 

A549 WT and IFNAR1 KO cells prestimulated with IFN-β at a concentration of 100 711 

U/ml 24 h before infection with IAV at an MOI of 1, and fixed 24 h p.i. Percentages of 712 

infected cells in shown FOVs are given in cyan. All immunostaining images are 713 

available at Zenodo (see Data availability).  714 
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 715 

Figure 5. SIR model simulation. Influence of death and infection rates on 716 

virus propagation and cell death.  717 

A, B Fraction of dead (A) or infected (B) cells as a function of time and the death rate λ. 718 

C Fraction of infected cells (I) as a function of time and the infection rate β. 719 

D, E Ratio of dead (R) to infected (I) fractions as a function of time and the death rate λ 720 

(D) or the infection rate β (E). 721 

F  Ratio of dead (R) to joint dead and infected  (R + I) fractions as a function of time 722 

and the death rate λ. 723 

In all panels, I(0) = 0.1, corresponding to MOI = 0.1. Unless specified otherwise, β = 0.69 and 724 

λ = 0.3. The default value of β was selected so that the initial doubling time is 1.  725 
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 726 

Figure 6. Influence of IFNLR1 deficiency and virus type on infected and 727 

dead cell fractions. 728 

A  Left: ratio of the IAV NP level between IFNLR1 KO and WT cells – calculated based on 729 

Western blots, using cells lysed 24 and 48 h p.i. at an MOI of 0.1. Right: ratio of the 730 

fraction of dying/dead cells 24 and 48 h p.i. between IFNLR1 KO and WT – calculated 731 

based on cell death assay using annexin V and propidium iodide staining (see 732 

Methods). Statistical significance was determined by performing an unpaired two-tailed 733 

Student t-test and a Mann-Whitney U test on log ratios (left versus right). 734 

B  Left: ratio of RSV-positive to IAV-positive cell fraction at 24 or 48 h p.i. at an MOI of 0.1 735 

– calculated based on immunostaining images (with staining against respectively RSV 736 

and IAV). Right: ratio of the fraction of dead/dying cells after infection with RSV to an 737 

analogical fraction after infection with IAV. The dead/dying cells were counted based 738 

on the propidium iodide signal during live microscopy experiments lasting 24 or 48 h 739 

p.i. The same cells were fixed and immunostained to determine the fraction of virus-740 

infected cells used in the left part of the panel. Statistical significance was determined 741 

by performing a two-tailed Student t-test and a two-tailed Wilcoxon signed-rank test on 742 

log ratio-of-ratios (left / right, see Methods).  743 
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Expanded View Figures 744 

 745 

Figure EV1.  IFN-β and IFN-λ dose–response analysis, determination of 746 

saturating concentrations. 747 

A  Cells were stimulated with an array of concentrations of IFN-λ1 for 30 min before lysis. 748 

B  Cells were stimulated with an array of concentrations of IFN-β for 30 min before lysis.  749 

C Quantification of 2 experimental replicates, blot shown in panel A is marked in blue. 750 

D  Quantification of 2 experimental replicates, blot shown in panel B is marked in blue.  751 
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 752 

Figure EV2. Effect of IFNLR1 and IFNAR1 knockout on IAV proliferation 753 

and activation of the innate immune response – full quantification of 754 

experiments shown in Fig. 3A. 755 

Colors correspond to independent experimental replicates of experiments shown in Fig. 3A.756 
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 757 

Figure EV3. Effect of IFNLR1 and IFNAR1 knockout on RSV proliferation 758 

and activation of the innate immune response – full quantification of 759 

experiments shown in Fig. 3B. 760 

Colors correspond to independent experimental replicates of experiments shown in Fig. 3B.  761 
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 762 

Figure EV4.  Effect of IFNLR1 deficiency on IAV RNA expression.  763 

Levels of IAV RNA were measured by dPCR for A549 WT and IFNLR1 KO cells at 24, 48, 764 

72 and 96 h p.i. at MOIs of 0.01 and 0.1 (as indicated by the legend). Each square/triangle 765 

corresponds to an experimental replicate. Triple asterisk (***) indicates that IAV RNA 766 

expression is significantly higher in IFNLR1 KO cells than in WT cells (p < 0.001, paired two-767 

tailed Student t-test on log ratios)   768 
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 769 

Figure EV5. Kinetics of infections in the SIR model. The figure 770 

supplements Fig. 5 with data for an MOI of 0.01 (A) and 0.3 (B).  771 
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Supplementary Data 772 

Source Data S1 (PDF File). Images of all Western blot replicates. 773 

Source Data S2 (Zipped folder). Data quantifications in CSV format (Western blots, dPCR, 774 

RT-PCR, FACS, cell counts from immunostaining) and Python codes to generate figures. 775 
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DYNAMICS OF COVID-19 PANDEMIC AT CONSTANT

AND TIME-DEPENDENT CONTACT RATES

Marek Kochańczyk1, Frederic Grabowski2 and
Tomasz Lipniacki1,*

Abstract. We constructed a simple Susceptible–Exposed–Infectious–Removed model of the spread
of COVID-19. The model is parametrised only by the average incubation period, τ , and two rate
parameters: contact rate, β, and exclusion rate, γ. The rates depend on nontherapeutic interventions
and determine the basic reproduction number, R0 = β/γ, and, together with τ , the daily multiplication
coefficient in the early exponential phase, θ. Initial R0 determines the reduction of β required to contain
the spread of the epidemic. We demonstrate that introduction of a cascade of multiple exposed states
enables the model to reproduce the distributions of the incubation period and the serial interval reported
by epidemiologists. Using the model, we consider a hypothetical scenario in which β is modulated solely
by anticipated changes of social behaviours: first, β decreases in response to a surge of daily new cases,
pressuring people to self-isolate, and then, over longer time scale, β increases as people gradually accept
the risk. In this scenario, initial abrupt epidemic spread is followed by a plateau and slow regression,
which, although economically and socially devastating, grants time to develop and deploy vaccine or
at least limit daily cases to a manageable number.

Mathematics Subject Classification. 92D30.
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1. Introduction

COVID-19 is a rapidly spreading disease caused by a novel coronavirus, SARS-CoV-2, transmitted between
people via respiratory droplets. Typical symptoms are fever, dry cough, and shortness of breath. In severe cases,
infection leads to pneumonia and acute respiratory distress syndrome. There is currently no vaccine or specific
antiviral treatment. The virus was first reported in Wuhan, Hubei, China, in December 2019. The disease
had spread widely over the province of Hubei, but was contained after imposing strict quarantine. Reported
peak of the daily confirmed cases of about 4000 was reached on February 3, ten days after the quarantine had
been imposed. The number of daily new cases decreased below 100 in early March. Currently (as of March 20,
2020), despite some efforts, nearly exponential growth with more than 20 000 cumulative cases is observed in
Italy (nearly 50 000 cumulative cases), Spain, Germany, and the US. The World Health Organization (WHO)
declared COVID-19 a pandemic.

Keywords and phrases: basic reproduction number, novel coronavirus.

1 Department of Biosystems and Soft Matter, Institute of Fundamental Technological Research, Polish Academy of Sciences,
02-106 Warsaw, Poland.
2 Faculty of Mathematics, Informatics and Mechanics, University of Warsaw, 02-097 Warsaw, Poland.

* Corresponding author: tlipnia@ippt.pan.pl

c© The authors. Published by EDP Sciences, 2020

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0),

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



2 M. KOCHAŃCZYK ET AL.

Figure 1. Scheme of the model with notation guide and default parameter values. The model is
fully characterized by parameters β, γ, and τ . The latent period, assumed to be substitutable
with the incubation period, results from the inclusion of k = 5 intermediate exposed states
and follows the Erlang distribution with average τ = 5 days. The serial interval follows the
hypoexponential distribution with rates Λ = {k/τ , k/τ , k/τ , k/τ , k/τ , γ}.

To characterize the dynamics of COVID-19 spread and be able to consider hypothetical long-term scenarios,
we developed a simple Susceptible–Exposed–Infectious–Removed model. The model has only 3 parameters:
average incubation period, τ , estimated to be approximately 5 days [11, 14], and two parameters that are affected
by nonpharmaceutical protective measures: the infectious–susceptible contact rate, β, and the exclusion rate, γ.
Isolation (quarantine) reduces β, while testing increases the rate at which infectious individuals are hospitalised
or isolated, γ. These two rates determine the basic reproduction number, R0 = β/γ. The model is applied
to estimate the fold change of β required to contain the epidemic at its early stage. Since initial government-
mandated restrictions appear to be insufficient to contain the spread of the disease at its early stage in European
countries, we use the model to put forward long-term scenarios, in which we assume time-dependent β that
reflects anticipated changes in social behaviour rather than the impact of administratively-imposed control
measures.

2. Results

2.1. Model

We consider a variant of the Susceptible–Exposed–Infectious–Removed (SEIR) model, itself an extension
of the commonly used SIR model [1, 8]. As in typical SEIR models, we assume that susceptible individuals
get infected by infectious individuals at the rate proportional to the contact rate, β, and in this way become
exposed (and infected), and later, after the latent period, become infectious. Ultimately, at the exclusion rate
γ, infectious individuals turn into removed individuals (which is an umbrella class comprising confirmed cases
currently quarantined, handled by the healthcare, recovered with acquired resistance, or the deceased). Removed
individuals do not infect.

In contrast to most SEIR models, instead of a single exposed (infected) state, we have introduced multiple
exposed states (E1, . . . , E5 in Fig. 1). With k = 5 exposed states such representation is equivalent to the
assumption that the latent period is distributed according to the Erlang distribution with the “shape” parameter
k = 5 and the rate parameter λ = k/τ , where τ is the mean latent period. Since there are no available estimates
of the mean latent period and the disease spreads mainly through airborne droplets disseminated by the coughing
or sneezing infected persons, we assume that during the incubation period the infected individuals are effectively
noninfectious and thus the mean latent period can be set equal to the estimated average incubation period,
τ ≈ 5 days [11, 14].
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The serial interval, defined as the time between onset of symptoms in a primary case and onset of symptoms
in its secondary cases, that can be seen as an emergent property of the model, is distributed according to the
hypoexponential distribution resulting from a series of k = 5 exponential distributions, each originating from
one step of the incubation process, having mean times τ/k, and one exponential distribution, originating from
the exclusion process, with mean time 1/γ. At τ/k = 1 day and 1/γ = 3 days, at which the rates of the
hypoexponential distribution are Λ = {1, 1, 1, 1, 1, 1

3}, the model implicates a distribution of the serial interval
that agrees perfectly with the distribution obtained from epidemic data (see Fig. 2B in Ref. [12]).

All model parameters—β, γ, and τ (together with k, as demonstrated further)—are thus constrained
by available data. Deterministic model dynamics is described by a system of 8 ordinary differential
equations (4.1a)–(4.1e) given and analysed in more detail in Section 4.

2.2. Dynamics of infection spread with respect to all model parameters

The exponential phase of the epidemic growth, during which the number of removed (confirmed) individuals
grows as R(t) = R(t=0)× exp(α t), can be analysed based on an implicit formula (see Sect. 4 for derivation):

β

γ + α
=
(

1 +
α τ

k

)k
, (2.1)

which, when the number of intermediate exposed steps is very large (formally, when k →∞), can be replaced
by

β

γ + α
= eα τ . (2.2)

In the subsequent analysis we will use the daily multiplication coefficient:

θ := eα, (2.3)

that describes the day-to-day increase of the new confirmed cases (for example, when the number of new cases
is 25% higher than the number of new cases on the previous day, then θ = 1.25).

In Figure 2 we show the dependence of θ on parameters β, γ, and τ , according to (2.1). Either a decrease
of the contact rate, β, or increase of the exclusion rate, γ, result in reduction of θ below 1 and containment of
the epidemic. Practically, β is reduced by quarantine or isolation of individuals, which both lower the potential
number of contacts per individual per day, while γ is increased by performing more diagnostic tests, which
reduces the expected time during which an infected individual may infect susceptible ones. Coefficient θ decreases
also with increasing τ (Fig. 2C), but this parameter is not controllable by protective measures.

Equations (2.1) and (2.2) imply that





α > 0 (equivalently, θ > 1) for β > γ,

α = 0 (equivalently, θ = 1) for β = γ,

α < 0 (equivalently, θ < 1) for β < γ.

Further, parameters β and γ determine the expected number of susceptible individuals that will be infected
by each infectious individual, which in the initial phase of the epidemic is expressed by the basic reproduction
number:

R0 :=
β

γ
. (2.4)
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Figure 2. Dependence of the daily multiplication coefficient, θ, on all model parameters: (A)
contact rate, β, (B) exclusion rate, γ, and (C) average incubation period, τ . Default parameter
values are marked with dotted rectangles.

Although the daily multiplication coefficient, θ, is not a function of solely R0 (Fig. 2), the value of coefficient
R0 is critical for assessment of propagation of the epidemic: R0 > 1 implies exponential progression, R0 < 1
implies exponential regression.

2.3. Relation of the daily multiplication coefficient, θ, and the basic reproduction
number, R0

In Figure 3A we show the dependence θ(R0) for two values of γ, 1/(5 days) and 1/(3 days), and in the
limit of γ →∞. The figure should be read as follows. An initial θ that can be determined based on data for a
considered country or region corresponds to some value of R0. Since to terminate the exponential growth phase,
R0 has to be reduced to 1, Figure 3A shows to which extent R0 should be reduced to contain the epidemic.
The reproduction number can be reduced by either reducing the contact rate or increasing the exclusion rate,
but the latter is problematic when the number of cases grows rapidly.

Assuming γ = 1/(3 days), which is the default value in the model, the data showing epidemic dynamics in
China (Fig. 3B) can be interpreted as follows. Based on the initial exponential phase (trends in one or two weeks
marked in Fig. 3B) one can estimate that θ = 1.4 which corresponds to R0 ' 8.6 (Fig. 3A). Thus, to “stabilise”
the epidemic, China had to reduce R0 by a factor of 8.6. However, as indicated by the fall of the number of
daily new cases, China reduced θ to approximately 0.89 = θ′ (see Sect. 4), which implies R = 0.34 and effective
reduction of R0 about 25 times. We should notice that several authors [9, 19], also based on epidemiological data
from China, obtained much lower estimates of R0; we will come back to this important issue in the Section 2.4.

The ∼10-day time lag between introduction of the quarantine and the time of the peak number of daily
new cases can be attributed to: (1) the incubation period that causes that infected individuals are registered
about τ = 5 days after infection and (2) the fact that the quarantine does not prevent mixing of infectious and
susceptible individuals in households, adding next τ = 5 days to onset of the disease among family members.
Unfortunately, this implies that even if strict quarantine is imposed immediately in European countries it will
have a delayed effect.

In the case of Italy, “soft quarantine” imposed on February 21 in the most affected Italian province, Lombardy,
allowed to reduce θ from the initial value of 1.5 (calculated based on the week of February 23–29, 2020) to the
current value of θlast week = 1.14 (calculated based on the last week, March 14–20, 2020). This implies reduction
of R0 from about 12 to 2.6, which is less than 5 times. To just contain the epidemic, that is, reduce R0 to 1 and
stabilise the number of daily cases, Italy should further reduce the contact rate more than two-fold. Figure 3A
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Figure 3. Daily multiplication coefficient predicted by the model and estimated from data.
(A) Dependence of the daily multiplication coefficient, θ, on the basic reproduction number
R0 = β/γ. Dotted lines guide the eye to relate R0 and β coming from data for China before and
after quarantine (‘Q’) and for several European countries and the US based on last-week data.
(B) Epidemic dynamics in selected countries with high number of cumulative confirmed cases
of COVID-19 based on data from Johns Hopkins University (JHU) Center for Systems Science
and Engineering (CSSE) [16]. Value of initial θ for China is estimated based on 7 or 14 days of
the early exponential phase; current θ is estimated for countries being in the exponential phase
based on last-week data (7 days since March 14 to March 20, 2020). Introduction of quarantine
in China (January 23) is marked with ‘Q’. The range of values of R0 is computed assuming
that 1/γ is in between 3 and 5 days.

indicates that several other large European countries (Germany, France, Spain, and United Kingdom) as well as
the US, each having thousands of cases and last-week θ ≥ 1.19 (as of March 20, 2020), to contain the epidemic
should reduce the contact rate more than three-fold (in the case of the US, eight-fold). In Figure 3B we give
current values of θ and corresponding values of R0 for the mentioned countries (estimated for 1/γ = 3 days and
1/γ = 5 days).

A much different dynamics can be observed in South Korea, which is exiting the exponential phase (Fig. 3B).
Among many preventive countermeasures, until March 20, 2020, South Korea performed 316 000 tests [7], likely
substantially increasing the exclusion rate. The example of South Korea is promising as it suggests that, in
addition to extensive contact tracing and surveillance, development of easily accessible, fast, and accurate tests
may help to contain the spread of the disease.

2.4. Dependence of the basic reproduction number, R0, on the number of exposed
intermediates, k

Value of R0 for COVID-19 has been already estimated in several important studies (parameters of which
are conveniently summarized on the webpage of an online SEIR model simulator [5]). In particular, Kucharski
et al. [9] estimated that R0 = 2.35 (95% CI: 1.15–4.77), whereas Tang et al. [19] estimated that R0 = 6.47



6 M. KOCHAŃCZYK ET AL.

Figure 4. (A, B) Dependence of the daily multiplication coefficient, θ(R0), and (C) depen-
dence of the distribution of the incubation period, τ , on the number of intermediate exposed
states. In the model it is assumed that k = 5. In panel C), Erlang distribution with k = 1 is
equivalent to the exponential distribution with rate parameter 1/τ .

(95% CI: 5.71–7.23). Both estimates were based on SEIR-type models. The main difference between our model
and these models is the inclusion of a cascade of five intermediate exposed states. This is equivalent to assuming
that (1) the incubation period is Erlang-distributed with parameters k = 5 and λ = k/τ , and (2) the serial
interval follows a hypoexponential distribution (in agreement with Li et al. [12]). Importantly, the simplifying
assumption that there is only one intermediate state is equivalent to the assumption that the incubation period
follows an exponential distribution. A bit surprisingly, this simplification substantially modifies R0 estimated
from θ. In Figure 4, we show θ(R0) for two values of γ: 1/3 (default) and 1/5 day−1, calculated assuming that
the number of intermediate states is 1, 2, 3, 5, 10, or∞ (the last case has been determined based on an equivalent
model represented by delay differential equations, see Sect. 4). One can observe that for θ = 1.4, the value of
R0 predicted using a model with one intermediate state is more than 1.5 times smaller than R0 predicted for
the model with k = 5 intermediate states (5.4 vs. 8.6 at γ = 1/3 day−1; of note, the discrepancy would be larger
for larger θ; the ratio of R0 computed for two different fixed values of k does not depend on γ). As shown in
Figure 4C, the exponential distribution of the incubation period with rate 1/τ , or even Erlang(k=2, λ = k/τ),
are not supported by data that indicate much narrower distribution with its probability mass separated from
zero [11, 14]. In conclusion, we think that our estimate of the basic reproduction number is closer to its true
value.

2.5. Hypothetical long-term scenarios

2.5.1. A scenario with constant contact rate, β

The above analysis of the epidemiological situation in several European countries and in the US suggests
that the protective measures instituted in these countries failed to contain the epidemic. It is thus worth to
consider long-term scenarios in which the cumulative number of removed cases, R, becomes comparable to the
population size, N , substantially decreasing the susceptible fraction, fS. In such case, initial exponential growth
ceases, the number of daily new cases culminates in a maximum and then drops due to depletion of susceptible
individuals.

When the reproduction number remains constant, the maximum number of daily new cases is fully determined
by initial θ and exceeds 0.3 million for θ = 1.05 and 1 million for θ = 1.1 in a population of N = 50 million
people (Fig. 5A). It is clear that even the lower of the two numbers exceeds the healthcare capacity of a country
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Figure 5. Long-term epidemic dynamics at a constant contact rate. (A) Daily new cases for
two values of the initial daily multiplication coefficient, θ, and the initial number of removed
(confirmed) cases, R(t= 0), equal 500. (B) Time to the worst day for three initial numbers
of removed (confirmed) cases and new cases in the worst week and month. In both panels,
population size N = 50 million, 1/γ = 3 days.

of tens of millions inhabitants such as Italy (∼60 million), South Korea (∼50 million), or Poland (∼40 million).
This, in turn, implies higher case fatality rate, which may approach the rate of severe cases (10–15% [10]).
Correspondingly, with θ changing from 1.05 to 1.1, time to reach the maximum of daily new cases shortens
nearly twice: from 7.5 to 4 months, assuming the initial number of removed cases, R(t = 0), equal 500. We
should notice that achieving θ = 1.05 as well as θ = 1.1 require quarantine; in “non-quarantined” countries,
such as currently France, Germany, Spain, United Kingdom, and the US, θ & 1.2 (Fig. 3B).

In Figure 5B, we simultaneously show the number of the maximum weekly and monthly new cases and
the time to reach the maximum. Parameter θ > 1.1 implies that within one (worst) month more than half of
population will be infected, whereas θ < 1.1 require long-term quarantine.

2.5.2. Scenarios with time-dependent contact rate, β

We consider the scenario with the constant reproduction parameter not realistic. Initially, when the number
of cases is relatively low, the only way to reduce the contact rate is an administratively-imposed quarantine.
However, one could expect that when the number of daily new cases exceeds a threshold, people will begin
reducing their contacts voluntarily [2] or taking other protective measures such as careful hand-washing or
physical distancing to reduce their number of effective contacts (reviewed in Ref. [4]). To account for this
behavioural aspect, we assume that the contact rate is a decreasing function of daily new cases. We propose to
assume that

β = β0 ×
H

H + (daily new cases)
. (2.5)
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Figure 6. Long-term epidemic dynamics with time-dependent contact rate. (A, B) Contact
rate reduced in response to the surge in the daily number of cases. (C) Contact rate reduced
in response to the surge in the daily number of cases and modulated by the duration of the
quarantine. In panels A and C, initial θ = 1.14, which is equal to last-week θ for Italy. In all
panels, population size N = 50 million and R(t=0) = 500.

This simple formula implies, in particular, that when the number of daily new cases equals H, people reduce
their contacts twice. The value of parameter H can be culture-dependent. In Figure 6A we show long-term
epidemic dynamics assuming H = 10 000. In the considered scenario, the number of daily new cases relatively
quickly reaches 15 000 and then decreases slowly (over years) with a decreasing susceptible fraction, fS. The
scenario shown in Figure 6A results in a manageable number of new cases and grants time to develop, produce,
and distribute a vaccine. For a given β0, the maximum number of daily cases is an increasing function of H,
whereas the time in which the number of daily new cases decreases to the half of the maximum value, t↘max/2,
decreases with H; a bit surprisingly, t↘max/2 depends mainly on β0 ×H (Fig. 6B).

Finally, we consider a scenario in which a secondary behavioural effect modifies the primary effect discussed
above. As before, we assume that people reduce their contacts in response to an increasing risk, but in the course
of their (self)quarantine they gradually accept an increasing risk [17]. (As an aside, when protective measures
are lifted rapidly, such behaviour can lead to epidemic waves observed during the 1918–1919 A/H1N1 influenza
pandemic [6].) Here we propose to model this effect by assuming that

H(t) = H0 ×
t+ Tnegl

Tnegl
, (2.6)

where t is (somewhat arbitrary) time from the beginning of the epidemic and Tnegl is the time scale on which H
(and risk acceptance, or “negligence”) doubles. In Figure 6C we show long-term epidemic dynamics assuming
H = 10 000 and three values of Tnegl: 3, 6, and 9 months. Interestingly, the dynamics is characterized by a
relatively broad plateau, which is desirable due to limited capacity of the healthcare system.

3. Discussion

In this study, we proposed a Susceptible–Exposed–Infectious–Removed model to analyse how the dynamics of
the COVID-19 spread depends on the contact rate, β, and the exclusion rate, γ—two model parameters that can
be modulated by nontherapeutic interventions. The remaining model parameter is the average incubation period,
assumed equal 5 days [11, 14]. A decrease of the contact rate, that can be achieved by imposing quarantine,
results in a decrease of the daily multiplication coefficient θ that describes growth of the cumulative as well as
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the daily new cases in the exponential phase. Coefficient θ can be reduced also by an increase of the exclusion
rate that in turn depends on efficiency of the healthcare. Large exclusion rate is achieved by fast identification
and isolation of infectious individuals. However, when the number of cases is very high, achieving large exclusion
rate is nearly impossible; in this case, reduction of the contact rate remains the only option.

In the early phase, before preventive measures were introduced, COVID-19 had been spreading in China and
then in Italy with θ = 1.4 and θ = 1.5, respectively. This allowed us to estimate the initial basic reproduction
number in these countries: R0 ' 9 and R0 ' 12, respectively. Of note, even without prevention the reproduction
number depends on numerous different factors such as sociological context, hygiene, and weather.

Data describing epidemic dynamics in China suggest that very strict quarantine and other preventive efforts
imposed in the most affected China province, Hubei, [9, 20] allowed to reduce R0 about 25-fold (which is on par
with the estimated reduction of transmissibility of 97–100% [18]). This allowed the Chinese to reduce coefficient
θ from about 1.4 in the exponential growth phase to about θ′ = 0.89 in the regression phase. In Italy, however,
in response to the mild restrictions, θ was reduced from about 1.5 in the early phase to 1.14 observed currently
(March 14–20, 2020), which corresponds to the reduction of R0 from about 12 to 2.6; thus, further ∼3-fold
reduction is necessary to contain the exponential epidemic spread.

Higher reduction of R0 is required in four other considered European countries, France, Germany, Spain, and
United Kingdom, with the number of cases exceeding 10 000 and current θ & 1.2 (March 14–20, 2020). Such
reduction of R0 would allow only to limit growth of daily new cases, but further four-fold reduction is necessary
to bring the epidemic to the regression phase with θ′ = 0.89, as was reported in Hubei. Higher θ′ ∈ (0.89, 1.0)
may also allow to eliminate the disease but the required quarantine time would be longer. It appears that most
of European countries follow the relatively mild regulations adopted in Italy, which (as of March 20, 2020)
proved to be insufficient to contain the epidemic, and, correspondingly, with a week-to-month delay, follow the
Italian trajectory of the cumulative daily new cases.

It is important to notice that the current number of removed (confirmed) individuals may be much lower
than the total number of current exposed and infectious individuals: E1(t) + · · ·+ Ek(t) + I(t). The epidemic
growth that is associated with large R0 implies a proportional large number of not yet confirmed cases that
in the next few days will contribute to the number of cumulative confirmed cases. The confirmed fraction
fconfirmed(t) = R(t)/[E1(t) + · · ·+ Ek(t) + I(t) +R(t)], that remains constant in time in the exponential phase,
can be calculated based on (4.3) and (4.4) as fconfirmed = 1/R0.

Of concern is COVID-19 lethality, which in quantitative terms is usually expressed as the case fatality rate,
assessed as the ratio of deaths to confirmed cases. This definition, used by WHO, works well in the steady state
when the number of active cases remains constant or when historical data of previous epidemics are analysed.
However, in the exponential growth phase, the case fatality rate underestimates the real rate of deaths due to
the disease. When the average time between the onset of symptoms or positive test and death is n days, the
current cumulative number of deaths should be divided by the cumulative number of cases recorded m days
before, which is θn times lower than the current number. This observation may to some extent explain puzzling
large differences between fatality rates across European countries. In Germany, having the lowest fatality rate
(among countries with a high number of cases), identification of people by testing at early stage of the disease
and high standard of public healthcare may result in large n, which together with high θ = 1.28 (March 14–20,
2020) may result in a significant underestimation of the case fatality rate. Assuming n between 10 and 14 days,
one can find that the case fatality rate may be underestimated by a factor between 1.2810 and 1.2814, that is,
12–32 times. Finally, we should notice that in noncontainment scenarios, the expected death toll may not be
predicted based on the case fatality rate, because a significant number of cases may be asymptomatic (and some
individuals could possibly turn out resistant) [13].

Since current data suggest that in Europe, US, and Iran the epidemic will not be contained in its early phase,
we have analysed longer-term scenarios. The model with the constant contact and exclusion rates predicts that
even for a relatively small exponential growth phase coefficient, θ = 1.05, the number of daily new cases (in a
50-million population) will exceed 0.3 million, well above the capacity of the healthcare system. Additionally,
keeping the coefficient θ at such low level requires stringent limitation of personal contacts, while the time to
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the peak of the epidemic would be about 7 months. One of potential consequences of exceeding the healthcare
system capacity is the increase of case fatality rate due to the lack of necessary medical staff and equipment.

We think that the more realistic scenarios are these in which the contact rate varies over time. In early
phase of the epidemic, the contact rate may be reduced only by forcing people to stay home; in the latter
phase, when the number of daily cases exceeds a threshold, people isolate themselves to reduce the risk. In such
scenario, the number of daily new cases reaches peak proportional to an assumed “fear” threshold and then
slowly decreases due to the decreasing fraction of susceptible individuals. Such scenario seems more realistic
and, although devastating for both the economy and social life, grants time to develop and administer vaccine.
Historical data on the 1918–1919 A/H1N1 influenza pandemic suggest also that this “fear” threshold may not
be constant in time, because people suffering from prolonged quarantine may tend to accept higher risk. When
this “negligence” effect is included, one may obtain trajectories for which fast growth is followed by a plateau
and then relatively fast decrease of daily cases. A bit surprisingly, this scenario, although not resulting from
centrally imposed preventive policies, may be the most plausible non-containment scenario balancing health
and economic costs.

4. Methods

4.1. Model equations

The dynamics of the system depicted in Fig. 1 is governed by the following system of 8 ordinary differential
equations:

dS

dt
= −β fS(t) I(t), (4.1a)

dE1

dt
= β fS(t) I(t)− k

τ
E1(t), (4.1b)

dEj
dt

=
k

τ
Ej−1(t)− k

τ
Ej(t) for 2 ≤ j ≤ k, (4.1c)

dI

dt
=
k

τ
Ek(t)− γ I(t), (4.1d)

dR

dt
= γ I(t), (4.1e)

where k = 5 is the assumed number of intermediate exposed states and fS = S(t)/N with constant N =
S(t) + E1(t) + · · ·+ Ek(t) + I(t) +R(t) being the population size (with included deaths).

In the early phase of the epidemic, fS ∼ 1. Under the assumption that fS = 1, the systems has the exponential
solution:

Ej(t) = Ej0 exp(α t) for 1 ≤ j ≤ k, (4.2a)

I(t) = I0 exp(α t), (4.2b)

R(t) = R0 exp(α t), (4.2c)

with R0 being the initial cumulative number of confirmed cases and

I0(R0) = R0
α

γ
, (4.3a)

Ej0(R0) = R0
β

γ

ατ

k

(
1 +

ατ

k

)−j
for 1 ≤ j ≤ k, (4.3b)
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where α is given implicitly:

β = (γ + α)
(

1 +
α τ

k

)k
. (4.4)

When the population cannot be considered as entirely susceptible, that is, when N −S(t)� N is not satisfied,
the system becomes essentially nonlinear and has no analytical solutions. This system is solved numerically using
Wolfram Mathematica (Wolfram Research, Inc., Champaign, IL, US; notebook is available online [15]). All
numerical simulations start from an initial condition in which Ei(t= 0) = Ei0, I(t= 0) = I0, R(t= 0) = R0,

and S(t= 0) = S0 = N −∑k
j=1Ej0 − I0 − R0, where R0 is the given initial cumulative number of confirmed

cases and Ei0(R0) and I0(R0) are computed according to 4.3, assuring that the initial condition lies on the
exponential trajectory. In the model variant with time-dependent contact rates, daily new cases are computed
as γ I(t). Simulations of this model variant start from the same initial condition that lies on the exponential
trajectory.

It is noteworthy that in the limit of k → ∞ the considered model converges to the following three-
compartment “SER” model with delay τ (equal to the average incubation period):

dS

dt
= −β fS(t)E(t− τ), (4.5a)

dE

dt
= β fS(t)E(t− τ)− γ E(t− τ), (4.5b)

dR

dt
= γ E(t− τ). (4.5c)

with fS(t) = S(t)/N where N = S(t) +E(t) +R(t) = const. The delay differential equations-based formulation
(4.5a–4.5c) may admit negative-valued solutions in the epidemic regression phase.

4.2. Estimation of θ

Parameter θ for the initial exponential growth case is estimated based on JHU CSSE data [16] of cumulative
cases as:

θ =

(
cumulative number of cases in day dlast

cumulative number of cases in day dfirst

) 1
∆t

, (4.6)

where for China day dfirst is January 20 and day dlast is January 26 or February 2, 2020, with ∆t = dlast − dfirst

− 1 = 6 or 13, respectively. For other countries, last-week data are used: dfirst is March 14 and dlast is March 20,
2020; ∆t = 6.

It should be noticed that as long as the epidemic progresses exponentially, coefficient θ estimated based
on the increase of cumulative cases R(t) and coefficient θ′ estimated from the number of daily new cases,
R(t)−R(t− (1 day)), should be equal (which is obscured by unavoidable fluctuations in daily data). However,
when the epidemic ceases, θ calculated based on R(t) reaches 1, while θ′ becomes smaller than 1, reflecting
an exponential fall of the number of the daily new (as well as the active) cases. Parameter θ′ in the epidemic
regression phase in China has been estimated as the decay rate of the daily new cases in the time span from
February 2 to March 2, 2020.

Note added in the proof. As of April 4, 2020, the nonessential industry lockdown in Italy, Spain, and
France, which led to an unprecedented decrease of workplace traffic to 1/3 of pre-epidemic level [3], allowed to
terminate the exponential growth phase. These three countries appear to have reached (at least local) maxima
of daily new cases.
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The basic reproduction number R0 of the coronavirus disease
2019 has been estimated to range between 2 and 4. Here, we
used an SEIR model that properly accounts for the distribution
of the latent period and, based on empirical estimates of the
doubling time in the near-exponential phases of epidemic
progression in China, Italy, Spain, France, UK, Germany,
Switzerland and New York State, we estimated that R0 lies
in the range 4.7–11.4. We explained this discrepancy by
performing stochastic simulations of model dynamics in a
population with a small proportion of super-spreaders. The
simulations revealed two-phase dynamics, in which an initial
phase of relatively slow epidemic progression diverts to a faster
phase upon appearance of infectious super-spreaders. Early
estimates obtained for this initial phase may suggest lower R0.

1. Introduction
The basic reproduction number R0 is a critical parameter
characterizing the dynamics of an outbreak of an infectious
disease. By definition, R0 quantifies the expected number of
secondary cases generated by an infectious individual in an
entirely susceptible population. R0 may be influenced by natural
conditions (such as seasonality) as well as socio-economic factors
(such as population density or ingrained societal norms and
practices) [1]. Accurate estimation of R0 is of crucial importance

© 2020 The Authors. Published by the Royal Society under the terms of the Creative
Commons Attribution License http://creativecommons.org/licenses/by/4.0/, which permits
unrestricted use, provided the original author and source are credited.
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because it informs the extent of control measures that should be implemented to terminate the spread of an
epidemic. Also, R0 determines the immune proportion f of population that is required to achieve herd
immunity, f ¼ 1� 1=R0.

A preliminary estimate published by the World Health Organization (WHO) suggested that R0 of
coronavirus disease 2019 (COVID-19) lies in between 1.4 and 2.5 [2]. Later this estimate has been
revised to 2–2.5 [3], which is broadly in agreement with numerous other studies that, based on official
data from China, implied the range of 2–4 (see Liu et al. [4] or Boldog et al. [5] for a summary). This
range suggests an outbreak of a contagious disease that should be containable by imposition of
moderate restrictions on social interactions. Unfortunately, moderate restrictions that were
implemented in e.g. Italy or Spain turned out to be insufficient to prevent a surge of daily new cases
and, consequently, nationwide quarantines had to be introduced.

We estimated the range of R0 of COVID-19 based on the doubling times observed in the exponential
phases of the epidemic in China, Italy, Spain, France, UK, Germany, Switzerland and New York State.
For each of these locations, we used trajectories of both cumulative confirmed cases and deaths [6]. Since
our stochastic simulations suggested that the epidemic may have two-phase dynamics—slow (and
susceptible to extinction) before any super-spreading events occur, and fast and steadily expanding after
the occurrence of super-spreading events—to capture the second phase of the trajectories, we analysed
them after a fixed threshold of cases or deaths had been exceeded, in two-week intervals. Both the
stochastic simulations and R0 estimates were obtained within a susceptible–exposed–infected–removed
(SEIR) model that correctly reproduces the shape of the latent period distribution and yields a plausible
mean generation time. We concluded that the range of R0 is 4.7–11.4, which is considerably higher than
most early estimates. We conjecture that these early estimates were obtained for the first phase of the
epidemic in which super-spreading events were absent.

2. Results
2.1. The SEIR model
We used an SEIR model (see Methods for model equations and justification of parameter values) in which:

— we assumed that the latent period is the same as the incubation period and is Erlang-distributed with
the shape parameter m = 6 and the mean of 5:28 days ¼ 1=s [7];

— we assumed that the infectious period is Erlang-distributed with the shape parameter n = 1
(exponentially distributed) or n = 2, and the mean of 2:9 days ¼ 1=g [8,9];

— the infection rate coefficient β was determined from σ, γ, m, n and doubling time T d, which in turn
was estimated based on the epidemic data as described in the next subsection, ultimately allowing us
to estimate R0 ¼ b=g as R0(T d).

The use of the Erlang distributions directly translates to the inclusion of multiple consecutive substates in
the SEIR model, meaning that we assumed m ‘exposed’ substates and n ‘infectious’ substates (Erlang
distribution is a distribution of a sum of independent exponentially distributed variables of the same
mean).

2.2. Estimation of R0 in the exponential growth phase
First, we estimated the doubling time T d within two-week periods beginning on the day in which the
number of confirmed (in the SEIR model naming convention, ‘removed’, see Methods) cases exceeded
100 or the number of deaths exceeded 10 in China, six European countries and New York State
(figure 1a,b). Values of T d that we obtained lie in between T min

d ¼ 1:86 days (based on cases in
New York State) and T max

d ¼ 2:96 days (based on deaths in Switzerland).
Then, we estimated the range of R0 as a function of the doubling time T d using a formula that takes

into account the mean latent and infectious period, 1/σ and 1/γ, respectively, as well as the shape
parameters m and n, see equation (4.8) in Methods. The lower bound has been obtained using the
model variant with n ¼ 2 (two ‘infectious’ substates), whereas the upper bound results from the
model with n ¼ 1 (one ‘infectious’ substate), figure 1c. After plugging T max

d and T min
d in, respectively,

the variant of our model with the lower R0(T d) curve (n ¼ 2) and the variant with the higher R0(T d)
curve (n ¼ 1), we arrived at the estimated R0 range of 4.7–11.4. The cases-based doubling time for
China, 2.36, is consistent with the value of 2.4 reported by Sanche et al. [11], who estimated that R0
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for China lies in the range 4.7 to 6.6, overlapping with our estimated range for China: 5.6–7.3. The models
having one or two ‘exposed’ substates, often used to estimate the value of R0, substantially
underestimated R0, cf. figure 1c and the articles by Wearing et al. [12], Wallinga & Lipsitch [13] and
Kochańczyk et al. [14].

There are two main reasons why our estimates of the basic reproduction number are higher compared
to other published estimates:

(i) Our SEIR model comprises six ‘exposed’ substates to account for the latent period distribution. As
shown in figure 1c, the broader latent period distribution, exponential (i.e. Erlang with m = 1),
results in lower R0 estimates than the Erlang with m = 2 (at the same remaining model
parameters). We characterized sensitivity of R0 with respect to the mean latent period, 1/σ, in
electronic supplementary material, figure S1, while in figure S2 we show that the assumed
latent period distribution is in agreement with epidemiological estimates [7,15,16].

(ii) We estimated the doubling time, Td, from the growth of the number of cumulative cases and
cumulative deaths in the two-week-long exponential phases of the epidemic in six locations,
obtaining Td ranging from 1.86 to 2.96. These values are much lower than the values reported
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Figure 1. Estimation of the doubling time and the resulting basic reproduction number R0. (a,b) Estimates of the doubling time
T d for China, six European countries and New York State using two-week periods beginning (a) when the number of confirmed
cases exceeds 100 or (b) when the number of deaths exceeded 10, according to data gathered and made available by Johns Hopkins
University [6]. (c) The range ofR0 estimated using two variants of our SEIR model (violet solid and dashed curves) for the range of
T d estimated in (a) and (b). Vertical lines in the yellow area are T d estimates based on the cumulative number cases (orange,
from (a)) or the cumulative number of deaths (brown, from (b)). Blue and green solid curves correspond to R0ðT dÞ according to
SEIR models structured and parametrized as in the study of Kucharski et al. [9] (m = 2, n = 2) and Wu et al. [10] (m = 1, n = 1).
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in the early influential studies of Wu et al. [10,17] and Li et al. [16]: 5.2 days, 6.4 days and 7.4 days,
correspondingly. In these studies, the basic reproduction number has been estimated to lie in
between 1.94 and 2.68. A summary in table 1 shows that the lower R0 estimates follow from
much longer estimates of T d.

2.3. Impact of super-spreading on T d estimation
The discrepancy in T d estimation may be potentially attributed to the fact that not all ‘removed’
individuals are registered. In the case when the ratio of registered to ‘removed’ individuals is
increasing over time, the true increase of the ‘removed’ cases may be overestimated. We do not rule
out this possibility, although we consider it implausible as the expansion of testing capacity in
considered countries has been slower than the progression of the outbreak. We rather attribute the
discrepancy to the fact that in the early phase, in which the doubling time (growth rate) is estimated
based on individual case reports, the consequences of potential super-spreading events (such as
football matches, carnival fests, demonstrations, masses or hospital-acquired infections) are negligible
due to a low probability of such events when the number of infected individuals is low. In a given
region or country, occurrence of first super-spreading events triggers transition to the faster-
exponential growth, in which subsequent super-spreading events become statistically significant and
may become decisive drivers of the epidemic spread [19]. Based on case reports in China, Sanche et al.
[11] inferred that the initial epidemic period in Wuhan has been dominated by simple transmission
chains. Phylogenetic analyses by Worobey et al. [20] revealed that the first cases recorded in USA and
Europe did not initiate sustained SARS-CoV-2 transmission networks. In turn, super-spreading events
were very likely the main drivers of the epidemic spread in e.g. Italy and Germany, where, in the
early exponential phase, spatial heterogeneity of registered cases had been evident [21,22]. In Italy,
Spain and France, this explosive phase was followed by a phase of slower growth, during which mass
gatherings were forbidden, but quarantine (that finally brought the effective reproduction number
below 1) had not been yet introduced.

Motivated by these considerations, we analysed the impact of super-spreading on estimation of T d

based on stochastic simulations of SEIR model dynamics (see electronic supplementary material, listing
S1). Simulations were performed in the perfectly mixed regime according to the Gillespie algorithm [23].
We assumed that a predefined fixed proportion of individuals (equal to 33%, 10%, 3% or 1%) has higher
infectiousness and as such is responsible for on average either half of infections (super-spreaders) or
two-third of infections (hyper-spreaders). To reproduce these fractions in systems with different
assigned proportions of super- or hyper-spreaders, their infectiousness is assumed to be inversely
proportional to their ratio in the simulated population. In figure 2, we show dynamics of the epidemic

Table 1. Relation between T d model parameters (mean latent period or mean incubation period, 1/σ ; mean period of
infectiousness, 1/γ ; and consequent mean generation interval, 〈GI〉), mean serial period, 〈SI〉 and R0. All estimates are based
on the epidemic development in Hubei province of China. The unit of all values, except for R0, is day. Confidence intervals are
given in oval brackets; a credible interval is given in square brackets.

T d 1/σ 1/γ 〈SI〉 or 〈GI〉 R0 reference

? 5.2 2.9 6.65a 2.35 Kucharski et al. [9]

(1.15–4.77)

5.2 6.5 ? 7.0 1.94 Wu et al. [17]

(4.6–6.1) (5.8–8.1) (1.83–2.06)

6.4 6 2.4b 8.4 2.68 Wu et al. [10]

[5.8–7.1] (2.47–2.86)

7.4 5.2 ? 7.5 2.2 Li et al. [16]

(4.1–7.0) (5.3–19) (1.4–3.9)
aThe 〈GI〉 value is not given in the article but calculated from the assumed values of 1/σ and 1/γ as hGIi ¼ 1=sþ 1

2 =g [18].
bThe value 1/γ was obtained by the authors as 〈SI〉− 1/σ, which is inconsistent with the assumption that the infection occurs in
a random time during the period of infectiousness.
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spread in the presence of 1% of hyper-spreaders to demonstrate that the phase of slower growth is
transformed into the faster-exponential growth phase upon the occurrence of hyper-spreading events.

We estimated T d in two ways: based on one month of growth of the number of new cases since the
first registered case (30 days since the first case) and based on growth of new cases in the two-week
period after the number of registered cases exceeds 100 (14 days since 100 cases). As we are interested
in the initial phase characterized by exponential growth, we assumed that the susceptible population
remains constant. In figure 3, we show histograms of T d calculated using either the ‘14 days since 100
cases’ method or the ‘30 days since the first case’ method. One may observe that the histograms
calculated using the ‘30 days since the first case’ method are broader than those calculated using the
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Figure 2. Stochastic epidemic spread in the presence of 1% of hyper-spreaders. (a) Trajectories of confirmed cases (cumulative R in
terms of SEIR compartments) resulting from 100 independent stochastic simulations. When the first hyper-spreading event occurs,
the colour of the line is changed from blue to brown. Dashed grey line shows a deterministic trajectory. (b) Proportion of infections
transmitted by hyper-spreaders among all transmission events over time. Stochastic trajectories stabilize at 66.7%. Trajectories shown
in both panels results from the same set of simulations; simulations resulting in outbreak failure were discarded. Model parameters
used for simulations in both panels: (m, n) ¼ (6, 1), (1=s, 1=g) ¼ (5:28 days, 2:9 days). Infection rate coefficient of hyper-
spreaders was set βh = 198 × βn (where βn is the infection rate coefficient for normal spreaders), which assures that in the
deterministic limit 66.7% of infections are transmitted by hyper-spreaders. In turn, βn was set such that the average infection
rate coefficient β = 2.97 × βn gives T d ¼ 2 days (see equation (4.7) in Methods).
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Figure 3. Estimation of the doubling time T d based on stochastic simulations of the SEIR model with super- and hyper-spreaders.
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Each histogram results from 5000 stochastic simulations starting from a single infected normal individual; trajectories resulting
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‘14 days since 100 cases’method, and the width of all histograms increases with increasing infectiousness
(which is set inversely proportional to ρ). When T d is calculated using the ‘14 days since 100 cases’
method, its median value is slightly larger than T d in the deterministic model (equal to 2 days);
however, when T d is calculated using the ‘30 days since the first case’ method, then for high
infectiousness of super- and hyper-spreaders (correspondingly, for low ρ) its median value becomes
much larger than the deterministic T d. Using the ‘30 days since the first case’ method for the case of
the lowest considered r ¼ 1%, when super-spreaders (hyper-spreaders) have their infectiousness about
100 times (200 times) higher than the infectiousness of normal individuals, one obtains median T d

larger than T d obtained in the deterministic model by 29% (67%), while for ‘14 days since 100 cases’
the T d overestimation is negligible, 3% (6%). This difference is caused by low probability of
appearance of super- or hyper-spreaders in the first weeks of the outbreak.

We note that T d estimation for a given country based on available data is equivalent to the analysis of
a single stochastic trajectory and that at a very initial stage the epidemic can cease. Probability of
extinction is larger when a small fraction of super-spreaders is responsible for a large fraction of cases.
In figure 3, we provide extinction probability, p̂ext, which in the extreme case of 1% of hyper-
spreaders reaches 29%, whereas without hyper-spreaders (or super-spreaders) is 11%.

The examples shown in figures 2 and 3 are focused on the case in which the Td ¼ 2 days, which is
close to T d estimated for Spain and New York State. After removing super-spreaders (assumed to be
responsible for 50% of transmissions) the doubling time would be equal to 3.05 days, whereas after
removing hyper-spreaders (responsible for 66.7% of transmissions) the doubling time would be equal
to 4.24 days. The doubling times in the range 5.2–7.4, obtained by analysing early onsets of the
epidemic (Wu et al. [10,15] and Li et al. [16]), exceed our model prediction obtained after removing
66.7% of transmissions by hyper-spreaders, suggesting that the fraction of transmissions for which
hyper-spreaders are responsible can be even larger. Endo et al. estimated that 80% of secondary
transmissions could have been caused by 10% of infectious individuals [19].

Finally, we compare T d estimates obtained for eight considered locations using the ‘14 days since 100
cases’method (as in figure 1) or the ‘30 days since the first case’method. As expected, T d estimates using
‘30 days since the first case’method in most cases are larger and more dispersed (in range 1.92–12.6) than

Table 2. Doubling time (T d) estimates using the ‘14 days since 100 cases’ or the ‘30 days since the first case’ method. For all
locations except China, the data gathered and made available by Johns Hopkins University [6] are used. As for the second
method, the calculation either starts from the first case or from two first cases (if no date is provided for the first case). In the
case of China (for which Johns Hopkins University [6] early data are not available) data from [24] are used.

location

‘14 days since 100 cases’ ‘30 days since the first case’

T d from up to T d from up to

China 2.36 548 cases 23 707 cases 4.43 1 case 37 cases

(22 Jan 2020) (4 Feb 2020) (1 Dec 2019) (30 Dec 2019)

Italy 2.56 155 cases 5883 cases 3.25 2 cases 1128 cases

(23 Feb 2020) (7 Mar 2020) (31 Jan 2020) (29 Feb 2020)

Spain 2.11 120 cases 7798 cases 6.35 1 case 84 cases

(2 Mar 2020) (15 Mar 2020) (1 Feb 2020) (1 Mar 2020)

France 2.61 130 cases 4496 cases 12.30 2 cases 12 cases

(1 Mar 2020) (14 Mar 2020) (24 Jan 2020) (22 Feb 2020)

UK 2.88 134 cases 3077 cases 7.66 2 cases 61 cases

(2 Mar 2020) (15 Mar 2020) (31 Jan 2020) (29 Feb 2020)

Germany 2.56 130 cases 4585 cases 12.56 1 case 17 cases

(1 Mar 2020) (14 Mar 2020) (27 Jan 2020) (25 Feb 2020)

Switzerland 2.86 114 cases 3028 cases 2.34 1 case 10 897 cases

(5 Mar 2020) (18 Mar 2020) (25 Feb 2020) (25 Mar 2020)

NY (state) 1.86 106 cases 11 727 cases 1.92 1 case 75 833 case

(8 Mar 2020) (21 Mar 2020) (2 Mar 2020) (31 Mar 2020)
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the estimates based on the primary method (1.86–2.88). Results shown in table 2 clearly indicate that the
‘14 days since 100 cases’ method is more reliable. Its disadvantage lies in the fact that for a given location
the T d estimate is possible when the epidemic is fully developed (see third and fourth columns of table
2). It is, however, important to note that for China the ‘14 days since 100 cases’ method estimate (chosen
in our study and givingR0(T d) in range 5.6–7.3) was possible on 4 February 2020, before the surge of the
epidemic in Europe and USA, and more than one month ahead of the first European country-wide
lockdown that was imposed in Italy (9 March 2020).

3. Conclusion
Based on epidemic data from China, New York State and six European countries, we have estimated that
the basic reproduction numberR0 lies in the range 4.7–11.4 (5.6–7.3 for China), which is higher than most
previous estimates [4,5,8]. There are two sources of the discrepancy in R0 estimation. First, in agreement
with data on the incubation period distribution (assumed to be the same as the latent period
distribution), we used a model with six ‘exposed’ states, which substantially increases R0 ðT dÞ with
respect to the models with one or two ‘exposed’ states. Second, we estimated T d based on the two-
week period of the exponential growth phase beginning on the day in which the number of
cumulative registered cases exceeds 100, or when the number of cumulative registered fatalities
exceeds 10. Importantly, values of T d estimated from the growth of registered cases and from the
growth of the registered fatalities led to similar R0 estimates. This approach, in contrast to estimation
of R0 based on individual case reports, allows to implicitly take into account super-spreading events
that substantially shorten T d. Spatial heterogeneity of the epidemic spread observed in many
European countries, including Italy, Spain and Germany, can be associated with larger or smaller
super-spreading events that initiated outbreaks in particular regions of these countries. Lack of, or
sporadic super-spreading events in first phase of epidemic explains why T d estimated using the ‘30
days since the first case’ method gives in most cases larger and more dispersed values than our
method of choice: ‘14 days since 100 cases’. This, in turn, suggests that in general the reproduction
number calculated based on early epidemic development can be probably underestimated, and thus
in the case of future epidemics must be considered with caution.

Our estimates are consistent with current epidemic data in Italy, Spain and France. As of 24 April
2020, these countries managed to terminate the exponential growth phase by means of country-wide
quarantine. Current COVID-19 Community Mobility Reports [25] show about 80% reduction of
mobility in retail and recreation, transit stations and workplaces in these countries. Together with
increased social distancing, this reduction possibly lowered the infection rate β at least fivefold;
additionally, massive testing reduced the infectious period, 1/γ. Consequently, we suspect that the
reproduction number R = β/γ was reduced more than fivefold, which brought it to the values
somewhat smaller than 1. This suggests that R0 in these countries could have been larger than 5.

4. Methods
4.1. SEIR model equations and parametrization
The dynamics of our SEIR model is governed by the following system of ordinary differential equations:

dS
dt

¼ �b I(t)S(t)=N (4:1)

dE1

dt
¼ b I(t) S(t)=N �msE1(t), (4:2)

dEi

dt
¼ msEi�1(t)�msEi(t), 2 � i � m, (4:3)

dI1
dt

¼ msEm(t)� n g I1(t), (4:4)

dI j
dt

¼ n g I j�1(t)� n g I j(t), 2 � j � n, (4:5)

dR
dt

¼ n g In(t), (4:6)

where N = S(t) + E1(t) +… + Em(t) + I1(t) +… + In(t) +R(t) is the constant population size, and I(t) = I1(t) +
… + In(t) is the size of infectious subpopulation. As m is the number of ‘exposed’ substates and n is the
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number of ‘infectious’ substates, there are m + n + 2 equations in the system. In the early phase of the
epidemic, 1− S(t)/N≪ 1 and with constant coefficients β, σ and γ the growth of R (as well as Ei

and Ij) is exponential.
An important property of a given SEIR model parametrization is its implied distribution of

generation interval (GI), the period between subsequent infection events in a transmission chain.
While the expected GI is easily computable from model parameters as hGIi ¼ s�1 þ 1

2 g
�1 (the mean

period of infectiousness is halved to reflect the assumption that the infection occurs in a random time
during the period of infectiousness [17]), it can be hardly estimated based on even detailed
epidemiological data. It should be noted that in some sources the formula 〈GI〉 = σ−1 + γ−1 is used (e.g.
[26]), in which it is assumed that the infection occurs at the end of the period of infectiousness, not at
a random point of this period. GI may be related to the serial interval, SI, the period between the
occurrence of symptoms in the infector and the infectee. Although GI and SI may have different
distributions, their means are expected to be equal and thus may be directly compared. Our
parametrization implies 〈GI〉 = 6.73 days, which is consistent with 〈GI〉 of the model by Ferguson et al.
(6.5 days) [27] and the estimates of 〈SI〉 by Wu et al. (7.0 days) [15], Ma et al. (6.8 days) [28] or Bi et al.
(6.3 days) [29].

The short period of effective infectiousness reflects the assumption that the individuals with
confirmed infection are quickly isolated or self-isolated and then cannot infect susceptible individuals.
This enabled us to identify the reported increase of confirmed cases with the transfer of the
individuals from the (last substate of the) ‘infectious’ compartment to the ‘removed’ compartment of
the SEIR model. In addition to the currently diseased individuals that remain isolated, the ‘removed’
compartment contains the recovered (and assumed to be resistant) and the deceased individuals.

We assume the same 1/γ = 2.9 days in all locations and times, being, however, aware that the mean
infectious period may shorten over time due to the implementation of protective health-care practices,
increased diagnostic capacity, and contact tracing [29]. In turn, the mean latent period, 1/σ, may be
considered an intrinsic property of the disease. As the distribution of the latent period is not known,
as a simplification, in our model, the distribution of the latent period (time since infection during
which an infected individual cannot infect) is assumed to be the same as the distribution of the
incubation period (time since infection during which an infected individual has not yet developed
symptoms). We demonstrated the influence of 1/σ on the estimation of R0 in electronic
supplementary material, figure S1.

4.2. Estimation of the doubling time and the basic reproduction number
Growth rates used for estimation of respective doubling times, T d, were determined by linear regression
of the logarithm of the cumulative confirmed cases and cumulative deaths in the exponential phase of
the epidemic separately in each of eight considered location. We discarded initial parts of trajectories
with less than 100 confirmed cases (or 10 registered fatalities) and used two-week-long periods to
strike a balance between: (i) analysis of epidemic progression when stochastic effects associated with
individual transmission events, including super-spreading, are relatively small (see stochastic
simulation trajectories in electronic supplementary material, figure 2a), and (ii) analysis of the
exponential phase of epidemic progression, which is relatively short due to imposition of restrictions.
We expect that the trajectories of deaths may be less affected by under-reporting; nevertheless,
doubling times obtained from growth rates of cumulative cases and cumulative deaths turn out to be
quite consistent.

In the context of our SEIR model, the doubling time T d and parameters β, σ, γ, n, m satisfy the relation

b(T d; s, g, m, n) ¼
log 2
T d

log 2
T d ms þ 1

� �m

1� log 2
Td n g þ 1

� ��n (4:7)

that enables calculation of the basic reproduction number using the doubling time T d estimated directly
from the epidemic data as

R0(T d) ¼ b(T d; s, g, m, n)
g

, (4:8)

in accordance with Wearing et al. [12] and Wallinga & Lipsitch [13].

Data accessibility. All data used in this theoretical study are referenced.
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Abstract: The novel SARS-CoV-2 Variant of Concern (VOC)-202012/01 (also known as B.1.1.7), first
collected in United Kingdom on 20 September 2020, is a rapidly growing lineage that in January 2021
constituted 86% of all SARS-CoV-2 genomes sequenced in England. The VOC has been detected in
40 out of 46 countries that reported at least 50 genomes in January 2021. We have estimated that
the replicative advantage of the VOC is in the range 1.83–2.18 [95% CI: 1.71–2.40] with respect to
the 20A.EU1 variant that dominated in England in November 2020, and in range 1.65–1.72 [95%
CI: 1.46–2.04] in Wales, Scotland, Denmark, and USA. As the VOC strain will likely spread globally
towards fixation, it is important to monitor its molecular evolution. We have estimated growth rates
of expanding mutations acquired by the VOC lineage to find that the L18F substitution in spike has
initiated a fast growing VOC substrain. The L18F substitution is of significance because it has been
found to compromise binding of neutralizing antibodies. Of concern are immune escape mutations
acquired by the VOC: E484K, F490S, S494P (in the receptor binding motif of spike) and Q677H,
Q675H (in the proximity of the polybasic cleavage site at the S1/S2 boundary). These mutants may
hinder efficiency of existing vaccines and expand in response to the increasing after-infection or
vaccine-induced seroprevalence.

Keywords: COVID-19 pandemic; SARS-CoV-2; spike protein; VOC-202012/01; spike L18F; genome
sequencing; mutation

1. Introduction

The earliest genome belonging to the novel SARS-CoV-2 Variant of Concern (VOC)-
202012/01, also known as B.1.1.7 lineage, was collected on 20 September 2020, in Kent,
UK (GISAID sequence accession ID: EPI_ISL_601443). The lineage, characterized by nine
spike protein mutations (deletions: 69–70 HV, 145V; substitutions: N501Y, A570D, D614G,
P681H, T716I, S982A, D1118H), started to spread rapidly in mid-October 2020 to constitute
in January 2021 86% of all SARS-CoV-2 genomes sequenced in England [1,2]. Spread of the
VOC-202012/01 variant, hereafter referred to as the VOC, co-occurred with a rapid surge
of cases in December in Kent and Greater London [3,4].

In England, the VOC is currently replacing the recently dominant 20A.EU1 strain,
characterized by A222V substitution in spike protein [5]. Both strains are independent
substrains of a spike glycoprotein D614G variant that has spread in spring 2020 in England
and worldwide, almost reaching fixation [6]. The 20A.EU1 strain started expanding in
England in mid-August 2020 and constituted more than 65% of genomes sequenced in
England in November 2020 [2]. The VOC strain in the receptor-binding motif (RBM) of
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spike shares mutation N501Y with the 501Y.V2 and P.1 strains that are currently rapidly
spreading in South Africa and Brazil, respectively [7,8].

Deletion 69H–70V in spike glycoprotein, which is characteristic, but not unique,
to the VOC, prevents detection of the spike gene by the dPCR probe used by some
laboratories of the English diagnostic system (spike gene target failure, SGTF) [9]. As the
VOC has a high multiplicative potential, it has become the most prevalent ∆69–70HV strain;
consequently, the proportion of the SGTF has been used as a proxy for the prevalence of the
VOC genome [9]. Based on the SGTF, the Public Health England agency determined the
multiplicative advantage of the VOC in NHS STP areas of England in weeks 44–48 of 2020.
As an average for the considered STP areas the authors obtained the ratio of reproduction
numbers equal 1.47 [95% CI: 1.34–1.59] [9]. Leung et al., based on GISAID data from the
period 22 September –16 November 2020, and a competition transmission model of two
viruses, estimated this ratio as 1.75 [95% CrI: 1.70–1.80] [10]. Davies et al., based on data
from the COVID-19 Genomics UK (COG-UK) Consortium from October and November
2020 estimated that the VOC is 43–82% [95% CrI: 38–106%] more transmissible than
preexisting variants of SARS-CoV-2 [11,12]. Our early estimate of the ratio of reproduction
numbers of the VOC to non-VOC strains, based on GISAID data in weeks 43–47 of 2020 in
England was 2.24 [95% CI: 2.03–2.48] [13].

In this study, based on GISAID data available on 12 February 2021 (when this
manuscript has been revised), we calculated the growth of the ratio of the VOC to the
20A.EU1 genome sequences collected in the period between week 43 and week 51 of
2020 (19 October–20 December 2020) and estimated the replicative advantage of the VOC
strain in relation to the 20A.EU1 strain. Then, using the same approach, we estimated
the replicative advantage of the 20A.EU1 strain in relation to previous D614G strains and
the D614G strain in relation to the D614 strains (i.e., the strains with non-mutated residue
614). In such approach, we analyze the progression of strains with increasing replication
advantage: D614G→ 20A.EU1→ the VOC. In contrast to the approach of Public Health
England (PHE) agency [9] and Davies et al. [11], we used England-aggregated weekly
data. We prefer to use such aggregated data because of the geographically non-uniform
emergence of VOC substrains that, as we will show, have diverse replication advantages.
Some substrains that emerge locally may have low or no replicative advantage and in
the long term may be out-competed and eventually eliminated; however, such transient
substrains can considerably contribute to the genome composition in specific NHS STP
areas of England.

The VOC strain, as all strains, mutates continuously. Because of its significant
replicative advantage, any accrued mutations gain an opportunity to spread (potentially
worldwide), depending on their replicative advantage with respect to the bulk VOC strain,
or higher ability to infect seroprevalent individuals. We have systematically estimated
growth rates of spreading mutations acquired by the VOC lineage to find that spike L18F
substitution has likely initiated a substrain of replicative advantage. The L18F mutation is
of significance because when recently analyzed in the context of the South African strain
501Y.V2 it has been found to compromise binding of neutralizing antibodies [14,15].

2. Materials and Methods
2.1. Data Sources

In Figures 1–7 we use weekly aggregated data of samples collected in England or
South Africa submitted to GISAID until 12 February 2021, and samples collected in Wales,
Scotland, Denmark, and the USA and submitted until 17 February 2021. Table 1 is based on
GISAID data as of 16 February 2021. In Supplementary Figure S1, we use COG-UK pillar 2
data as of 15 February 2021. All data used for Figures 1–7 and supplementary Figure S1 are
collected in a single file, Supplementary Data File S1.
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Figure 1. Fixation of D614G strain and competition between its substrains: 20A.EU1 and the VOC in
England. The proportion of D614G (orange), 20A.EU1 (cyan), VOC (magenta) and D614 strains (black)
in weeks 10–53 of 2020 has been determined based on GISAID data available on 12 February 2021
(provided in Supplementary Data File S1).

2.2. Genome Sequence Analysis

We analyzed mutations in spike gene sequences that had at most 5% letters other
than A, C, G, T. Sequences devoid of full daily collection date were excluded from the
analysis. The spike gene was localized using EMBOSS stretcher and then re-aligned using
EMBOSS needle [16] to the reference sequence: GenBank’s NC_045512.2 from Wuhan or
GISAID’s EPI_ISL_601443 from Kent. To minimize ambiguous reporting of mutations
variants, indels were left-aligned using an in-house script; insertions and deletions on
consecutive residues were collated and considered a single mutation.

2.3. Monte Carlo Estimation of the Confidence Interval for the Growth Rate of the Ratio of Strains

To estimate the 95% credible interval for k subsequent weeks a priori we assume that
genomes of two compared strains in each week of the considered period follow a respective
binomial distribution having a success probability p = nx/(nx + ny), where nx and ny are
the numbers of two compared strain genomes (e.g., VOC and 20A.EU1). By sampling from
k such binomial distributions for the considered time window of k weeks 105 times, we
obtained 105 series of k simulated sequenced genome proportions. We performed fitting
to each such series to obtain 105 estimates of the weekly growth rate of the ratio of the
genome sequences. In all cases but one for L18F analysis (Figure 7) the 95% credible interval
obtained using the a priori method has been narrower than the 95% confidence interval
calculated as 1.96× (standard error of the slope). In these cases we reported confidence
interval, while in L18F case we reported the credible interval.

2.4. Estimation of the Relative Replication Advantage of Viral Strains

To estimate the ratios of replication numbers of strain x and y we estimated the weekly
growth of the ratio of the number of their sequenced genomes, v. Then, assuming that both
strains have the same average serial interval of 6.73 days [17], we obtained the ratio of their
replication numbersRx

t /Ry
t := v6.73/7. This estimation of the relative replicative advantage

of viral strains does not involve a direct calculation of their reproduction numbers.
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England

weekly growth
of the ratio: 2.24
[95% CI: 2.03-2.48]

weekly growth
of the ratio: 1.88
[95% CI: 1.75-2.01]

England

weekly growth
of the ratio: 1.25
[95% CI: 1.23-1.28]

England

weekly growth
of the ratio: 1.44
[95% CI: 1.40-1.48]

England

Figure 2. The replicative advantage of the VOC, 20A.EU1, and the D614G strain. (A) The ratio of the VOC to 20A.EU1
sequences collected in weeks 38–51 of 2020 in England. The trend line is fitted to data points from weeks 43–51 (blue) and
from weeks 43–47 (red). The weekly growth rate is 1.88 [95% CI: 1.75–2.01] for weeks 43–51 and 2.24 [95% CI: 2.03–2.48] for
weeks 43–47. (B) Stabilization of fits shown in panel A with time-shifting date of the last submission. (C) The ratio of the
20A.EU1 to non-20A.EU1 non-VOC D614G genomes collected in weeks 29–51 of 2020 in England. The trend line is fitted
to data points from weeks 34–45. The weekly growth rate is 1.25 [95% CI: 1.23–1.28]. (D) The ratio of the D614G to D614
genomes collected in weeks 11–27 of 2020 in England. The trend line is fitted to data points from weeks 11–24. The weekly
growth rate is 1.44 [95% CI: 1.40–1.48]. Data points for selected weeks are labeled with ratios of the counts of genome
sequences. Panels A, C and D are based on GISAID data submitted till 12 February 2021 (provided in Supplementary Data
File S1).
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weekly growth
of the ratio: 1.73
[95% CI: 1.64-1.81]

weekly growth
of the ratio: 1.71
[95% CI: 1.52-1.93]

weekly growth
of the ratio: 1.69
[95% CI: 1.56-1.83]

weekly growth
of the ratio: 1.76
[95% CI: 1.48-2.09]

Figure 3. The replicative advantage of the VOC in (A) Denmark, (B) Scotland, (C) Wales, and (D) USA. (A) The ratio of the
VOC to the 20A.EU1 sequences collected in Denmark. The trend line is fitted to data points from week 50 of 2020 to week 4
of 2021. (B) The ratio of the VOC to 20A.EU1 sequences collected in Scotland. The trend line is fitted to data points from
weeks 50 of 2020 to week 4 of 2021. (C) The ratio of the VOC to 20A.EU1 sequences collected in Wales. The trend line is
fitted to data points from week 50 of 2020 to week 4 of 2021. (D) The ratio of the VOC to non-VOC sequences collected in
USA. The trend line is fitted to data points from week 51 of 2020 to week 3 of 2021. Data points are labeled with ratios of the
counts of genome sequences. The weekly growth rates and respective confidence intervals are given in each panel. All
panels are based on GISAID data submitted till 17 February 2021 (provided in Supplementary Data File S1).

weekly growth
of the ratio: 1.58
[95% CI: 1.45-1.72]

South Africa

Figure 4. The replicative advantage of the 501Y.V2 strain in South Africa. Shown is the ratio of the
501Y.V2 to the non-501Y.V2 genomes collected in weeks 41–50 of 2020 in South Africa. The trend line
is fitted to data points from weeks 43–50. The weekly growth rate is 1.58 [95% CI: 1.45–1.72]. Data
points for selected weeks are labeled with ratios of the counts of genome sequences. The figure is
based on GISAID data submitted till 12 February 2021 (provided in Supplementary Data File S1).
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Figure 5. Mutations in spike protein in the VOC lineage in England in relation to the first VOC genome collected in
September 20, 2020 (GISAID sequence accession ID: EPI_ISL_601443): (A) Dots denote genomes collected in a given date
(horizontal axis) with a respective number of novel (amino acid-level) mutations in relation to the first VOC genome (vertical
axis). The number of the genomes with a given number of novel mutations is provided as gray numbers next to a brace.
(B) The average number of novel (amino-acid level) mutations in a VOC lineage sequence (weekly average).

N354D
N394Y

P384L
E484K

K835R

Q675H
A831V

V622F
Q677H

L18F

S98F
S494PL5F

N501Y Δ69H-70V,

I1227M

Figure 6. The growth of VOC substrains with respect the whole VOC strain. The figure is based
on spike protein sequences from genomes collected in England and submitted to GISAID till
12 February 2021. The growth of the whole VOC strain (red line) in the time span between t
and t0 = 12 February 2021 is calculated as VOC(t0)/VOC(t), i.e., the ratio of the number of the
VOC genomes collected till 12 February 2021 and the number of VOC genomes collected till t (date
given on horizontal axis). Disks denote VOC substrains defined by particular mutations (with at
least 30 genomes submitted); horizontal axis value for each circle is the date of first collection of
a sequence with a given mutation; vertical axis value is the number of genomes collected till 12
February 2021, conferring a given mutation. Red, orange, and green circles denote substrains with
leading mutation in respectively in RBD, NTD, and signal peptide; black circles denote mutations in
other domains. Selected substrains that may have replicative advantage and all substrains with the
leading mutation in RBD are annotated. Detailed data that were analyzed to prepare this figure are
provided in Supplementary Data File S1 (sheet ‘Mutations’).
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weekly growth
of the ratio: 1.75
[95% CrI: 1.59-2.07]

England

53

Figure 7. The growth of the spike L18F substrain in relation to the L18 VOC strains. The ratio vL of
the number of VOC genomes conferring spike L18F mutation to the number of non-mutated (L18)
VOC genomes collected in the period between week 49 of 2020 and week 3 of 2021 in England. Data
aggregated into weeks indicated that vL changes from 7:2887 = 0.0024 in week 50 of 2020 to 329:8049
= 0.041 in the second week of 2021, i.e., 16.9 times, meaning that vL increases 16.91/5 = 1.76-fold per
week. The trend line is fitted to data points shown as filled circles. The weekly growth rate of the
ratio is 1.75. The 95% CI calculated as 1.96 × standard error of the slope is [1.66–1.85]; the 95% CrI
calculated assuming binomial distribution of substrain genomes is [1.59–2.07]. Data points in week
50 of 2020 and week 2 of 2021 are labeled with ratios of the counts of both types of genome sequences.
The figure is based on GISAID data submitted until 12 February 2021 (provided in Supplementary
Data File S1).

3. Results
3.1. Evolution of SARS-CoV-2 in England

The first prevailing mutation of SARS-CoV-2 was D614G substitution in spike protein
(the first GISAID reported genome, EPI_ISL_913915, was collected on 2 January 2020, in
Mexico). This substitution initiated a strain that spread worldwide nearly reaching global
fixation [6]. In England, the D614G strain appeared during the spring wave of epidemic in
2020, and in summer it exceeded 98% of all sequenced genomes (Figure 1). Its substrain,
20A.EU1, started expanding in England in week 31 of 2020 and reached its maximum of
68% of all sequenced genomes in week 44 (Figure 1). The VOC strain is also a substrain of
the D614G lineage, independent of 20A.EU1, which started expanding in week 43 (before
week 43, less than 5 VOC genomes were collected per week), and in week 51 reached 57%
of all sequenced genomes. At the same time the proportion of the 20A.EU1 strain dropped
to 35% and the proportion of all other genomes dropped to 8%. One can observe that in
weeks 44–51 the decrease of the proportion of 20A.EU1 is about twofold (from 68% to
35%), while the decrease of the proportion of remaining strains (that is, strains other than
considered 20A.EU1 and VOC) is nearly fourfold (from 31% to 8%). This motivates us
to calculate the replicative advantage of the VOC strain in relation to the 20A.EU1 strain
instead of all non-VOC strains (the replicative advantage of the VOC over non-VOC strains
would depend on the proportion of the 20A.EU1 strain in all non-VOC genomes).
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3.2. Replicative Advantage of the VOC Strain over the 20A.EU1 Strain in England

In the eight-week period of weeks 43–51, the ratio q of the VOC to the 20A.EU1
strain increased from q = 30/4030 ≈ 0.0074 to q = 4928/3051 ≈ 1.62, that is, 217 times.
This implies that q increased 2171/8 ≈ 1.96-fold per week. To estimate the growth of q
in a more rigorous way, we fitted the trend line using two fitting windows (Figure 2A).
Fitting in weeks 43–47 gives weekly growth v = 2.24 [95% CI: 2.03–2.48], whereas fitting in
weeks 43–51 gives v = 1.88 [95% CI: 1.75–2.01]. These confidence intervals are estimated as
1.96 × standard error of the slope. However, as the estimate for weeks 43–47 is based on
only 5 data points and the number of the VOC genomes in the first data point is small
(n = 30), we additionally estimated the 95% credible interval for weeks 43–47 a priori
(assuming binomial distributions of VOC and 20A.EU1 strain genomes, see Methods).
Using this auxiliary method, we estimated that the 95% CrI is 2.09–2.45, which is somewhat
narrower than the 95% CI calculated from the standard error of the slope. This demonstrates
that the CI calculated from the standard error of the slope was not a result of an incidental
linearity of data points.

To estimate the ratio of reproduction numbers of the VOC and the 20A.EU1 strain,
RVOC

t /R20A.EU1
t , we assumed that both strains have the same average serial interval

of 6.73 days [17]. Then, RVOC
t /R20A.EU1

t = 2.246.73/7 = 2.18 [95% CI: 1.97–2.40] for the
fitting window in between weeks 43 and 47, and RVOC

t /R20A.EU1
t = 1.886.73/7 = 1.83

[95% CI: 1.71–1.96] for fitting window in between weeks 43 and 51. The eight-week window
estimate gives a smaller advantage of the VOC than the four-week window. We think that
this discrepancy is caused by two factors. As shown in the report of PHE [3] in week 51
of 2020, the VOC almost reached fixation in the Greater London and Kent, being nearly
absent in central England. Additionally, more stringent measures implemented in Greater
London and Kent limited the growth of absolute numbers of VOC cases. The heterogeneity
in ratio q is not important as long as q is low (as it was until week 47); however, when q
becomes high in some subregions, growth of q in the whole region decelerates. For this
reason, we have not extended the fitting window past week 51. Since we may not rule out
a chance that the higher growth of q in the window of 43–47 weeks is an artifact caused by
a small number of data points, we conclude that that ratioRVOC

t /R20A.EU1
t is in the range

1.83–2.18 [95% CI: 1.71–2.40].
We should notice that sequenced genomes are submitted to GISAID with some time

delay after sample collection; however, as of 12 February, the data for weeks 44–51 of
2020 appears nearly complete. As shown in Figure 2B, replicative advantage estimates
stabilize with the progression of the ‘date of last submission’. We have also verified our
fits using the COG-UK genome database. We performed the analysis based on pillar
2 genomes that excludes routine tests of health and care workers and other tests made for
particular purposes (pillars 1, 3, and 4) (https://www.gov.uk/government/publications/
coronavirus-covid-19-testing-data-methodology/covid-19-testing-data-methodology-note,
accessed on 12 February 2021). For the COG-UK data we obtained nearly the same
(±3%) replicative advantage of the VOC strain in the 43–47 and 43–51 week windows, see
Supplementary Figure S1 for fits and values.

In the same way we estimated that the ratio of Rt of the VOC strain to Rt of other
strains (that are neither VOC nor A20.EU1) is in the range of 2.03–2.47 [95% CI: 1.89–2.77],
where the lower bound is the estimate within weeks 43–51 and the higher bound is the
estimate for weeks 43–47 of 2020. As may be expected, RVOC

t /Rother
t > RVOC

t /R20A.EU1
t ,

which reflects the fact that the A20.EU1 strain has a replicative advantage over previously
dominant non-VOC D614G strains. We estimated this advantage by fitting a trend line to
data points from weeks 34–45 of 2020, because for this period the exponential growth of the
ratio of the A20.EU1 strain to other non-VOC D614G strains is observed (Figure 2C). In this
period, the ratio of the A20.EU1 to other non-VOC D614G strains grows at a rate of 1.25
[95% CI: 1.23–1.28] per week, which givesR20A.EU1

t /Rother non-VOC D614G
t = 1.256.73/7 = 1.24

[95% CI: 1.22–1.27]. Finally, we estimated that the ratio RD614G
t /RD614

t = 1.446.73/7 = 1.42
[95% CI: 1.38–1.45]. Concluding, we showed that the D614G strain that spread worldwide

https://www.gov.uk/government/publications/coronavirus-covid-19-testing-data-methodology/covid-19-testing-data-methodology-note
https://www.gov.uk/government/publications/coronavirus-covid-19-testing-data-methodology/covid-19-testing-data-methodology-note
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towards fixation had replicative advantage of 1.42 in relation to D614 strains in England.
Its substrain A20.EU1 had replicative advantage of 1.24 over bulk D614G, and reached the
proportion of 68% of genomes in England. Currently, A20.EU1 is outcompeted by the VOC
that has about two-fold replicative advantage in relation to the A20.EU1 strain.

3.3. Worldwide Spread of the VOC Strain

London serves as a major transportation hub and thus, unsurprisingly, among
46 countries that reported SARS-CoV-2 genomes in January 2021, 40 countries reported a
VOC genome from this period. We estimated the ratio of the VOC genomes to all genomes
in these countries (Table 1). We found that, in addition to England, in 10 countries the VOC
genomes constituted more than half of reported genomes. The data suggest that the strain
is spreading globally, even though from countries other than England less than 20% of
VOC genomes were reported (as of 16 February 2021).

Table 1. Fraction of VOC genomes in countries that in January 2021 reported more than 50 genomes.

Country Proportion of VOC Genomes 95% CrI

England 86.1% (43,260/50,240) 85.8–86.4%
Scotland 71.3% (1445/2028) 69.3–73.2%
Ghana 68.9% (62/90) 58.9–77.8%
Turkey 68.6% (155/226) 62.4–74.3%

Slovakia 67.7% (42/62) 56.5–79.0%
Ireland 62.0% (364/587) 58.1–65.9%

Italy 61.0% (169/277) 55.2–66.8%
Nigeria 60.3% (70/116) 51.7–69.0%

N. Ireland 57.9% (183/316) 52.5–63.3%
Wales 53.5% (2125/3971) 52.0–55.1%

Romania 52.0% (26/50) 38.0–66.0%
Spain 49.1% (576/1174) 46.2–52.0%
France 44.7% (691/1545) 42.3–47.2%
Israel 36.9% (113/306) 31.7–42.5%

Australia 34.4% (66/192) 27.6–41.2%
Austria 34.2% (178/520) 30.2–38.3%
Belgium 32.6% (538/1651) 30.4–34.9%
Czechia 32.1% (17/53) 20.8–45.3%
Finland 31.8% (67/211) 25.6–37.9%
Sweden 27.7% (109/394) 23.4–32.2%

Netherlands 21.0% (328/1561) 19.0–23.1%
Singapore 20.6% (30/146) 14.4–27.4%
Portugal 20.0% (127/636) 17.0–23.1%
Germany 16.9% (68/403) 13.4–20.6%
Sri Lanka 14.8% (13/88) 8.0–22.7%
Norway 14.3% (27/189) 9.5–19.6%
S. Korea 13.3% (12/90) 6.7–21.1%

India 12.9% (11/85) 5.9–20.0%
Luxembourg 10.7% (27/253) 7.1–14.6%

Denmark 10.5% (1270/12,137) 9.9–11.0%
Brazil 9.5% (13/137) 5.1–14.6%

N. Macedonia 9.3% (5/54) 1.9–18.5%
Switzerland 8.2% (409/4985) 7.4–9.0%

Iceland 7.7% (5/65) 1.5–15.4%
Canada 7.0% (36/514) 4.9–9.3%
Poland 6.7% (11/165) 3.0–10.9%
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Table 1. Cont.

Country Proportion of VOC Genomes 95% CrI

Mexico 6.5% (5/77) 1.3–13.0%
Latvia 5.7% (5/87) 1.2–11.5%
USA 3.7% (608/16,439) 3.4–4.0%

S. Africa 0.9% (1/112) 0.0–2.7%
Colombia 0.00% (0/64)
Mayotte 0.00% (0/224)

Lithuania 0.00% (0/381)
Egypt 0.00% (0/84)
Kenya 0.00% (0/75)

French Guiana 0.00% (0/98)

Using the same method as in the previous section we estimated the replicative
advantage of the VOC strain in four other countries in which the number of reported
VOC genomes permits such analysis. In Denmark, Scotland, and Wales, similarly to
England, the A20.EU1 strain constitutes a large share of all genomes in November 2020,
respectively: 39%, 64%, and 70%. We thus compared the VOC with the A20.EU1 strain in
these countries. In the USA, where we have not found a dominating D614G substrain, we
compare the VOC with all non-VOC genomes. In all four countries, we found periods of
the exponential growth of the ratio of compared genomes (seven-week-long in Denmark,
Scotland, and Wales, and five-week-long in the USA; see linear growth in logarithmic scale
in Figure 3). This allowed us to estimated the replicative advantage of the VOC strain in
a narrow range: from 1.696.73/7 = 1.65 for Wales to 1.766.73/7 = 1.72 for the USA with 95%
confidence intervals in the range [1.46–2.04]. We should notice that in all four countries the
replicative advantage of the VOC strain has been found smaller than estimated for England.

3.4. Replicative Advantage of the 501Y.V2 Strain in South Africa

In addition to ∆69–70HV, mutation N501Y in the RBD of spike is considered as
the most important recent mutation [9]. This mutation occurred independently in the
South African strain 501Y.V2, where it is accompanied by two other mutations in spike
RBD: K417N and E484K [7]. Using the same method as previously we estimated the
replicative advantage of the 501Y.V2 strain over other South African strains (Figure 4).
In weeks 43–50 of 2020, when an exponential growth is observed, the ratio of 501Y.V2
strain to other strains grows at the weekly rate of 1.58 [95% CI: 1.45–1.72], which gives
R501Y.V2

t /Rother
t = 1.586.73/7 = 1.55 [95% CI: 1.43–1.69]. The noisiness of data is associated

with the small number of genomes sequenced in the entire period of weeks 43–50 (only 407
501Y.V2 sequences and 376 non-501Y.V2 sequences collected in this period were submitted
to GISAID).

3.5. Emergence of Mutations in VOC Genomes in England

Because of its high replicative advantage, the VOC strain will likely become globally
dominant, possibly reaching fixation. It is thus crucial to track mutations that arise in this
strain, that could further increase its replicative advantage. We thus performed sequence
analysis of the spike gene in all genomes from England submitted to GISAID till 12 February
2021 (Supplementary Data File S1, sheet ‘Mutations’). There are 2232 different mutations
in genomes collected in England, including 1213 different mutations in VOC genomes
with 697 ‘confirmed mutations’ found in more than one submitted VOC genome. Majority
of these mutations (535 out of 697) have arisen also in non-VOC strains. This suggest
that the mutational space is to a large extent already explored, however the nine mutation
characterizing the spike protein of VOC may increase or decrease the replicative advantages
of recurrent mutations or allow for propagation of novel mutations. In Figure 5A we show
accumulation of mutations is VOC spike in time; within 53,185 analyzed VOC genomes,
20% have at least one mutation, while 1.7% has two mutation or more. In relation to the
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first collected VOC lineage genome (GISAID accession ID: EPI_ISL_601443), the VOC
genomes collected in the end of January have on average 0.3 mutation in their spike protein
(Figure 5B).

In Figure 6 we analyze the replicative advantage of 60 VOC substrains for which there
were at least 30 genomes submitted to GISAID from England. Each substrain is marked by
disk on the (first collection date, total occurrences) plane. The VOC substrains that from
time of its first collection grow faster than the VOC strain on average are above the red line
that shows the average growth of the VOC strain sequences. Unsurprisingly, the majority of
substrains that exceed 30 submitted genomes fall into this category. This analysis should be
taken with great caution, as the total number of substrains is high, some of may grow faster
in the considered time window just by chance without having any replicative advantage.
Nevertheless, one can use this approach to screen for further analysis the substrains that
can potentially have a replicative advantage. The most prevalent mutation, defining a fast
growing variant is the L18F substitution (1186 genomes) in the N-terminal domain (NTD)
of spike protein. The second most prevalent is L5F (658 genomes) localized in the signal
peptide of spike. This mutation (at a highly homoplasic position that may be a sequencing
artifact [18]) was found abundant also in non-VOC genomes. The third most prevalent
mutation, that is also by far the most prevalent RBM as well as in whole RBD mutation, is
S494P (441 genomes). The other two fast growing “sibling” mutations in VOC — Q677H
(256 genomes) and Q675H (86 genomes) — are present in the the proximity of the polybasic
cleavage site (residues 682–685) at the S1/S2 boundary influencing RBD−ACE2 binding [19].
Mutations at residue Q677 (either Q677H or Q677P) were found in several independent
lineages spreading over the autumn of 2020 and into the winter of 2021 in the USA [5].

3.6. Growth of the L18F Substrain

The first occurrence of the spike L18F substitution has been reported in a VOC
strain genome collected on 4 December 2020 (GISAID ID: EPI_ISL_720875). As of
12 February 2021, as much as 1186 spike L18F VOC genomes have been reported in England.
Of note, in Autumn 2020, that is, before the VOC lineage has become the dominant strain,
the L18F substitution was a ubiquitous mutation in England. Till 12 February 2021, most of
the L18F non-VOC genomes in England (97.6%, 25,655 out of 26,280) were found within
the 20A.EU1 strain. The fraction of spike L18F mutation in the expanding 20A.EU1 strain
was slowly increasing from 35% (1332 out of 3799) in September, 43% (5658 out of 13,046)
in October, till 52% (8917 out of 17,470) in November 2020, which may suggest that this
mutation was beneficial for the 20A.EU1 strain.

In Figure 7 we show the exponential growth of the L18F VOC substrain in England in
the five-week period of 7 December 2020–17 January 2021, in relation to the VOC genomes
non-mutated at residue 18, denoted L18. In the considered period, the ratio of the L18F
to the L18 genomes increased with the fitted weekly growth rate of 1.75, which gives
RL18F

t /RL18
t = 1.756.73/7 = 1.72 [95% CrI: 1.57–2.02]. This credible interval is calculated

assuming a binomial distribution of the number of the L18F and L18 VOC genomes in each
week (see Methods). The confidence interval calculated from 1.96× standard error of the
slope, [1.63–1.81], is narrower, which means that the nearly perfect co-linearity of six data
points is somewhat coincidental, and the binomial distribution-based credible interval is
the proper estimate. This analysis suggests an advantage of the L18F VOC substrain in
relation to the remaining VOC genomes, but since it is based on short period, it must be
taken with caution. The advantage of L18F substrain is supported by data from Wales,
UK, where the L18F VOC genomes constituted 17% (390 out of 2301) of all VOC genomes
reported in January, substantially more than in the same period in England, 3.0% (1333 out
of 43,700). The number of genomes in Wales is however too small to perform an analysis
analogous to that in Figure 7.
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3.7. VOC Strain Mutations in Spike Receptor-Binding Domain

Of particular concern are the VOC strain mutations occurring in the receptor-binding
domain (RBD, residues 333–527), especially mutations in the receptor-binding motif (RBM,
residues 438–506). These mutations may potentially lead to immune escape mutants,
resulting in reinfection of convalescent individuals and aggravation of the efficacy of
current vaccines. Propagation of such mutations is facilitated by high replicative advantage
of the VOC strain and potential selection due to the increasing number of convalescent
or immunized individuals. The VOC-202012/01 strain spike RBM mutations of special
concern are substitutions E484K and S494P.

E484K. A first genome has been collected on 17 December 2020 (GISAID ID:
EPI_ISL_782148), and there were 30 genomes reported from the England up till 12 February
2021. The same mutation has occurred in the fast expanding South African and Brazilian
(Manaus) strains that share with the VOC substitution N501Y and additionally have a
mutation of residue 417: either K417N (South African strain 501Y.V2) [7] or K417T (Manaus
strain P.1) [8]. It was suggested that E484K may compromise binding of class 2 neutralizing
antibodies, while the A501V mutation interferes with binding of class 1 antibodies. The P.1
strain led to the surge of infections in Manaus in December 2020 despite high seroprevalence
of the population (a study of blood donors indicated that 76% [95% CI: 67–98%] of the
population in Manaus had been infected with SARS-CoV-2 by October 2020 [20]).

S494P. A first genome has been collected on 12 November 2020 (GISAID ID:
EPI_ISL_741039), and there were 441 genomes reported from England up till 12 February
2021. In an in silico study, this substitution has been found to increase complementarity
between the RBD and ACE2 [21]. This mutation has been also characterized as an escape
mutation by Koenig et al. [22], who also distinguished five additional “escape” residues in
the RBM: G447, Y449, L452, F490, G496, and six outside the RBM but within the RBD: Y369,
S371, T376, F377, K378, R403. Among these residues, until 12 February 2021, substitution
F490S (first collected on 13 December 2020, GISAID accession ID: EPI_ISL_736026) was
reported in the highest number of genomes (28 genomes in England).

4. Discussion

The mutations of SARS-CoV-2 that substantially increase replicative advantage of
emerging strains will likely become dominant, either locally in countries or continents,
or worldwide. Substitution D614G in spike protein (first GISAID reported genome,
EPI_ISL_913915, was collected on 2 January 2020, in Mexico) initiated a strain with
replicative advantage over D614 strains estimated based on data from England as 1.42
[95% CI: 1.38–1.45]. The D614G strain has spread worldwide nearly reaching fixation;
it was present in more than 99% of genomes collected worldwide in January 2021. The
20A.EU1 strain, a substrain of D614G that harbors A222V mutation in spike, emerged in
Spain in early summer, 2020, spread over Europe, becoming the dominating strain (more
than half of sequenced genomes) in several countries (Spain, England, Scotland, Wales,
Ireland and Italy) in November, 2020, but was nearly absent outside of Europe. Based
on GISAID data in England we estimated its replicative advantage over other non-VOC
D614G English strains as 1.24 [95% CI: 1.22–1.27]. The VOC strain started spreading in
England in October 2020, outcompeting the A20.EU1 strain, and reached about 80% of
genomes in England in January 2021. We have estimated that its replicative advantage over
the A20.EU1 strain is in the range 1.83–2.18. The lower bound was obtained by fit in the
eight-week-long period of weeks 43–51 of 2020, when the ratio of the VOC to the A20.EU1
strain genomes increased 217 times, from 0.0074 to 1.62, whereas the upper bound was
obtained in the four-week-long period of weeks 43–47 of 2020. We think that the slower
growth in the period of weeks 47–51 is a consequence of (1) the fact that in Kent, Greater
London, and their vicinity, the VOC strain almost reached fixation and (2) the fact that
in these regions more stringent measures were implemented to suppress rapid growth
of cases.
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We also estimated the replicative advantage of the VOC strain in relation to the
20A.EU1 strain in Denmark, Scotland, and Wales, and in relation to bulk non-VOC strains
in USA. We found find values in range from 1.69 for Wales to 1.76 for USA, with 95%
confidence intervals in range [1.46–2.04], that are smaller than in England. One possible
explanation is that the VOC strain is able to infect seroprevalent or exposed individuals.
Such ability would increase its replicative advantage in a population, in which the fraction
of seroplevalent individuals is large [23]. This mechanism would also help to explain the
higher replicative advantage of the VOC strain observed in weeks 43–47 of 2020, when
the VOC strain was gaining prevalence in London area [3]. The strain P.1, found in Brazil,
that shares with VOC RBM mutation N501Y, caused recently the second (higher) wave of
deaths in Manaus despite high seroprevalence of the population [8].

In addition to double deletion ∆69–70HV, substitution N501Y in the RBD of spike is
considered the most important VOC mutation [9]. This mutation occurred independently
in the South African strain 501Y.V2. We estimated that 501Y.V2 has replicative advantage
over other South African strains equal 1.55 [95% CI: 1.43–1.69]. The replicative advantage
of 501Y.V2 strains supports the conjecture that mutation N501Y increases infectiousness of
SARS-CoV-2 by increasing the affinity of spike RBD to the angiotensin-converting enzyme
2 (ACE2) [24].

Both our estimates suggests that the replicative advantage of the VOC strain is higher
than early estimate, 1.47 [95% CI: 1.34–1.59] [9]. Also Davies et al. [11] estimated that
the VOC strain has 43–82% [95% CrI: 38–106%] higher transmissibility. In these studies,
the authors estimated the replicative advantage of the VOC strain separately for each
region and then averaged over analyzed regions. We think that our approach, based on
weekly and England-averaged data, gives a more accurate estimate. This is because the
VOC strain (as well as other strains) evolves and some substrains have a lower or even
no replicative advantage and will become extinct in the course of evolution, and finally a
substrain with the highest replicative advantage will dominate. Substrains with a small
replicative advantage may contribute to the VOC to non-VOC replication ratio averaged
over NHS STP areas of England but only marginally influence the expansion of the VOC
strain globally. By using the aggregated approach we estimate the replicative advantage
of the dominating substrain(s). To convert the weekly growth of the ratio of genomes to
the ratio of respective reproduction numbers we assumed that both strains have the same
mean serial interval equal 6.73 days. This calculation is approximate as the serial interval
is not a number but follows a hypoexponential distribution [17]. Additionally, although
no current data indicate this, it may happen that the faster spread of VOC strain partially
results from a shorter generation time.

The VOC strain, because of its high replicative advantage, is likely to become globally
dominant, possibly reaching fixation. It will continue to evolve so it is crucial to track
which mutations already present in this strain can further increase its replicative advantage.
We thus performed detailed sequence analysis of the spike protein identifying, as of
12 February 2021, 1213 different mutations in VOC genomes collected in England with 697
of them found in more than one submitted VOC genome. By systematic analysis of the
propagation of VOC substrains we found that substrain(s) conferring L18F substitution
is/are the most abundant and rapidly growing VOC substrain(s).

The data collected in the five-week period of 7 December 2020–17 January 2021, in
England suggest a replicative advantage of the L18F substrain in relation to the remaining
VOC strains. The estimate of the replicative advantage of 1.72 [95% CrI:1.57–2.02] is based
on a relatively short time interval so it must be taken with caution. Importantly, the
L18F mutation has also expanded in the South African strain 501Y.V2 defined by three
spike mutations K417N, E484K, N501Y (thus sharing with the VOC strain spike mutation
N501Y). Among the 501Y.V2 genomes collected after 1 December 2020, the L18F substrain
constitutes 41% genomes (127 out of 309), according to GISAID as of 12 February 2021). In
Brazil, in strain P.1 defined by three spike mutations K417T, E484K, N501Y (differing from
the South African strain 501Y.V2 by substitution K417T instead of K417N), mutation L18F
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has been found in 93% of genomes (69 out of 74) collected after 1 December 2020. This
data suggests a replicative advantage of L18F substrains within the VOC, 501Y.V2, and P.1
strains, in, respectively, England, South Africa, and Brazil. This replicative advantage of
the VOC L18F substrain must be considered with caution until the mechanism promoting
faster spread of strains containing L18F substitution is elucidated. Leucine 18 lies in the N-
terminal domain (NTD), that has not been typically considered as a target for neutralizing
antibodies. However, there is a growing number of studies showing that the NTD is
targeted by antibodies and that NTD deletion 69H–70V (characterizing the VOC strain)
compromises binding of antibodies [25–27]. With respect to L18F, an in vitro study by Cele
et al. shows that an African variant L18F, D80A, D215G, K417N, E484K, N501Y, D614G,
A701V propagates much faster than a variant without L18F mutation in the presence of
plasma antibodies collected from donors infected in the first wave of epidemic in South
Africa (June–August 2020) [28]. Correspondingly, McCallum et al. showed that L18F
substitution compromises binding of neutralizing antibodies [15]. Findings by Cele et al.
and McCallum et al., together with the increase of L18F variants in 501Y.V2, P.1, and VOC
strains, suggests that the replicative advantage of L18F mutants can be partly associated
with their ability to infect seroprevalent individuals, and thus depend on the fraction of
seroprevalent individuals in given territory. In turn, growth of strains with mutations in
escape residues L18 and S494 on the VOC strain suggests an increasing selection pressure
resulting from the growth of the seroprevalent fraction of the population of England. This
trend can be enhanced by the ongoing English vaccination program, in which the relatively
large time span between the first and second dose can be a contributing factor.

In summary, we have shown that the new VOC strain has about twofold replicative
advantage over the 20A.EU1 strain of SARS-CoV-2, that was dominating in England in
November 2020. The strain has already spread across the world and will likely spread
further towards fixation. It was present in 40 out of 46 countries that reported at least
50 viral genomes in January, 2021. Spread of the faster-replicating VOC-202012/01 strain
may hinder the efforts to contain the COVID-19 epidemics prior to mass vaccinations. As
the global spread of the VOC strain is very likely, it is important to monitor mutations
of this strain, with particular attention to mutations interfering with immune response
including the fast spreading NTD mutation L18F, and RBM mutations E484K, F490S, and
S494P that may decrease the efficacy of currently available vaccines.
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Abstract: Omicron, the novel highly mutated SARS-CoV-2 Variant of Concern (VOC, Pango lineage
B.1.1.529) was first collected in early November 2021 in South Africa. By the end of November 2021,
it had spread and approached fixation in South Africa, and had been detected on all continents. We
analyzed the exponential growth of Omicron over four-week periods in the two most populated
of South Africa’s provinces, Gauteng and KwaZulu-Natal, arriving at the doubling time estimates
of, respectively, 3.3 days (95% CI: 3.2–3.4 days) and 2.7 days (95% CI: 2.3–3.3 days). Similar or
even shorter doubling times were observed in other locations: Australia (3.0 days), New York State
(2.5 days), UK (2.4 days), and Denmark (2.0 days). Log–linear regression suggests that the spread
began in Gauteng around 11 October 2021; however, due to presumable stochasticity in the initial
spread, this estimate can be inaccurate. Phylogenetics-based analysis indicates that the Omicron
strain started to diverge between 6 October and 29 October 2021. We estimated that the weekly
growth of the ratio of Omicron to Delta is in the range of 7.2–10.2, considerably higher than the
growth of the ratio of Delta to Alpha (estimated to be in in the range of 2.5–4.2), and Alpha to
pre-existing strains (estimated to be in the range of 1.8–2.7). High relative growth does not necessarily
imply higher Omicron infectivity. A two-strain SEIR model suggests that the growth advantage of
Omicron may stem from immune evasion, which permits this VOC to infect both recovered and fully
vaccinated individuals. As we demonstrated within the model, immune evasion is more concerning
than increased transmissibility, because it can facilitate larger epidemic outbreaks.

Keywords: COVID-19 pandemic; SARS-CoV-2; Omicron variant; genome sequencing; mutation

1. Introduction

Omicron, the novel SARS-CoV-2 Variant of Concern (VOC, Pango lineage B.1.1.529,
Nextstrain clade identifier 21K) was first collected in South Africa on 2 November 2021,
(GISAID [1] sequence accession ID: EPI_ISL_8182767). Compared to the original SARS-CoV-2
virus, Omicron carries 30 amino acid non-synonymous substitutions, three small deletions,
and one small insertion in the spike protein [2]. Altogether, Omicron has 51 amino-acid
level mutations, and its closest known sibling has 15 mutations (GISAID sequence ac-
cession ID: EPI_ISL_622806) with only nine common mutations, implying a distance of
42 mutations from the last common ancestor (based on the phylogenetic tree generated by
Nextstrain [3]). The collection date of the sibling genome, 13 September 2020, suggests
more than a year of evolution in an isolated niche, possibly in an immunocompromised
host, but more data is necessary to rule out or confirm the existence of hidden branches
(see [4] for discussion). The lineage started spreading rapidly in South Africa’s Gauteng
province in November 2021, approaching fixation in the whole of South Africa by the end of
that month and causing abrupt epidemic outbreaks across South Africa, then Europe, and
finally other continents. In all these locations, Omicron outcompeted Delta VOC (lineage
B.1.617.2), which in October 2021 accounted for more than 99% of genomes sequenced in
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Europe, North America, and Oceania, more than 90% in Asia and South America, and
nearly 90% in Africa.

The rapid spread of Omicron both in South Africa, having a widespread infection-
induced seroprevalence [5], and in Western European countries, where a high proportion
of the population is vaccinated [6], suggests immune evasion that may be linked to the
high number of mutations in viral spike glycoprotein, the major target of neutralizing
antibodies [7]. This is confirmed by a growing number of (i) in vitro studies showing
Omicron resistance to humoral immunity provided by vaccine- or pre-existing variant
infection-induced antibodies, as well as epidemiological studies indicating (ii) significantly
reduced vaccine effectiveness against infection with Omicron and (iii) higher chance of
reinfections with Omicron compared to Delta.

(i) For two mRNA-based vaccines, BNT162b2 (Pfizer) and mRNA-1273 (Moderna),
Liu et al. demonstrated a >21-fold and >8.6-fold decrease (Omicron versus D614G) in
ID50 (infectious dose), respectively. For two vector vaccines, Ad26.COV2.S (Johnson
& Johnson) and ChAdOx1 (AstraZeneca), all samples obtained from patients without
a previous history of SARS-CoV-2 infection were below the level of detection against
Omicron [8]. After three homologous mRNA vaccinations, the average ID50 drop
was 6.5-fold [8]. Planas et al. showed that sera from either BNT162b2 or ChAdOx1
vaccine recipients (sampled 5 months after complete vaccination) barely inhibited
Omicron. Sera from COVID-19 convalescent patients (collected 6 or 12 months post
symptoms) displayed low-to-absent neutralizing activity against Omicron, whereas
administration of a booster dose of BNT162b2 as well as vaccination of previously
infected individuals generated an anti-Omicron neutralizing response, but with titers
5–31-fold lower than against Delta [9]. Omicron VOC was found to be 5.3–7.4-fold less
sensitive than Beta VOC when assayed with serum samples obtained from individuals
inoculated with 2 mRNA-1273 doses [10]. A meta-analysis of 24 studies showed a de-
crease in the neutralization titer (not significantly different between different vaccines)
compared to the ancestral virus for the previous four VOCs: Alpha (1.6-fold), Gamma
(3.5-fold), Delta (3.9-fold), and Beta (8.8-fold) [11]. This loss of neutralization activity is
not as substantial as in the case of Omicron [8]. These findings are in line with another
study that shows barely detectable serum neutralizing activity against Omicron after
two mRNA vaccination doses (and still much lower neutralizing activity after the
“booster” dose in relation to wild-type virus as well as the Delta VOC) [12].

(ii) Andrews et al. showed a decrease in vaccine effectiveness against symptomatic infec-
tion by Omicron with respect to Delta [13]. Half a year after two-dose ChAdOx1 vacci-
nation, the effectiveness was 42% against Delta, with no effect observed against Omi-
cron starting 15 weeks after the second ChAdOx1 vaccination. In the case of BNT162b2,
the protection 15 weeks after vaccination was 63% against Delta and 34–37% against
Omicron. The BNT162b2 booster increases protection to above 93% against Delta
and 75% against Omicron [13]. A report from the UK Health Security Agency con-
firms these results and additionally indicates that the mRNA “booster” effect against
Omicron, but not against Delta, wanes rapidly in time to about 40% 10 weeks post
“booster” dose [14]. These findings are in line with a report from the MRC Cen-
tre for Global Infectious Disease Analysis indicating a significantly increased risk
of an Omicron case compared to Delta for those with vaccine status AZ 2+weeks
post Dose 2 (PD2), Pfizer 2+w PD2, AZ 2+w post Dose 3 (PD3) and PF 2+w PD3
vaccine states with hazard ratios of 1.86 (95% CI: 1.67–2.08), 2.68 (95% CI: 2.54–2.83),
4.32 (95% CI: 3.84–4.85), and 4.07 (95% CI: 3.66–4.51), respectively [15].

(iii) The same report indicates that Omicron is associated with a 5.41 (95% CI: 4.87–6.00)-fold
higher risk of reinfection compared with Delta [15].

Although all the evidence is based on a limited number of cases and may be influenced
by population-level biases, one can expect that the hazard ratio of Omicron versus Delta in-
fection is in the range 2–5 and depends principally on specific vaccines, the proportion of the
population vaccinated by the “booster” dose, and resistance after recovery from COVID-19.
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In this work, we estimated the Omicron variant doubling time in South Africa based
on the daily number of new COVID-19 cases in the two most populated South African
provinces, Gauteng and KwaZulu-Natal [16]. Further, we repeated this estimation for
Australia, the UK, Denmark, and New York State, four locations that differ with respect to
their COVID-19 epidemic histories and proportions of COVID-19 vaccine manufacturers.
In all these locations, new COVID-19 cases are expected to be relatively reliably reported
and to have their viral genomes screened by sequencing. Based on data for the three
latter locations, we showed that the weekly growth of the ratio of Omicron to Delta cases
significantly exceeds previous weekly growths of the ratio of Delta to Alpha cases, and the
ratio of Alpha cases to cases caused by pre-existing strains. To rule out hidden spread of
the Omicron variant, which could potentially influence the above estimates, we used an
Omicron phylogenetic tree from Nextrain to estimate the strain divergence date. Finally, we
employed a two-strain mathematical model to demonstrate that observed rapid outbreaks
of Omicron strain can be explained solely by immune evasion, which expands the pool of
individuals susceptible to infection.

2. Materials and Methods
2.1. Genomic Sequence-Based Analysis

All data used in this study were retrieved as of 9 January 2022. The GISAID [1] data
include genomes with submission dates earlier than 6 January 2022.

In Figure 1 the weekly cases of Omicron, Delta, and pre-existing strains were esti-
mated based on GISAID data and the cumulative number of COVID-19 cases in Gaut-
eng and KwaZulu-Natal (DSFSI at the University of Pretoria, https://github.com/dsfsi/
covid19za/tree/master/data, accessed on 9 January 2022). For Gauteng this dataset was
amended by changing the number of cases from 8099 to 605 for 23 November 2021 us-
ing information from the South African National Institute for Communicable Diseases
(NICD, https://www.nicd.ac.za/latest-confirmed-cases-of-covid-19-in-south-africa-23
-november-2021, accessed on 9 January 2022). According to NICD, the difference results
from a retrospective addition of 7494 antigen test results. The dataset used for Figure 1A,C
is provided as Supplementary Table S1.

Mobility in Gauteng and KwaZulu-Natal (Figure 1B) was assessed based on the
COVID-19 Community Mobility Reports from Google (https://www.google.com/covid19/
mobility, accessed on 9 January 2022). Weekly averages were calculated based on workdays.

The Omicron strain divergence date and mutation accumulation rate (Figure 1D) were
determined by Poisson regression, assuming that the mean number of mutations grows lin-
early with time. The Omicron phylogenetic tree (with last update on 3 January 2022) was re-
trieved from Nextstrain [4]; sample collection dates of genome sequences selected by Nextstrain
were retrieved from GISAID. The resulting dataset is provided as Supplementary Table S2.

Two lists of GISAID IDs and corresponding acknowledgments for all genomes col-
lected from 19 April 2021 until 2 January 2022 in Gauteng and KwaZulu-Natal are provided
as Supplementary Tables S3 and S4.

https://github.com/dsfsi/covid19za/tree/master/data
https://github.com/dsfsi/covid19za/tree/master/data
https://www.nicd.ac.za/latest-confirmed-cases-of-covid-19-in-south-africa-23-november-2021
https://www.nicd.ac.za/latest-confirmed-cases-of-covid-19-in-south-africa-23-november-2021
https://www.google.com/covid19/mobility
https://www.google.com/covid19/mobility
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Figure 1. Growth and divergence of the Omicron strain. (A) Weekly aggregated cases of Omicron,
Delta and other variants in two South African provinces, Gauteng and KwaZulu-Natal. (B) Weekly
averaged workday mobility in Gauteng (filled circles) and KwaZulu-Natal (filled triangles) in work-
places (blue) and retail and recreation centers (pink). (C) Exponential growth of the Omicron strain in
weeks 45–48 in 2021 (8 November–5 December) in Gauteng and in weeks 46–49 in KwaZulu-Natal.
(D) Accumulation of mutations by the Omicron strain worldwide based on the Nextstrain phyloge-
netic tree. The green line shows the mutation accumulation trend determined by the linear regression
assuming Poisson distribution of the number of mutations at a given time. The 95% credible interval
of time is marked in light green. The dataset for panels (A,B) is provided as Supplementary Table S1;
the phylogenetic tree (with dates) is provided as Supplementary Table S2.

In Figures 2 and 3 the weekly cases of Omicron, Delta, and pre-existing strains were
estimated based on sequence data from GISAID and case data aggregated by Johns Hopkins
University [17]. The datasets used for Figures 2 and 3 are provided as Supplementary Table S5.

The Omicron doubling time (Figures 1C, 2B,E and 3B,E) was estimated by log–linear
regression of the (estimated) number of Omicron cases in the exponential phase of its
growth. Daily new cases were aggregated by week. An appropriate four-week period was
used in each location except Australia, for which a six-week period was used.
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Figure 2. Succession of SARS-CoV-2 strains in the UK and in Denmark. (A,D) Estimated number
of weekly cases infected with a particular strain over the weeks of 2020 and 2021. (B,E) Estimated
number of weekly Omicron cases and the doubling time estimate based on log–linear regression in
four whole-week periods (filled circles). (C,F) Ratios of weekly cases of an emergent strain to the
previously dominant strain, and the estimate of ratios’ growth rates based on log–linear regression in
four whole-week periods (subpanels correspond to shaded regions in respective panels (A,D)). A
dataset for this figure is provided as Supplementary Table S5.
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Figure 3. Succession of SARS-CoV-2 strains in New York State and in Australia. (A,D) Estimated num-
ber of weekly cases infected with a particular strain over the weeks of 2020 and 2021. (B,E) Estimated
number of weekly Omicron cases and the doubling time estimate based on log–linear regression in
four (Panel (B)) and six (Panel (E)) whole-week periods (filled circles). (C,F) Ratios of weekly cases of
an emergent strain to the previously dominant strain, and the estimate of ratios’ growth rates based
on log–linear regression in four whole-week periods (subpanels correspond to shaded regions in
respective panels (A,D)). A dataset for this figure is provided as Supplementary Table S5.



Viruses 2022, 14, 294 7 of 13

The weekly (multiplicative) growth rates of the ratios of an emerging to a pre-existing
strain (Figures 2C,F and 3C,F) were also estimated by log–linear regression. To enable
comparison between emerging strains, we select four-week periods of the fastest growth, so
that in at least two of those weeks the emerging strain has lower counts than the pre-existing
one. This additional criterion ensures that the analyzed period captures the emergence
of the new strain. We use the reporting convention in which the weekly (multiplicative)
growth rate of two implies doubling of the strain-to-strain ratio every week.

2.2. Mathematical Modeling

The mathematical model has been formulated as an extended susceptible–exposed–
infectious–recovered (SEIR) model amended with a vaccinated (V) compartment. We
assumed that the latent period was the same as the incubation period and was Erlang-
distributed with the shape parameter m = 6 (which in the model structure is reflected
by the inclusion of six exposed subcompartments) and the mean of 1/σ = 3 days. The
average period of infectiousness is 1/γ = 3 days (such a short period reflects the assumption
that the individuals with confirmed infection are quickly isolated and then cannot infect
susceptible individuals). The recovered individuals become susceptible at the rate of
$ = 1/year. Susceptible individuals are vaccinated at the rate of ν = 2/year, and their
vaccine-induced immunity wanes at the rate $ (same as the rate of transition from a
recovered to a susceptible compartment).

We consider two model variants—see Figure 4A,B. In Model A, there is a single
pool of individuals susceptible to both Delta and Omicron, whereas in Model B there
are two additional compartments of individuals that are susceptible to either only Delta
or only Omicron, and that are fed with the post-Omicron recovered or the post-Delta
recovered, respectively, at the rate of π = 1.5/year. From these two additional susceptible
compartments there are transitions to the compartment of individuals susceptible to both
Delta and Omicron (at the rate $). In this way we account for only partial overlap in
reciprocal post-infection protection. In Model A, transmissibility of Omicron is 4-fold
higher than that of Delta, whereas in Model B the transmissibility of Omicron and Delta is
the same but, due to the specific choice of transition parameters, the aggregated pool of
individuals susceptible to Omicron is four-fold higher than that of individuals susceptible
to Delta in the steady state before the appearance of Omicron. Model B is symmetrical with
respect to both strains; however, by including an additional transition from the vaccinated
compartment to the compartment of individuals susceptible only to Omicron (at the rate
π), we account for faster waning of post-vaccination immunity to Omicron.

Model dynamics are governed by a system of ordinary differential equations (18 ODEs
in Model A, 20 ODEs in Model B). The ODEs may be unambiguously derived, assuming
mass-action kinetics, based on model schemes in Figure 4A,B, and parametrized with
kinetic rates given in Figure 4C. On the first day shown in Figure 4D–G, when the system
is in equilibrium with Delta, just one individual (in a population of 106 individuals) is
exposed to Omicron. As emphasized further in Results, the initial exponential phase of the
Omicron outbreak is nearly identical within both models.
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Figure 4. Two COVID-19 two-strain SEIR models with vaccination. (A) Scheme of Model A, in which
the transmissibility of Omicron (O) is four-fold higher than that of Delta (∆) and both strains have a



Viruses 2022, 14, 294 9 of 13

common pool of susceptible individuals (10% of simulated population in the pre-Omicron steady
state). (B) Scheme of Model B, in which the transmissibility of Omicron (O) and Delta (∆) is the
same but the aggregated pool of individuals susceptible to Omicron is four-fold higher than to Delta
(40% vs. 10% of simulated population in the pre-Omicron steady state). Essential modifications
with respect to Model A are shown in blue. (C) Values of rate parameters of both models. Model
variant-specific parameters are blue. (D) Initial dynamics of Omicron dynamics in both models shows
similar growth and identical doubling time in the 4-week time window in the initial exponential
phase of the epidemic outbreak, but not in later time points. (E) Ratio of Omicron to Delta new daily
cases and its growth rate in both models. (F) Dynamics of the outbreak of Omicron infections in
Model A (G).

3. Results
3.1. Divergence and Growth of Omicron Strain in South Africa

The Delta VOC became the dominant variant in Gauteng and KwaZulu-Natal in
June 2021, causing an epidemic wave that peaked at the beginning of July 2021 in Gauteng
and the end of August 2021 in KwaZulu-Natal, Figure 1A. The number of Omicron (or
other variant) cases were estimated by multiplying the weekly number of total COVID-19
confirmed cases by the proportion of Omicron (or other variant) genomes among all
collected genomes in a given week (see Supplementary Table S1). Between July and
October 2021 in Gauteng and in September and October in KwaZulu-Natal, the weekly
number of COVID-19 cases was decreasing despite no significant reduction in population
mobility at workplaces and retail and recreation centers (Figure 1B). The emergence of the
Omicron variant has caused recent rapid epidemic outbreaks in both provinces considered
(Figure 1A). In Figure 1C we show the exponential growth of Omicron variant cases
in weeks 45–48 in 2021 (8 November–5 December) in Gauteng and in weeks 46–49 in
Kwazulu-Natal. This method, in contrast to analyzing only the proportion of new strain
genomes [18], enabled us to follow Omicron growth after its fixation in weeks 47–48 in 2021.
The Omicron doubling time, estimated based on the log–linear regression of the number
of weekly cases in the four-week periods, is equal to 3.3 days (95% CI: 3.2–3.4 days) in
Gauteng, and 2.7 days (95% CI: 2.7–3.3 days) in KwaZulu-Natal.

The log–linear regression suggests that the exponential growth of Omicron started in
Gauteng around October 11, 2021; however, the initial epidemic growth is highly stochastic
and may be heavily disturbed by superspreaders in the cascade of infections [19]. The
profile of mutation accumulation in Figure 1D indicates that the Omicron strain started
diverging between 6 October and 29 October 2021 (95% CrI), at an average mutation
accumulation rate equal 0.33/week (95% CrI: 0.26–0.40 per week). This is lower than
the average (global) SARS-CoV-2 mutation accumulation rate equal to approximately
0.45/week (based on the Nextstrain [3] estimate as of 15 January 2021 [20]). An assumption
of a higher mutation rate would yield a later divergence date.

3.2. Succession of SARS-CoV-2 Variants of Concern

In Figure 2 we analyze dynamics of Omicron-driven COVID-19 outbreaks in the
UK and Denmark, and compare them with outbreaks caused therein by two previous
VOCs, Alpha and Delta. In both these countries, the Alpha variant outcompeted pre-
existing strains, approaching fixation, and then it was outcompeted by the Delta variant,
which also approached fixation; in December 2021, Omicron became the dominant strain
(Figure 2A,D). We estimate the doubling time of Omicron to be 2.4 and 2.0 days in the
UK and in Denmark, respectively, based on its nearly exponential growth in the 4-week
period from 22 November to 19 December 2021, Figure 2B,E. The short doubling time of
Omicron is on par with its rapid gain of dominance over the Delta VOC. In the 4-week
period considered, the Omicron:Delta ratio increases exponentially with a weekly growth
rate of 8.1 in the UK and 10.2 in Denmark. This is faster than the earlier growth of the
Delta:Alpha ratio, estimated to be 3.2 in the UK and 4.2 in Denmark, and much faster than
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the growth of Alpha with respect to pre-existing strains, which was 2.7 in the UK and 2.0 in
Denmark. All data used in Figure 2 are provided in Supplementary Table S5.

In Figure 3 we analogously analyze Omicron-driven outbreaks in New York State and
Australia, and again compare them with outbreaks caused by two previous VOCs, Alpha
and Delta. In New York State, the Alpha variant arrived during the end phase of the second
wave, and consequently caused a noticeable but relatively modest rise in cases. It was then
outcompeted by Delta, which, causing the third epidemic wave, quickly reached fixation.
In Australia, due to stringent lockdowns and strict border rules, there were relatively few
COVID-19 cases before the Delta variant. In both regions, Omicron became the dominant
variant within one month after its first detection (Figure 2A,D). We estimate the doubling
time of Omicron to be 2.5 and 3.0 days in New York State and Australia, respectively
(Figure 2B,E). In the 4-week period considered, the Omicron/Delta ratio was found to
grow exponentially with a weekly rate 7.7 in New York State and 7.2 in Australia. This is
significantly higher than the Delta/Alpha and Alpha/pre-existing strains growth rates in
the New York State, estimated to be 2.5 and 1.8, respectively. All data used in Figure 3 are
provided in Supplementary Table S5.

3.3. Two-Strain Mathematical Model

To corroborate whether the observed rapid surge of Omicron cases that displace Delta
may be attributed to immune evasion, as widely suggested by the references cited in
the Introduction, we analyzed two variants of a mathematical model of the COVID-19
pandemic (Figure 4). In Model A (Figure 4A), transmissibility of Omicron is four-fold
higher than that of Delta and both strains share a common pool of susceptible individuals.
In Model B (Figure 4B), transmissibility of Omicron and Delta is identical but, in the steady
state before the appearance of Omicron, the aggregated pool of individuals susceptible
to Omicron is four-fold higher than that of individuals susceptible to Delta. The models
were structured and parametrized (Figure 4C) such that the doubling time of Omicron
cases in both models is equal to 2.5 days (Figure 4D), which lies roughly in the middle of
the range of doubling times observed in six geographical locations considered previously.
Moreover, the ratio of new Omicron to new Delta cases is accordant in both models and
equal to 6.9 days (Figure 4E), only slightly lower than in the four locations for which this
ratio was determined.

Despite having non-distinguishable initial exponential phases, in later time points the
two models exhibit divergent trajectories that differ markedly in terms of the peak of the
number of daily new Omicron cases. According to the model, with increased Omicron
transmissibility (Model A), the maximum number of new daily cases is below 1% of the
population (Figure 4F). In the model with the increased pool of individuals susceptible to
Omicron (Model B), the initial exponential growth phase lasts longer, which contributes
to delaying and, most importantly, elevating this maximum to above 3% of population
(Figure 4G).

4. Discussion

We have demonstrated the exponential growth of the Omicron strain in the South
African provinces of Gauteng and KwaZulu-Natal in the four-weeks period starting,
respectively, on November 8 and 15, 2021, with the doubling times equal to 3.3 days
(95% CI: 3.2–3.4 days) and 2.7 days (95% CI: 2.3–3.3 days). Based on the mutation accumu-
lation profile, we found that the Omicron strain started diverging between 6 October and
29 October 2021, which agrees with the date suggested by the log–linear regression of the
number of weekly cases in the first affected province of Gauteng, 11 October 2021. Notably,
an unnoticed spread before October 2021 would imply that the strain growth rate is lower
than that estimated based on the exponential growth rate in the analyzed four-week period
in Gauteng. Before the Omicron outbreaks, the Delta variant was the dominant strain
in Gauteng and KwaZulu-Natal, and in September and October the COVID-19 epidemic
was receding without significant mobility reduction, suggesting that the population of
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these provinces might have reached a transient herd immunity to the Delta variant. The
population-level immunity has been apparently overcome by the Omicron variant.

The potential of Omicron to create rapid outbreaks was confirmed by analyzing its
spread in the UK, Denmark, New York State, and Australia. In these locations the doubling
time of Omicron was in the range of 2.0–3.0 days. Additionally, based on the relatively high
number of sequenced genomes sampled in these locations, we estimated the weekly growth
of the ratio of Omicron to Delta to be in the range of 7.2–10.2, considerably higher than
the growth of the ratio of Delta to Alpha (estimated to be in in the range of 2.5–4.2), and
Alpha to pre-existing strains (estimated to be in the range of 1.8–2.7). These findings are in
line with the observed ability of Omicron to infect vaccinated and recovered individuals,
which endows it with a natural advantage over Delta [15]. Notably, the Alpha outbreak
took place in winter 2020/2021, when the proportion of vaccinated individuals was very
low. In turn, the reduction of vaccine effectiveness for Delta in reference to Alpha [11,21]
was substantially lower than in the case of Omicron in relation to Delta [15]. This suggests
that, in contrast to Omicron, the Alpha and Delta variants become transiently dominant
mainly because of their higher infectivity and not due to significant immune evasion.

In the six locations considered, the Omicron doubling time was found to be in the
range of 2.0–3.3 days, which is comparable to the doubling times during the first COVID-19
pandemic outbreaks in spring 2020. For that time, doubling time was estimated to lie
between 1.86 and 2.88 days for China, Italy, France, Germany, Spain, UK, Switzerland, and
New York State [19]. Here, the weekly growth of the ratio of Omicron to Delta was found in
the range of 7.2–10.2, considerably higher than the previous ratios of Alpha and Delta at the
times when they were gaining dominance. These findings strongly suggest that Omicron
will outcompete Delta and become (transiently) the dominant strain.

Omicron accumulated more than 30 mutations in its spike protein, with 15 substitu-
tions in the receptor binding domain (RBD, residues 319–541) alone [2]. Many of these
RBD mutations are thought to decrease potency of neutralizing antibodies [22], which is
in agreement with growing evidence that Omicron has a several-fold increased ability to
infect both vaccinated and recovered individuals, as discussed in the Introduction.

Our mathematical model-based analysis of COVID-19 dynamics clearly demonstrates
two points relevant to the initial phase of the outbreak. First, if only rough epidemiological
data are analyzed, in the first weeks of the outbreak immune evasion may be indistinguish-
able from increased transmissibility. Second, being able to distinguish between the two
scenarios based on tangential evidence supporting immune evasion is of crucial importance
for predicting the impact of a new strain on longer term epidemic dynamics. Immune
evasion is more concerning than increased transmissibility, because dodging protection
provided by vaccination or infection with prior variant(s) renders a significant share of
the population susceptible to an emerging variant, promoting larger outbreaks. These
outbreaks may be hard to curb by lockdowns due to increasing lockdown fatigue, but in
the case of Omicron plausibly will not result in proportionally high death toll, as suggested
by early estimates of Omicron-associated mortality [5,23].

Supplementary Materials: The following are available online at https://www.mdpi.com/article/
10.3390/v14020294/s1. Supplementary Table S1: Data used for Figure 1A,C; Supplementary Table S2:
containing phylogenetic tree with dates; Supplementary Table S3: list of GISAID IDs and acknowledg-
ments for genomes collected in Gauteng since 19 April 2021 till 2 January 2022; Supplementary Table S4:
list of GISAID IDs and acknowledgments for genomes collected in KwaZulu-Natal since 19 April 2021
till 2 January 2022; Supplementary Table S5: Data used for Figures 2 and 3.
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Two important signalling pathways of NF-kB and ERK transmit merely 1 bit of

information about the level of extracellular stimulation. It is thus unclear how

such systems can coordinate complex cell responses to external cues.

We analyse information transmission in the MAPK/ERK pathway that

converts both constant and pulsatile EGF stimulation into pulses of ERK

activity. Based on an experimentally verified computational model, we demon-

strate that, when input consists of sequences of EGF pulses, transmitted

information increases nearly linearly with time. Thus, pulse-interval transcod-

ing allows more information to be relayed than the amplitude–amplitude

transcoding considered previously for the ERK and NF-kB pathways. More-

over, the information channel capacity C, or simply bitrate, is not limited by

the bandwidth B ¼ 1/t, where t � 1 h is the relaxation time. Specifically,

when the input is provided in the form of sequences of short binary EGF

pulses separated by intervals that are multiples of t/n (but not shorter than

t), then for n ¼ 2, C � 1.39 bit h21; and for n ¼ 4, C � 1.86 bit h21. The capa-

bility to respond to random sequences of EGF pulses enables cells to

propagate spontaneous ERK activity waves across tissue.

1. Introduction
Cells secrete and recognize chemical signals in order to coordinate their actions at a

supercellular level. In addition to chemical identity, quantifiable features of the

signal such as amplitude or duration are usually relevant for eliciting a proportion-

ate physiological cell response. The amplitude of an input signal can be translated

into the amplitude or duration of activity of an effector protein such as a transcrip-

tion factor. It has been shown for the nuclear factor kappa–light chain enhancer of

activated B cells (NF-kB) system that the response in a population of cells is pro-

portional to the product of signal amplitude and its duration [1]. Some signalling

pathways that exhibit oscillatory behaviour transcode the input amplitude to the

frequency of effector pulses [2]. Such an ability has been recently demonstrated

in the mitogen-activated protein kinase (MAPK) pathway, where, in response to

extracellular epidermal growth factor (EGF) (input) of constant amplitude, extra-

cellular signal-regulated kinase (ERK) (effector) exhibits activity pulses with

constant amplitude but frequency and pulse duration determined by concen-

trations of EGF [3]. In the MAPK system, the amplitude-to-frequency transcoding

is enabled by a particular topology of feedback loops and associated time scales [4].

Molecular interpretation of pulsatile (or more complex) temporal codes of effec-

tor molecules is an area of active research [5–7]; however, less attention has been

devoted to the characterization of responses of signalling systems challenged

with time-varying inputs. It has been demonstrated that both the NF-kB and the

MAPK/ERK pathways respond in a pulsating manner to periodic pulses of cyto-

kines, tumour necrosis factor (TNF) and EGF, respectively [8,9]. Experimental

and computational analysis of responses to pulsating inputs has shown that the
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Figure 1. The MAPK pathway and analysis of ERK responses to repeated EGF pulses. (a) Schematic diagram of the MAPK pathway. As analysed in [4], PF1 and NF1 lead to relaxation
oscillations, whereas NF2 and NF3 shape the time profile of the pulse of active ERK (ERKpp). (b) ERKpp(t) profile in response to two 5 min long 100 pg ml21 EGF pulses separated by
T¼ 45, 51.5, 60 min. Black bold line: deterministic model trajectory; thin blue lines: 10 stochastic trajectories (visible only for T¼ 51.5 min). (c) ERKpp(t) profile in response to four
EGF pulses repeated every 60 min with successive amplitudes 3, 100, 10, 30 pg ml21. (d ) Fraction of simulated cells for which R2 . 0.5R1, as a function of the time interval T
between EGF pulses. The fraction is calculated based on at least 500 independent numerical simulations (number of simulations for T close totwas up to 5000) performed assuming
lognormal distributions logN(mi, s

2) of protein levels (and first-order reaction coefficients) with meanmi equal to the default value of a given variable, and six different values ofs.
EGFR, epidermal growth factor receptor; MEK, mitogen-activated protein kinase kinase; NF, negative feedback; PF, positive feedback; SOS, son of sevenless. (Online version in colour.)

royalsocietypublishing.org/journal/rsif
J.R.Soc.Interface

16:20180792

2

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

28
 F

eb
ru

ar
y 

20
25

 

ability of the NF-kB system to respond to a series of TNF pulses is

inherently limited by the relaxation time t associated with oscil-

lation-generating negative feedback [10,11]. Information

transmission through both the NF-kB and the MAPK/ERK

pathways has been analysed within the generic framework of

information theory [12,13], revealing that these pathways are

able to transmit about 1 bit of information about a constant

stimulus concentration [14–17].

In this work, we present a computational analysis of infor-

mation relay within an experimentally verified model of the

MAPK/ERK pathway [4], calibrated on MCF10A cells [3],

where a fast positive feedback loop (involving RAS and SOS)

is nested within a slow negative feedback loop (involving

ERK and SOS; see figure 1a). Such network topology allows

both to transcode constant EGF stimulation to periodic ERK

activity pulses and to transcode analogous EGF pulses to

nearly digital pulses of ERK activity. Based on the model, we

approach the following representation problem: What is the

signal transcoding strategy that allows the maximum amount

of information to be transmitted through a given transmission

channel in a given time span or to achieve the highest infor-

mation transmission rate in the long term? We propose to

code input information in the form of sequences of short digital

EGF pulses. Then, we estimate the maximum transmission rate

with respect to the noise strength. In particular, we demon-

strate that when input information is encoded in intervals

between subsequent EGF pulses, then the information channel

capacity, computed as the maximum mutual information (MI)

rate, may exceed channel bandwidth, B ¼ 1/t. By theoretical

and numerical analysis of transmission of binary EGF

sequences with varying inter-pulse intervals we demonstrate
that the MAPK/ERK pathway is able to transmit more than

1 bit per hour.

2. Methods
2.1. Parameters and simulations
To perform our analyses, we employed the computational model

described in [4], which has been amended with extrinsic noise

and perturbed according to stimulation protocols, characterized

by the following parameters:

— pulse duration: 5 min, pulse amplitude: 0 or 100 pg ml21

(unless otherwise specified);

— (square of) the second parameter of the lognormal

distribution describing additive noise: s0 ¼ 1.0;

— (square of) the second parameter of the lognormal distribution

describing cell-specific noise: s ¼ 0, 0.1, 0.3, 0.5, 0.7, 1.0;

— basic term to determine the first parameter of the lognormal

distribution describing cell-specific noise: m0 ¼ f0, 0.01, 0.03,

0.1, 0.3g;
— number of pulses: 6 or 8, inter-pulse interval: T ¼ 15, 20, 30,

40, 50, 60, 70, 80 min;

— number of simulations for a given input sequence of pulses:

M ¼ 1000.

All parameters of the MAPK model are provided in electronic

supplementary material, table S1. Abundances of molecules of

each pathway component were drawn from lognormal distri-

butions logN(mi, s) with median mi equal to a default value for

this component. Also, all pseudo-first-order reaction parameters,

which are proportional to the level of an implicit enzyme, were

independently drawn from a lognormal distribution. These ran-

domly set parameters of the MAPK pathway are written in
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green in electronic supplementary material, table S1. For each con-

sidered combination of inter-pulse interval T, noise strength s and

specific input sequence of pulses, we generated M cell-specific

random sets of parameters (as described above) and simulated

model dynamics of each cell deterministically using an adaptive

ODE solver embedded in BioNetGen [18]. To simulate the effect

of the additive noise of different strengths, we post-processed

the obtained M trajectories of ERKpp(t).
g.org/journal/rsif
J.R.Soc.Interface

16:20180792
2.2. Mutual information calculation and maximization
Estimation of the MI defined in equation (3.2) has been performed as

proposed by Kraskov et al. [19]. In this approach (see [19], eqn (8)),

effectively the output probability distributions, Yi, and marginal dis-

tribution, Y, are estimated based on the distance to the kth nearest

neighbour and on the number of points within this distance. For

all estimates described in this article, we have set the number of near-

est neighbours k ¼ 15, and assumed that distances in input space X
are much larger than those in Y space (which implies that in eqn (8)

from [19] we set nx ¼M). We sampled multi-dimensional output

distributions in M ¼ 1000 d-dimensional points obtained by running

M simulations, each with parameters independently drawn from

lognormal distributions as described in §2.1. The number of dimen-

sions d was 2, 3, 4, 5, 6 or 8, equal to the number of pulses (or

pseudopulses) of the considered sequences. The number of distinct

binary sequences was 2d. From each sequence we obtained d num-

bers quantifying the ERK response to d subsequent pulses; see

equation (3.1). We implemented the method of Kraskov et al. [19]

such that for each input category, x, the counts of nearest neighbours

from all other categories, x0 = x, are weighted according to current

p(x0), enabling iterative constrained maximization of the estimated

MI over the complete set of input probabilities. To obtain estimates

of the maximum MI (channel capacity) and p(x) associated with

inputs, we employed a stochastic gradient optimizer, Adam [20],

available in TensorFlow [21]. Our implementation of the channel

capacity estimator is provided in the form of a Python module

called CCE (see http://pmbm.ippt.pan.pl/software/cce). The accu-

racy of our implementation of the Kraskov algorithm is checked

within unit tests, where we calculate MI numerically based on

eight three-dimensional Gaussian distributions either (1) centred

along an S-shaped curve or (2) centred in vertices of the cube. In

both cases the distributions are overlapping so MI is about 1.8 ,

log2(8)¼ 3 bit. These nearly accurate values can be then compared

with the values obtained using the Kraskov algorithm based on M
points drawn at random from each distribution. The Kraskov algor-

ithm overestimates MI by about 2% for M¼ 1000 and 1.5% for M¼
5000; in the second case, 3.5% for M ¼ 1000 and 2.5% for M ¼ 5000.

Accuracy is nearly the same in the case when all eight input probabil-

ities are equal (test_use_case_1.py) and in the case when input

probabilities are varied to maximize MI (test_use_case_3.py).
3. Results
3.1. ERK responses to the repeated EGF pulses of

different frequencies and amplitudes
The ability of a cell to respond to EGF pulses depends on their

amplitude, duration and pulsing frequency. We focus on rela-

tively short pulses of 5 min. In figure 1b we show trajectories

resulting from one deterministic (black bold line) and 10 stochas-

tic (thin blue lines) simulations of the MAPK model in response

to two EGF pulses, both of amplitude 100 pg ml21, separated by

three different time intervals T of 45, 51.5 and 60 min. Let Ri(T )

denote the integrated ERK response after the ith EGF pulse:

Ri(T) ¼
Ð (iþ1)T

iT ERKpp(t) dt: ð3:1Þ
Since the ERKpp pulse lasts about 30 min, for T . 30 min,

R1(T ) ¼ const¼ : Rmax with the numerically calculated Rmax¼

2.65� 109 molecule� s. Let us consider the integrated ERK

responses to the first and the second EGF pulse. For T¼
45 min, the response to the second pulse, R2, is negligible with

respect to R1, R2(45)/R1(45)� 1, while for T¼ 51.5 min,

R2(51.5)/R1(51.5) ¼ 0.5. For T¼ 60 min, R2 ¼ 2.00 � 109

molecule � s is comparable to R1. This indicates a threshold

t ¼ 51.5 min above (below) which the system can (cannot) be

activated in response to the next pulse. It is of note that this

threshold time (relaxation time) t is very close to the minimal

period of oscillations under constant EGF stimulation observed

experimentally [3].

In figure 1c, we analyse the ERK activity time profile in

response to EGF pulses repeated every 60 min, with successive

amplitudes 3, 100, 10, 30 pg ml21. While there is no response

to the 3 pg ml21 pulse, the responses to the remaining three

pulses have comparable amplitudes, even though the

10 pg ml21 pulse follows the much stronger 100 pg ml21

pulse, which has an inhibitory effect. Overall, the results pre-

sented in figure 1b,c show that the MAPK system exhibits

nearly all-or-nothing ERK responses to the pulsatile simu-

lation. We thus expect that, for such stimulation, information

is not coded by the level of EGF, but by the presence or

absence of an EGF pulse that exceeds some threshold. Conse-

quently, in the further analysis we restrict ourselves to 5 min

long EGF pulses of amplitude 100 pg ml21.

We notice that the stochastic trajectories in figure 1b,c are

nearly indistinguishable from the deterministic one except for

trajectories with T ¼ 51.5 min in figure 1b. This is a consequence

of a large number of reacting molecules at each step of the path-

way, which makes the intrinsic noise of signal processing

negligible. When comparing model predictions with exper-

iment we found that, to reproduce experimentally observed

heterogeneity of single cell responses, one has to include extrin-

sic noise, that is, assume that the levels of the MAPK pathway

components vary among cells [4]. Since intrinsic noise was

found to be negligible, henceforth we will use a deterministic

approximation (ODEs). In order to analyse how extrinsic noise

influences the transmitted information, we will consider two

noise sources, as follows.

(a) Cell-specific noise associated with uncertain levels of

pathway components (in individual simulated cells) and

with pseudo-first-order rates of dephosphorylation reac-

tions (by implicit phosphatases). We will assume that

these variables follow the lognormal distributions

logN(mi, s
2) with median mi equal to the default value

of an ith parameter.

(b) Additive noise associated with ERK activation mediated

by pathways that are not included in the model. For the

additive noise we will also assume a lognormal distri-

bution logN(m*, s2
0) with s0 ¼ 1 and m* ¼ m0 � Rmax �

T/(60 min). For most of the analysis we take m0 ¼ 0.03,

which is equivalent to the assumption that about 3% of

ERK activity results from the additive noise.

The parameters s and m0 that characterize the strength of

the cell-specific and the additive noise will be varied. The

MAPK channel information capacity (or simply bitrate) is con-

trolled by the maximal frequency of EGF pulses that can induce

ERK activation. For figure 1d we perform similar simulations to

those for figure 1b, but accounting for the extrinsic noise. We

http://pmbm.ippt.pan.pl/software/cce
http://pmbm.ippt.pan.pl/software/cce
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compute the fraction of cells for which the response to the

second pulse is at least half of the response to the first pulse,

as a function of the time interval T between EGF pulses, for sev-

eral values of s (keeping m0 ¼ 0.03). For s ¼ 0, all cells exhibit

significant responses to the second pulse when T . t and none

of them exhibit such responses when T , t. For s ¼ 0.1 and

s ¼ 0.3 the significant responses to the second EGF pulse are

reached for T substantially larger than t; additionally, even

for T , t, a fraction of cells exhibit significant responses to

the second EGF pulse. For larger noise, s � 0.5, regardless of

T, there are cells that exhibit a significant response to the

second pulse and cells that fail to respond. In summary,

based on the above analysis, we may expect that, for zero or

small noise, EGF pulses separated by intervals T . t will

lead to a significant ERK activation, whereas, for larger

noise, EGF pulses will be missed in some cells even for T . t,

but some other cells will show responses for T , t.

3.2. ERK activation in response to sequences of three
EGF pulses

In figure 2 we show responses to eight sequences of EGF pulses.

We consider three base repeating times Ti (time intervals

between repeated pulses) of 60, 30 or 20 min. In the following

convention the sequence ‘101’ for T¼ T1 ¼ 60 min denotes a

sequence of three EGF pulses of successive amplitudes: 1 (in

dimensional units 1 � 100 pg ml21) at t ¼ 0 min, 0 (a ‘pseudo-

pulse’) at t¼ 60 min, and 1 at t ¼ 120 min. For T¼ T2 ¼

30 min, the same sequence denotes pulses of amplitude 1 at

t ¼ 0 min and t¼ 60 min, and a pseudo-pulse at t ¼ 30 min.

For illustration purposes, times Ti are chosen so that T1 .

t, T2 , t , 2T2, and 2T3 , t , 3T3. For each of the eight

sequences and each Ti, we perform 30 simulations (each cor-

responding to a single cell) with s ¼ 0.3, m0 ¼ 0.03; the

resulting trajectories of ERKpp(t) are shown in figure 2.

Since the noise is moderate, one can expect that for T ¼
60 min most cells will respond to all EGF pulses (by looking

closely one can spot that only one and two cells show a very

weak response to the second pulse in sequences ‘110’ and

‘111’, respectively). One can thus say that for T ¼ 60 min

almost all EGF sequences are transmitted properly.

For T ¼ 30 min, cells are not able to properly transmit EGF

sequences ‘011’, ‘110’ and ‘111’. Sequence ‘011’ leads only to a

single ERKpp pulse—in essence producing the same response

as sequence ‘010’. We will say that these two input EGF

sequences lead to a ‘010’ ERKpp response. In some simplifica-

tion, the distinction between ‘0’ and ‘1’ of the ERKpp response

is based on integrated ERKpp. When the integral exceeds some

threshold, the ERKpp response is interpreted as ‘1’. The

threshold however is not predefined, but rather set by likeli-

hood. Above the threshold the probability that the input was

‘1’ is higher than the probability that the input was ‘0’. EGF

sequence ‘110’ is interpreted as ‘100’, whereas EGF sequence

‘111’ is interpreted as ‘101’. In the last case—because the

second pulse does not elicit ERK activation—the third pulse

can be transmitted. Overall, for T ¼ 30 min, one can dis-

tinguish two EGF sequences, ‘000’ and ‘100’, that are

accurately transmitted (i.e. produce ‘000’ and ‘100’ ERK

response, respectively), and three groups f‘010’, ‘011’g,
f‘100’, ‘110’g and f‘101’, ‘111’g (grouped in bold frames in

figure 2) that are transcoded, respectively, to ERKpp sequences

‘010’, ‘100’ and ‘101’. The element of the group which is accu-

rately transmitted (i.e. here ‘010’, ‘100’ and ‘101’) will be
referred to as the group representative. For T ¼ 20 min, the

analysis is analogous: there are also two sequences that are

accurately transmitted, but only two groups—one containing

two EGF sequences, the other containing four EGF sequences.

Because an ERKpp pulse at the first position inhibits signal

transmission for about 50 min, EGF sequences ‘100’, ‘110’,

‘101’ and ‘111’ are all transcoded to ‘100’.

Transmitted information is limited from above by log2(K),

where K is the number of distinct output sequences. In our

case, K ¼ 8 for T ¼ 60 min, K ¼ 5 for T¼ 30 min and K ¼ 4 for

T¼ 20 min. Thus, transmitted information (or MI) is limited

from above by, respectively, log2(8) ¼ 3, log2(5) ¼ 2.32 and

log2(4) ¼ 2. The estimated bitrate, that is, MI/(3Ti), equals,

respectively, 1 bit h21, 1.55 bit h21 and 2 bit h21. As we can

see, the bitrate is highest when the base repeating time is

20 min, which is only a fraction of the relaxation time t. We

will see that this observation remains true also for longer

sequences and that this simple theoretical estimates agree well

with numerical values obtained for small noise.

3.3. Quantitative estimation of transmitted information
In order to estimate the bitrate numerically we will calculate the

MI between input and output sequences. The inputs x [ X are

EGF binary sequences of length L. We have performed simu-

lations for L ¼ 8 and L ¼ 6. For each input sequence we
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Figure 3. ERK responses to four binary sequences: 00, 01, 10 and 11 for three base repeating times. (a) Scatter plots of R1, R2 for all sequences (grey 00, green 01,
blue 10, red 11), based on 16 000 simulations for each sequence. (b) Histograms of R2 when the first pulse has amplitude 0 (grey 00, green 01). (c) Histograms of R2

when the first pulse has amplitude 1 (blue 10, red 11). (d) Histograms of R2 independently of the first pulse amplitude (blue *0, brown *1). In all scatter plots, MI
denotes the mutual information calculated for two-dimensional distributions; in all histograms, MI denotes the mutual information calculated based on two shown
one-dimensional distributions.
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performed M ¼ 1000 simulations obtaining M response vectors

y ¼ (R1, . . . ,RL) [ Y, where Ri are defined as in equation (3.1)

with the additive noise included. These simulations probe a

(continuous) output probability distribution Y. The analysis of

short sequences (L , 6) is based on truncated simulation data

obtained for L ¼ 6. In this way we gained larger statistics; for

example, for L ¼ 2 (figure 3), we have 16 000 simulations for

each of four binary input sequences. In our case the domain of

input is discrete, so MI can be expressed as

MI(X; Y) ¼
P

x[X
p(x)

Ð
y[Y p(yjx)log

p(yjx)

p(y)

� �
dy: ð3:2Þ

To calculate MI, one has to assume or determine input

sequence probabilities p(x). We proceed as follows:

(1) assume that all input sequences have equal probabilities, or

(2) assume that all group representatives have equal probabil-

ities, while the other sequences have zero probabilities, or

(3) calculate input probabilities that maximize MI.
3.4. Numerical estimation of the transmitted
information in sequences of two pulses

In figure 3 we analyse the ability of the system to resolve

binary sequences ‘00’, ‘01’, ‘10’ and ‘11’ for three base repeat-

ing times Ti ¼ 60, 50 and 40 min, for moderate noise (s ¼ 0.3,

m0 ¼ 0.03). In figure 3a we present scatter plots in the (R1, R2)-

plane showing responses to the four binary sequences with

corresponding MI values. The scatter plot for T ¼ 40 min

shows that for this time interval the system is essentially

able to transmit three input sequences, ‘00’, ‘01’ and ‘10’,

while the sequence ‘11’ produces almost the same output as

sequence ‘10’. Consequently, MI ¼ 1.51 , log2(3) � 1.58. For

T ¼ 50 min and T ¼ 60 min, the system distinguishes ‘10’

and ‘11’ sequences to a certain extent and MI values (equal,

respectively, to 1.60 and 1.73) exceed log2(3) but are still sub-

stantially lower than the upper bound MImax ¼ log2(4) ¼ 2.

We further investigate the system’s inability to transmit

four sequences by detailed analysis of responses to the

second pulse. When the amplitude of the first pulse is 0,



Table 1. Information transmitted in L ¼ 4 pulses with intervals T ¼ 60, 30, 20, 15 min. Comparison of numerical and theoretical estimates for small noise,
s ¼ 0.1 and m0 ¼ 0.03.

T
(min)

theoretical MI value numerical MI value, s 5 0.1 and m0 5 0.03

maximum and minimum
values of group
probabilities together
with the group
representativea

equal
probabilities of
input sequences

maximized
log2(K )

numerically
maximized

equal probabilities
of all group
representatives

equal
probabilities of
all input
sequences

60 log2(16) ¼ 4 log2(16) ¼ 4 3.93 3.93 3.93 ‘0001’: 0.065; ‘0110’: 0.060

30 4 – 9/8 ¼ 2.875 log2(8) ¼ 3 2.96 2.96 2.82 ‘0010’: 0.129; ‘1010’: 0.120

20 4 – 13/8 ¼ 2.375 log2(6) ¼ 2.58 2.55 2.55 2.33 ‘0100’: 0.171; ‘1001’: 0.161

15 4 – 17/8 ¼ 1.875 log2(5) ¼ 2.32 2.32 2.32 1.89 ‘1000’: 0.202; ‘0000’: 0.195
aData obtained via numerical MI maximization.
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then, regardless of Ti, the system almost perfectly dis-

tinguishes between amplitudes 0 and 1 of the second pulse

(figure 3b). The value MIR2

00,01 (given on each histogram in

figure 3b) is calculated between the inputs X ¼ f‘00’, ‘01’g
(assuming that both sequences are equiprobable) and the

output to the second pulse, R2. For each Ti, MIR2

00,01 � 0.98

(MIR2

00,01 ¼ 1 means that both inputs are perfectly distinguish-

able). In the case when the amplitude of the first pulse is 1,

the ability to distinguish between amplitudes 0 and 1 of the

second pulse is much lower (figure 3c): for T ¼ 60 min,

MIR2

10,11 ¼ 0:49; for T ¼ 50 min, MIR2

10,11 ¼ 0:22; and for T ¼
40 min, MIR2

10,11 ¼ 0:03; the nearly zero value for T ¼ 40 min

is a consequence of the fact that the system cannot respond

to two EGF pulses with a time interval of 40 min. In

figure 3d we show histograms of the marginal probability dis-

tributions of responses to the second pulse. The MIR2

�0,�1values

shown in these histograms measure the ability to distinguish

between amplitudes 0 and 1 of the second pulse when the

first pulse is unknown.

Let us notice that two-dimensional MI is greater than

the sum of unidimensional MIs, MIR1

0�,1� þMIR2

�0,�1. Here

MIR1

0�,1� ¼MIR2

00,01, because the response to the second pulse in

the case when the first pulse has amplitude 0 is identical to

the response to the first pulse—regardless of the amplitude of

the second pulse. This implies that information that can be

inferred from two pulses together is higher than information

inferred from the first and the second pulse separately (i.e.

when the interpretation of the second pulse ignores information

inferred from the first pulse). This indicates that a receiver with

memory, which can record and analyse the full response to an

EGF sequence, can infer more information than a memoryless

receiver that processes each pulse individually.

3.5. Theoretical versus numerical estimation of
information carried by pulse sequences

To estimate MI for small noise, one can express it in terms of

entropy and conditional entropy:

MI(Y; X) ¼ H(Y)�H(YjX) ¼ H(X)�H(XjY), ð3:3Þ

where H(X ) and H(Y ) are the entropies of input and output,

H(YjX ) is the conditional entropy of the output given the

input, while H(XjY ) is the conditional entropy of the input

given the output. First, we note that this formula implies
that MI is limited by the input entropy H(Y ) as well as the

output entropy H(X ). In the simplest case of T . t, all EGF

sequences are properly transmitted (transcoded) to ERK

sequences, and thus H(YjX ) ¼ H(XjY ) ¼ 0 (which means

that the knowledge of input is sufficient to deduce output

and, conversely, knowledge of output is sufficient to infer

input). Thus, for T . t we have MI(Y; X ) ¼ H(Y ) ¼ H(X ) ¼

L (where, recall, L is the length of binary input sequences).

In this case, the bitrate is equal to the base repeating frequency

F ¼ 1/T. In the case of T , t, MI(Y; X ) ¼ H(X ) can be reached

when one is confined to input sequences that can be unam-

biguously transmitted, that is, to group representatives (as

defined in figure 2).

Let us now consider the case of L ¼ 4, T ¼ 30 min. The

input sequences form eight groups: f‘0000’g, f‘0001’g,
f‘0010’, ‘0011’g, f‘0100’, ‘0110’g, f‘0101’, ‘0111’g, f‘1000’,

‘1100’g, f‘1001’, ‘1101’g and f‘1010’, ‘1110’, ‘1011’, ‘1111’g.
In each group, input sequences are indistinguishable, so

K ¼ 8. The maximum MI is log2(8) ¼ 3 and is achieved

when probabilities of all group representatives (first sequence

in each set) are equal to 1/8. The same maximal MI value is

achieved when in each group the sum of all probabilities is

equal to 1/8. In this case, one also learns 3 bits about input

as knowing the output sequence allows one to infer from

which of the eight equiprobable groups the input signal orig-

inates. Unsurprisingly, by maximizing MI numerically in the

case of small noise (s ¼ 0.1, m0 ¼ 0.03) we obtain almost

equal probabilities of each group of input sequences

(table 1, last column).

Let us notice that by assuming that all 16 input sequences

have equal probabilities, we obtain a somewhat lower value of

MI(Y; X ) ¼ H(X ) 2 H(XjY ). Now, H(X ) ¼ log2(16) ¼ 4, while

H(XjY ) ¼ (2/16)log2(1) þ (5/8)log2(2) þ (1/4)log2(4) ¼ 9/8,

which gives MI(Y, X ) ¼ 23/8 , 3. The calculations for T ¼
20 min and T ¼ 15 min are analogous, with the difference

that for T ¼ 20 min there are K ¼ 6 groups, and for T ¼
15 min there are K ¼ 5 groups. Also, in the two latter cases

the maximized MI¼ log2(K) is larger than MI calculated

under the assumption that all input sequences are equiprob-

able; moreover, the difference is larger than for T ¼ 30 min.

These theoretical values are compared with numerical esti-

mates for small noise (table 1). One can see that both the

maximized MI and the MI calculated by assuming that all

sequences are equiprobable agree well with theoretical
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estimates. Additionally, one may notice that the numerically

maximized MI perfectly agrees with the value calculated by

assuming that all group representatives have equal probabilities

and the other sequences have zero probability.

3.6. Bitrate estimation in the limit of infinitely long
sequences
To estimate the upper limit of MI for small noise for a given

base repeating time T, one has to calculate the number of

sequences of length L that can be accurately transmitted. For

T¼ 30 min, the accurately transmitted sequences are those

without ‘11’ subsequences. It is straightforward to show that

the numbers nL of such sequences follow the Fibonacci

sequence. Let n0
L and n1

L denote the number of such sequences

of length L ending in, respectively, ‘0’ and ‘1’. In the first case

the sequence can be extended by adding either ‘0’ or ‘1’ at its

end; in the second case it can be extended only by adding ‘0’.

Thus, we have n0
Lþ1 ¼ n0

L þ n1
L, and n1

Lþ1 ¼ n0
L. Next,

n0
Lþ2 ¼ n0

Lþ1 þ n1
Lþ1 ¼ nLþ1 and n1

Lþ2 ¼ n0
L þ n1

L ¼ nL, hence

nLþ2¼ nLþ1þ nL (i.e. nLþ1¼ nLþ nL21). Analogously for T¼
20 min (or any T satisfying 2 T , t , 3 T ), we may notice

that the accurately transmitted sequences are those without

both ‘11’ and ‘101’ subsequences. It is also straightforward to

show that the number of such sequences satisfies a recurrence

relation similar to the Fibonacci sequence, i.e. nLþ1¼ nL þ
nL22. Finally, for any T satisfying kT , t , (kþ 1)T, the

number of accurately transmitted sequences satisfies nLþ1 ¼

nLþ nL2k. In the limit of large L, these recurrence relations

can be solved: nL(k) ¼ ak,0 � aL
k , where ak satisfies

akþ1
k ¼ ak

k þ 1, and, for k� 10, ak,0 are constants of order 1,

i.e. a1,0 � 1.17, a2,0� 1.03, a3,0 � 0.94, a10,0� 0.74.

MI that can be transmitted in a sequence of length L is

thus MI(k, L) ¼ log2(ak,0) þ L � log2(ak), therefore the bitrate

C(k, L) ¼ (k þ 1)�MI(k, L)/L and, in the limit of L!1,

C(k, L) ¼ C(k) ¼ (k þ 1) � log2(ak). By straightforward calcu-

lation one can find that for T ¼ 30 min the bitrate is C(2) �
1.39 bit h21; for T ¼ 20 min, C(3) � 1.65; and for T ¼ 15 min,

C(4) � 1.86 bit h21. C(k) is the monotonically increasing func-

tion of k, and C(k)/log2(k)! 1 for k!1.

In figure 4a, for inter-pulse intervals T ¼ 60, 30, 20 and

15 min we compare bitrates that were predicted theoretically

with those calculated based on numerical simulations.

Despite a moderate magnitude of noise (s ¼ 0.3, m0 ¼ 0.03),

there is good agreement between theoretical low-noise pre-

diction and numerical simulations both for not maximized

MI (equal input probabilities) and maximized MI. This

suggests that the theoretical asymptotic bitrate value, C(k),

serves as a good approximation even for low and moderate

noise, s � 0.3 and m0 � 0.03.

Bitrates increase monotonically with repeating frequency

F ¼ 1/T. The maximized bitrate is higher than the bitrate cal-

culated for equal input sequence probabilities. The difference

is most significant for the smallest T ¼ 15 min, when the ratio

of sequences that can be properly transmitted to all sequences

is low. However, even for equal input probabilities the bitrate

for T ¼ 15 min is much larger than for T ¼ 60 min.

3.7. Influence of noise on bitrate
Noise can substantially decrease the amount of transmitted

information. As shown in figure 1d, noise reduces a system’s

ability to respond to the second EGF pulse, especially when
the time span between the pulses is comparable to t. In

figure 4b we show bitrate with respect to s, with additive

noise kept constant, m0 ¼ 0.03. As expected, bitrates for all con-

sidered T (60, 30, 20 and 15 min) decrease with s. Interestingly,

the ratio of the optimized bitrate for T ¼ 15 min to the bitrate

for T ¼ 60 min increases with noise, which implies that coding

using short base repeating time is less sensitive to noise. This is

because, in the optimized coding using the short repeating

times, the two (non-pseudo) pulses are less frequently separ-

ated by a 60 min interval than for the base repeating time
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T ¼ 60 min. For T ¼ 60 min, subsequences ‘10’ and ‘11’ are

equiprobable, and the latter is sensitive to noise (figure 1d).

Let us notice that even for very high noise parameter s ¼

1.0, for T ¼ 15 min, C . 1 bit h21 (i.e. C exceeds the bitrate

for T ¼ 60 min in the limit of small noise).

Small noise s ¼ 0.1 influences bitrate only for T ¼ 15 min

but more detailed analysis suggests that for T ¼ 15 min the

high bitrate for s ¼ 0.0 can be considered an artefact. We

found that in this case the system can distinguish between

sequences ‘10’ and ‘11’, because the second EGF pulse

increases the ERK activity tail. This effect is small and

becomes invisible even for small noise (s � 0.1). The analysis

shown in figure 4b is continued in electronic supplementary

material, figure S1, where we consider the base repeating

times from 30 to 80 min. For s � 0.3, bitrate increases mono-

tonically with F; only for small noise, s � 0.1, is the bitrate

for T ¼ 60 min somewhat higher than for T ¼ 50 min. This

effect is clear in the context of figure 1d, which shows that

for small noise the pathway transmits pulses separated by

60 min intervals but not by 50 min intervals.

In figure 4c we repeat the analysis shown in figure 4b, but

now analysing the effect of the additive noise, keeping s ¼

0.3. This effect is very weak up to m0 ¼ 0.1 (recall that for

m0 ¼ 0.1 the amplitude of the additive noise is equal to 10%

of the response amplitude). For m0 ¼ 0.3, the relative

reduction of bitrate is significant, and the relative reduction

again is the strongest for T ¼ 60 min. The analysis is contin-

ued in electronic supplementary material, figure S2 for the

base repeating times from 30 to 80 min and shows that,

regardless of the amplitude of additive noise, bitrate

increases monotonically with F.

In summary, the analysis shown in figure 4b,c and elec-

tronic supplementary material, figures S1 and S2 shows

that, as expected, noise reduces bitrate. Generically, bitrate

increases monotonically with F ¼ 1/T, for T between

15 min and 80 min. Moreover, this increase is steeper for

higher noise. In other words, high-frequency coding is less

sensitive to noise than low-frequency coding.
4. Discussion
Two important regulatory pathways of NF-kB and ERK were

found to transmit merely 1 bit of information about the level of

extracellular stimulation [14,16], which roughly means that

these pathways only relay information about the absence or

presence of a stimulus. Information about the stimulation

dose is increased only slightly when output is measured in

more than one time point [16,22]. These results suggest that,

in the considered pathways, information is encoded not in

the input amplitude but in the temporal profile of, respect-

ively, TNF and EGF, which are transcoded to the temporal

profiles of nuclear NF-kB or active ERK. The question about

optimal information coding can be formulated as the following

representation problem: What is the input signal coding that

allows the highest information transmission rate to be achieved

in long time? It has been investigated previously whether the

amplitude or the frequency coding can transduce more infor-

mation from receptors to transcription factors [23]. Here, we

proposed considering information coded in sequences of

EGF pulses and, for such coding, we theoretically estimated

from below the maximum transmission rate.
The considered model predicts that nearly all EGF inputs

are converted to pulses of ERK activity [4]. Relaxation oscil-

lations arise in response to constant EGF stimulation. The

oscillation period is a non-monotonic function of the EGF

level, attaining minima for the moderate stimulation. The

ratio of the ON phase to the OFF phases increases monotoni-

cally with the EGF dose; at high dose, oscillations are replaced

by constant response [4]. Analogous pulses of EGF are con-

verted to nearly digital pulses of ERK activity. Conversion of

various inputs to nearly digital ERK activity pulses may

suggest that pulses are used as symbols in intracellular com-

munication. This motivated us to quantify MI between

sequences of short EGF pulses and corresponding sequences

of ERK activity. Based on this we estimated from below the

EGF-to-ERK-channel information capacity, or simply the bit

rate at which information can be transmitted.

We showed that high repeating frequency coding allows

to substantially exceed bandwidth limit equal 1 bit/t,

where, recall, t � 1 h is the threshold (or relaxation) time.

Specifically, we considered sequences of EGF pulses of ‘1’

or ‘0’ amplitude separated by time intervals T that are mul-

tiples of hour/n, and showed that, in the case when

intervals between pulses of amplitude ‘1’ (true pulses) are

not smaller than 1 h, C � 1.39 bit h21 for n ¼ 2, and C �
1.86 bit h21 for n ¼ 4. Because ERK activity pulses are

nearly digital, the considered encoding is not very sensitive

to noise. Moreover, the high repeating frequency coding

(n . 1) is less sensitive to noise than coding with n ¼ 1. The

high repeating frequency coding is equivalent to coding by

pulse/spike intervals, proposed many years ago for neural

information processing [24]. Neuronal spikes are separated

by intervals of at least an order of magnitude longer than

spike duration [25]. In this case, information is more effi-

ciently encoded by time intervals between subsequent ‘1’

(that are not shorter than t and resolved with accuracy t/n)

than by sequences of ‘0’ and ‘1’ separated by t.

The bitrate is inversely proportional to threshold time,

which for our model is t ¼ 51.5 min. It should be noted

that the value of t may be cell line dependent. According

to the model, t decreases with the strength of the negative

feedback from ERK to SOS (figure 5). The abrupt decrease

of the t from 40 min to 25 min is observed when the strength

of the feedback is close to one-quarter of its nominal value. At

this value, ERKpp does not exhibit oscillations in response to

the constant EGF stimulation (figure 5). Therefore, the model

suggests that there is a trade-off between short relaxation
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time and the ability of the system to translate constant EGF

stimulation into series of pulses. In rat PC-12 cells, Ryu

et al. [9] observed pronounced oscillations in response to

3 min long pulses with a period of 23 min, and also smaller

oscillations (that are not arising in our model) in response

to the higher frequency pulses. As expected from our analy-

sis, these cells do not exhibit oscillations in response to a

constant EGF stimulation. Responses exhibited by the PC-12

cell line can be reproduced by the considered model by

removing the negative feedback from ERK to SOS and the

positive feedback between SOS and RAS. This may suggest

that signalling at the level of SOS is different in the PC-12

cell line from that in the human MCF-10A epithelial cells

studied by us [4].

Because the negative feedback loop emanating from ERK

targets SOS, a protein at the very beginning of the MAPK cas-

cade, ERK activity oscillations are associated with oscillations

of all components between SOS and MEK. Thus, the same

or a higher amount of information is reached by pathway com-

ponents preceding ERK. These proteins control different

cellular functions. For example RAF-1 interacts with ROKa,

which is implicated in the reorganization of cytoskeletal fila-

ments [26] and with MST2/LATS pathway controlling

apoptosis [27].

Characteristic spatio-temporal profiles of cytokines such as

TNF and EGF have not been fully characterized. There is how-

ever growing evidence that these profiles are bursty and

spatially localized rather than slowly fluctuating and spatially

uniform. In the context of NF-kB, recently Bagnall et al. [28]

showed that TNF propagation is of short range and NF-kB sig-

nalling is limited to distances of a few cell diameters from the

neighbouring tissue-resident macrophages. Capuani et al. [29]

demonstrated that at physiological EGF concentrations (which

do not exceed 1 ng ml21) only a fraction of EGF receptors are

activated, which suggests that EGF diffusion is of short range,

with EGF being removed from the extracellular space by the

receptors. This allows for the existence of spatially localized

ERK activity waves that may arise spontaneously [30] or in

response to wounding [31], and coordinate motility of cells

in the tissue. Hiratsuka et al. [31] observed in vivo ERK acti-

vation waves propagating from the wound edge. Under

steady-state conditions, the epidermis occasionally revealed

bursts of ERK activation patterns where ERK activation is pro-

pagated from cell to cell in a radial manner. ERK activity

waves induce collective cell migration in the opposite direction

[32], promoting wound healing or sealing a hole in the
epithelium after individual cell apoptosis. These waves,

although not yet fully characterized, are dependent on EGF

receptor ligands because inhibition of EGF receptors comple-

tely blocks ERK activity propagation [27], which in turn

suppresses collective cell migration [32]. Propagation of ERK

activity waves requires timely digital ERK activation in sub-

sequent layers (or lines in epithelium) of cells. To maintain

directionality cells behind the wavefront have to remain inhib-

ited until the signal propagates to the next layer. The ability to

transmit spontaneous signals requires a single cell to accu-

rately respond to random sequences of EGF pulses, which is

equivalent to transmitting information at sufficiently high bit

rates.

Regulatory pathways can be perceived as noisy infor-

mation-transmitting channels, but can also be considered as

decision-making modules that employ feedbacks and other

nonlinear regulatory elements to convert input into one of

several predefined outputs. MAPK/ERK and NF-kB path-

ways convert both constant and pulsating cytokine

stimulation into pulses of ERK or NF-kB activity. Here, we

consider an optimal representation problem and investigate

which EGF time profiles can transmit the maximum

amount of information to ERK. Motivated by the growing

evidence that physiological EGF stimulation is short ranged

and bursty, we focus on sequences of short EGF pulses. We

found that information can be transmitted with the rate

exceeding the classical bandwidth limit of about 1 bit h21 in

the case when inter-pulse intervals are used to code infor-

mation. The timely activation of ERK in neighbouring cells

allows for propagation of waves that coordinate collective

cell migration during wound healing.
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Predictive power 
of non‑identifiable models
Frederic Grabowski , Paweł Nałęcz‑Jawecki  & Tomasz Lipniacki *

Resolving practical non-identifiability of computational models typically requires either additional 
data or non-algorithmic model reduction, which frequently results in models containing parameters 
lacking direct interpretation. Here, instead of reducing models, we explore an alternative, Bayesian 
approach, and quantify the predictive power of non-identifiable models. We considered an example 
biochemical signalling cascade model as well as its mechanical analogue. For these models, we 
demonstrated that by measuring a single variable in response to a properly chosen stimulation 
protocol, the dimensionality of the parameter space is reduced, which allows for predicting the 
measured variable’s trajectory in response to different stimulation protocols even if all model 
parameters remain unidentified. Moreover, one can predict how such a trajectory will transform 
in the case of a multiplicative change of an arbitrary model parameter. Successive measurements 
of remaining variables further reduce the dimensionality of the parameter space and enable new 
predictions. We analysed potential pitfalls of the proposed approach that can arise when the 
investigated model is oversimplified, incorrect, or when the training protocol is inadequate. The 
main advantage of the suggested iterative approach is that the predictive power of the model can be 
assessed and practically utilised at each step.

Non-identifiable or sloppy models are ubiquitous in systems biology1,2. Non-identifiability, in practical terms, 
means that parameters obtained through model fitting cannot be trusted: either because arbitrarily large changes 
of some parameters can be fully compensated by changes of other parameters (structural non-identifiability) or 
because plausible parameters may differ widely due to noise in measurements (practical non-identifiability). A 
closely related property is sloppiness. In sloppy models, some combinations of parameters define stiff directions, 
along which model responses change rapidly, whereas the remaining combinations define sloppy directions, 
along which model responses change insignificantly. It is important to note that non-identifiability or slopiness 
is a property of a model together with a dataset, not just the model itself. Additional data can make the model 
(more) identifiable3 and can reduce the number of sloppy directions.

Non-identifiability and sloppiness have a lot in common, however the first is perceived as a model disadvan-
tage that should be resolved, whereas the second is perceived as a ubiquitous property of complex models we 
have to live with2. Typically, structural non-identifiability is relatively easy to resolve by nondimensionalisation 
and reparametrization. Practical non-identifiability is a harder problem, usually requiring additional experi-
ments (which can be expensive or time-consuming), or manual model reduction4,5. An identifiable model that 
reflects underlying biochemistry can be seen as the ultimate goal of systems biology. However, model reduction, 
performed to reach identifiability, may lead to composite parameters that lack straightforward biochemical 
interpretation6–8. Additionally, a reduced model may not be able to accommodate new data containing measure-
ments of previously omitted variables. An alternative approach to non-identifiable, sloppy models is to identify 
stiff directions, and analyse system behaviour along these directions, which is an effective way of reducing the 
dimensionality of the investigated parameter space, without changing the model9.

In this study, we focus on practically non-identifiable models, but instead of reducing them to reach iden-
tifiability, we train them on limited datasets and investigate their predictive power after such training. It was 
observed earlier by Brown et al.10, Cedersund11, van Mourik et al.12, Monsalve-Bravo et al.9 and others that 
sloppy, non-identifiable models may lead to informative predictions; nevertheless the standard solution is to 
make models identifiable before predictions are made3, as reviewed in Refs.4,13. In this paper, we analysed the 
predictive power of non-identifiable models in more detail in the context of systems biology and investigated 
how successive inclusion of model variables in training influences predictions14. We view modelling as the fol-
lowing iterative procedure: perform experiment → train model on gathered data → assess its predictive power, 
if required perform additional experiments → train model again, narrowing down its plausible parameter space 
and thus increasing its predictive power. This approach stems from the fact that in (systems) biology additional 

OPEN

Institute of Fundamental Technological Research, Polish Academy of Sciences, Warsaw, Poland. *email: tlipnia@
ippt.pan.pl



2

Vol:.(1234567890)

Scientific Reports |        (2023) 13:11143  | https://doi.org/10.1038/s41598-023-37939-8

www.nature.com/scientificreports/

measurements are usually relatively expensive and/or time-consuming, so researchers try to constrain the model 
by performing a minimal necessary set of experiments15,16. This procedure increases the number of stiff directions 
and ultimately allows one to predict the investigated variables with high accuracy. To illustrate the procedure 
outlined above we considered a biochemical signalling cascade with a negative feedback loop—a motif ubiqui-
tous in regulatory pathways (e.g. MAPK17,18, NF-κB19,20, p5321,22). As an auxiliary example, we analysed a simple 
damped mechanical oscillator consisting of three masses with one of them subject to forcing.

We investigated the trained model’s ability to predict the system responses to different temporal stimulation 
protocols as well as responses that arise when one of the parameters is multiplied or divided by a factor of 10. The 
latter corresponds to perturbations that can be introduced by inhibitors or mutations causing protein hyperactiv-
ity, while the change of stimulation protocol can be interpreted as a modification of the therapy schedule. In the 
last decade, investigation of responses to complex temporal stimulations was enabled by optogenetic receptors 
which allow arbitrarily complex stimulation protocols23,24. We demonstrated that training a relaxed model, with 
three hypothetical negative feedback loops, leads to equally good predictions as training the nominal model, and 
correctly suggests the location of the nominal feedback loop. In contrast, training oversimplified or incorrect 
models leads to inaccurate predictions with (misleadingly) narrow prediction bands. This suggests the use of a 
more relaxed model structure when the exact network wiring is unknown or uncertain.

Model training relies on the exploration of the space of plausible parameters, i.e. parameters giving predic-
tions within an expected error bound of the measurements. There are several methods to explore the parameter 
space (e.g. Fisher information matrix16,25, profile likelihood3,4, Bayesian methods26–28, approximate Bayesian 
computation29, nested sampling30). We chose the Bayesian approach and sampled the parameter space by per-
forming Markov Chain Monte Carlo (MCMC) simulations using the Metropolis–Hastings algorithm31. This 
method allows us to start from broad, non-informative priors and explore the posterior parameter distributions 
confined by smaller or larger datasets, and consequently obtain straightforward probabilistic predictions. To avoid 
over-focusing on the details of the Bayesian approach, we will refer to posterior parameter samples as the set of 
plausible parameters, and to the process of running the MCMC simulation and obtaining the samples as training.

Results
Sequential training of the signalling cascade model.  We considered a four-step signalling cascade 
with negative feedback(s) resembling the MAPK cascade (RAS → RAF → MEK → ERK), outlined in Fig.  1a, 
with corresponding equations given in Fig. 1b. The cascade is activated by a time-dependent signal S(t), which 
depends on the stimulation protocol chosen. Nominal model parameters (used for generating training data) and 

Figure 1.   Signalling cascade model. (a) Scheme of the 4-level biochemical signalling cascade model activated 
by a time-dependent signal S(t). Strengths of feedbacks f2 and f3 are set to zero in the nominal model but are 
allowed to assume positive values in the ‘relaxed’ model. (b) Model equations. (c) Model parameters used for 
generating training data and prior distributions used for training. (d) Simulated trajectories of K1, K2, K3, and 
K4 in response to Strain used for model training; softlog(x) = log(0.001 + x). Error bars show measurement errors 
assumed for the generation of training data.
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assumed lognormal parameter priors used during model training are given in Fig. 1c. We note that, by default, 
the strengths of feedbacks to the second and third step of the cascade are zero (f2 = f3 = 0)—later we investigate 
a ‘relaxed’ model in which f2 and f3 are allowed to be positive. The training dataset was generated by simulating 
trajectories of the four model variables, K1, K2, K3, and K4 using an ‘on–off ’ stimulation protocol and randomly 
perturbing them in order to mimic experimental errors (Fig. 1d). The error bars are plotted at measurement time 
points (every hour) and show the magnitude of the assumed experimental errors. We used three such gener-
ated measurement replicates for training (see “Methods” for details). The training dataset was used to train two 
models: the ‘nominal’ model for which we assume f2 = f3 = 0, and a ‘relaxed’ model (in the next section) in which 
we allow f2 and f3 to assume positive values, also with a lognormal prior (Fig. 1c).

First, we trained the nominal model using only the trajectory of the last variable, K4. We observe that the 
resulting model accurately predicts the trajectory of K4 in response to two very different stimulation protocols 
(Fig. 2a,b), but fails to predict the trajectories of any of the remaining variables. For these three variables, the 
80% prediction bands are very broad, implying that the trained model contains little information about these 
variables. Next, the training dataset was expanded to additionally include the trajectory of K2, and we observe 
that also the trajectory of this variable can be reliably predicted (Fig. 2c). Finally, the complete training dataset 
containing trajectories of all four variables resulted in a “well trained” model, which predicts the trajectories of 
all variables (Fig. 2d).

By investigating the space of plausible parameters (i.e., posterior samples) we may notice that even for the 
well-trained model the marginal probability distributions show that all 9 parameters may vary by about an 
order of magnitude, and when training is performed only on K4 (or K2 and K4) parameters may vary by about 
two orders of magnitude (Fig. 2e). This shows that the model trained only on the last variable of the cascade, 
K4, can accurately predict this variable’s trajectories in response to different stimulation protocols, even though 
all model parameters remain uncertain, suggesting sloppiness of the trained model10. To better understand this 
feature we numerically analysed the dimensionality of the plausible parameter sets (see “Methods” section for 
details) obtained after training the model on (i) K4, (ii) K2 and K4, and (iii) all four variables (Fig. 2f). Since we 
are interested in multiplicative changes of parameters, we performed a principal component analysis (PCA) on 
sets of (natural) logarithms of plausible parameters9. Exponents of the square roots of the principal values (vari-
ances) λi can be interpreted as principal multiplicative deviations of parameter values, δi = exp(√λi). The prior 
parameter distributions are LogNormal(μ = 1, σ = 3) clipped to [0, 104], which gives δi,prior ≈ exp(3) ≈ 20 (for all 
i), implying that “on average” all prior parameter values can vary 20-fold from the median. After training on all 
variables, the largest principal multiplicative deviation is δi ≈ 12, however, the 4 smallest δi are much lower, below 
1.5 (note that δi = 1 implies no variation along the i-th principal component), indicating that these directions are 
stiff. This implies that the dimensionality of the plausible parameter space was effectively reduced by 4 due to 
training. When training is performed only on K4, dimensionality is reduced by 1 (only the smallest δi is below 
1.5), and when training uses K2 and K4, dimensionality is reduced by 2 (the two smallest δi are below 1.5). There-
fore, in agreement with intuition, model training reduces the dimensionality of the plausible parameter space. 
In our example, measurement of n variables reduces dimensionality by n. Importantly, even reduction from 9 to 
8 dimensions allows for reliable predictions of a single variable of interest that was measured to train the model.

The principal components (eigenvectors) can be used to gain additional insight. Each stiff direction defines a 
combination of parameters that is well-constrained by data used for training (Fig. S1a). The single stiff direction 
that emerges after training on K4 has four positive coordinates corresponding to activation parameters (a1–a4) 
and five negative coordinates corresponding to deactivation parameters (d1–d4) and the negative feedback (f1). 
The same pattern appears when training includes two, or all four variables; in the emerging stiff directions, coor-
dinates corresponding to activation and deactivation have opposite signs. Stiff directions span a stiff subspace, 
and this subspace can be more intuitively visualised when a linear combination of stiff vectors minimising the 
number of dominant coordinates is chosen (Fig. S1b). One can now readily see that even after training on all four 
model variables, only the ratios of activation/deactivation parameters can be determined, not these parameters 
themselves.

Finally, we investigated whether the trained model is able to predict responses to test protocols that arise after 
a multiplicative change of a given model parameter. Such a change is equivalent to a system perturbation that can 
be introduced experimentally by knockdown or overexpression of a reacting protein. To test this, after training 
the model on K4, we modified each set of plausible parameters by multiplying or dividing a given parameter by a 
factor of 10. As shown in Fig. 3, for each of the 9 parameters such a modification allows to correctly predict, with 
relatively narrow prediction bands, the response of the nominal model with the corresponding parameter change.

Training a relaxed model.  Frequently, experiments are performed not only to constrain the parameters of 
a known model but to deduce the structure of the model itself. To explore this scenario, in Fig. 4 we introduced 
a ’relaxed’ model, in which we allowed strengths of the three negative feedbacks shown in Fig. 1a to assume 
positive values during training (assuming prior lognormal distributions, as shown in Fig. 1c). This increases 
the number of free parameters from 9 to 11. Again, this relaxed model was trained on in silico-generated data, 
based on the nominal model with one feedback. Regardless of whether only K4 or all variables are included in 
the training dataset, the relaxed model performs equally well as the nominal model on test protocols (compare 
Fig. 4a versus Figs. 2a, 4b versus Fig. 2d). We note that the marginal distributions of the three feedback param-
eters remain broad (Fig.  4c). This means that, even without knowing strengths of individual feedbacks, the 
model can give reasonable predictions. Nevertheless, these distributions indicate that the (nominal) feedback 
f1 is dominant.
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Figure 2.   Training the nominal model. (a,b) Prediction of model responses to two test signals, Stest, after 
training on the trajectory of K4 (generated in response to the training protocol, Strain, shown in Fig. 1d). Black 
dotted lines show trajectories of the nominal model, coloured lines show (point-wise) medians of predictions, 
contours show 80% prediction bands; softlog(x) = log(0.001 + x). (c) Prediction of model responses after 
training on trajectories K2 and K4. (d) Prediction of model responses after training on trajectories of all four 
model variables, K1, K2, K3 and K4. (e) Histograms obtained from 10,000 samples generated from the posterior 
distribution of model parameters after training on K4 (blue); K2 and K4 (orange); K1, K2, K3 and K4 (purple). 
Grey contours show prior distributions. (f) Dimensionality reduction of the parameter space by successive 
inclusion of model variable trajectories into the training set. Bar heights show principal multiplicative deviations 
δi = exp(√λi), where λi are principal values (variances) of log-parameters.
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The above example suggests that if there exists uncertainty about model structure, it is advisable to train a 
more relaxed model, which can still result in satisfactory predictions, and eventually, after gathering more data, 
can provide a hint about true model structure.

Training a simplified model.  Given insufficient knowledge about the cascade structure and a small data-
set, it might be tempting to train a simplified model. Here, we give an example that showcases potential pitfalls of 
this approach. As previously, the training set was a perturbed trajectory of K4 generated by the nominal model—
however, we attempted to train a model that contains only two signalling steps, in which K1 directly influences 
K4 (formally in the equation for K4 we replace K3 by K1, and equations for K2 and K3 are omitted). Training the 
simplified model on the ‘on–off ’ protocol shows some discrepancy between the original and simplified model 
trajectories (Fig. 5a, note the logarithmic scale of the plot). When the trained model is verified on the test stimu-
lation protocol, the observed discrepancy is more visible, meaning that the simplified model is not able to make 
accurate predictions (Fig. 5b). Crucially, the 80% prediction band is relatively narrow, similar to that obtained for 
the correct model (Fig. 5b versus Fig. 2a). Thus the trained simplified model is “sure” (even if marginal param-
eter distributions of 3 out of 5 model parameters remain very broad—Fig. 5c) about its inaccurate predictions.

In certain cases where approximate predictions are still satisfactory, the simplified model can be a reasonable 
solution. However, as demonstrated above, one should be very careful when interpreting parameters and making 
predictions, since some conclusions might be an artefact of using a wrong model to compute posterior prob-
abilities. Finally, in contrast to the relaxed model, the simplified model cannot be improved by additional data.

Figure 3.   Predicted responses after changing model parameters. (a,b) Prediction of model responses to two 
test signals, Stest (shown in each panel top left), after training on the trajectory of K4 (generated in response to 
the training protocol, Strain, shown in Fig. 1d). In each chart, one of the parameters (shown in square brackets) 
was multiplied (red) or divided (blue) by a factor of 10. Black dotted lines show trajectories of the nominal 
model, coloured lines show (point-wise) medians of predictions, contours show 80% prediction bands; 
softlog(x) = log(0.001 + x).
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Analysis of potential pitfalls.  In Fig. S2 we investigate training based on an inadequate stimulation pro-
tocol. The protocol’s ‘on’ phase lasts only 1 h (compared to 4 h in Fig. 2), and as a result, the model predictions 
have a broad 80% prediction band. The prediction band for K4 is broad when training includes K4 only, and 
remains broad even when training includes all four model variables. Higher uncertainty of trained model tra-
jectories is associated with larger principal multiplicative deviations δi, compared to values obtained for training 
shown in Fig. 1d. This example highlights the importance of designing a good stimulation protocol for training. 
If our goal is to obtain accurate predictions of K4 only, training on K4 with the help of an appropriate protocol 
(Fig. 2a) gives much better results than training on all variables employing a suboptimal protocol (Fig. S2c). This 
pitfall is relatively simple to resolve—one has to adjust the training protocol so that it allows capturing charac-
teristic temporal responses of the system. Whether the 1-h long ‘on’ phase is sufficient or not depends on the 
nominal model parameters.

In Fig. S3 we show an example where the prior model is incorrect, i.e. has no negative feedback at all. We 
obtain discrepancies between measurement and model, which could be overlooked during training if, for exam-
ple, the measurement points were not distributed densely enough. From the trained wrong model we also obtain 
wrong predictions with very narrow prediction bands, as in the case of the simplified model discussed earlier. The 
key message from Fig. 5 and Fig. S3 is that a simplified or wrong model can make inaccurate or wrong predic-
tions with narrow prediction bands, and thus the width of prediction bands contains no information about the 
accuracy of the model. Narrow prediction bands imply that obtained constraints on parameters suffice for unique 
predictions, but these predictions are correct only under the condition that the model structure is also correct.

Mechanical analogue.  We performed a similar analysis of a (distant) mechanical analogue of the signal-
ling pathway, a damped harmonic oscillator consisting of three masses connected by two springs (Fig. 6). The 
system is parametrized by 8 free parameters. For training, we used a protocol in which one of the masses is 
pushed with constant force for 10 s, which results in a displacement of all masses. Next, we used the trajectory of 
the opposite mass (or of all masses) to train the model. In the test protocol, a sinusoidal driving force was applied 
to the same mass as during training. Similarly to the signalling cascade model, we found that training on a single 
mass trajectory suffices to predict its trajectory (for a limited time) in response to a very different forcing, and 
training on all three masses allows for very accurate predictions of all trajectories, despite the fact that marginal 
distributions of model parameters remain broad.

Figure 4.   Training a relaxed model. (a) Prediction of model responses to test signal, Stest, after training on the 
trajectory of K4 (generated in response to the training protocol, Strain, shown in Fig. 1d). Black dotted lines show 
trajectories of the nominal model, coloured lines show (point-wise) medians of predictions, contours show 80% 
prediction bands; softlog(x) = log(0.001 + x). (b) Prediction of model responses after training on trajectories 
of all four model variables. (c) Histograms were obtained from 10,000 samples generated from the posterior 
distribution of model parameters after training on K4 (blue) or all model variables (purple). Grey contours show 
prior distributions.
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Discussion
The majority of systems biology models, including mechanistic models of intensely studied regulatory net-
works, are non-identifiable (or sloppy). Current techniques and algorithms allow practitioners to automatically 
resolve structural non-identifiability problems, however, resolving practical non-identifiability is harder, and 
frequently requires additional data or substantial model reduction. We see the model reduction problem as fol-
lows: regulatory networks have built-in signalling cascades that transmit signals between key nodes. In many 
cases, researchers are aware of components (typically kinases) of these signalling cascades, but measuring the 
kinetics of all these components is not feasible. It is thus tempting to skip these intermediate steps, but this solu-
tion is problematic since these intermediate steps introduce time delays that can be important for whole-network 
behaviour, such as oscillations. In the case of the discussed cascade S → K1 → K2 → K3 → K4 triggered in t = 0 from 
state K1 = K2 = K3 = K4 = 0 by the step signal S(t), the first, second and third time derivatives of K4 (at t = 0) are zero. 
When the cascade is reduced to S → K1 → K4, the second derivative of K4 becomes positive, which noticeably 
changes the system’s response, as shown in Fig. 5. To maintain observed dynamics (in particular oscillations) 
one can introduce nonlinearities, but as a consequence, the resulting model misses some components and has 
nonlinear terms not supported by underlying biochemistry32,33.

Figure 5.   Training a simplified model. (a) Training a simplified (2-step) model on the nominal (4-step) model 
trajectory of K4. Only variables present in the simplified model are shown. Black dotted lines show trajectories 
of the nominal model, coloured lines show (point-wise) medians of the simplified model, contours show 80% 
prediction bands; softlog(x) = log(0.001 + x). (b) Prediction of the trained simplified model responses to the test 
signal, Stest. Same graphical convention as in (a). (c) Histograms were obtained from 10,000 samples generated 
from the posterior distribution of simplified model parameters. Grey contours show prior distributions.
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In response to the outlined problems with model reduction, we studied an alternative approach based on 
training the full mechanistic model on the available dataset and assessing its predictive power2. We showed that a 
very limited dataset, insufficient to constrain any model parameters, can still allow for satisfactory predictions10,11. 
In particular, we demonstrated that by training the signalling cascade model on the trajectory of the last compo-
nent of the cascade (obtained in response to some properly chosen training protocol), one can unambiguously 
predict its trajectory in response to other protocols, as well as parameter changes. This prediction is possible 
despite the fact that trajectories of all upstream variables remain unknown.

Investigation of the plausible parameter set allows for additional insight. In the considered example we 
observe that when training is performed on trajectories of n variables, the ‘effective’ dimensionality of the plau-
sible parameter set is reduced by n, and this reduction suffices to predict trajectories of the measured variables in 
response to other protocols. As discussed by Machta et al.34, the compression of the parameter space identifies stiff 
directions corresponding to composite parameters controlling observed variables. By picking a suitable basis for 

Figure 6.   Three-body harmonic oscillator. (a) Scheme of the model. All eight parameters (masses, mi; damping 
coefficients bi; spring constants ki) to be estimated are given together with their nominal values. Before the 
time-dependent force F(t) is applied, the system remains in equilibrium. (b) Model equations. (c,d) Training (c) 
and prediction (d), with only the trajectory of the red mass included in the training. As in the signalling cascade 
model, for training, we use three independently generated measurement replicates with Gaussian noise (sigma 
σerror = 0.3) added to the deterministic trajectory (black dotted line). Measurement points are at full seconds. 
Coloured lines show (point-wise) medians of predictions, contours show 80% prediction bands. (e,f) Training 
(e) and prediction (f), with trajectories of all masses included in the training, same convention as in (c,d). (g) 
Histograms were obtained from 10,000 samples generated from the posterior distribution of model parameters 
after training on red mass trajectory (red line) and after training on all masses trajectories (black line). Grey 
contours show (uniform) prior distributions.
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the stiff space, we confirmed our intuition that ratios of activation/deactivation parameters govern the dynamics 
of the cascade. Since stiff directions usually do not align with model parameters (as it is in our case), Gutenkunst 
et al. argued that in sloppy models, measuring system dynamics is an ineffective way of deriving parameter values, 
and conversely, measuring parameter values is an ineffective way of predicting system dynamics2. In fact, even 
after training on trajectories of all model variables, most model parameters remained unidentified.

Model training can be generally understood as exploring the parameter space, in order to find plausible 
parameters, i.e. parameters leading to model trajectories in agreement with available data. In this context, many 
exploration methods are available. Locally, information about the uncertainty of parameters can be calculated 
using Fisher’s information matrix. For models with asymmetric but still unimodal loss landscapes, the (semi-
local) profile likelihood method can be used. For arbitrary loss landscapes, a Bayesian approach together with 
MCMC exploration is convenient, as

1.	 it allows for the inclusion of prior knowledge; if no such knowledge exists, training can start from some 
broad uninformative prior,

2.	 it allows for the analysis of how much a model has learnt by including a given dataset; this can be expressed 
by the reduction of the ‘effective’ dimensionality of the plausible parameter space, or entropy of the distribu-
tion of plausible parameters,

3.	 it allows us to assess the predictive power of the trained model, by sampling the posterior parameter distribu-
tion and computing prediction bands for variable trajectories.

The main disadvantage of MCMC compared to local (or semi-local) methods is that it can become computa-
tionally expensive, especially for high-dimensional parameter spaces28. The computational cost is typically lower 
if exploration starts from a relatively narrow (informative) prior, or a more complete dataset is available, which 
results in a narrower posterior distribution35. A promising method of accelerating MCMC exploration is based 
on reducing expensive model evaluations by local approximation of the likelihood36,37.

In summary, the advantage of the studied approach to non-identifiability is twofold.

1.	 It does not require pre-emptive model reduction to avoid unmeasured variables in order to obtain predic-
tions. Certainty of the predictions obtained from the full model can be determined by predictive bands, and 
if these predictions are insufficiently narrow, the model can be further trained using additional measure-
ments of the variables of interest. Notably, these predictions are more reliable than predictions obtained from 
simplified models. While predictions from the full model may have wide predictive bands, the predictions 
from simplified models can be misleading (inaccurate with narrow bands) due to introduced simplifications.

2.	 If at a later time, measurements of previously unobserved variables are performed, no modification of the 
model structure is necessary. In contrast, reduced models may not be able to accommodate new data, simply 
because some components were omitted during reduction.

We hope that this approach will allow for easier collaboration, as it allows researchers to jointly work on the 
same model, improving it by performing new experiments2.

Identifiable models or theories stem from physics, where they showed their superiority over other approaches. 
Whole branches of physics are based on a small number of fundamental theories. In systems biology, the situa-
tion is different: there are a lot of not-so-important models, typically having a large number of parameters that 
can neither be (feasibly) derived from more fundamental theories nor effectively measured. Currently, a very 
intensively developed approach to complex systems is based on neural networks. In this approach, one gets lit-
tle to no insight into how the system works but can get very good predictions. In this sense, Bayesian methods 
are a middle ground between classical, identifiable models and black box models such as neural networks. The 
Bayesian approach studied here works well in our case because we have a good prior on the model structure, 
even if the prior on model parameters is broad and uninformative. This approach can be impractical for very 
complex systems for which neural networks are typically used, but is able to both give useful predictions and 
obtain some insight into the underlying regulatory system. Even if the explanatory power of the trained non-
identifiable model is limited by the uncertainty of its parameters, its predictive power can make it useful (see 
also discussion in Refs.2,38).

We think that the discussed approach, based on model training on some selected variables and giving only 
partial insight into the system’s behaviour, may reflect true uncertainties in underlying biology39,40. Considering 
a regulatory network one can identify core nodes. Because of their importance, the corresponding variables are 
frequently measured, and for the same reason one can expect relatively good replicability of these measurements. 
The intermediate pathway components are less tightly constrained and may exhibit higher variability41. Daniels 
et al. argued that cell-to-cell variability in protein levels might be beneficial for robustness and evolvability39. 
Variability of intermediate proteins implies that (for very practical reasons) these variables are not (frequently) 
measured; or even if they are measured, results are (understandably) not reported due to insufficient replicability. 
One can thus hypothesise, that in the case of intensively investigated regulatory systems, the remaining uncer-
tainty of model parameters and of trajectories of intermediate components may reflect their true variability, at 
least at the single cell level. One may hope that quantification of the variability of intermediate variables, and 
correlation between them will help to elucidate existing compensatory properties ensuring robustness of the 
whole regulatory network.
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Methods
Computational model simulations.  Each model is represented by a set of ODEs and an input signal 
S(t), which are solved using an explicit Runge–Kutta (4,5) formula developed by Dormand-Prince. Model simu-
lations are used first to generate in silico measurements, and then to estimate parameter distributions based 
on these measurements. A measurement trajectory is evaluated at full hours (or at full seconds in the case of 
the mechanistic analogue model shown in Fig. 6) by adding to the ODE solution Gaussian noise (with sigma 
σerror = 0.3) that emulates measurement error. Parameter estimation (model training) is based on 3 independent 
measurement trajectories.

In the case of biochemical cascade models, ODE trajectory x(t) is log-transformed to y(t) = log10(0.001 + x) 
before adding measurement noise.

Parameter estimation based on MCMC simulations.  For each of the considered models we assume 
some prior parameter distribution P(θ) and use an MCMC algorithm to draw samples from the posterior param-
eter distribution P(θ | M), given in silico generated measurements M.

To estimate P(θ | M), we first calculate the likelihood of θ given a single measurement Lk,t,r(θ) = P(mk,t,r | θ) 
(where k is the measured variable, t is the time of measurement, and r = 1, 2, 3 is the measurement replicate) by 
simulating variable trajectories yk(t) for the parameter set θ. Then

where σerror is the measurement error (assumed 0.3 for all our models). The total likelihood given all measure-
ments of variable k is thus:

and the posterior distribution P(θ | M) is proportional to

where the product is over variables k selected for model training. Then f(θ) is used in MCMC simulations to 
draw samples from P(θ | M).

MCMC simulations are performed using the Metropolis–Hastings algorithm with Gaussian jumping dis-
tribution. We use 8 parallel chains, each with 1.5 million steps from which the first 0.25 million are removed 
(burn-in). This gives altogether 10 million parameter samples from which we retain every thousandth sample, 
i.e. 10,000 samples for model simulations. We compared the between- and within-chain variance estimates using 
the r-hat convergence statistics to find r-hat < 1.01, suggesting a sufficient length of chains. The effective sample 
size of the final sample was found to be at least 1000.

For the biochemical cascade models, we assume wide log-normal priors and thus use log-parameters during 
MCMC sampling. After this reparameterization, we use a spherically symmetric Gaussian jumping distribution 
with independent variables and σ = 0.2 (in the log scale). For the mechanical model, we use an elliptical Gaussian 
jumping distribution with σ = 1.0 for masses, σ = 0.2 for damping coefficients, and σ = 0.4 for stiffness coefficients. 
For the final fit (trajectories of all three masses observed) we decrease step size by a factor of 4.

To minimise biases we select wide, non-informative priors, however, it is worth noting that in practical 
applications informative priors can significantly increase model performance.

In summary, our statistical model can be itemised as follows:

1.	 θ ∼Prior distribution.
2.	 x(t) = Model ODEs solution for parameters θ and initial condition x(0) = x0.
3.	 y(t) = softlog(x(t)) := log(0.001+ x(t)) (only for signalling cascade).
4.	 mk,t,r ∼ N (yk(t), σerror).

where θ are the model parameters, σerror is the measurement error and mk,t,r is the r-th measurement of variable 
k at time t, drawn from normal distribution N (yk(t), σerror). Initial conditions for the ODE are kept constant 
and excluded from estimation. The softlog normalisation step is omitted for spring models. For all our models 
σerror = 0.3.

Principal component analysis.  In Fig.  2F, Fig.  S1 and Fig.  S2D we use principal component analysis 
(PCA) to quantitatively describe the dimensionality reduction of the plausible parameter set. This approach 
works if the analysed set of points is “sufficiently flat”. Points on a half circle would have two big PC values, even 
though the space is clearly one-dimensional. In such a case dimensionality can be investigated locally, as pro-
posed by Little et al.42. In the half-circle example, this local PCA analysis would result in one small and one big 
PC value (for a sufficiently small spatial scale). We have verified that in our case local estimates result in higher 
PC values than the global ones; we thus conclude that our point clouds are sufficiently flat to justify using global 
PCA analysis.

Implementation.  We implemented our models in Python using jax43 and diffrax44 (for ODE integration), 
and the MCMC algorithm using blackjax45.

Lk,t,r(θ) =
1

σerror
√
2π

exp

(
−

1

2σerror2
(yk(t)−mk,t,r)

2

)
,

Lk(θ) =
∏

t,r
Lk,t,r(θ),

f (θ) = P(θ)P(M|θ) = P(θ)
∏

k
Lk(θ),
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Data availability
No experimental datasets were generated or analysed during the current study. All numerical results were 
obtained using code available at https://​github.​com/​grfre​deric/​ident​ifiab​ility.

Code availability
Our source code is available at https://​github.​com/​grfre​deric/​ident​ifiab​ility.
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Abstract

Mutual information is a general statistical dependency measure which has found
applications in representation learning, causality, domain generalization and compu-
tational biology. However, mutual information estimators are typically evaluated on
simple families of probability distributions, namely multivariate normal distribution
and selected distributions with one-dimensional random variables. In this paper, we
show how to construct a diverse family of distributions with known ground-truth
mutual information and propose a language-independent benchmarking platform
for mutual information estimators. We discuss the general applicability and lim-
itations of classical and neural estimators in settings involving high dimensions,
sparse interactions, long-tailed distributions, and high mutual information. Finally,
we provide guidelines for practitioners on how to select appropriate estimator
adapted to the difficulty of problem considered and issues one needs to consider
when applying an estimator to a new data set.

1 Introduction

Estimating the strength of a non-linear dependence between two continuous random variables (r.v.)
lies at the core of machine learning. Mutual information (MI) lends itself naturally to this task, due to
its desirable properties, such as invariance to homeomorphisms and the data processing inequality. It
finds applications in domain generalization [Li et al., 2022, Ragonesi et al., 2021], representation
learning [Belghazi et al., 2018, Oord et al., 2018], causality [Solo, 2008, Kurutach et al., 2018],
physics [Keys et al., 2015], systems biology [Selimkhanov et al., 2014, Grabowski et al., 2019, Uda,
2020], and epidemiology [Young et al., 2023].

Over the last decades, the estimation of MI has been extensively studied, and estimators have been
developed, ranging from classical approaches based on histogram density [Pizer et al., 1987], kernel
density estimation [Moon et al., 1995] to k-nearest neighbor [Kozachenko and Leonenko, 1987,
Kraskov et al., 2004] and neural estimators [Belghazi et al., 2018, Oord et al., 2018, Song and Ermon,
2020]. However, despite the progress that has been achieved in this area, not much attention has been
focused on systematically benchmarking these approaches.

Typically, new estimators are evaluated assuming multivariate normal distributions for which MI is
analytically tractable [Darbellay and Vajda, 1999, Kraskov et al., 2004, Suzuki, 2016]. Sometimes,
simple transformations are applied to the data [Khan et al., 2007, Gao et al., 2015], moderately
high-dimensional settings are considered [Lord et al., 2018, Lu and Peltonen, 2020], or strong
dependencies are evaluated [Gao et al., 2015]. Beyond that, Song and Ermon [2020] study the
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Figure 1: Visualisations of selected proposed distributions. Two correlated Gaussian variables X
and Y (1) can be transformed via the Gaussian CDF into correlated uniform variables (2), into a
long-tailed distribution via the “half-cube” mapping t 7→ t

√
|t| (3), into a multi-modal distribution

(4) or embedded in the three-dimensional space via the composition of the Swiss roll mapping and
Gaussian CDF (5). Color on the plot corresponds to the original Y variable.

self-consistency (additivity under independence and the data processing inequality) of neural MI
estimators in the context of representation learning from image data.

Our Contributions In this work we show a method of developing expressive distributions with
known ground-truth mutual information (Sec. 2), propose forty benchmark tasks and systematically
study the properties of commonly used estimators, including representatives based on kernel or
histogram density estimation, kNN estimation, and neural network-based estimators (Sec. 3). We
address selected difficulties one can encounter when estimating mutual information (Sec. 4), such as
sparsity of interactions, long-tailed distributions, invariance, and high mutual information. Finally,
we provide recommendations for practitioners on how to choose a suitable estimator for particular
problems (Sec. 6). Our benchmark is designed so that it is simple to add new tasks and estimators. It
also allows for cross-language comparisons — in our work we compare estimators implemented in
Python, R and Julia. All of our experiments are fully reproducible by running Snakemake workflows
[Mölder et al., 2021]. Accompanying code is available at http://github.com/cbg-ethz/bmi.

Overall, our key findings from the benchmark can be summarized as follows:

• Testing on multivariate normal distributions gives a biased and overly optimistic view of estimator
performance. In this setting, canonical correlation analysis (CCA), a model-based approach,
emerges as the most effective method — even if the model is slightly misspecified.

• Compared to classical estimators, neural estimators excel in high-dimensional settings, capturing
sparse interactions across multiple dimensions.

• The popular KSG estimator [Kraskov et al., 2004] is accurate in low- and moderate-dimensional
settings, but its performance suffers on problems involving high-dimensions or sparse interactions.

• Although MI is invariant to a wide range of transformations (Theorem 2.1), numerical estimates,
even with large sample sizes, are not. Thus, MI may not be suitable when metric invariance to
specific transformation families is required.

• Multivariate Student distributions pose an important and hard challenge to many mutual information
estimators. This effect is partially, but not fully, attributed to their long tails.

2 Mutual Information: Estimation and Invariance

We start by recalling the definition of MI, then discuss the problem of estimating it, and introduce the
estimators used in the benchmark.

Consider two r.v. X and Y with domains X respectively Y , joint probability measure PXY and
marginal probability measures PX and PY , respectively. If PXY is absolutely continuous with respect
to PX ⊗PY (e.g., X and Y are finite r.v.), MI is equal to the following Kullback–Leibler divergence2:

I(X;Y ) = DKL (PXY ∥ PX ⊗ PY ) =

∫
log f dPXY ,

where f = dPXY /d(PX⊗PY ) is the Radon–Nikodym derivative. If the absolute continuity does not
hold, then I(X;Y ) = +∞ [Pinsker and Feinstein, 1964, Theorem 2.1.2]. If X and Y are Euclidean
spaces and measures PXY , PX and PY have probability density functions (PDFs) with respect to
the Lebesgue measure, then the Kullback–Leibler divergence can be written in terms of the PDFs.

2We use the natural logarithm, meaning that the mutual information is measured in nats.
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However, we will later consider distributions which do not have PDFs with respect to the Lebesgue
measure and the general Radon–Nikodym derivative must be used (see “Swiss roll” in Fig. 1).

In almost all applications, PXY and PX ⊗ PY are not known and one needs to estimate MI from
a finite sample from PXY , i.e., a realization

(
(x1, y1), . . . , (xN , yN )

)
∈ (X × Y)N of N i.i.d. r.v.

(X1, Y1), . . . , (XN , YN ) distributed according to the joint distribution PXY . As a MI estimator we
will denote a family of measurable mappings, indexed by the sample size N and spaces X and Y (in
most applications, Euclidean spaces of various dimensionalities): eXY

N : (X ×Y)N → R. Composing
this mapping with the r.v. representing the whole data set we obtain a real-valued r.v. EXY

N . For a
given PXY we can consider the distribution of EXY

N . It is often summarized by its first two moments,
resulting in the bias and the variance of the estimator. Understanding the bias of an estimator however
requires the knowledge of ground-truth MI, so the estimators are typically tested on the families of
jointly multivariate normal or uniform distributions, with varying N and ground-truth I(X;Y ) [Khan
et al., 2007, Lord et al., 2018, Holmes and Nemenman, 2019, Song and Ermon, 2020].

Constructing Expressive Distributions and Benchmarking Besides considering different types
of distributions such as (multivariate) normal, uniform and Student, our benchmark is based on
the invariance of MI to the family of chosen mappings. Generally MI is not invariant to arbitrary
transformations, as due to the data processing inequality I(f(X); g(Y )) ≤ I(X;Y ). However, under
some circumstances MI is preserved, which enables us to create more expressive distributions by
transforming the variables.

Theorem 2.1. Let X , X ′, Y and Y ′ be standard Borel spaces (e.g., smooth manifolds with their
Borel σ-algebras) and f : X → X ′ and g : Y → Y ′ be continuous injective mappings. Then, for
every X -valued r.v. X and Y-valued r.v. Y it holds that I(X;Y ) = I(f(X); g(Y )).

This theorem has been studied before by Kraskov et al. [2004, Appendix], who consider diffeomor-
phisms and by Polyanskiy and Wu [2022, Th. 3.7], who assume measurable injective functions with
measurable left inverses. For completeness we provide a proof which covers continuous injective
mappings in Appendix A. In particular, each of f and g can be a homeomorphism, a diffeomorphism,
or a topological embedding. Embeddings are allowed to increase the dimensionality of the space,
so even if X and Y have probability density functions, f(X) and g(Y ) do not need to have them.
Neither of these deformations change MI. Thus, using Theorem 2.1, we can create more expressive
distributions Pf(X)g(Y ) by sampling from PXY and transforming the samples to obtain a data set(
(f(x1), g(y1)), . . . , (f(xN ), g(yN )

)
∈ (X ′ × Y ′)N .

While offering a tool to construct expressive distributions, another valuable perspective to consider
with this problem is estimation invariance: although MI is invariant to proposed changes, the estimate
may not be. More precisely, applying an estimator to the transformed data set results in the induced
r.v. Ef(X)g(Y )

N and its distribution. If the estimator were truly invariant, one would expect that

E
[
E

f(X)g(Y )
N

]
should equal E

[
EXY

N

]
. This invariance is rarely questioned and often implicitly

assumed as given (see e.g. Tschannen et al. [2020] or Murphy [2023, Sec. 32.2.2.3]), but as we will
see in Sec. 4.3, finite-sample estimates are not generally invariant.

3 Proposed Benchmark

In this section, we outline forty tasks included in the benchmark that cover a wide family of dis-
tributions, including varying tail behaviour, sparsity of interactions, multiple modes in PDF, and
transformations that break colinearity. As our base distributions, we selected multivariate normal and
Student distributions, which were transformed with continuous injective mappings.

We decided to focus on the following phenomena:

1. Dimensionality. High-dimensional data are collected in machine learning and natural
sciences [Bühlmann and van de Geer, 2011, Ch. 1]. We therefore change the dimensions of
the X and Y spaces between 1 and 25.

2. Sparsity. While the data might be high-dimensional, the effective dimension may be much
smaller, due to correlations between different dimensions or sparsity [Lucas et al., 2006].
We therefore include distributions in which some of the dimensions represent random noise,
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which does not contribute to the mutual information, and perform an additional study in
Section 4.1.

3. Varying MI. Estimating high MI is known to be difficult [McAllester and Stratos, 2020].
However, we can often bound it in advance — if there are 4000 image classes, MI between
image class and representation is at most log 4000 ≈ 8.3 nats. In this section, we focus on
problems with MI varying up to 2 nats. We additionally consider distributions with higher
MI in Section 4.4.

4. Long tails. As Taleb [2020] and Zhang et al. [2021] argue, many real-world distributions
have long tails. To model different tails we consider multivariate Student distributions as
well as transformations lengthening the tails. We conduct an additional study in Section 4.2.

5. Robustness to diffeomorphisms. As stated in Theorem 2.1, mutual information is invariant
to reparametrizations of random variables by diffeomorphisms. We however argue that
when only finite samples are available, invariance in mutual information estimates may not
be achieved. To test this hypothesis we include distributions obtained by using a diverse set
of diffeomorphisms and continuous injective mappings. We further study the robustness to
reparametrizations in Section 4.3.

While we provide a concise description here, precise experimental details can be found in Appendix D
and we visualise selected distributions in Appendix F. We first describe tasks employing one-
dimensional variables.

Bivariate Normal For multivariate normal variables MI depends only on the correlation matrix.
We will therefore consider a centered bivariate normal distribution PXY with Cor(X,Y ) = ρ and
I(X;Y ) = −0.5 log

(
1− ρ2

)
. We chose ρ = 0.75.

Uniform Margins As a first transformation, we apply the Gaussian CDF F to Gaussian r.v. X
and Y to obtain r.v. X ′ = F (X) and Y ′ = F (Y ). It is a standard result in copula theory (see
Lemma D.2 or e.g., Nelsen [2007] for an introduction to copulas) that F (X) ∼ Uniform(0, 1)
resp. F (Y ) ∼ Uniform(0, 1). The joint distribution PX′Y ′ , however, is not uniform. Mutual
information is preserved, I(X ′;Y ′)=I(X;Y ). For an illustration, see Fig. 1. A distribution P
transformed with Gaussian CDF F will be denoted as Normal CDF @ P.

Half-Cube Map To lengthen the tails we applied the half-cube homeomorphism h(x)=|x|3/2 signx
to Gaussian variables X and Y . We visualize an example in Fig. 1 and denote a transformed
distribution as Half-cube @ P.

Asinh Mapping To shorten the tails we applied inverse hyperbolic sine function asinhx =
log
(
x+

√
1 + x2

)
. A distribution transformed with this mapping will be denoted as Asinh @ P.

Wiggly Mapping To model non-uniform lengthscales, we applied a mapping

w(x) = x+
∑

i

ai sin(ωix+ φi),
∑

i

|aiωi| < 1.

Due to the inequality constraint this mapping is injective and preserves MI. The parameter values can
be found in Appendix D. We denote the transformed distribution as Wiggly @ P.

Bimodal Variables Applying the inverse CDF of a two-component Gaussian mixture model to
correlated variables X and Y with uniform margins we obtained a joint probability distribution
PX′Y ′ with four modes (presented in Fig. 1). We call this distribution Bimodal and provide technical
details in Appendix D.

Additive Noise Consider independent r.v. X ∼ Uniform(0, 1) and N ∼ Uniform(−ε, ε), where ε
is the noise level. For Y = X +N , it is possible to derive I(X;Y ) analytically (see Appendix D
for the formula and the parameter values) and we will call this distribution Uniform (additive
noise=ε).

Swiss Roll Embedding As the last example in this section, we consider a mixed case in which a
one-dimensional r.v. X ∼ Uniform(0, 1) is smoothly embedded into two dimensions via the Swiss
roll mapping, a popular embedding used to test dimensionality reduction algorithms (see Fig. 1 for
visualisation and Appendix D for the formula). Note that the obtained distribution does not have a
PDF with respect to the Lebesgue measure on R3.

Next, we describe the tasks based on multivariate distributions.
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Multivariate Normal We sampled (X,Y ) = (X1, . . . , Xm, Y1, . . . , Yn) from the multivariate
normal distribution. We model two correlation structures: “dense” interactions with all off-diagonal
correlations set to 0.5 and “2-pair” interactions where Cor(X1, Y1) = Cor(X2, Y2) = 0.8 and
there is no correlation between any other (distinct) variables (Multinormal (2-pair)). For a
latent-variable interpretation of these covariance matrices we refer to Appendix D.2.

Multivariate Student To see how well the estimators can capture MI contained in the tails of the
distribution, we decided to use multivariate Student distributions (see Appendix D) with dispersion
matrix3 set to the identity Im+n and ν degrees of freedom. Contrary to the multivariate normal case,
in which the identity matrix used as the covariance would lead to zero MI, the variables X and Y can
still interact through the tails.

Transformed Multivariate Distributions As the last set of benchmark tasks we decided to transform
the multivariate normal and multivariate Student distributions. We apply mappings described above
to each axis separately. For example, applying normal CDF to the multivariate normal distribution
will map it into a distribution over the cube (0, 1)m+n with uniform marginals. To mix different
axes we used a spiral diffeomorphism (denoted as Spiral @ P); we defer the exact construction to
Appendix D but we visualise this transformation in Fig. 5.

Estimators In our benchmark, we include a diverse set of estimators. Following recent interest,
we include four neural estimators, i.e., Donsker–Varadhan (D-V) and MINE [Belghazi et al., 2018],
InfoNCE [Oord et al., 2018], and the NWJ estimator [Nguyen et al., 2007, Nowozin et al., 2016,
Poole et al., 2019]. As a representative for model-based estimators, we implement an estimator
based on canonical correlation analysis (CCA) [Murphy, 2023, Ch. 28], which assumes that the joint
distribution is multivariate normal. For more classical estimators, we include the Kraskov, Stögbauer
and Grassberger (KSG) estimator [Kraskov et al., 2004] as the most well-known k-nearest neighbour-
based estimator, a recently proposed kernel-based estimator (LNN) [Gao et al., 2017b], as well as an
estimator based on histograms and transfer entropy (both implemented in Julia’s TransferEntropy
library). A detailed overview of the different classes of estimators is provided in Appendix C. Further,
we describe the the hyperparameter selection in Appendix E.

Preprocessing As a data preprocessing step, we standardize each dimension using the mean and
standard deviation calculated from the sample. Other preprocessing stategies are also possible, but
we did not observe a consistent improvement of one preprocessing strategy over the others (see
Appendix E).

3.1 Benchmark Results

We show the results for N = 10 000 data points in Fig. 2. Neural estimators and KSG perform better
than alternative estimators on most problems, with KSG having often low sample requirements (see
Appendix E). The simple model-based estimator CCA obtained excellent performance at low sample
sizes (see Appendix E), even for slightly transformed multivariate normal distributions. Finally, LNN
and the two Julia estimators (histogram and transfer entropy), work well in low dimension but are not
viable in medium- and high-dimensional problems (dimX + dimY ≥ 4).

Overall, we observed that for most 1×1-dimensional and multivariate normal problems MI can be
reliably estimated. Difficulties arise for sparse interactions, atypical (Student) distributions, and for
significantly transformed distributions. This suggests that the typical evaluations of MI estimators are
overly optimistic, focusing on relatively simple problems.

KSG is able to accurately estimate MI in multivariate normal problems, however performance drops
severely on tasks with sparse interactions (2-pair tasks). For 5×5 dimensions the estimate is about
70% of the true MI, and for 25×25 dimensions it drops to 10%, which is consistent with previous
observations [Marx and Fischer, 2022]. Meanwhile, performance of neural estimators is stable. We
study the effect of sparsity in more detail in Sec. 4.

Student distributions have proven challenging to all estimators. This is partially due to the fact that
long tails can limit estimation quality (see Sec. 4), and indeed, applying a tail-shortening asinh
transformation improves performance. However, performance still remains far below multivariate
normal distributions with similar dimensionality and information content, showing that long tails are

3The dispersion matrix of multivariate Student distribution is different from its covariance, which does not
exist for ν ≤ 2.
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Figure 2: Mean MI estimates of nine estimators over n = 10 samples with N = 10 000 points each
against the ground-truth value on all benchmark tasks grouped by category. Color indicates relative
negative bias (blue) and positive bias (red). Blank entries indicate that an estimator experienced
numerical instabilities.

only part of the difficulty. For neural estimators, the issue could be explained by the fact that the
critic is not able to fully learn the pointwise mutual information (see Appendix E).

Interestingly, the performance of CCA, which assumes a linear Gaussian model, is often favorable
compared to other approaches and has very low sample complexity (see Appendix E). This is
surprising, since in the case of transformed distributions the model assumptions are not met. The
approach fails for Student distributions (for which the correlation matrix either does not exist or is
the identity matrix), the Swiss roll embedding and multivariate normal distributions transformed
using the spiral diffeomorphism. Since the spiral diffeomorphism proved to be the most challenging
transformation, we study it more carefully in Sec. 4.

4 Selected Challenges

In this section we investigate distributions which proved to be particularly challenging for the
tested estimators in our benchmark: sparse interactions, long tailed distributions and invariance to
diffeomorphisms. Additionally we investigate how the estimators perform for high ground truth MI.

4.1 Sparsity of Interactions

In the main benchmark (Fig. 2) we observed that estimation of MI with “2-pair” type of interactions
is considerably harder for the KSG estimator than the “dense” interactions. On the other hand, neural
estimators were able to pick the relevant interacting dimensions and provide better estimates of MI in
these sparse cases.

We decided to interpolate between the “dense” and “2-pair” interaction structures using a two-stage
procedure with real parameters α and λ and the number of strongly interacting components K. While
the precise description is in Appendix D.2, we can interpret α as controlling the baseline strength
of interaction between every pair of variables in {X1, . . . , X10, Y1, . . . Y10} and λ as the additional
strength of interaction between pairs of variables (X1, Y1), . . . , (XK , YK). Dense interaction struc-
ture has λ = 0 and 2-pair interaction structure has α = 0 andK = 2. First, we setK = 10 and λ ≈ 0
and decrease α raising λ at the same time to maintain constant MI of 1 nat. When α = 0, whole
information is contained in the pairwise interactions (X1, Y1), . . . , (X10, Y10). We then decrease K
and increase λ, still maintaining constant MI.

In Fig. 3 we observe that the performance of all estimators considered (apart from CCA, a model-
based approach suitable for multivariate normal distributions) degrades when the interactions between
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Figure 3: Two-stage interpolation between dense and sparse matrices. From left to right the sparsity
of interactions increases. Shaded regions represent the sample standard deviation.

2 4
Exponent

0

1

2

M
I e

st
im

at
e 

[n
at

s]

5 10 15
Deg. of freedom

0

1

2

3

M
I e

st
im

at
e 

[n
at

s] CCA
D-V
InfoNCE
Hist. (Julia)
Transfer (Julia)
MINE
NWJ
KSG I (R)
LNN (R)
True MI

Figure 4: MI estimates as a function of the information contained in the tail of the distribution. Left:
lenghtening the tails via x 7→ |x|k signx mapping with changing k. Right: increasing the degrees of
freedom in multivariate Student distribution shortens the tails. Shaded regions represent the sample
standard deviation.

every pair of variables become sparser (lower α). In particular, even neural estimators are not able
to model the information in ten interacting pairs of variables. However, when we decrease the
number of interacting pairs of variables, the performance of the neighborhood-based KSG estimator
is qualitatively different from the neural estimators: performance of KSG steadily deteriorates, while
neural estimators can find (some of the) relevant pairs of variables.

This motivates us to conclude that in the settings where considered variables are high-dimensional and
the interaction structure is sparse, neural estimators can offer an advantage over neighborhood-based
approaches.

4.2 Long-Tailed Distributions

In Fig. 4 we investigate two different ways to lengthen the tails. First, we lengthen the tails of a
multivariate normal distribution using the mapping x 7→ |x|k signx (with k ≥ 1) applied to each
dimension separately. In this case, we see that the performance of CCA, KSG, and neural estimators
is near-perfect for k close to 1 (when the distribution PXY is close to multivariate normal), but the
performance degrades as the exponent increases. Second, we study multivariate Student distributions
varying the degrees of freedom: the larger the degrees of freedom, the lower the information content
in the tails of the distribution. Again, we see that that the performance of CCA, KSG, and neural
estimators is near-perfect for high degrees of freedom for which the distribution is approximately
normal. For low degrees of freedom, these estimators significantly underestimate MI, with the
exception of CCA which gives estimates with high variance, likely due to the correlation matrix being
hard to estimate.

Overall, we see that long tails complicate the process of estimating MI. The Student distribution is
particularly interesting, since even after the tails are removed (with asinh or preprocessing strategies
described in Appendix E) the task remains challenging. We suspect that the MI might be contained in
regions which are rarely sampled, making the MI hard to estimate. When neural estimators are used,
pointwise mutual information learned by the critic does not match the ground truth (see Appendix E).

Hence, we believe that accurate estimation of MI in long-tailed distributions is an open problem.
Practitioners expecting long-tailed distributions should approach this task with caution.
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Figure 5: Left: Spiral diffeomorphism with different speed parameter v. Right: Performance of
considered estimators for increasing speed.

4.3 Invariance to Diffeomorphisms

The benchmark results (Fig. 2) as well as the experiments with function x 7→ |x|k signx lengthening
tails (Fig. 4) suggest that even if ground-truth MI is preserved by a transformation (see Theorem 2.1),
the finite-sample estimates may not be invariant. This can be demonstrated using the spiral diffeo-
morphism.

We consider isotropic multivariate normal variables X = (X1, X2) ∼ N (0, I2) and Y ∼ N (0, 1)
with Cor(X1, Y ) = ρ. Then, we apply a spiral diffeomorphism sv : R2 → R2 to X , where

sv(x) =

(
cos v||x||2 − sin v||x||2
sin v||x||2 cos v||x||2

)

is the rotation around the origin by the angle v||x||2 (see Fig. 5; for a theoretical study of spiral
diffeomorphisms see Appendix B). In Fig. 5, we present the estimates for N = 10 000, ρ = 0.8 and
varying speed v.

In general, the performance of the considered estimators deteriorates with stronger deformations.
This is especially visible for the CCA estimator, as MI cannot be reliably estimated in terms of
correlation.

4.4 High Mutual Information

Gao et al. [2015] proves that estimation of MI between strongly interacting variables requires large
sample sizes. Poole et al. [2019], Song and Ermon [2020] investigate estimation of high MI using
multivariate normal distributions in the setting when the ground-truth MI is changing over the training
time. We decided to use our family of expressive distributions to see the practical limitations of
estimating MI. We chose three one-parameter distribution families: the 3×3 multivariate normal
distribution with correlation ρ = Cor(X1, Y1) = Cor(X2, Y2), and its transformations by the half-
cube mapping and the spiral diffeomorphism with v = 1/3. We changed the parameter to match the
desired MI.

In Fig. 6 we see that for low enough MI neural estimators and KSG reliably estimate MI for all
considered distributions, but the moment at which the estimation becomes inaccurate depends on
the distribution. For example, for Gaussian distributions, neural estimators (and the simple CCA
baseline) are accurate even up to 5 nats, while after the application of the spiral diffeomorphism, the
estimates become inaccurate already at 2 nats.

We see that in general neural estimators perform well on distributions with high MI. The performance
of CCA on the multivariate normal distribution suggests that well-specified model-based estimators
may require lower number of samples to estimate high mutual information than model-free alternatives
(cf. Gao et al. [2015]).

5 Related Work

Existing Benchmarks Khan et al. [2007] used one-dimensional variables and an additive noise
assumption to evaluate the estimators based on histograms, nearest neighbors, and kernels. However,
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Figure 6: We select three one-parameter families of distributions varying the MI value (x-axis and
dashed line). We use N = 10 000 data points and n = 5 replicates of each experiment.

Table 1: Comparison between benchmarks.
Khan et al.

[2007]
Poole et al.

[2019]
Song and

Ermon [2020]
Proposed

Benchmark

Gaussian Distrib. ✓ ✓ ✓ ✓
Long-Tailed Distrib. (✓) (✓) ✓
Sparse/Dense Inter. ✓
High MI (✓) (✓) ✓
Invariance to Homeom. ✓
Self-Consistency ✓
Language Indep. ✓
Code Available ✓ ✓

the original code and samples are not available. Song and Ermon [2020] proposed to evaluate
neural estimators based on variational lower bounds [Oord et al., 2018, Belghazi et al., 2018] on
image data. However, besides the multivariate Gaussian which they also evaluate, the ground-truth
MI is not available. Therefore, they proposed self-consistency checks, which include I(X;Y )=0
for independent X and Y , and preservation of the data processing inequality. Poole et al. [2019]
study neural estimators in settings employing Gaussian variables, affine transformation followed
by axis-wise cubic transformation and investigate the high MI cases. In our benchmark, we focus
on distributions with known MI and information-preserving continuous injective mappings such
as homeomorphisms, evaluate long tail distributions, and compare representative estimators from
different classes and platforms. We summarize the differences between the benchmarks in Table 1.4

Causal Representation Learning and Nonlinear ICA Recent work on disentanglement and non-
linear independent component analysis (ICA) aims at identifying causal sources up to an ambiguous
transformation [Xi and Bloem-Reddy, 2022]. Examples include orthogonal transformations [Zim-
mermann et al., 2021], permutations and diffeomorphisms applied along specific axes [Khemakhem
et al., 2020], or the whole diffeomorphism group [Von Kügelgen et al., 2021, Daunhawer et al.,
2023]. To check whether the learned representations indeed capture underlying causal variables, it
is important to use estimators which are invariant to the ambiguous transformations specific to the
model. Our results suggest that such requirements are not met by MI estimators and practitioners
should carefully choose the used metrics, so they are not only theoretically invariant, but also can be
robustly estimated in practice.

6 Conclusions and Limitations

Venturing beyond the typical evaluation of mutual information estimators on multivariate normal
distributions, we provided evidence that the evaluation on Gaussian distributions results in overly
optimistic and biased results for existing estimators. In particular, a simple model-based approach as

4Khan et al. [2007] consider two one-dimensional r.v. related by additive noise, in which one of the r.v. is
parametrized with a cubic function. This implicitly lengthens the tails, so we marked this with (✓); similarly,
Poole et al. [2019] consider cubic transformation of a multivariate normal variable. The experimental setup of
estimation of MI considered by Poole et al. [2019] and Song and Ermon [2020] requires changing ground truth
MI over training time of a neural estimator. This procedure differs from the usual approaches to estimating MI,
so we marked it with (✓).
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CCA is already sufficient if the distribution is (close to) multivariate normal, highlighting the effect of
using available prior information about the problem to design efficient estimators. To provide a basis
for more thorough evaluation, we designed a benchmark, compatible with any programming language,
with forty general tasks focusing on selected problems, as estimation with sparse interactions, the
effects of long tails, estimation in problems with high MI, and (only theoretical) invariance to
diffeomorphisms.

Our results suggest that in low- and medium-dimensional problems the KSG estimator remains a
solid baseline, requiring a lower number of samples than the alternatives and no parameter tuning.
In high-dimensional settings where the interactions are sparse, neural estimators offer an advantage
over classical estimators being able to more consistently pick up the signal hidden in the high-
dimensional space. We further provide evidence that although MI is invariant to continuous injective
transformations of variables, in practice the estimates can differ substantially. Appropriate data
preprocessing may mitigate some of these issues, but no strategy clearly outperforms the others (see
Appendix E).

We hope that the proposed benchmark encourages the development of new estimators, which address
the challenges that we highlight in this paper. It can be used to assess invariance to homeomorphisms,
understand an estimator’s behavior in the situations involving distributions of different complexity,
low-data behaviour, high mutual information or to diagnose problems with implementations. We
believe that some parts of the benchmark could also be used to assess whether other estimators
of other statistical quantities, such as kernel dependence tests, transfer entropy or representation
similarity measures, can be reliably estimated on synthetic problems and if they are robust to selected
classes of transformations.

Limitations and Open Problems Although the proposed benchmark covers a wide family of
distributions, its main limitation is the possibility to only transform the distribution PXY via transfor-
mations f × g to Pf(X)g(Y ) starting from multivariate normal and Student distributions. In particular,
not every possible joint distribution is of this form and extending the family of distributions which
have known MI and allow efficient sampling is the natural direction of continuation. We are, however,
confident that due to the code design it will be easy to extend the benchmark with the new distributions
(and their transformations) when they appear.

Estimation of information in multivariate Student distributions remains a challenge for most estimators.
Although we provide the evidence that distributions with longer tails pose a harder challenge for
considered estimators, shortening the tails with asinh transform did not alleviate all the issues. In
neural estimators this can be partly explained by the fact that the critic may not learn to approximate
pointwise mutual information (up to an additive constant) properly, as demonstrated in Appendix E,
but the question of what makes the neighborhood-based estimator, KSG, fail, remains open.

As noted, unless strong inductive biases can be exploited (as illustrated for CCA), estimation of high
MI is an important challenge. An interesting avenue towards developing new estimators can be by
incorporating a stronger inductive bias, which could also take a form of development of better data
normalization strategies and, in case of neural estimators, critic architectures. Better normalization
strategies may make the estimators more invariant to considered transformations.
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A Invariance to Continuous Injective Mappings

In this section, we provide a proof for Theorem 2.1, formally proving the invariance of mutual
information with respect to continuous injective mappings. First, we recall the standard definitions
from Chapters 1 and 2 of Pinsker and Feinstein [1964].
Definition A.1. Let (Ω,A) be a measurable space. A family of sets E ⊆ A is a partition of Ω if for
every two distinct E1 and E2 in E it holds that E1 ∩E2 = ∅ and that

⋃ E = Ω. If E is finite, we call
it a finite partition.
Definition A.2 (Mutual Information). Mutual information between r.v. X and Y is defined as

I(X;Y ) = sup
E,F

∑

i,j

PXY (Ei × Fj) log
PXY (Ei × Fj)

PX(Ei)PY (Fj)
,

where the supremum is taken over all finite partitions E = {E1, E2, . . . } of X and F = {F1, F2, . . . }
of Y with the usual conventions 0 log 0 = 0 and 0 log 0/0 = 0.
Remark A.3. If PXY is absolutely continuous with respect to PX ⊗PY (e.g., X and Y are finite r.v.),
mutual information is equal to the following Kullback–Leibler divergence:

I(X;Y ) = DKL (PXY ∥ PX ⊗ PY ) =

∫
log f dPXY ,

where f is the Radon–Nikodym derivative f = dPXY /d(PX ⊗ PY ). If the absolute continuity does
not hold, then I(X;Y ) = +∞ [Pinsker and Feinstein, 1964, Theorem 2.1.2].
Theorem 2.1. Let X , X ′, Y and Y ′ be standard Borel spaces (e.g., smooth manifolds with their
Borel σ-algebras) and f : X → X ′ and g : Y → Y ′ be continuous injective mappings. Then, for
every X -valued r.v. X and Y-valued r.v. Y it holds that I(X;Y ) = I(f(X); g(Y )).

Proof. First, note that a continuous mapping between Borel spaces is measurable, so random variables
f(X) and g(Y ) are well-defined.

Then, observe that it suffices to prove that

I(f(X);Y ) = I(X;Y ).

It is well-known that we have I(f(X);Y ) ≤ I(X;Y ) for every measurable mapping f , so we will
need to prove the reverse inequality.

Recall form Definition A.2 that

I(X;Y ) = sup
E,F

∑

i,j

PXY (Ei × Fj) log
PXY (Ei × Fj)

PX(Ei)PY (Fj)
,

where the supremum is taken over all finite partitions E of X and F of Y .

The proof will go as follows: for every finite partition E of X we will construct a finite partition of
X ′, which (together with the same arbitrary partition F of Y) will give the same value of the sum.
This will prove that I(f(X);Y ) ≥ I(X;Y ).

Take any finite partitions {E1, . . . , En} of X and {F1, . . . , Fm} of Y . First, we will show that sets

G0 = X ′ \ f(X )

G1 = f(E1)

G2 = f(E2)

...

form a partition of X ′.

It is easy to see that they are pairwise disjoint as f is injective and it is obvious that their union is the
whole X ′. Hence, we only need to show that they are all Borel.

For i ≥ 1 the Lusin–Suslin theorem [Kechris, 2012, Theorem 15.1] guarantees that Gi is Borel
(continuous injective mappings between Polish spaces map Borel sets to Borel sets). Similarly, f(X )
is Borel and hence G0 = X ′ \ f(X ) is Borel as well.
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Next, we will prove that
n∑

i=1

m∑

j=1

PXY (Ei × Fj) log
PXY (Ei × Fj)

PX(Ei)PY (Fj)
=

n∑

i=0

m∑

j=1

Pf(X)Y (Gi × Fj) log
Pf(X)Y (Gi × Fj)

Pf(X)(Gi)PY (Fj)
.

Note that Pf(X)(G0) = PX(f−1(G0)) = PX(∅) = 0, so that we can ignore the terms with i = 0.

For i ≥ 1 we have

Pf(X)(Gi) = PX(f−1(Gi)) = PX(f−1(f(Ei))) = PX(Ei)

as f is injective.

Similarly, f × 1Y is injective and maps Ei × Fj onto Gi × Fj , so

Pf(X)Y (Gi × Fj) = PXY

(
(f × 1Y)

−1(Gi × Fj)
)
= PXY (Ei × Fj).

This finishes the proof.

B Spiral Diffeomorphisms

In this section we will formally define the spiral diffeomorphisms and prove that they preserve
the centred Gaussian distribution N (0, σ2In). They were inspired by the “swirling construction”,
discussed by Hauberg [2019].
Definition B.1. Let O(n) be the orthogonal group and γ : R → O(n) be any smooth function. The
mapping

f : Rn → Rn

given by f(x) = γ(||x||2)x will be called the spiral.
Example B.2. Let so(n) be the vector space of all skew-symmetric matrices. For every two matrices
R ∈ O(n) and A ∈ so(n) and any smooth mapping g : R → R we can form a path

γ(t) = R exp(g(t)A).

In particular, R = In and g(t) = vt yields the spirals defined earlier.

From the above definition it is easy to prove that spirals are diffeomorphisms. We formalize it by the
following lemma.
Lemma B.3. Every spiral is a diffeomorphism.

Proof. Let γ be the path leading to the spiral f . As matrix inverse is a smooth function, we can
define a smooth function h(x) = γ

(
||x||2

)−1
x.

Note that ||f(x)||2 = ||x||2, as orthogonal transformation γ
(
||x||2

)
preserves distances.

Then

h(f(x)) = γ
(
||f(x)||2

)−1
f(x)

= γ
(
||x||2

)−1
f(x)

= γ
(
||x||2

)−1
γ
(
||x||2

)
x

= x.

Analogously, we prove that f ◦ h also is the identity mapping.

Finally, we will give the proof that spirals leave the centred normal distribution N (0, σ2In) invariant.
This will follow from a slightly stronger theorem:
Theorem B.4. Let P be a probability measure on Rn with a smooth probability density function p
which factorizes as:

p(x) = u
(
||x||2

)
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for some smooth function u : R → R.

Then, every spiral f : Rn → Rn preserves the measure P :

f#P = P,

where f#P = P ◦ f−1 is the pushforward measure.

In particular, for P = N (0, σ2In) (a centered isotropic Gaussian distribution), if X ∼ N (0, σ2In),
then f(X) ∼ N (0, σ2In).

Proof. As we have already observed, for every x ∈ Rn it holds that ||f(x)||2 = ||x||2, so the PDF
evaluated at both points is equal

p(x) = p(f(x))

Hence, we need to prove that for every point x ∈ Rn, |det f ′(x)| = 1, where f ′(x) is the Jacobian
matrix of f evaluated at the point x.

The proof of this identity was given by Carapetis [2022], but for the sake of completeness we supply
a variant of it below.

First, we calculate the Jacobian matrix:

∂fi(x)

∂xj
=

∂

∂xj

∑

k

γ(||x||2)ikxk

=
∑

k

γ(||x||2)ik
∂xk
∂xj

+
∑

k

xk
∂γ(||x||2)ik

∂xj

= γ(||x||2)ij +
∑

k

xk · 2xj · γ′(||x||2)ik

= γ(||x||2)ij + 2

(∑

k

γ′(||x||2)ikxk
)
xj

Hence,
f ′(x) = γ(||x||2) + 2γ′(||x||2)xxT .

Now fix point x and consider the matrix γ(||x||2) ∈ O(n). Define a mapping y 7→ γ(||x||2)−1f(y).
As we have already observed, multiplication by γ(||x||2)−1 does not change the value of the PDF. It
also cannot change the |det f ′(x)| value as because γ(||x||2)−1 is a linear mapping, its derivative is
just the mapping itself and because γ(||x||2)−1 is an orthogonal matrix, we have |det γ(||x||2)−1| =
1. Hence, without loss of generality we can assume that γ(||x||2) = In and

f ′(x) = In + 2AxxT ,

where A := γ′(||x||2) ∈ so(n) is a skew-symmetric matrix.

If x = 0 we have |det f ′(x)| = |det In| = 1. In the other case, we will work in coordinates induced
by an orthonormal basis e1, . . . , en in which the first basis vector is e1 = x/||x||. Hence,

f ′(x) = In + 2||x||2Ae1eT1 .
For i ≥ 2 we have eT1 ei = 0 and consequently

f ′(x)ei = ei + 2||x||2Ae1eT1 ei = ei.

This shows that in this basis we have

f ′(x) =




a1 0 0 . . . 0
a2 1 0 . . . 0
a3 0 1 . . . 0
...

...
...

. . . 0
an 0 0 · · · 1



,

where the block on the bottom right is the identity matrix In−1 and det f ′(x) = a1.
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The first column is formed by the coordinates of

f ′(x)e1 = e1 + 2||x||2Ae1
and we have

a1 = eT1 f
′(x)e1 = 1 + 2||x||2eT1 Ae1 = 1 + 0 = 1

as A ∈ so(n) is skew-symmetric.

C Overview of Estimators

There exists a broad literature on (conditional) mutual information estimators ranging from estimators
on discrete data [Paninski, 2003, Valiant and Valiant, 2011, Vinh et al., 2014, Marx and Vreeken,
2019], over estimators for continuous data [Kraskov et al., 2004, Darbellay and Vajda, 1999, Belghazi
et al., 2018] to estimators that can consider discrete-continuous mixture data [Gao et al., 2017a, Marx
et al., 2021, Mesner and Shalizi, 2020]. Here, we focus on the most commonly used class, which
also finds applications in representation learning: estimators for continuous data. For continuous
data, the most widely propagated classes of estimators are histogram or partition-based estimators,
nearest neighbor-based density estimators, kernel methods, and neural estimators. In the following,
we briefly discuss a representative selection of estimators from these classes, as well as model-based
estimation.

Histogram-Based Estimators A natural way to approximate mutual information, as stated in
Definition A.2, is by partitioning the domain space of X and Y into segments and estimate the
densities locally. This approach is also known as histogram density estimation, where the probability
mass function is approximated locally for each hyper-rectangle Ei by P̂X(Ei) =

ni/N
Voli

, where Voli is
the volume of Ei, and ni refers to the number of data points residing in Ei.

To estimate mutual information, we explore the space of allowed partitionings and select the parti-
tioning that maximizes mutual information [Darbellay and Vajda, 1999, Cellucci et al., 2005]

EXY
Disc,N = sup

E,F

∑

i,j

P̂XY (Ei × Fj) log
P̂XY (Ei × Fj)

P̂X(Ei)P̂Y (Fj)
.

Many estimators follow this idea. Darbellay and Vajda [1999] use adaptive partitioning trees and
propose to split bins until the density within a bin is uniform, which they check with the χ2 test.
Daub et al. [2004] use B-Splines to assign data points to bins, and other authors use regularization
based on the degrees of freedom of partitioning to avoid overfitting [Suzuki, 2016, Cabeli et al., 2020,
Vinh et al., 2014, Marx et al., 2021].

A well-known property of histogram-based estimators is that they are consistent for N → ∞ if the
volume of the largest hypercube goes to zero, while the number of hypercubes grows sub-linearly
with the number of samples, N (see e.g. Cover and Thomas [2006]). For low-dimensional settings,
histogram density estimation can provide accurate results, but the strategy suffers from the curse of
dimensionality [Pizer et al., 1987, Klemelä, 2009].

In our evaluation, we resort to partitioning estimators based on a fixed number of grids (10 equal-width
bins per dimension), since more recent partitioning-based estimators focus on estimating conditional
MI and only allow X and Y to be one-dimensional [Suzuki, 2016, Marx et al., 2021, Cabeli et al.,
2020], or do not have a publicly available implementation [Darbellay and Vajda, 1999].

kNN Estimators An alternative to histogram-based methods is to use k-nearest neighbor (kNN)
distances to approximate densities locally. Most generally, kNN estimators express mutual informa-
tion as the sum H(X) +H(Y )−H(X,Y ), which can be done under the assumptions discussed in
Remark A.3, and estimate the individual entropy terms as

Ĥ((x1, . . . , xN )) = − 1

N

N∑

i=1

log
k(xi)/N

Voli
,

where k(xi) is the number of data points other than xi in a neighborhood of xi, and Voli is the volume
of the neighborhood [Kozachenko and Leonenko, 1987]. The quality of the estimator depends on two
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factors: i) the distance metric used to estimate the nearest neighbor distances, and ii) the estimation
of the volume terms.

The most well-known estimator is the Kraskov, Stögbauer and Grassberger (KSG) estimator [Kraskov
et al., 2004]. In contrast to the first kNN-based estimators [Kozachenko and Leonenko, 1987],
Kraskov et al. [2004] propose to estimate the distance to the k-th neighbor ρi,k/2 for each data point i
only on the joint space of Z = X × Y , with

DZ(zi, zj) = max{DX(xi, xj), DY (yi, yj)} ,
where DX and DY can refer to any norm-induced metric (e.g., Euclidean ℓ2, Manhattan ℓ1 or
Chebyshev ℓ∞).5 To compute the entropy terms of the sub-spaces X and Y , we count the number of
data points with distance smaller than ρi,k/2, i.e. we define nx,i as

nx,i =
∣∣∣
{
xj : DX(xi, xj) <

ρi,k
2
, i ̸= j

}∣∣∣ , (1)

and specify ny,i accordingly. As a consequence, all volume-related terms cancel and the KSG
estimator reduces to

EXY
KSG,N = ψ(k)+ψ(n)− 1

n

n∑

i=1

ψ(nx,i+1)+ψ(ny,i+1) . (2)

The diagamma function6 ψ was already introduced by Kozachenko and Leonenko [1987] to correct for
biases induced by the volume estimation. For a detailed exposition of the issue, we refer to Kraskov
et al. [2004, Sec. II.A].

There exist various extensions of the classical KSG estimator. When selecting the L∞ norm as a
distance measure for DX and DY , EXY

KSG,N can be efficiently computed with the K-d trie method [Ve-
jmelka and Hlaváčková-Schindler, 2007]. Other approaches aim to improve the estimation quality
by explicitly computing the volume terms via SVD [Lord et al., 2018] or PCA [Lu and Peltonen,
2020], or use manifold learning [Marx and Fischer, 2022] or normalizing flows [Ao and Li, 2022] to
estimate the nearest neighbors more efficiently in high-dimensional settings.

Kernel Estimators A smaller class of estimators builds upon kernel density estimation
(KDE) [Moon et al., 1995, Paninski and Yajima, 2008]. Classical approaches compute the den-
sity functions for the individual entropy terms via kernel density estimation, which is well-justified
under the assumption of PXY being absolutely continuous with respect to PX ⊗PY (cf. Remark A.3).
i.e., the density for a d-dimensional random vector X is approximated as

p̂(x) =
1

Nhd

N∑

i=1

K

(
x− xi
h

)
,

where h is the smoothing parameter or bandwidth of a Gaussian kernel [Silverman, 2018].

Moon et al. [1995] propose to estimate mutual information using a Gaussian kernel, for which the
bandwidth can be estimated optimally [Silverman, 2018]. Similar to histogram-based approaches,
KDE-based estimators with fixed bandwidth h are consistent if Nhd → ∞ as h→ 0.

A more recent proposal, LNN [Gao et al., 2017b], uses a data-dependent bandwidth based on
nearest-neighbor distances, to avoid fixing h globally.

Neural Estimators Neural network approaches such as MINE [Belghazi et al., 2018] use a varia-
tional lower bound on mutual information using the Donsker–Varadhan theorem: let f : X × Y → R
be a bounded measurable function and

Vf (X,Y ) = sup
f

EPXY
[f(X,Y )]− logEPX⊗PY

[exp f(X,Y )].

Under sufficient regularity conditions on PXY , I(X;Y ) is equal to Vf (X,Y ), which is evaluated
over all bounded measurable mappings f . In practice, the right hand side is optimized with respect

5In the original approach, the L∞ is used, and Gao et al. [2018] derives theoretical properties of the estimator
for the L2 norm.

6The digamma function is defined as ψ(x) = d log Γ(x)/dx. It satisfies the recursion ψ(x+1) = ψ(x)+ 1
x

with ψ(1) = −γ, where γ ≈ 0.577 is the Euler–Mascheroni constant.
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to the parameters of a given parametric predictive model f , as a neural network. Approaches
following this idea also count as discriminative approaches since the neural network is trained to
distinguish points from the joint and marginal distribution. The literature on variational lower bounds
of mutual information is growing [Oord et al., 2018, Song and Ermon, 2020] and the idea of using
a discriminative approach to estimate mutual information has also been explored by Koeman and
Heskes [2014], who used random forests. For an excellent theoretical overview of different neural
estimators we refer to Poole et al. [2019].

Model-based Estimators Finally, if one assumes that PXY is a member of a family of dis-
tributions QXY (θ) with known mutual information, one can estimate θ basing on the data
((x1, y1), . . . , (xN , yN )) and calculate the corresponding mutual information. For example, if one
assumes that there exist jointly multivariate normal variables X̃ = (X̃1, . . . , X̃r, E1, . . . , Em−r)

and Ỹ = (Ỹ1, . . . , Ỹr, Ẽ1, . . . , Ẽn−r) such that the cross-covariance terms are zero apart from
Cov(X̃i, Ỹi), and that X = AX̃ + a and Y = BỸ + b for invertible matrices A and B and vectors
a ∈ Rm and b ∈ Rn, then the mutual information can be found as

I(X;Y ) = −
r∑

i=1

log

√
1− Cor(X̃r, Ỹr)2.

The model parameters A, B, a, and b, as well as the pairs of corresponding r.v. X̃r and Ỹr, can be
found by maximising likelihood using canonical correlation analysis (CCA) [Murphy, 2023, Ch. 28],
which has been previously explored by Kay [1992].

D Additional Information on Benchmark Tasks

D.1 Task Descriptions

Bimodal Variables Consider a r.v. X distributed according to a Gaussian mixture model with
CDF F = w1F1 + w2F2, where F1 and F2 are CDFs of two Gaussian distributions and w1 and
w2 are positive weights constrained as w1 + w2 = 1. The CDF is everywhere positive, continuous,
and strictly increasing. Hence, it has an inverse, the quantile function, F−1 : (0, 1) → R, which is
continuous and injective as well (see Lemma D.1). Thus, we can define r.v. X ′ = F−1(X), where
X ∼ Uniform(0, 1) and I(X;Y ) = I(X ′;Y ) for every r.v. Y . We generated two CDFs of Gaussian
mixtures and implemented a numerical inversion in JAX [Bradbury et al., 2018] defining both X ′

and Y ′ to follow a bimodal distribution.

For the experimental values, we used

FX(x) = 0.3F (x) + 0.7F (x− 5)

FY (y) = 0.5F (x+ 1) + 0.5F (x− 3),

where F is the CDF of the standard normal distribution N (0, 1).

Wiggly Mapping As the “wiggly mapping” we used

wX(x) = x+ 0.4 sinx+ 0.2 sin(1.7x+ 1) + 0.03 sin(3.3x− 2.5)

wY (y) = y − 0.4 sin(0.4y) + 0.17 sin(1.3y + 3.5) + 0.02 sin(4.3y − 2.5)

and we used visualisations to make sure that they do not heavily distort the distribution.

Additive Noise For the additive noise model of Y = X + N where X ∼ Uniform(0, 1) and
N ∼ Uniform(−ε, ε) it holds that

I(X;Y ) =

{
ε− log(2ε) if ε ≤ 1/2

(4ε)−1 otherwise

implying that I(X;Y ) = 1.7 for ε = 0.1 and I(X;Y ) = 0.3 for ε = 0.75.
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Swiss Roll Embedding Consider a bivariate distribution PXY with uniform margins X ∼
Uniform(0, 1) and Y ∼ Uniform(0, 1) and I(X;Y ) = 0.8. The Swiss roll mapping is an em-
bedding i : (0, 1)2 → R3 given by i(x, y) = (e(x), y), where e : (0, 1) → R2 is given by

e(x) =
1

21
(t(x) cos t(x), t(x) sin t(x), t(x) =

3π

2
(1 + 2x).

Note that PX′Y ′ does not have a PDF with respect to the Lebesgue measure on R3. We visualise the
Swiss roll distribution in Fig. 1.

Spiral Diffeomorphism For the precise definition and properties of the general spiral diffeomor-
phism consult Appendix B.

In our benchmark we applied the spiral x 7→ exp(vA||x||2)x to both X and Y variables. We used an
m×m skew-symmetric matrix AX with (AX)12 = −(AX)21 = 1 and an n× n skew-symmetric
matrix AY with (AY )23 = −(AY )32 = 1. Each of these effectively “mixes” only two dimensions.

The speed parameters vX and vY were chosen as vX = 1/m and vY = 1/n to partially compensate
for the fact that if X ∼ N (0, Im), then ||X||2 ∼ χ2

m and has mean m.

Multivariate Student Let Ω be an (m+ n)× (m+ n) positive definite dispersion matrix and ν be
a positive integer (the degrees of freedom). By sampling an (m + n)-dimensional random vector
(X̃, Ỹ ) ∼ N (0,Ω) and a random scalar U ∼ χ2

ν one can define rescaled variables X = X̃
√
ν/U

and Y = Ỹ
√
ν/U , which are distributed according to the multivariate Student distribution. For

ν = 1 this reduces to the multivariate Cauchy distribution (and the first two moments are not defined),
for ν = 2 the mean exists, but covariance does not, and for ν > 2 both the mean and covariance exist,
with Cov(X,Y ) = ν

ν−2Ω, so that the tail behaviour can be controlled by changing ν. In particular,
for ν ≫ 1 because of the concentration of measure phenomenon U has most of its probability mass
around ν and the variables (X,Y ) can be well approximated by (X̃, Ỹ ).

Arellano-Valle et al. [2013] proved that I(X;Y ) can be computed via the sum of the mutual
information of the Gaussian distributed basis variables and a correction term, i.e., I(X;Y ) =

I(X̃; Ỹ ) + c(ν,m, n), where

c(ν,m, n) = f (ν)+f (ν+m+n)−f (ν+m)−f (ν+n) , f(x) = log Γ
(x
2

)
− x

2
ψ
(x
2

)
,

and ψ is the digamma function.

Contrary to the Gaussian case, even for Ω = Im+n, the mutual information I(X;Y ) = c(ν,m, n)
is non-zero, as U provides some information about the magnitude. In the benchmark we use this
dispersion matrix to quantify how well the estimators can use the information contained in the tails,
rather than focusing on estimating the Gaussian term.

D.2 Covariance Matrix Family

We generated jointly multivariate normal variables X = (X1, . . . , Xm) and Y = (Y1, . . . , Yn) with
the following procedure.

Consider i.i.d. Gaussian variables

Uall, UX , UY , Z1, . . . , ZK , E1 . . . , Em, F1, . . . , Fn, E
′
m−K , . . . , E

′
m, F

′
n−K , . . . , F

′
n ∼ N (0, 1).

Now let εX , εY , ηX , ηY , α, βX , βY , λ ∈ R be hyperparameters and for l = 1, 2, . . . ,K define

Xl = εXEl + αUall + βXUX + λZl, Yl = εY Fl + αUall + βY UY + λZl,

for l = K + 1, . . . ,m define

Xl = εXEl + αUall + βXUX + ηXE
′
l

and for l = K + 1, . . . , n define

Yl = εY Fl + αUall + βY UY + ηY F
′
l .

The interpretation of the hyperparameters is the following:
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1. α contributes to the correlations between all the possible pairs of variables.

2. βX contributes to the correlations between the X variables.

3. βY contributes to the correlations between the Y variables.

4. λ gives additional “interaction strength" between pairs of variables Xl and Yl for l =
1, . . . ,K.

5. εX and εY control part of the variance non-shared with any other variable.

6. ηX and ηY can be used to increase the variance ofXl and Yl for l > K to match the variance
of variables l ≤ K due to the λ.

Every term of the covariance matrix is easy to calculate analytically:

Cov(Xi, Xj) = α2 + β2
X + 1[i = j]

(
ε2X + λ21[i ≤ K] + η2X1[i > K]

)

Cov(Yi, Yj) = α2 + β2
Y + 1[i = j]

(
ε2Y + λ21[i ≤ K] + η2Y 1[i > K]

)

Cov(Xi, Yj) = α2 + λ21[i = j]1[i ≤ K]

In the following, we analyse some special cases.

Dense Interactions Consider λ = ηX = ηY = βX = βY = 0 and write ε := εX = εY . We have

Cov(Xi, Xj) = Cov(Yi, Yj) = α2 + ε21[i = j]

Cov(Yi, Yj) = α2

Hence, between every pair of distinct variables we have the same correlation α2

α2+ε2 .

Sparse Interactions Consider α = 0, ε := εX = εY , ηX = ηY = λ and βX = βY = 0

Cov(Xi, Xj) = Cov(Yi, Yj) = 1[i = j](ε2 + λ2)

Cov(Xi, Yj) = λ21[i = j]1[i ≤ K]

All the variables have the same variance, but the covariance structure is now different. Between
(distinct) Xi and Xj the correlation is zero and similarly for (distinct) Yi and Yj .

Correlations between Xi and Yj are zero unless i = j ≤ K, when Cor(Xi, Yi) = λ2/(ε2 + λ2).

Interpolation In Section 4 we discussed a two-stage interpolation from dense matrices to sparse
matrices: in the first stage α is decreased increasing λ at the same time to keep the mutual information
constant. In the second stage we decrease the number of interacting variables K increasing λ. The
selected covariance matrices from this two-stage process are visualised in Fig. 7.

D.3 Technical Results

In this subsection we add the technical results, related to the copula theory [Nelsen, 2007] and
uniformization of random variables.

Lemma D.1. Let X be a real-valued r.v. with a strictly increasing, positive everywhere, and continu-
ous CDF F . Then

F : R → (0, 1)

is a homeomorphism.
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Figure 7: Interpolation between dense and sparse covariance matrices.

Proof. As F is a CDF we have F (R) ⊆ [0, 1]. Note that 0 is excluded from the image as F is
positive everywhere and 1 is excluded as F is strictly increasing. Hence, F (R) ⊆ (0, 1). Using
continuity, strict monotonicity, and

lim
x→−∞

F (x) = 0, lim
x→+∞

F (x) = 1

we note that F is a bijection onto (0, 1). Analogously, we prove that

F ((a, b)) = (F (a), F (b))

for all a < b, so F is an open map. As a continuous bijective open map F is a homeomorphism.

Lemma D.2. Let X be a real-valued r.v. with a CDF F which is continuous, strictly increasing and
positive everywhere. Then, F (X) is uniformly distributed on (0, 1).

Proof. Our assumptions on F imply that it is a continuous homeomorphism R → (0, 1).

Let now y ∈ (0, 1). We have

P (F (X) ≤ y) = P (X ≤ F−1(y)) = F
(
F−1(y)

)
= y.

E Additional Experiments

E.1 Pointwise Mutual Information

To understand why neural estimators are not able to estimate the mutual information contained in the
Student distribution, we decided to qualitatively study the learned critic.

In the NWJ approach [Nguyen et al., 2007], for N → ∞ data points the optimal critic f(x, y) is
given by

f(x, y) = 1 + PMI(x, y),

where

PMI(x, y) = log
pXY (x, y)

pX(x)pY (y)

is the pointwise mutual information [Pinsker and Feinstein, 1964, Ch. 2] and pXY , pX and pY are
the PDFs of measures PXY , PX and PY , respectively.
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Figure 8: Qualitative comparison between ground-truth pointwise MI and learned critic for bivariate
Student and normal distributions.
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Figure 9: Minimal number of samples needed for the mutual information estimate to fall between
2/3 and 3/2 of the true MI. The minimal number of samples tested is 100, the maximal 10 000. The
entry > 10k means that the desired accuracy was never achieved. For neural estimators 1 000 is the
minimal possible number of samples, since we use a 50% train-test split and a batch size of 256.

We trained NWJ estimator with the default hyperparameters on N = 5000 data points and visualised
the critic predictions (with 1 subtracted), true PMI, and 500 samples from the distribution in Fig. 8.
The data is drawn from a bivariate Student distribution with dispersion matrix

Ω =

(
1 0.5
0.5 1

)

and varying degrees of freedom ν ∈ {1, 2, 3, 5, 8}. Additionally, we repeated the experiment for the
bivariate normal distribution with covariance matrix given by the dispersion, which corresponds to
the limit ν → ∞.

Qualitatively we see that the critic does not learn the correct PMI for ν ∈ {1, 2}, with better
similarities for ν ∈ {3, 5, 8}. For the normal distribution, the critic qualitatively approximates well
the PMI function in the regions where the data points are available.

We hypothesise that these problems can be partly atributed to the longer tails of Student distributions
(as the critic may be unable to extrapolate to the regions where few points are available) and partly to
the analytical form of the PMI function — for the considered bivariate normal distribution the PMI is
given by a simple quadratic function, which is not the case for the bivariate Student distribution.

E.2 Sample Size Requirements

We investigated the minimal number of samples needed to estimate the mutual information changing
the number of samples in N ∈ {100, 500, 1000, 3000, 5000, 10 000}. We say that sample ℓ suffices
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to solve the task if for every ℓ′ ≥ ℓ the estimator provides the estimate between 2/3 and 3/2 of the
ground-truth mutual information.

We present the minimal number of samples ℓ as a function of benchmark task and considered estimator
in Fig. 9. Note that CCA and KSG typically need very small amount of samples to solve the task. As
neural estimators use batch size of 256 and split the sample into training and test data sets, it is not
possible for them to have ℓ < 1000, which is the smallest number of samples considered greater than
2 · 256 = 512.

E.3 Preprocessing

In Fig. 2 and Fig. 9 we transformed all samples by removing the mean and scaling by the standard
deviation in each dimension calculated empirically from the sample. This strategy ensures that
the scales on different axes are similar. Note that this strategy is not always suitable (e.g., if the
distance metric used in the kNN approach should weight select dimensions differently) and makes
the observed data points not i.i.d. (as the “shared” information, sample mean and variances, has been
used to rescale the variables), although the effect of it seems to be negligible on most tasks in the
benchmark.

Additionally, we considered two other preprocessing strategies, implemented using the
scikit-learn package [Pedregosa et al., 2011]: making each marginal distribution uniform
Uniform(0, 1) by calculating empirical CDF along each axis (see Section D for the technical lemmata
discussing this operation) and making each marginal distribution a Gaussian variable N (0, 1). These
approaches may affect the effective sample size more strongly than the previous rescaling strategy, as
estimating empirical CDF requires more data points than estimating mean and standard deviation.

We used N = 10 000 data points and rerun the benchmark (see Fig. 10). Overall, the impact of the
“uniformization” strategy appeared to be insubstantial for most tasks, and in certain cases negative.
The “Gaussianisation” strategy improved estimation for Student distributions and helped histogram
based approaches in low-dimensional tasks. Interestingly, both approaches worsen the performance
of CCA on Student distributions.

While the improvements gained from “Gaussianisation” were minor, the approach is simplistic,
treating each axis separately. Ideally, appropriate preprocessing would be able to transform PXY

into a better-behaved distribution Pf(X)g(Y ), and thus simplify the estimation. In certain cases such
preprocessing could (partially) undo transformations considered in our benchmark, and in effect
make the estimators invariant (or more robust) to these transformations (cf. Section 4). We consider
the design of informed preprocessing strategies an important open problem.

E.4 Hyperparameter Selection

CCA We used the implementation provided in the scikit-learn [Pedregosa et al., 2011] Python
package (version 1.2.2). We set the latent space dimension to the smaller of the dimensions of the
considered random vectors X and Y .

Histograms Adaptive estimators such as JIC [Suzuki, 2016] or MIIC [Cabeli et al., 2020] were
not applicable to the high-dimensional data we considered, hence we resort to using an equal-width
estimator implemented in TransferEntropy library (version 1.10.0). We fixed the number of bins
to 10, although the optimal number of bins is likely to depend on the dimensionality of the problem.

KSG As a default, we used the KSG-1 variant from the rmi package with 10 neighbors. However,
as shown in our ablation in Fig. 11, changing the number of neighbors or using the KSG-2 variant
did not considerably change the estimates. We compared the used implementation with a custom
Python implementation and one from TransferEntropy library. The version implemented in the
TransferEntropy suffers from strong positive bias.

LNN We used the implementation from the rmi package (version 0.1.1) with 5 neighbors and
truncation parameter set to 30. Ablations can be seen in Fig. 11.

Neural Estimators We split the data set into two equal-sized parts (training and test) and optimized
the statistics network on the training data set using the Adam optimiser with initial learning rate set
to 0.1. We used batch size of 256 and ran each algorithm for up to 10 000 training steps with early
stopping (checked every 250 training steps). We returned the highest estimate on the test data set.
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Figure 10: Estimates for preprocessed data with N = 10 000 samples. Top: margins transformed
into uniform distributions. Bottom: margins transformed into normal distributions.

We chose the architecture using a mini-benchmark with four ReLU neural networks considered on
two neural estimators (see Fig. 11) and chose a neural network with two hidden layers (network M in
Table 2).

As neural estimators rely on stochastic gradient descent training, we implemented heuristic diagnostics
used to diagnose potential problems with overfitting and non-convergence. We present the number of
runs susceptible to these issues in Fig. 12. We did not include these runs when computing statistics in
the main benchmark figures (Fig. 2 and Fig. 9).
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Figure 11: Left: ablation of hyperparameters of the KSG and LNN estimators (with n neighbors and
threshold t). Right: ablation of neural network architectures.

Architecture Hidden layers
D 8, 8, 8
L 24, 12
M 16, 8
S 10, 5

Table 2: Network architectures and their corresponding hidden layer specifications.

F Visualisation of Selected Tasks

In the following, we visualise a selection of benchmark tasks. Each figure visualises a sample of
N = 10 000 points from PXY . The upper diagonal represents the scatter plots PXiXj

, PXiYj
and

PYiYj
for all possible combinations of i ̸= j. The lower diagonal represents the empirical density

fitted using a kernel density estimator with 5 levels. The diagonal represents the histograms of the
marginal distributions PXi

and PYi
for all possible i.

We present selected 1×1-dimensional tasks in Fig. 13 and Fig. 14; the 2×1-dimensional Swiss-
roll distribution in Fig. 15 and selected 2×2-dimensional tasks in Fig. 16. Finally, in Fig. 17 we
present two 3×3-dimensional problems, visualising the effect of the normal CDF and the spiral
diffeomorphism.
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Figure 12: Number of runs (out of 10) when our convergence and overfitting diagnostics diagnosed
potential problems in neural estimator training.

Figure 13: Top row: additive noise model. Bottom row: bivariate normal distribution and transforma-
tion making each variable a bimodal mixture of Gaussians.
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Figure 14: Top row: bivariate normal distribution transformed so that the margins are uniform and
asinh-transformed bivariate Student distribution with 1 degree of freedom. Bottom row: bivariate
normal distribution transformed with the half-cube and the wiggly mappings.
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Figure 15: Visualisation of the Swiss-roll distribution.
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Figure 16: Visualisations of selected 2×2-dimensional problems. Top row: multivariate normal
distributions with dense and sparse interactions. Bottom row: multivariate Student distribution with 2
degrees of freedom.
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Figure 17: Visualisations of selected 3×3-dimensional problems. Top: multivariate normal distribu-
tion transformed axis-wise with normal CDF, to uniformise margins. Bottom: multivariate normal
distribution transformed with the spiral diffeomorphism.
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Abstract

The pointwise mutual information profile, or simply profile, is the distribution of pointwise
mutual information for a given pair of random variables. One of its important properties is
that its expected value is precisely the mutual information between these random variables.
In this paper, we analytically describe the profiles of multivariate normal distributions and
show that for an expressive family of distributions, termed Bend and Mix Models, the profile
can be accurately estimated using Monte Carlo methods. We then show how Bend and
Mix Models can be used to study the limitations of existing mutual information estimators,
investigate the behavior of neural critics used in variational estimators, and understand the
effect of experimental outliers on mutual information estimation. Finally, we show how Bend
and Mix Models can be used to obtain model-based Bayesian estimates of mutual information,
suitable for problems with available domain expertise in which uncertainty quantification is
necessary. The accompanying code is available at https://github.com/cbg-ethz/bmi.
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Figure 1: First two panels: samples from a bivariate normal distribution and the same distribution with
marginals transformed. Both distributions have the same PMI profile (blue histogram in the fourth panel).
Third panel: mixture distribution, which cannot be obtained as a transformation of the normal distribution
due to a distinct PMI profile (green histogram in the fourth panel). All three distributions have the same
mutual information, marked with the black line in panel four.

1 Introduction

Mutual information (MI) is a key measure of dependence between two random variables (r.v.s). Due to its
theoretical properties, including invariance to reparametrization, it has found many applications (Polyanskiy
& Wu, 2022). However, estimating mutual information from a finite sample remains challenging (McAllester &
Stratos, 2020) and the development of mutual information estimators remains an active area of research (Kay,
1992; Kraskov et al., 2004; Oord et al., 2018; Belghazi et al., 2018; Carrara & Ernst, 2023). In response to
the introduction of new estimators, various benchmarks have been proposed to assess trade-offs (Khan et al.,
2007; Poole et al., 2019; Czyż et al., 2023).

In this manuscript we study the pointwise mutual information profile (PMI profile), a closely related statistical
measure which has received much less attention. The PMI profile is a distribution whose expected value is
the mutual information between two considered r.v.s. We determine the PMI profile for multivariate normal
distributions analytically and show that the PMI profile, similarly to mutual information, is invariant to
reparametrization. This last property has an important implication for MI benchmarks (Czyż et al., 2023)
which transform simple distributions with known MI to create more complex benchmarking tasks: using the
invariance of the profile, we demonstrate that the family of distributions obtained in this manner is inherently
limited. For example, distributions such as those studied by Grabowski et al. (2019) and Carrara & Ernst
(2023), cannot be obtained by transforming a normal distribution.

To overcome this limitation, we study a family of distributions, here termed Bend and Mix Models (BMMs),
for which the PMI profile can be efficiently approximated. By extension, since MI is the expected value of the
PMI profile, it can also be readily estimated using Monte Carlo methods. BMMs include highly-expressive
Gaussian mixture models, and thus allow us to model complex distributions. Through a series of numerical
experiments we demonstrate the usefulness of BMMs for creating non-trivial benchmark tasks; in particular,
we discuss robustness of mutual information estimators to inlier and outlier noise. Additionally, BMMs allow
us to investigate the properties of PMI profiles directly. Based on empirical evidence, we argue that existing
estimators based on neural variational lower bounds (Nguyen et al., 2007; Belghazi et al., 2018) implicitly
estimate the PMI profile, even though they do not reliably estimate the pointwise mutual information function.

Finally, we show that BMMs can provide model-based Bayesian estimates of both the MI and the PMI profile,
generalizing the earlier approaches of Kay (1992) and Brillinger (2004) to a large class of models. Although
this approach is not universal, we demonstrate that in low-dimensional problems with available domain
expertise, BMMs provide state-of-the-art point estimates. Additionally, they offer a principled approach to
uncertainty quantification in MI estimation, which has been lacking in other approaches.

To summarize, the main contributions of this manuscript are as follows:
• We describe the PMI profile, an invariant generalizing mutual information, determine the PMI profile for

normal distributions and prove further characterising properties (Sec. 2.1).
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• We show that for an expressive family of distributions, called Bend and Mix Models, the PMI profile, and
hence mutual information, is tractable using Monte Carlo methods (Sec. 2.2).

• We use Bend and Mix Models to construct novel benchmarking tasks (Sec. 3.1–3.2 and Appendix C.2),
study variational MI estimators (Sec. 3.3), and propose model-based Bayesian MI estimators (Sec. 3.4).

2 Theoretical framework

In this section, we first introduce PMI profiles and then define Bend and Mix Models, an expressive family of
distributions for which the PMI profile can be estimated with Monte Carlo methods.

2.1 Pointwise mutual information profiles

Consider random variables X and Y valued in spaces X and Y. Provided that the joint distribution PXY is
sufficiently regular (in the sense of belonging to the family P(X ,Y) defined in Appendix A.1), the mutual
information is given as follows (Pinsker & Feinstein, 1964):
Definition 1. Let X and Y be random variables valued in spaces X and Y, respectively, such that PXY ∈
P(X ,Y). The mutual information (MI) is defined as I(X; Y ) = E(x,y)∼PXY

[PMIXY (x, y)] , where the
pointwise mutual information (PMI) function is given as1

PMIXY (x, y) = log pXY (x, y)
pX(x) pY (y) ,

where pXY , pX and pY are PDFs (or PMFs) of the joint and marginal distributions, respectively.

While mutual information measures whether two variables are independent (which is equivalent to I(X; Y ) = 0),
the pointwise mutual information function can be understood as a measure of similarity of two events: it is
positive if they jointly occur at a higher frequency than if they were sampled independently from the marginal
distributions. It is also often associated with variational MI estimators (Nguyen et al., 2007; Belghazi et al.,
2018; Oord et al., 2018), where one aims to approximate it using a neural network (cf. Sec. 3.3). However, in
this work we focus on the distribution of its values, i.e., its profile:
Definition 2. The pointwise mutual information profile2 ProfXY is defined as the distribution of the random
variable T = PMIXY (X, Y ).

We discuss generalizations of the PMI profile in Appendix A.5. A key property of the PMI profile is that its
mean is equal to mutual information, I(X; Y ) = ET ∼ProfXY

[T ]. In the following, we characterize the profile
for multivariate normal and discrete distributions, and study its invariance properties. It is known that MI is
invariant under diffeomorphisms (Kraskov et al., 2004). More generally, in Appendix A.1, we show that the
entire profile is invariant:
Theorem 3. Let PXY ∈ P(X ,Y) and f : X → X and g : Y → Y be diffeomorphisms. Then for X ′ = f(X)
and Y ′ = g(Y ) it holds that PX′Y ′ ∈ P(X ,Y) and ProfXY = ProfX′Y ′ .

We demonstrate this result in Fig. 1. The profile of the mixture distribution cannot be obtained as a
transformation of the bivariate normal distribution. This, in particular, implies that benchmarks relying on
transforming normal distributions for generating more complex problems (Czyż et al., 2023), cannot create
distributions with PMI profiles that differ from the normal distributions being transformed.

In fact, for multivariate normal distributions we can express the PMI profile analytically based on the notion
of canonical correlations (Hotelling, 1936):
Theorem 4. Let X and Y be r.v.s such that the joint distribution PXY ∈ P(Rm,Rn) is multivariate normal.
If k = min(m, n) and ρ1, ρ2, . . . , ρk are canonical correlations between X and Y , then the profile ProfXY is a

1We use the natural logarithm, meaning that all quantities are measured in nats.
2Although we are not aware of a prior formal definition and studies of the PMI profile, histograms of approximate PMI

between words have been studied before in the computational linguistics community (Allen & Hospedales, 2019).
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generalized χ2 distribution, namely the distribution of the variable

T = I(X; Y ) +
k∑

i=1

ρi

2 (Qi −Q′
i),

where {Qi, Q′
i}i=1,...,kare independent and identically distributed (i.i.d.) variables drawn from the χ2

1 distribu-
tion. In particular, ProfXY is symmetric around its median, which coincides with the mean

I(X; Y ) = −1
2

k∑

i=1
log
(
1− ρ2

i

)
,

and all moments of this distribution exist. Its variance is equal to Var[T ] = ρ2
1 + · · ·+ ρ2

k.

Additionally, in Appendix A.2, we derive bounds on the variance of the PMI profile of multivariate normal
distributions given the MI. In the same place, we prove the following results, characterising PMI profiles
when MI is zero and for discrete random variables:
Proposition 5. Let X and Y be r.v.s with joint distribution PXY ∈ P(X ,Y). Then, I(X; Y ) = 0 if and
only if ProfXY = δ0 is the Dirac measure with a single atom at 0.

Proposition 6. If X and Y are discrete r.v.s with PXY ∈ P(X ,Y), then the PMI profile is discrete:

ProfXY =
∑

x∈X

∑

y∈Y
pXY (x, y) δPMIXY (x,y).

For more complex distributions, analytic formulae governing the PMI profiles are not known. Below we
address this issue by offering a Monte Carlo approximation for a wide family of distributions.

2.2 Bend and Mix Models

As discussed above, PMI profiles are analytically known only for a small number of basic distributions
and their reparametrizations, which do not change the PMI profile (Fig. 1). To generate a wider family of
distributions with distinct PMI profiles, we introduce Bend and Mix Models which combine two strategies:
bending a distribution (transforming with diffeomorphisms; see also the literature on normalizing flows, e.g.,
Kobyzev et al. (2021) and Papamakarios et al. (2021)) and mixing (combining multiple models into a mixture
model). Although the mixing operation generally leads to distributions whose PMI profile is not available
analytically, we can efficiently construct numerical approximations via Monte Carlo approaches. To ensure
this, we require the following property:
Definition 7 (informal). Every distribution PXY ∈ P(X ,Y) for which we can efficiently sample (X, Y ) ∼ PXY

and numerically evaluate the densities pXY (x, y), pX(x) and pY (y) at every point (x, y) ∈ X ×Y is considered
a Bend and Mix Model (BMM).

Any distribution that satisfies this definition can be used as a basic building block for a BMM. Examples
include discrete distributions as well as multivariate normal and Student distributions. More complex
distributions, such as a mixture of discrete and continuous random variables (see discussion and example
in Appendix B), can then be constructed using bending and mixing operations:
Proposition 8. If PXY is a BMM and f and g are diffeomorphisms with numerically tractable Jacobians
(e.g., normalizing flows), then Pf(X)g(Y ) is a BMM.

Proposition 9. Consider BMMs PX1Y1 , . . . , PXKYK
. If w1, . . . , wK are positive weights, such that w1 + · · ·+

wK = 1, then the mixture distribution PX′Y ′ = w1PX1Y1 + · · ·+ wKPXKYK
is a BMM.

We prove both propositions in Appendix A.3. Note that since Gaussian mixture models are universal
approximators of smooth densities, and they belong to the BMM family, in principle one could use these
constructions to approximate any distribution. In practice, the evaluation time of PMI grows linearly with
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the number of components and can become costly for a high number of mixture components (or when large
normalizing flow architectures are used).

Unfortunately, the MI of a mixture cannot be computed naively by a weighted sum of the information shared
within the individual components. To illustrate this, we study two special cases in which constructing a
mixture decreases, as well as increases the overall MI compared to the weighted sum of the components:
Proposition 10. Consider r.v.s (Xk, Yk) such that I(Xk; Yk) <∞ for k = 1, . . . , K. Let (X ′, Y ′) be their
mixture with weights w1, . . . , wK . Then,

0 ≤ I(X ′; Y ′) ≤
K∑

k=1
wk I(Xk; Yk) + log K.

Moreover, these inequalities are tight:

1. There exists a mixture such that I(X ′; Y ′) = log K even though I(Xk; Yk) = 0 for all k.
2. There exists a mixture such that I(X ′; Y ′) = 0 even though I(Xk; Yk) > 0 for all k.

More general bounds on MI in mixture models have also been studied by Haussler & Opper (1997) and
Kolchinsky & Tracey (2017), but for completeness we include a proof in Appendix A.4.

The properties of BMMs are chosen so that we can estimate the MI using Monte Carlo approaches up to
an arbitrary accuracy, rather than relying on upper and lower bounds. We can sample T ∼ ProfXY by
sampling a data point (x, y) from the joint distribution PXY and evaluating t = PMIXY (x, y). Then, MI can
be approximated with a Monte Carlo estimate of the integral I(X; Y ) = E[T ]. Assuming I(X; Y ) <∞, the
Monte Carlo estimator of MI is guaranteed to be unbiased. However, the quality of the estimation depends
on the variance of the PMI profile and the number of Monte Carlo samples used. For example, if the variance
is infinite, the Monte Carlo estimates (even though unbiased) will not be adequate due to enormous variance
and several independent runs may be necessary to diagnose such problems. Additionally, the relative error
of the Monte Carlo approximation can be large when the number of samples is not large enough, but the
ground-truth MI is close to zero. For a more detailed discussion of Monte Carlo standard error (MCSE)
under different regularity conditions we refer to Flegal et al. (2008) and Koehler et al. (2009).

Analogously, we can estimate the PMI profile with a histogram: for a bin B ⊂ R one can introduce its
indicator function 1B and integrate E[1B(T )]. Its cumulative density function can be approximated with
an empirical sample using the expectations E[1(−∞,ak](T )] for a given increasing sequence (ak). Since the
indicator functions are bounded between 0 and 1, the Monte Carlo estimator for both quantities is unbiased.
For N samples, the standard error is bounded above by 1/

√
4N , according to the inequality of Popoviciu

(1935).

3 Case studies

In this section, we apply Bend and Mix Models to four distinct problems. In Sec. 3.1 we demonstrate how
they can be used to extend existing benchmarks of MI estimators (with an explicit benchmark constructed in
Appendix C.2). In Sec. 3.2 we show how BMMs can be used to investigate the robustness of MI estimation to
outliers and inliers. In Sec. 3.3 we apply BMMs to investigate the biases and sample efficiency of variational
estimators employing neural critics. Finally, in Sec. 3.4 we show that if the distribution PXY is known to be
well-approximated by a family of BMMs, we can provide Bayesian estimates of both MI and the PMI profile.

3.1 Novel distributions for estimator evaluation

To illustrate how BMMs can be used to create expressive benchmark tasks, we implemented a benchmark of
26 continuous distributions in TensorFlow Probability on JAX (Dillon et al., 2017; Bradbury et al., 2018)
(Appendix C.2). Additionally, in Appendix B, we consider distributions involving discrete variables. In
Fig. 2 we visualise samples from four example distributions: the X distribution is a mixture of two bivariate
normal distributions. The marginal distributions PX and PY are normal, although the joint distribution
PXY is not. The AI distribution is a mixture of six bivariate normal distributions, illustrating how expressive
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Figure 2: Samples from the example distributions. Distributions X and AI represent one-dimensional variables
X and Y . Distributions Waves and Galaxy plot two-dimensional X variable using spatial coordinates, while
one-dimensional Y variable is represented by color. The rightmost plot presents estimates according to
different mutual information algorithms using independently generated data sets with N = 5 000 points each,
compared to the ground-truth MI of the distribution (dotted line).
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Figure 3: Left: increasing the contamination level α with inlier noise distribution. Middle: increasing the
contamination level α with outlier noise distribution. Right: increasing the variance of the noisy normal
distribution for constant contamination of 20%. Outliers have less impact than inliers.

BMMs can be. The two final distributions consist of a two-dimensional X variable and a one-dimensional Y
variable, allowing us to apply more complex transformations to the X variable. The Waves distribution is
a mixture of twelve multivariate normal distributions with the X variable transformed, while the Galaxy
distribution is a mixture of two multivariate normal distributions with the X variable transformed by the
spiral diffeomorphism (Czyż et al., 2023). A detailed description of these distributions can be found in
Appendix C.1.

For each BMM we sampled ten data sets with N = 5 000 points and applied five estimators: the histogram-
based estimator (Cellucci et al., 2005; Darbellay & Vajda, 1999), the popular KSG estimator (Kraskov
et al., 2004), canonical correlation analysis (CCA; Kay (1992); Brillinger (2004)), and two neural estimators:
InfoNCE (Oord et al., 2018) and MINE (Belghazi et al., 2018) (see Appendix C.3 for hyperparameters used).
The estimates are shown in Fig. 2.

Even though problems in Fig. 2 are low-dimensional and do not encode more information than 1.5 nats, they
pose a considerable challenge for the estimators. The KSG estimator, which performs well in low-dimensional
tasks, gave the best estimate in all tasks. However, the Waves task was not solved by any estimator. The
CCA estimator, excelling at distributions that are close to multivariate normal (Czyż et al., 2023), is not able
to capture any information at all. This suggests that BMMs can provide a rich set of distributions that can
be used to test MI estimators. In Appendix C.2 we evaluate KSG, CCA and four neural estimators on the
compiled list of 26 proposed benchmark tasks. Particularly interesting are the tasks including inliers, which
we study in the next section.

3.2 Modeling inliers and outliers

In this section, we use BMMs to study the effect of inliers and outliers on MI estimation. Consider an electric
circuit or a biological system modeled as a communication channel pY |X(y | x). The researcher controls the
input variable X, which results in a distribution PX , and subsequently measures the outcome variable Y . The
mutual information I(X; Y ) is then estimated from the experimental samples (Nałęcz-Jawecki et al., 2023).
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However, every experimental system can suffer from occasional failures. We model the output of a failing
system with a noise distribution with a PDF n(y). If the probability of system failure, denoted by α, and
the distribution of noise n(y) do not depend on the input value x, the communication channel becomes a
mixture pY ′|X(y | x) = (1 − α)pY |X(y | x) + αn(y). By multiplying both sides by the density pX(x), the
distribution of the channel inputs provided by the scientist, we arrive at the mixture distribution PXY ′ with
PDF pXY ′(x, y) = (1− α)pXY (x, y) + αn(y)pX(x). If the system failure is unnoticed, one can only measure
Y ′, rather than Y . It is therefore of interest to understand how much I(X; Y ) and I(X; Y ′) can differ under
realistic assumptions on the noise n(y) and whether the standard MI estimation techniques are robust to it.
In Appendix A.4 we prove the following upper bound:
Proposition 11. Let α ∈ [0, 1] be a parameter. Consider variables X, Y and Y ′, s.t. pXY ′(x, y) =
(1− α)pXY (x, y) + αn(y)pX(x). Then, I(X; Y ′) ≤ (1− α) I(X; Y ) .

Alternatively, we can model the system as a BMM and evaluate this quantity using the Monte Carlo
approximation. For example, consider a setting with a two-dimensional input variable X and two-dimensional
output variables Y (perfect output) and Y ′ (contaminated output). As the joint density pXY we use a
multivariate normal with unit scale and correlations corr(X1, Y1) = corr(X2, Y2) = 0.8 and for the noise n(y)
we use a multivariate normal distribution with covariance σ2I2. If σ2 ≈ 1 this results in inliers, where the
noise distribution is hard to distinguish from the signal. For σ2 ≪ 1 the system failures are all close to 0,
while outliers are present for σ2 ≫ 1.

In Fig. 3 we present the results of three experiments: in the first two, we changed the contamination level
α ∈ [0, 0.5] for σ2 = 1 (inlier noise) and σ2 = 52 (outlier noise) respectively. In the third experiment, we fixed
α = 0.2 and varied σ2 ∈

[
2−7, 28]. We see that the inlier noise results in a slightly faster decrease of mutual

information, while the outlier noise decreases almost linearly following the upper bound (1 − α)I(X; Y ).
Interestingly, in this low-dimensional setting, the KSG, MINE, and InfoNCE estimators reliably estimate
the mutual information I(X; Y ′), which can significantly differ from I(X; Y ). Although CCA would be the
preferred method to estimate I(X; Y ) without any noise in this linear setting (Czyż et al., 2023), even a small
number of outliers (α = 5%) can result in unreliable estimates.

3.3 Variational estimators and the PMI profile

Variational estimators of mutual information are frequently used in self-supervised learning (Oord et al., 2018)
and optimize a critic function f : X × Y → R to obtain an approximate lower bound on mutual information.
For example, Belghazi et al. (2018) use the Donsker–Varadhan loss, IDV(f) = EPXY

[f ]− logEPX ⊗PY
[exp f ],

which is a lower bound on I(X; Y ) for any bounded function f . This lower bound becomes tight when
f = PMIXY + c where c is any real number, i.e., IDV(f) = I(X; Y ). Hence, one can approach MI estimation
by optimizing IDV over a flexible family of functions f , usually parameterized by a neural network. Other
examples include the NWJ estimator (Nguyen et al., 2007), which becomes tight for f = PMIXY + 1, and
InfoNCE (Oord et al., 2018), which has a functional degree of freedom, i.e., f(x, y) = PMIXY (x, y) + c(x)
for a function c. We provide more details on these methods in Appendix C.4. Typically, these losses are
interpreted as approximate lower bounds on MI and connect f to the PMI function (Poole et al., 2019; Song
& Ermon, 2020) in the infinite sample limit. In practice, however, only a finite sample is available and the
critic f is modeled via some parametric family (e.g., a neural network), which has to be learned from the data
available. Since the ideal critic function of a neural estimator is an approximation of PMI, we investigate how
well the PMI function can be learned by the previously described estimators, as well as investigate how they
behave under misspecification.

Critics and the PMI function We simulated N = 5 000 data points from a mixture of four bivariate
normal distributions (Fig. 4) with I(X; Y ) = 0.36 and fitted the neural critics (see Appendix C) to half
of the data, retaining the latter half as the test set, on which the final estimates were obtained, yielding
INWJ = 0.33, IDV = 0.32, INCE = 0.35. This (minor) difference can be attributed to the learned critic not
matching the true PMI (up to the required constants), estimation error due to evaluation on a finite batch,
or both. In Fig. 4 we plot the PMI function and the optimized critics. As the Donsker–Varadhan estimator
estimates PMI only up to an additive constant, we normalized the critic and the PMI plots to have zero mean.
Analogously, we removed the functional degree of freedom c(x) from the InfoNCE estimator by removing
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Figure 5: Estimation of mutual information using a function approximating PMI as a function of sample
size for Monte Carlo (MC), InfoNCE, Donsker-Varadhan and NWJ losses. From left to right: true PMI
function from Fig. 4 is used, a constant bias is added, a functional bias is added. The rightmost plot: true
PMI function for a different, high-dimensional problem is used.

the mean calculated along the y dimension. Overall we saw a mismatch, suggesting that neural critics do
not capture the PMI function of the distribution well. However, we can compare the PMI profile with the
histogram of the values predicted by the critic in Fig. 4 (shifting the PMI profile and the histogram to have
mean 0 for the Donsker–Varadhan estimator; for InfoNCE it is not possible to compare the PMI profile
with the critic values due to the functional degree of freedom c(x)). For both NWJ and DV, we see little
discrepancy between the (shifted) PMI profile and learned values. This suggests that although the neural
critics may not learn the PMI function properly in regions with low density, the PMI profile (and, hence, the
MI) can still be approximated well.

Robustness to misspecification of the critic In the next experiment (Fig. 5), we evaluated IDV, INWJ,
IInfoNCE, and the simple Monte Carlo estimator (MC) for increasing sample size N where we provided them
with an “oracle” critic f , which we varied as follows: f(x, y)− PMIXY (x, y) ∈ {0, c, sin(x2)}. Using a perfect
critic, f = PMIXY , we saw that all estimators performed well in this problem. When a constant bias was
added, f = PMIXY + c, the Monte Carlo and NWJ estimators became biased. Finally, InfoNCE was the
only unbiased estimator when a functional degree of freedom was added, f(x, y) = PMIXY (x, y) + sin(x2),
confirming the known theoretical limitations of the estimators.

Increasing the Dimensionality In low dimensions variational approximations perform comparably to the
Monte Carlo estimator when the correct critic function is used, and are more robust to misspecification due
to additional degrees of freedom. However, this additional robustness results in a bias in higher dimensions
(Fig. 5, right panel). We simulated a data set using a multivariate normal distribution with 25 strongly
interacting components, corr(Xi, Yi) = 0.8, which results in I(X; Y ) ≈ 12.8. Although the Monte Carlo
estimator and NWJ estimator (which are not robust to additional degrees of freedom) provided estimates
close to the ground-truth (with Monte Carlo slightly outperforming NWJ in both bias and variance), Donsker–
Varadhan estimator resulted in a strong positive bias for small batch sizes and InfoNCE had a negative bias
with very low variance which has been observed in previous studies and has been related to the O(log N)
behavior of this approximate lower bound (Oord et al., 2018; Song & Ermon, 2020).
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Figure 7: Top row: data generated according to the AI distribution, data generated according to a single
MCMC sample, posterior distribution of the mutual information (red line denotes posterior mean and black
line denotes the ground-truth value), and the posterior distribution of the PMI profile (black curve denotes
the ground-truth value). For a well-specified model the posterior reflects epistemic uncertainty well. Bottom
row: experiment with a misspecified model fitted to the Galaxy distribution. Misspecification results in biased
inferences (two right-most panels) with miscalibrated posterior, although it can be diagnosed by comparing
true data with the data generated from the model.

3.4 Model-based mutual information estimation

As the final application of BMMs, we investigate the problem of Bayesian model-based MI estimation.

The general idea Consider a family of distributions {Pθ | θ ∈ Θ}, such that for every value of the parameter
vector θ, the mutual information contained in Pθ is known. That is, for (Xθ, Yθ) ∼ Pθ we can compute
I(Xθ; Yθ), which we denote by I(Pθ). If the observed data are modeled as i.i.d. r.v.s (Xi, Yi) ∼ Pθ, one can
estimate θ and use I(Pθ) as an estimate of the mutual information. For example, Brillinger (2004) interprets
the CCA-based MI estimator of Kay (1992) as the plug-in estimator I(Pθ̂), where θ̂ is the maximum likelihood
estimate (MLE) in the model in which Pθ is a multivariate normal distribution. For discrete data it is
well-known the plug-in estimator is biased (Goebel et al., 2005; Suzuki, 2016; Bu et al., 2018; Marx & Vreeken,
2019) and one particular way of regularizing the estimate is to approximate the Bayesian posterior over the
MI (Hutter, 2001). We note that one can construct a Bayesian alternative for the CCA-based estimator by
using a prior on the covariance matrix (Lewandowski et al., 2009) and Markov chain Monte Carlo (Gelman
et al., 2013, Ch. 11) to provide samples θ1, . . . , θM from the posterior P (θ | X1, Y1, . . . , XN , YN ) and construct
a sample-based approximation to the posterior on mutual information, I(Pθ1), . . . , I(PθM

).
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More generally, consider a statistical model {Pθ | θ ∈ Θ} such that all Pθ are BMMs, and a prior P (θ). One
can then apply Bayesian inference algorithms to construct a sample θ1, . . . , θM from the posterior. Although
the exact values for I(Pθ1), . . . , I(PθM

) are not available, they can be approximated as in Sec. 2. Hence,
we can construct an approximate posterior distribution and quantify epistemic uncertainty of the estimate
(Fig. 7). Since BMMs include both mixture models and normalizing flows, this approach could, in principle,
be used as a general technique for building model-based mutual information estimators, where the generative
model can be constructed using domain knowledge. Moreover, this is the first Bayesian estimator of the PMI
profile: as all distributions Pθm are BMMs, one can construct M histograms (or CDFs) approximating the
profile.

Proof of concept To illustrate this approach we implemented a sparse Gaussian mixture model (see
Appendix C.5) in NumPyro (Phan et al., 2019) and used the NUTS sampler (Hoffman & Gelman, 2014)
to obtain the Bayesian posterior for selected low-dimensional problems from the proposed benchmark (see
Table 2 in Appendix C.5.2). We visualise the predictions for four distributions in Fig. 6: we stress that
other methods can only provide a single point estimate (for each given data set), while BMMs can provide
uncertainty quantification in the form of posterior distribution, visualised by credible intervals. Interestingly,
even for low-dimensional problems where KSG has been considered state-of-the-art (Czyż et al., 2023), the
BMM-based estimator provided better estimates.

On the role of assumptions All parametric statistical methods rely on assumptions (Gelman et al., 2020,
Sec. 2). In particular, Bayesian inference can result in unreliable inferences when the model is misspecified,
i.e., the true data-generating process PXY does not belong to the assumed family Pθ (Watson & Holmes,
2016). To illustrate the role of the assumptions, we obtained a Bayesian posterior conditioned on 500 data
points from the AI and Galaxy distributions (see Fig. 7). We see that the for the AI distribution, the posterior
is concentrated around the ground-truth mutual information value and the ground-truth PMI profile is
well-approximated by the posterior samples.

The misspecification in the Galaxy distribution can be immediately diagnosed via posterior predictive
checking (Gelman et al., 2013, Ch. 6): in Fig. 7 we see that a data sample simulated from the model looks
substantially different from the observed data, meaning that the model did not capture the distribution
well (cf. Appendix C.5). This provides a clear indication that the estimates should not be trusted: most of
the probability mass of the Bayesian posterior is far from the ground-truth mutual information. Similarly,
the posterior on the PMI profile is biased. We therefore recommend using model-checking techniques such
as posterior predictive checks and discriminator-based validation (Sankaran & Holmes, 2023, Sec. 4) to
understand the deficiencies of the model. To mitigate the risk of overfitting, which can bias the model (see
Appendix C.5), we recommend cross-validation (Piironen & Vehtari, 2017).

In summary, although BMMs are not generic estimators applicable to problems without available domain
knowledge, in some situations, principled Bayesian modeling can be beneficial to obtain better estimates
along with uncertainty quantification.

4 Discussion

In this article, we have studied pointwise mutual information profiles (PMI profiles), determining them
analytically for multivariate normal distributions (Theorem 4), and proposed the family of Bend and
Mix Models (BMMs), which include multivariate normal and Student distributions, mixture models and
normalizing flows, for which the PMI profile can be approximated using Monte Carlo methods. We showed
how BMMs can be used to provide novel benchmark tasks to test MI estimators and calculate MI transmitted
through a communication channel in the presence of inliers and outliers (which can be used in the experimental
design in electrical and biological sciences). BMMs allowed us to study how well neural critics approximate
PMI profiles. Finally, we showed how Bayesian estimates of MI between continuous r.v.s can be performed
using BMMs; additionally, the proposed method estimates the PMI profiles. Although this approach is not
universal, we find it suitable for problems with precise domain knowledge available (which can be used to
construct the generative distribution Pθ and provide the prior P (θ)) and in which uncertainty quantification
is desired.
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Limitations and further research Generalized PMI profiles (see Appendix A.5) allow one to provide
a wide family of invariants, which can be related to f -divergences (Nowozin et al., 2016). We leave the
exploration of potential ramifications of this generalization to future work.

Although in Sec. 3.4 we propose BMMs as a basis for model-based Bayesian inference of mutual information,
model misspecification (Watson & Holmes, 2016) as well as underfitting and overfitting can bias inference. We
therefore recommend, as usual in Bayesian statistics, to validate the model (Gelman et al., 2020). Overfitting
and model misspecification may be more difficult to detect especially in high-dimensional situations or when
more expressive models are constructed, for example using normalizing flows, as Bayesian inference for models
involving neural networks is known to be challenging (Izmailov et al., 2021). We hypothesise that tempering
the likelihood (Grünwald & van Ommen, 2017) or employing alternative inference schemes (Lyddon et al.,
2018) may improve robustness to model misspecification, although we leave this topic to future work.

In Sec. 3.2, we study a channel in which the probability of failure α is constant and independent of the input
variable X. However, in both biological and electric systems this assumption does not necessarily hold: for
large values of X the system may result in an outlier more easily. Unfortunately, cases in which α depends
on X are not easily modeled by BMMs. Moreover, BMMs do not allow modeling additive noise. Although
adding Gaussian noise can be viewed as a continuous mixture, marginalizing the latent variable to obtain an
analytic form of log pY ′(y) is not possible. Employing unbiased estimators, such as SUMO (Luo et al., 2020),
may hence become an interesting direction for future research.

More generally, replacing analytical formulae with accurate numerical estimates has the potential to extend
the family of distributions with tractable MI beyond BMMs. In Sec. 2.2 we construct BMMs in a bottom-up
fashion, where simple distributions are transformed and mixed together to obtain more expressive distributions.
The introduced operations allow us to evaluate the probability densities and directly sample from the joint
distribution, resulting in a Monte Carlo estimator for mutual information.

Alternatively, one could imagine a top-down approach, where for a given distribution PXY one derives a family
of unbiased log-density estimators (Luo et al., 2020). Namely, let LXY (x, y) be a family of estimators indexed
by (x, y) ∈ X×Y , such that E[LXY (x, y)] = log pXY (x, y) for all points (x, y) in the support of PXY . Similarly,
let LX(x) and LY (y) be families of estimators such that E[LX(x)] = log pX(x) and E[LY (y)] = log pY (y). We
can then construct an unbiased estimator of the PMI function, E[LXY (x, y)−LX(x)−LY (y)] = PMIXY (x, y),
and aim to approximate the PMI profile and the ground-truth MI via nested Monte Carlo sampling (Rainforth
et al., 2018). However, the feasability of this approach relies on construction of the required families LXY ,
LX and LY , as well as on ensuring that the variance of the resulting estimate is sufficiently small.

Similarly, Monte Carlo integration of the PMI function with respect to the PXY measure can, in principle, be
replaced by other integration methods, such as Markov chain Monte Carlo (Brooks et al., 2011) or sequential
Monte Carlo samplers (Del Moral et al., 2006). These integration methods could allow one to integrate
the PMIXY function for distributions in which the log-density functions log pXY , log pX and log pY (or
their unbiased estimates) are available, but Monte Carlo sampling from PXY is not possible. However, this
approach relies on ensuring whether the employed integration method is accurate enough, e.g., by controlling
the convergence diagnostics and the effective sample size (Vehtari et al., 2021; Vats & Knudson, 2021).

We hope that our analysis of pointwise mutual information profiles provides a fresh perspective on mutual
information estimators, and that BMMs will prove to be a useful tool for benchmark design and will renew
interest in Bayesian approaches to mutual information estimation.

Reproducibility To facilitate reproducibility, the experiments have been implemented as Snakemake
workflows (Mölder et al., 2021). The code available at https://github.com/cbg-ethz/bmi can be used to
reproduce all experimental results and figures.
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A Technical results

In this section we formalize the results described in Sec. 2. In Sec. A.1 we precisely define the family of
P(X ,Y) distributions, which is then used to prove that the PMI profile is invariant to diffeomorphisms. In
Sec. A.2 we derive the PMI profiles in the cases where they are analytically tractable. Then, in Sec. A.3 we
formalize the properties of Bend and Mix Models. In Sec. A.4 we derive the bounds on mutual information in
finite mixture models. Finally, in Sec. A.5 we provide a measure-theoretic analysis of the PMI profile, which
offers more general invariance results, though it requires more complex mathematical machinery.

A.1 Proof of the invariance of the pointwise mutual information profile

In this section, we consider random variables valued in smooth manifolds without boundary (Lee, 2012, Ch. 1)
equipped with their Borel σ-algebras and given reference measures. In particular, the results in Section 2
apply to both discrete and continuous r.v.s, as the considered manifolds include open subsets of the Euclidean
space Rn with the Lebesgue measure as well as zero-dimensional discrete spaces {1, . . . , m} with the counting
measure.

For a given pair of smooth manifolds X and Y, we equip their product X × Y with the product measure
and define the set P(X ,Y) to consist of all probability measures PXY on X × Y such that the joint measure
PXY , as well as the marginal measures PX(A) = PXY (A × Y) and PY (B) = PXY (X × B), have smooth
and positive PDFs (or PMFs) pXY , pX and pY with respect to the reference measures on X × Y, X and Y,
respectively. In particular, the PMI function (Definition 1) exists (without the need to define expressions of
the form log 0/0) and is a smooth function from the manifold X ×Y to the set of real numbers, R. Note that
as smooth functions are measurable, the PMI profile, introduced in Definition 2, indeed exists.

More generally, it is possible to work with standard Borel spaces (instead of smooth manifolds) and prove
invariance of the profile with respect to arbitrary continuous injective mappings (instead of diffeomorphisms).
We discuss this approach in Appendix A.5.

Recall a well-known result (Kraskov et al., 2004, Appendix):
Lemma 12 (Invariance of PMI). Let X ′ = f(X) and Y ′ = g(Y ), where f and g are diffeomorphisms. Then
for every x′ and y′ we have

PMIX′Y ′(x′, y′) = PMIXY (x, y),

where x = f−1(x′) and y = g−1(y′).

Proof. From
pX′Y ′(x′, y′) = pXY (x, y)

∣∣det D
(
f−1 × g−1) (x′, y′)

∣∣

and analogous quantities we conclude that pX′Y ′ as well as pX′ and pY ′ are smooth and everywhere positive
functions, so that PMIX′Y ′ is well-defined. As D(f−1 × g−1)(x′, y′) is a block matrix with Df−1(x′) and
Dg−1(y′) blocks on the diagonal and other blocks zero, we have det D(f−1 × g−1)(x′, y′) = det Df−1(x′) ·
det Dg−1(y′).

Now we can prove invariance of the PMI profile:
Theorem 3. Let PXY ∈ P(X ,Y) and f : X → X and g : Y → Y be diffeomorphisms. Then for X ′ = f(X)
and Y ′ = g(Y ) it holds that PX′Y ′ ∈ P(X ,Y) and ProfXY = ProfX′Y ′ .

Proof. From the proof of Lemma 12 we conclude that PX′Y ′ ∈ P(X ,Y). Then, we note the profile is the
pushforward measure

ProfXY := (PMIXY )#PXY .
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Now let B ⊆ R be any set in the Borel σ-algebra and 1B be its characteristic function. Using the change of
variables formula for pushforward measure and invariance of PMI:

ProfX′Y ′(B) =
∫

1B(t) d((PMIX′Y ′)#PX′Y ′)(t)

=
∫

1B (PMIX′Y ′(x′, y′)) dPX′Y ′(x′, y′)

=
∫

1B (PMIX′Y ′(f(x), g(y))) dPXY (x, y)

=
∫

1B (PMIXY (x, y)) dPXY (x, y)

= ProfXY (B)

Remark 13. The above proof can be understood also in the following manner. Lemma 12 allows us to
express the PMI function of the transformed variables as the composition PMIX′Y ′ = PMIXY ◦ (f−1 × g−1).
As ProfX′Y ′ = (PMIX′Y ′)♯ PX′Y ′ and PX′Y ′ = (f × g)♯PXY , the f × g cancels out with its inverse:

ProfX′Y ′ =
(
PMIXY ◦ (f−1 × g−1)

)
♯
(f × g)♯PXY

=
(
PMIXY ◦ (f−1 × g−1) ◦ (f × g)

)
♯
PXY

= (PMIXY ◦ identity)♯ PXY

= (PMIXY )♯PXY = ProfXY .

This perspective allows one to generalize PMI profile invariance to more general mappings, such as continuous
injective functions. We prove a general result in Appendix A.5.

A.2 Derivations of pointwise mutual information profiles

The following result shows that the distributions from the class P(X ,Y) with zero mutual information have
the same profile:
Proposition 5. Let X and Y be r.v.s with joint distribution PXY ∈ P(X ,Y). Then, I(X; Y ) = 0 if and
only if ProfXY = δ0 is the Dirac measure with a single atom at 0.

Proof. If ProfXY = δ0, then the expected value is I(X; Y ) = 0. To prove the converse, if I(X; Y ) = 0, then X
and Y are independent. As the probability density functions of distributions in the P(X ,Y) class are smooth,
we have pXY (x, y) = pX(x)pY (y) at every point (x, y) ∈ X × Y and PMIXY (x, y) = 0 everywhere.

The following result characterizes the PMI profiles for discrete r.v.s:
Proposition 6. If X and Y are discrete r.v.s with PXY ∈ P(X ,Y), then the PMI profile is discrete:

ProfXY =
∑

x∈X

∑

y∈Y
pXY (x, y) δPMIXY (x,y).

Proof. The measure PXY is discrete and given by

PXY =
∑

x∈X

∑

y∈Y
pXY (x, y) δ(x,y),

so its pushforward by the PMIXY function has the form

ProfXY = (PMIXY )#PXY =
∑

x∈X

∑

y∈Y
pXY (x, y) δPMIXY (x,y).
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The next results describe the properties of PMI profiles associated with multivariate normal variables:
Theorem 4. Let X and Y be r.v.s such that the joint distribution PXY ∈ P(Rm,Rn) is multivariate normal.
If k = min(m, n) and ρ1, ρ2, . . . , ρk are canonical correlations between X and Y , then the profile ProfXY is a
generalized χ2 distribution, namely the distribution of the variable

T = I(X; Y ) +
k∑

i=1

ρi

2 (Qi −Q′
i),

where {Qi, Q′
i}i=1,...,kare independent and identically distributed (i.i.d.) variables drawn from the χ2

1 distribu-
tion. In particular, ProfXY is symmetric around its median, which coincides with the mean

I(X; Y ) = −1
2

k∑

i=1
log
(
1− ρ2

i

)
,

and all moments of this distribution exist. Its variance is equal to Var[T ] = ρ2
1 + · · ·+ ρ2

k.

Proof. Without loss of generality assume that m ≤ n. As the PMI profile is invariant to diffeomorphisms
(Theorem 3), we can also assume that variables X and Y have been whitened by applying canonical correlation
analysis (Jendoubi & Strimmer, 2019), that is E[X] = 0, E[Y ] = 0 and the covariance matrix is given by

Σ =
(

Im ΣXY

ΣT
XY In

)
=




Im R 0
R Im 0
0 0 In−m




where
ΣXY =

(
R 0m×(n−m)

)

is an m×n matrix with the last n−m columns being zero vectors and R = diag(ρ1, . . . , ρm) being the m×m
diagonal matrix representing canonical correlations.

We can write the inverse in the block form

Σ−1 =
(

ΛX ΛXY

ΛT
XY ΛY

)
=




ΛX R̃ 0
R̃ ΛX 0
0 0 In−m


 ,

where the blocks have been calculated using the formula from Petersen & Pedersen (2012, Sec. 9.1):

ΛX = (Im − ΣXY ΣT
XY )−1 = diag (u1, . . . , um)

ΛY = (In − ΣT
XY ΣXY ) = diag (u1, . . . , um, 1, . . . , 1)

ΛXY = −ΣXY ΛY =
(
R̃ 0m×(n−m)

)
,

where R̃ = −diag (u1ρ1, . . . , umρm) and ui = 1/
(
1− ρ2

i

)
.

We define a quadratic form

s(x, y) = xT ΛXx + yT ΛY y + 2xT ΛXY y

=
m∑

i=1
ui

(
x2

i + y2
i − 2ρixiyi

)
+

n∑

j=m+1
y2

j

which can be used to calculate log-PDFs:

log pXY (x, y) = −1
2s(x, y)− 1

2 log det Σ− m + n

2 log 2π,

log pX(x) = −1
2xT x− m

2 log 2π,

log pY (y) = −1
2yT y − n

2 log 2π.
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Hence,

PMIXY (x, y) = xT x + yT y − s(x, y)
2 − 1

2 log det Σ.

We recognize the last summand as

I(X; Y ) = 1
2 log

(
det Im · det In

det Σ

)
= −1

2 log det Σ.

Define quadratic form

q(x, y) = 2
(
PMIXY (x, y)− I(X; Y )

)
= xT x + yT y − s(x, y)

=
m∑

i=1

(
(1− ui)

(
x2

i + y2
i

)
+ 2ρiuixiyi

)
,

which has a corresponding matrix

Q =




K F 0
F K 0
0 0 0


 ,

where
K = diag(1− u1, . . . , 1− um)

and
F = diag(ρ1u1, . . . , ρmum).

We are interested in the distribution of

q(X, Y ) =
(
XT Y T

)
Q

(
X
Y

)
,

where (X, Y ) ∼ N (0, Σ).

Imhof (1961) presents a general approach to evaluating the distributions of such quadratic forms. Consider a
r.v.

Z =




η
ϵ
ξ


 ∼ N (0, Im+n)

which is split into blocks of sizes m, m and n−m. If we construct a linear transformation A such that

(
X
Y

)
= A




η
ϵ
ξ


 ,

then the distribution of q(X, Y ) is the distribution of

ZT
(
AT QA

)
Z, Z ∼ N (0, Im+n).

We can construct A as

A =




P− P+ 0
−P− P+ 0

0 0 In−m




where

P− = diag
(√

1− ρ1
2 , · · · ,

√
1− ρm

2

)
, P+ = diag

(√
1 + ρ1

2 , · · · ,

√
1 + ρm

2

)
.
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We calculate

AAT =




P 2
− + P 2

+ P 2
+ − P 2

− 0
P 2

+ − P 2
− P 2

− + P 2
+ 0

0 0 In−m


 =




Im R 0
R Im 0
0 0 In−m


 = Σ

and

AT QA =




2P 2
−(K − F ) 0 0

0 2P 2
+(K + F ) 0

0 0 0


 ,

where
2P 2

−(K − F ) = diag (−ρ1, . . . ,−ρm) , 2P 2
+(K + F ) = diag (ρ1, . . . , ρm) .

Hence, the distribution of q(X, Y ) is the same as the distribution of

m∑

i=1
ρi(−η2

i + ϵ2
i ) +

n−m∑

j=1
0 · ξ2

j ,

where (η,ϵ, ξ) ∼ N (0, Im+n). To summarize, let Q1, . . . , Qm, Q′
1, . . . , Q′

m be i.i.d. random variables distributed
according to the χ2

1 distribution. The quadratic form q(X, Y ) has the same distribution as
m∑

i=1
ρi(Qi −Q′

i),

which can also be written as
q(X, Y ) ∼

m∑

i=1

(
ρiχ

2
1 − ρiχ

2
1
)

.

Note that this distribution is symmetric around 0. We can now reconstruct the profile from q(X, Y ):

ProfXY = I(X; Y ) +
m∑

i=1

(ρi

2 χ2
1 −

ρi

2 χ2
1

)
,

which is symmetric around I(X; Y ) and, in agreement with Proposition 5, degenerates to the atomic
distribution δ0 if and only if I(X; Y ) = 0, which is equivalent to ρi = 0 for all i.

As a linear combination of independent χ2
1 variables, the profile has all finite moments. Using the fact that the

variance of χ2
1 distribution is 2, and quadratic scaling of variance, each term has variance 2 ·(ρi/2)2 = ρ2

i /2. As
variances of independent variables are additive, we can sum up all the 2m terms to obtain ρ2

1 + · · ·+ ρ2
m.

Proposition 14. For a multivariate normal distribution with fixed mutual information, the variance of the
PMI profile is maximized when ρ2

1 = ρ2
2 = . . . = ρ2

m.

Proof. Let ai = 1− ρ2
i . To maximize the variance we equivalently have to minimize a1 + . . . + am preserving

given constraint on mutual information and ai ∈ (0, 1].

The constraint on mutual information takes the form

I(X; Y ) = −1
2

m∑

i=1
log
(
1− ρ2

i

)
= −1

2 log (a1 · · · am) .

Hence, the product a1 · · · am has to be constant. Denote this constant by Am for A ∈ (0, 1] as well. Let
a1, . . . , am be such that a1 · · · am = Am and ai ∈ (0, 1]. From the inequality between arithmetic and geometric
means we note that

a1 + . . . + am

m
≥ m
√

a1 · · · am = A,

where the equality holds only if a1 = · · · = am = A. Hence, this is the unique minimum under the constraints
provided. It follows that ρ2

1 = · · · = ρ2
m.
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Corollary 15. For a multivariate normal distribution with fixed mutual information and m canonical
correlations, the variance of the PMI profile does not exceed

V = m (1− exp (−2I(X; Y ) /m)) .

Proof. The variance is maximized when ρ2
1 = · · · = ρ2

m. Writing ρ2 for the common value, we have

ρ2 = 1− exp (−2I(X; Y ) /m)

and
V = mρ2 = m (1− exp (−2I(X; Y ) /m)) .

The mutual information can also be written as function of variance

I(X; Y ) = −1
2m log

(
1− ρ2) = −1

2m log(1− V/m).

Proposition 16. For a multivariate normal distribution with fixed non-zero mutual information the variance
of the PMI profile is minimized when ρi ̸= 0 for exactly one i.

Proof. Let ai ∈ (0, 1] be any numbers. We have

(1− a1)(1− a2) ≥ 0

which is equivalent to
1 + a1a2 ≥ a1 + a2

where the equality holds if and only if a1 = 1 or a2 = 1.

Using the principle of mathematical induction one can prove a more general inequality:

a1a2 · · · am + (m− 1) = 1 + a1(a2 · · · am) + (m− 2)
≥ a1 +

(
a2 · · · am + (m− 2)

)

≥ a1 + a2 +
(
a3 · · · am + (m− 3)

)

...
≥ a1 + a2 + · · ·+ am.

Let us analyze when the equality can hold. To obtain equality in the first step, we need a1 = 1 or a2 · · · am = 1,
which, given the constraints ai ∈ (0, 1] would mean that a2 = · · · = am = 1. Reasoning inductively, one
proves that equality holds only when at least m− 1 among these numbers are 1.

Now define ai = 1− ρ2
i and note that we are solving a maximization problem ai ∈ (0, 1] under a constraint

a1 · · · am = P.

Using the argument above we note that all the maxima for the above problem are permutations of the
sequence P, 1, 1, . . . , 1. This proves that at most one ρ2

i ̸= 0. Hence, we have at most one ρi ̸= 0.

A.3 Constructing new Bend and Mix Models

In this section we prove Proposition 8 and Proposition 9.
Proposition 8. If PXY is a BMM and f and g are diffeomorphisms with numerically tractable Jacobians
(e.g., normalizing flows), then Pf(X)g(Y ) is a BMM.
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Proof. From the proof of Lemma 12 and the assumption of tractability of the Jacobians of f and g we obtain
the tractability of the formulae for the densities pf(X)g(Y ), pf(X) and pg(Y ). Sampling (f(X), g(Y )) amounts
to sampling (X, Y ) and then transforming the sample using f and g.

Proposition 9. Consider BMMs PX1Y1 , . . . , PXKYK
. If w1, . . . , wK are positive weights, such that w1 + · · ·+

wK = 1, then the mixture distribution PX′Y ′ = w1PX1Y1 + · · ·+ wKPXKYK
is a BMM.

Proof. We can evaluate the densities pX′Y ′(x, y), pX′(x) and pY ′(y) of the mixture distribution using the
weighted sums of pXkYk

(x, y), pXk
(x) and pYk

(y), respectively. To sample (X ′, Y ′) ∼ PX′Y ′ from the
mixture distribution we can sample an auxiliary variable Z ∼ Categorical(K; w1, . . . , wK). Then, we have(
(X ′, Y ′) | Z = k

)
= (Xk, Yk), so that we can sample from PXkYk

.

A.4 Mutual information in finite mixtures

In this section we discuss the counterintuitive properties of mutual information in mixture models. We start
with the proof of the failing channel inequality:
Proposition 11. Let α ∈ [0, 1] be a parameter. Consider variables X, Y and Y ′, s.t. pXY ′(x, y) =
(1− α)pXY (x, y) + αn(y)pX(x). Then, I(X; Y ′) ≤ (1− α) I(X; Y ) .

Proof. Let Z ∼ Bernoulli(1− α) be an auxiliary variable. We have (X, Y ′) | (Z = 1) ∼ PXY and (X, Y ′) |
(Z = 0) ∼ PX ⊗NY .

From the data processing inequality and the chain rule we conclude that

I(X; Y ′) ≤ I(X; Y ′, Z) = I(X; Z) + I(X; Y ′ | Z) .

Now note that X and Z are independent, so I(X; Z) = 0.

Hence,

I(X; Y ′) ≤ I(X; Y ′ | Z)
= αDKL

(
PXY ′|Z=0 ∥ PX|Z=0 ⊗ PY ′|Z=0

)
+ (1− α)DKL

(
PXY ′|Z=1 ∥ PX|Z=1 ⊗ PY ′|Z=1

)

= αDKL
(
PXY ′|Z=0 ∥ PX ⊗NY

)
+ (1− α)DKL (PXY ∥ PX ⊗ PY )

= αDKL (PX ⊗NY ∥ PX ⊗NY ) + (1− α)I(X; Y )
= (1− α)I(X; Y ) .

In this example, mixing the signal with a noise component, not encoding any information, decreased the
information. However, mixing with independent noise components can also increase mutual information.
Example 17. Let A = (0, 1) and B = (1, 2) be two disjoint intervals of unit length. We define two pairs of
random variables:

(X1, Y1) ∼ Uniform(A×A), (X2, Y2) ∼ Uniform(B ×B).

Note that
I(X1; Y1) = I(X2; Y2) = 0.

If (X, Y ) ∼ 0.5PX1Y1 + 0.5PX2Y2 is distributed according to a mixture, we have

pXY (x, y) = 1
21[(x, y) ∈ A×A ∪B ×B]

and
pX(x) = 1

21[x ∈ A ∪B], pY (y) = 1
21[x ∈ A ∪B].

24



Published in Transactions on Machine Learning Research (01/2025)

x

y
I = 0

x
y

I = 0

x

y

I = log 2

x

y

I = log 2

x

y

I = 0

Figure 8: Mixing two distributions with zero MI can result in a mixture distribution with MI equal to one
bit. Mixing two one-bit distributions can result in a mixture distribution with no mutual information.

Hence,
PMIXY (x, y) = log 2 · 1[(x, y) ∈ A×A ∪B ×B]

and
I(X; Y ) = 1

2 log 2 + 1
2 log 2 = log 2.

Mixing two distributions with one bit of information each, can however result in independent random variables:
Example 18. Recall the distribution constructed as above:

pXY (x, y) = 1
21[(x, y) ∈ A×A ∪B ×B]

and a symmetric one
pUV (x, y) = 1

21[(x, y) ∈ A×B ∪B ×A].

We have
I(X; Y ) = I(U ; V ) = log 2.

On the other hand, the mixture distribution

(Z, T ) ∼ 0.5PXY + 0.5PUV

has zero mutual information, I(Z; T ) = 0, as

pZT (x, y) = 1
41[(x, y) ∈ (A ∪B)× (A ∪B)]

= 1
21[x ∈ A ∪B] · 1

21[y ∈ A ∪B]

= pZ(x) · pT (y).

Both examples have been visualised in Fig. 8. Note that similarly counterintuitive examples can be constructed
using BMMs by using mixtures of multivariate normal distributions.

This demonstrates that mixtures can create and destroy information. There is however an upper bound on
the amount of information mixtures can create (see also Haussler & Opper (1997) and Kolchinsky & Tracey
(2017)):
Proposition 10. Consider r.v.s (Xk, Yk) such that I(Xk; Yk) <∞ for k = 1, . . . , K. Let (X ′, Y ′) be their
mixture with weights w1, . . . , wK . Then,

0 ≤ I(X ′; Y ′) ≤
K∑

k=1
wk I(Xk; Yk) + log K.

Moreover, these inequalities are tight:
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1. There exists a mixture such that I(X ′; Y ′) = log K even though I(Xk; Yk) = 0 for all k.
2. There exists a mixture such that I(X ′; Y ′) = 0 even though I(Xk; Yk) > 0 for all k.

Proof. The examples provide explicit constructions of distributions with the specified properties. To prove
the upper bound, consider a variable Z ∼ Categorical(K; w1, . . . , wK). The random variables corresponding
to the mixture distribution, (X ′, Y ′), have conditional distributions

(X ′, Y ′) | Z = k ∼ PXkYk
.

From the data processing inequality and chain rule we have

I(X ′; Y ′) ≤ I(X ′; Y ′, Z) = I(X ′; Z) + I(X ′; Y ′ | Z) .

As Z is discrete, the first summand, I(X ′; Z), is bounded from above by the entropy H(Z) (Polyanskiy &
Wu, 2022, Th. 3.4e), which cannot exceed log K (Polyanskiy & Wu, 2022, Th. 1.4b). The second summand
can be written as

I(X ′; Y ′ | Z) =
K∑

k=1
P (Z = k) DKL

(
PX′Y ′|Z=k ∥ PX′|Z=k ⊗ PY ′|Z=k

)

=
K∑

k=1
wk DKL (PXkYk

∥ PXk
⊗ PYk

) =
K∑

k=1
wk I(Xk; Yk) .

A.5 Divergence profiles

In this section we show how to define the PMI profile in a more general setting of a divergence profile and
prove a general invariance result (Theorem 19). The main ideas stay similar to the proof of Theorem 3.

We consider a standard Borel space M equipped with two probability measures, P and Q, such that P ≪ Q.
For example, if one analyses the mutual information between random variables X and Y , they can define
M = X ×Y with P = PXY representing the joint distribution and Q = PX ⊗PY representing the product of
marginals. Then, a sufficient condition for P ≪ Q is to assume that I(X; Y ) <∞.

As P is absolutely continuous with respect to Q, the Radon–Nikodym derivative f = dP/dQ can be defined.
It is a measurable function f : M→ [0,∞) defined up to a Q-null set.

This allows one to define the Kullback–Leibler divergence:

DKL (P ∥ Q) =
∫

f log f dQ =
∫

log f dP,

where 0 log 0 = 0 in the first expression. In the second expression, one can notice that as P ≪ Q, log 0
can occur only on a P -null set. Additionally, using another Radon–Nikodym derivative (differing from f
on a Q-null set), does not change the value of the integral, so that Kullback–Leibler divergence is indeed
well-defined.

These properties correspond to the following properties of the divergence profile, defined as the pushforward
measure

ProfP ∥Q = (log f)♯P.

Namely, this distribution does not depend on the choice of f (i.e., we can replace f by a function differing on
a Q-null set) and it is easy to prove that ProfP ∥Q({−∞,∞}) = 0. As this distribution does not have atoms
at the infinite values, we can treat it as a distribution over real numbers, R.

Now consider a measurable mapping i : M→M′ between standard Borel spaces, allowing us to define the
pushforward measures i♯P and i♯Q on M′. We are interested in investigating the profile defined using these
pushforward distributions. For example, if M = X × Y, M′ = X ′ × Y ′, P = PXY , Q = PX ⊗ PY and one
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considers random variables X ′ = i1(X) and Y ′ = i2(Y ), then the mapping i = i1 × i2 : M→M′ defines the
pushforward measures PX′Y ′ = i♯PXY and PX′ ⊗ PY ′ = i♯(PX ⊗ PY ).

Note that the profile Profi♯P ∥i♯Q can be defined in this case: as P ≪ Q, then also i♯P ≪ i♯Q, because
i♯Q(B) = 0 is equivalent to Q(i−1(B)) = 0, which then implies P (i−1(B)) = 0.

In general, Profi♯P ∥i♯Q can differ from ProfP ∥Q: for example, using a constant mapping i results in
Profi♯P ∥i♯Q = δ0, independently on the original profile ProfP ∥Q. However, we can generalize Theorem 3 as
follows:
Theorem 19. Let i : M→M′ be a measurable mapping between standard Borel spaces with a measurable left
inverse. If P and Q are two probability distributions on M such that P ≪ Q, then Profi♯P ∥i♯Q = ProfP ∥Q.

To prove it, we use the following version of Lemma 12, which generalizes a result of G. (2022):
Lemma 20. Let i : M→M′ be a measurable mapping between standard Borel spaces such that there exists
a measurable left inverse a : M′ →M. If P and Q are two probability distributions on X such that P ≪ Q
and f = dP/dQ is the Radon–Nikodym derivative, then i♯P ≪ i♯Q and the Radon–Nikodym derivative is
given by di♯P/di♯Q = f ◦ a.

Proof of Lemma 20. Let a : M′ →M be any measurable left inverse of i. To prove that f ◦ a : M′ → [0,∞)
is the Radon–Nikodym derivative we need to show that

i♯P (B) =
∫

B

f ◦ a di♯Q

for every Borel subset B ⊆M′. Using the change of variables formula:
∫

B

f ◦ a di♯Q =
∫

i−1(B)
f ◦ a ◦ i dQ

=
∫

i−1(B)
f dQ

=
∫

i−1(B)
dP

= P (i−1(B)) = i♯P (B),

where the second equality follows from the definition of the left inverse, a ◦ i = idM.

Note that even if a is substituted for another left inverse, the Radon–Nikodym derivative f ◦ a is still
determined uniquely up to an i♯Q-null set.

Proof of Theorem 19. The profile is defined as Profi♯P ∥i♯Q = (log di♯P/di♯Q)♯ (i♯P ). Take any measurable
left inverse a of i and write

log di♯P

di♯Q
= log f ◦ a,

where f = dP/dQ. We have

Profi♯P ∥i♯Q = (log f ◦ a)♯ i♯P = (log f ◦ a ◦ i)♯P = (log f)♯P = ProfP ∥Q.

Remark 21. The above proof suggests that for P ≪ Q on a standard Borel space M and sufficiently
well-behaved functions u : [0,∞)→ R, one could define a generalized profile

(
u ◦ dP

dQ

)

♯

P,

which stays invariant under measurable mappings i : M→M′ with measurable left inverses.
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These quantities can be used to study whether a distribution could not be obtained as a simple reparametrization
of another one, similarly as the PMI profiles were used in Fig. 1.

We suspect that it may also be possible to generalize the profile to use a general f -divergence (Polyanskiy & Wu,
2022, Ch. 7), rather than the Kullback–Leibler divergence studied in this manuscript. Nowozin et al. (2016)
related f-divergences and their variational lower bounds (cf. Sec. 3.3) to generative adversarial networks
(GANs), although a relation between a “f -divergence profile” and the GAN training remains unclear to us.

Theorem 19 proves invariance under the existence of a measurable left inverse. Czyż et al. (2023, Theorem
2.1) prove invariance of the mutual information under reparametrizations by continuous injective mappings.
As the lemma below shows, Theorem 19 holds also for continuous injective mappings:
Lemma 22. Let i : M→M′ be a continuous injective mapping between two standard Borel spaces. Then, i
admits a measurable left inverse.

Proof. Choose an arbitrary point x0 ∈M and define a function a : M′ →M in the following manner:

a(y) =
{

x0 if y ̸∈ i(M)
x if x is the (unique) point such that i(x) = y

This function is well-defined due to the fact that i is injective and it is a left inverse: a(i(x)) = x for all
x ∈M. Now we need to prove that it is measurable.

Take any Borel set B ⊆ M and consider its preimage a−1(B) = {y ∈ M′ | a(y) ∈ B}. If x0 /∈ B, we have
a−1(B) = i(B), which is Borel by Lusin–Suslin theorem. If x0 ∈ B, we can write

a−1(B) = a−1(B \ {x0}) ∪ a−1({x0})
= i(B \ {x0}) ∪ {i(x0)} ∪ (M′ \ i(M)),

which is Borel as a finite union of Borel sets.

B Distributions involving discrete variables

The formalism in Section 2 is applicable to both continuous and discrete random variables, although in
Section 3.1 we focus on the distributions in which both X and Y are continuous. If X and Y are discrete,
mutual information I(X; Y ) can be calculated analytically from the joint probability matrix and there exist
numerous approaches to estimate it from collected samples (Hutter, 2001; Brillinger, 2004).

In this section we consider the mixed case, in which one variable is continuous and the other one is discrete.
For example, Carrara & Ernst (2023) describe a particle physics experiment in which X is an 18-dimensional
random variable, but Y is binary. Grabowski et al. (2019) consider a cell transmitting information through
the MAPK signalling pathway, assuming the input signal X to be discrete and the measured response Y to
be continuous.

B.1 Known distributions

There are only a few distributions PXY with known ground-truth mutual information assuming this discrete-
continuous case. Gao et al. (2017, Sec. 5) describe a discrete random variable X which is uniformly sampled
from the set X = {0, . . . , m− 1} and the continuous Y variable is sampled as

(Y | X = x) ∼ Uniform(x, x + 2),

which is therefore distributed on Y = (0, m + 1). Gao et al. (2017) prove that mutual information in this case
is

I(X; Y ) = log m− m

m− 1 log 2
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Figure 9: Left: samples from the PXY distribution, colored by the value of the binary variable Y . Right:
the PMI profile of PXY distribution.

for m ≥ 2 and I(X; Y ) = 0 for m = 1 and consider a multivariate analogue of this distribution, in which
pairs of variables (Xk, Yk) for k = 1, . . . , K are sampled independently using the above procedure. Then,
they are concatenated into multivariate vectors (X1, . . . , XK) and (Y1, . . . , YK) with K times larger mutual
information.

We will show how to relate the bivariate example to the framework of Bend and Mix Models (multivariate
case can be constructed analogously). Note that the joint distribution PXY is not strictly in P(X ,Y), as it is
supported on the one-dimensional manifold M⊂ X × Y with m connected components (cf. Politis (1991)
and Marx et al. (2021)), on which

pXY (x, y) = 1
2m

1[y ∈ (x, x + 2)],

but it is possible to extend the definitions of Section 2, so that this technical difficulty is resolved. The
marginal distributions are tractable and admit PDFs:

pX(x) = 1/m,

pY (y) =
m−1∑

x=0
pXY (x, y).

Although pY is not smooth on Y (at integer points), this technical difficulty can also be resolved as this set is
of measure zero. Hence, although this distribution is not strictly a BMM, it can still be modeled using the
introduced framework.

Next, Gao et al. (2017, Sec. 5) consider the zero-inflated Poissonization of the exponential random variable
valued in X = {x ∈ R | x ≥ 0}, with: X ∼ Exp(1) and Y being a discrete random variable valued in the set
of non-negative integers Y = {0, 1, 2, . . . }:

(Y | X = x) ∼ p δ0 + (1− p) Poisson(x).

They show that

I(X; Y ) = (1− p)
(

2 log 2− γ −
∞∑

k=0
log k · 2−k

)
,

where γ is the Euler–Mascheroni constant.

To use BMMs in this case, one has to formally extend the definition of P(X ,Y) as X is a manifold with
boundary (Lee, 2012, Ch. 1). The joint probability distribution is then given by

pXY (x, y) = pX(x) · pY |X(y | x) = e−x ·
(

p · 1[y = 0] + (1− p)e−xxy

y!

)
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and the PMF function of the Y variable is also analytically known:

pY (y) = p · 1[y = 0] + (1− p) · 2−(1+y)

Hence, the framework of BMMs, with minor technical adjustments, can accommodate the above distributions.

B.2 Novel distributions

However, Bend and Mix Models also allow one to create more expressive distributions, for which analytical
formulae for ground-truth mutual information are not available, but can be approximated with the Monte
Carlo methods as explained in Section 2: consider a continuous random variable X and a discrete random
variable Y . To introduce a dependency between X and Y variable, we can use a mixture of distributions in
which the component variables are independent, i.e., PXkYk

= PXk
⊗ PYk

. Therefore, we consider a graphical
model X ← Z → Y , in which the distributions PXk

= PX|Z=k are known and have tractable PDFs. The
distributions of PYk

= PY |Zk
are given by probability tables. Monte Carlo estimators of Section 2 can then

be used to estimate I(X; Y ) with high accuracy. Note also that this general procedure includes the case
X ← Y by setting Z = Y .

We illustrate it in a simple example with X = R2, Y = {0, 1} and K = 3 components. The first component
models a cluster in the X space, strongly associated with Y = 1 value. For PX1 we use a bivariate Student
distribution centered at (1, 1) with isotropic dispersion Ω = 0.2 · I2 and 8 degrees of freedom. We take PY1 to
be the Bernoulli variable with probability P (Y1 = 1) = 0.95.

Analogously, we define a second cluster, strongly associated with Y = 0 value: PX2 is a bivariate Student
distribution with the same dispersion matrix, but centered at (−1,−1) and with 8 degrees of freedom. Then,
Y2 is a Bernoulli variable with P (Y2 = 1) = 0.05.

We then define a third component using a bivariate normal distribution centered at (0, 0) and with covariance
matrix

Σ = 0.1
(

1 0.95
0.95 1

)
.

This component is not informative of Y , that is P (Y3 = 1) = 0.5.

We used weights w1 = w2 = 1/4 and w3 = 1/2, what resulted in the distribution visualised in Fig. 9. We
estimated both the profile and the mutual information using N = 106 samples and obtained I(X; Y ) = 0.224
with MCSE of 5.1 · 10−4.

In principle, the above construction can be used to generate realistic high-dimensional data sets (e.g., audio or
image) with known ground-truth mutual information, by assuming the generative model Y → X (i.e., Z = Y )
and modeling each PXk

using a normalizing flow or an autoregressive model (Murphy, 2023, Ch. 22) trained on
an auxiliary data set with fixed label Yk = yk. Hence, at least in principle, one could obtain highly-expressive
generative process pX|Y (x | y) with tractable probability and sampling. Pairing this with an arbitrary
probability vector pY (y) one can obtain pXY (x, y) and pX(x) even for high-dimensional data sets, so that
Monte Carlo estimator can be used to determine the ground-truth mutual information. However, we anticipate
possible practical difficulties with scaling up the proposed approach to high-dimensional data and we leave
empirical investigation of this topic to future work.

C Experimental protocols and additional experiments

In this section we provide detailed information on experimental protocols used (such as hyperparameter
choices) and supplement the findings of Sec. 3 with additional experiments.

C.1 Specification of the proposed distributions

In this section we provide the details of the distributions introduced in Sec. 3.1. To estimate the ground-truth
mutual information we used the Monte Carlo approach described in Sec. 2 with N = 200 000 samples.
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C.1.1 The X distribution

We constructed the X distribution as a mixture of bivariate normal distributions with equal weights, zero
mean and covariance matrices specified by

Σ± = 0.3
(

1 ±0.9
±0.9 1

)
.

Note that the marginal distributions of each of component distributions is N (0, 0.32) and subsequently their
mixture has exactly the same marginal distributions. This is therefore an interesting example of a distribution
in which the joint probability distribution is not multivariate normal, although the marginal distributions of
X and Y variables are normal individually. The mutual information is in this case I(X; Y ) = 0.41 nats.

C.1.2 The AI distribution

The AI distribution was constructed as an equally-weighted mixture of six bivariate normal distributions
with equal weights and the following parameters:

µ1 = (1, 0)
Σ1 = diag(0.01, 0.2)
µ2 = (1, 1)
Σ2 = diag(0.05, 0.001)
µ3 = (1,−1)
Σ3 = diag(0.05, 0.001)
µ4 = (−0.8,−0.2)
Σ4 = diag(0.03, 0.001)
µ5 = (−1.2, 0)

Σ5 =
(

0.04 0.085
0.085 0.2

)

µ6 = (−0.4, 0)

Σ6 =
(

0.04 −0.085
−0.085 0.2

)

The mutual information of this distribution is I(X; Y ) = 0.78 nats.

C.1.3 The Galaxy distribution

The Galaxy distribution was constructed as an equally-weighted mixture of isotropic multivariate normal
distributions with µ± = ±(1, 1, 1) and unit covariance matrix and the X variable was transformed using
the spiral diffeomorphism with v = 0.5, which is described by Czyż et al. (2023). The Galaxy distribution
contains I(X; Y ) = 0.49 nats.

C.1.4 The Waves distribution

The Waves distribution was created as an equally-weighted mixture of 12 multivariate normal distributions
with equal covariance matrices Σ = diag(0.1, 1, 0.1) and mean vectors

µi = (x, 0, x mod 4), i ∈ {0, 1, . . . , 11}.

This construction results in a distribution where different vertical components of the X variable are assigned
Y values calculated modulo 4. Then, we transformed the X variable with a continuous injection

f(x1, x2) = (x1 + 5 sin(3x2), x2),
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which does not change the mutual information. Finally, we applied the affine mappings

a1(x) = 0.1x− 0.8, a2(y) = 0.5y,

to make the range of the typical values comparable with other distributions. This distribution encodes
I(X; Y ) = 1.31 nats.

C.2 A benchmark extension proposal

In Sec. 3.1 and Appendix C.1 we provide examples of novel low-dimensional distributions, which pose a
significant challenge to the mutual information estimators. Therefore, we would like to propose a new
benchmark of mutual information estimators, extending the benchmark of Czyż et al. (2023).

C.2.1 Included distributions

The original benchmark of Czyż et al. (2023) consists of 40 distributions. On several problems the estimator
performance was similar, so that choosing a representative from a group could allow us to reduce the
computation amount. Additionally, we decided to remove the tasks which we considered too difficult: for
example, the Student distributions are mapped through the asinh transform to remove the tails. Together
with the new tasks, based on BMMs the new version of the benchmark consists of 26 distributions grouped
as follows:

One-dimensional variables We include four distributions such that X = Y = R. From the original
benchmark we decided to retain the additive noise task with ε = 0.75 and the asinh-transformed version
of the centered bivariate Student distribution with one degree of freedom and the identity matrix for the
dispersion (see Czyż et al. (2023, Appendix D) for precise descriptions). Additionally, we include X and AI
distributions described in Appendix C.1.

Embeddings We retained the Swiss roll embedding distribution (Czyż et al., 2023, Appendix D). In this
problem the distribution PXY is supported on a two-dimensional surface embedded in R3. This distribution
does not have a density with respect to the Lebesgue measure on R3.

Many-versus-one distributions We consider multiple distributions with X = Rm and Y = R. For
m = 2 we consider the Waves and Galaxy distributions described in Appendix C.1. For other m we
propose the concentric isotropic multivariate normal distributions. Namely, let K be a parameter, specifying
the number of components of a BMM. Each component has independent (multivariate) normal variables
Xk ∼ N (0, k2Im) and Yk ∼ N (k, 10−4). To obtain non-zero mutual information we mix these distributions
with equal proportions, i.e., the weights vector is given by wk = 1/K for all k. We consider four tasks
obtained by varying m ∈ {3, 5} and K ∈ {5, 10}. Additionally, we consider a high-dimensional distribution
with m = 25 and K = 5 components.

Multivariate normal and Student distributions We selected five problems from multivariate normal
distributions (Czyż et al., 2023). We use X = Rm and Y = Rn and the dense interaction model jointly
changing m = n ∈ {5, 25, 50} dimensions and the sparse interactions model (with two pairs of interacting
dimensions) in m = n ∈ {5, 25} dimensions.

Additionally, we selected three multivariate Student distributions with the dispersion being the identity
matrix. For m = n = 2 we consider a distribution with one degree of freedom (i.e., the multivariate Cauchy
distributions, which does not have first two moments) and for m = n ∈ {3, 5} we consider a distribution with
two degrees of freedom (for which the first moment is defined, but not the second). As described above, the
Student distributions had been transformed with the asinh mapping to reduce the tails.

Spiral diffeomorphism As described in Czyż et al. (2023), one can transform the multivariate normal
distribution with the spiral diffeomorphism, which results in empirically challenging problems. We selected
the distributions corresponding to the sparse interactions in m = n ∈ {3, 5} dimensions.
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Table 1: Benchmark results. New benchmark problems are marked in green. Best-perfoming estimator in
each row has been marked with bold font.

CCA DV InfoNCE KSG MINE NWJ True MI

AI 0.00 ± 0.01 0.57 ± 0.06 0.61 ± 0.03 0.78 ± 0.02 0.49 ± 0.07 0.53 ± 0.10 0.78
X 0.00 ± 0.01 0.37 ± 0.02 0.38 ± 0.02 0.42 ± 0.02 0.33 ± 0.04 0.36 ± 0.02 0.41
Additive 0.18 ± 0.01 0.31 ± 0.02 0.30 ± 0.02 0.32 ± 0.01 0.32 ± 0.02 0.32 ± 0.01 0.33
Swiss roll 0.02 ± 0.01 0.37 ± 0.02 0.37 ± 0.03 0.42 ± 0.02 0.37 ± 0.03 0.37 ± 0.02 0.41
Galaxy 0.01 ± 0.01 0.31 ± 0.04 0.36 ± 0.03 0.46 ± 0.01 0.26 ± 0.06 0.23 ± 0.04 0.49
Waves 0.04 ± 0.01 0.14 ± 0.07 0.34 ± 0.13 0.66 ± 0.01 0.13 ± 0.10 0.11 ± 0.07 1.31
Concentric (3-dim, 10) 0.00 ± 0.01 0.50 ± 0.02 0.50 ± 0.02 0.51 ± 0.01 0.45 ± 0.02 0.44 ± 0.03 0.56
Concentric (3-dim, 5) 0.00 ± 0.01 0.41 ± 0.03 0.41 ± 0.02 0.42 ± 0.02 0.38 ± 0.04 0.36 ± 0.03 0.46
Concentric (5-dim, 10) 0.00 ± 0.01 0.65 ± 0.03 0.66 ± 0.03 0.55 ± 0.01 0.62 ± 0.04 0.56 ± 0.02 0.75
Concentric (5-dim, 5) 0.00 ± 0.01 0.55 ± 0.03 0.56 ± 0.02 0.46 ± 0.01 0.53 ± 0.03 0.42 ± 0.05 0.63
Concentric (25-dim, 5) 0.00 ± 0.01 0.67 ± 0.06 0.68 ± 0.04 0.12 ± 0.01 0.65 ± 0.04 0.28 ± 0.06 1.19
Student (1-dim) 0.00 ± 0.01 0.17 ± 0.07 0.20 ± 0.02 0.22 ± 0.01 0.18 ± 0.01 0.18 ± 0.06 0.22
Student (2-dim) 0.00 ± 0.01 0.36 ± 0.03 0.37 ± 0.03 0.36 ± 0.02 0.27 ± 0.10 0.24 ± 0.08 0.43
Student (3-dim) 0.00 ± 0.01 0.16 ± 0.08 0.20 ± 0.03 0.17 ± 0.01 0.09 ± 0.08 0.03 ± 0.01 0.29
Student (5-dim) 0.01 ± 0.01 0.21 ± 0.07 0.28 ± 0.03 0.23 ± 0.01 0.13 ± 0.12 0.03 ± 0.03 0.45
Inliers (25-dim, 0.2) 0.58 ± 0.03 0.34 ± 0.04 0.27 ± 0.09 0.12 ± 0.03 0.39 ± 0.05 0.41 ± 0.04 0.63
Inliers (25-dim, 0.5) 0.24 ± 0.02 −0.11 ± 0.09 −0.08 ± 0.04 0.05 ± 0.02 0.08 ± 0.02 0.06 ± 0.04 0.27
Inliers (5-dim, 0.2) 0.52 ± 0.02 0.55 ± 0.03 0.55 ± 0.03 0.45 ± 0.02 0.54 ± 0.05 0.56 ± 0.08 0.63
Inliers (5-dim, 0.5) 0.18 ± 0.01 0.19 ± 0.02 0.18 ± 0.03 0.19 ± 0.01 0.20 ± 0.04 0.21 ± 0.04 0.27
Normal (25-dim, dense) 1.35 ± 0.02 1.09 ± 0.07 1.06 ± 0.06 1.05 ± 0.02 1.16 ± 0.05 0.18 ± 0.38 1.29
Normal (5-dim, dense) 0.60 ± 0.02 0.55 ± 0.03 0.54 ± 0.03 0.56 ± 0.01 0.56 ± 0.03 0.56 ± 0.02 0.59
Normal (50-dim, dense) 1.87 ± 0.02 1.26 ± 0.07 1.20 ± 0.09 1.25 ± 0.02 1.45 ± 0.05 0.62 ± 0.78 1.62
Normal (25-dim, sparse) 1.08 ± 0.02 0.69 ± 0.05 0.67 ± 0.07 0.18 ± 0.02 0.78 ± 0.05 0.79 ± 0.03 1.02
Normal (5-dim, sparse) 1.03 ± 0.02 0.95 ± 0.02 0.95 ± 0.02 0.69 ± 0.02 0.92 ± 0.05 0.95 ± 0.02 1.02
Spiral (3-dim) 0.24 ± 0.02 0.50 ± 0.03 0.53 ± 0.04 0.65 ± 0.02 0.43 ± 0.05 0.45 ± 0.03 1.02
Spiral (5-dim) 0.39 ± 0.02 0.48 ± 0.03 0.52 ± 0.03 0.50 ± 0.01 0.45 ± 0.03 0.48 ± 0.03 1.02

Inliers Finally, we implemented four distributions based along the principles described in Sec. 3.2. Namely,
we took the multivariate normal distributions with sparse interactions (described above) with m = n ∈ {5, 25}
dimensions PXY and then constructed a mixture (1−α)PXY + αPX ⊗PY for the inlier fraction α ∈ {0.2, 0.5}.

C.2.2 Experimental protocol

Determining the ground-truth value The ground-truth mutual information for distributions proposed
by Czyż et al. (2023) is analytically available. For the tasks based on BMMs we used N = 200,000 Monte
Carlo samples to provide an estimate, as described in Section 2.2. The additional computational cost of
estimating the ground-truth mutual information for these distributions is minor: on a standard laptop,
estimating the mutual information of the Galaxy task to be 0.4953± 0.0012 (which results in the relative
MCSE smaller than 0.5%, using 200,000 samples) takes less than 2.5 seconds. Similarly, estimating the
mutual information of the Concentric task (25-dimensional variant with 5 components) to be 1.1911± 0.0015
(using 200,000 samples again) takes less than 3.5 seconds.

Included estimators We included a total of six estimators in this benchmark: four variational estimators,
the neigbhorhood-based KSG estimator (Kraskov et al., 2004), and the simple CCA-based estimator of Kay
(1992). We chose them as the most promised approaches: Czyż et al. (2023) argue that KSG is the preferred
estimator for low-dimensional problems, neural estimators are preferred choices for high-dimensional problems
if only a few dimensions are interacting, and the CCA-based estimator is the optimal choice for multivariate
normal distributions.

Reported uncertainty For each distribution we sampled N ′ = 5,000 data points S = 10 times to obtain
different data sets on which the estimators were run. For each estimator and a task we then calculated
the mean and the standard deviation (basing on the S − 1 degrees of freedom), which we reported in the
table up to two decimal digits. We rounded the standard deviation upwards to two decimal digits to not
underestimate it.

C.2.3 Benchmark results

We present the obtained results in Table 1. Results for the BMM estimator on low-dimensional tasks are
shown in Table 2.

Problems not solved Interestingly, the Waves task is not solved by any estimator, with the best-performing
one being KSG and underestimating the MI by 50%. Similarly, a high-dimensional Concentric distribution
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(25-dimensional variables with 5 components) is not solved by any estimator. This contrasts with using a
single component (Normal (25-dim, dense) and Normal (25-dim, sparse)), for which the CCA estimator can
be used. Problems involving the spiral diffeomorphism remain unsolved.

KSG For low-dimensional problems, the KSG estimator seems preferable, which agrees with the conclusions
from Czyż et al. (2023).

Neural estimators In high-dimensional problems (25-dimensional or 50-dimensional variables), neural
estimators generally outperform KSG. However, they typically still underestimate the ground-truth mutual
information and the model-based CCA estimate may be preferable in the problems involving multivariate
normal distribution.

CCA In the proposed benchmark it is visible that a CCA-based estimator is not competitive on majority of
the problems. The concentric multivariate normal distributions, designed as adversarial examples, indeed
result in CCA not being able to find any mutual information. Moreover, we see that larger numbers of inliers
result in worse predictions. Interestingly, for N = 5,000 data points and high-dimensional problems the
CCA-based estimator can overestimate the result, by overfitting to the noise. This supports the view that
regularizing may improve the estimates (see Sec. 3.4).

C.3 Estimator hyperparameters

Czyż et al. (2023, Appendix E.4) study the effects of hyperparameters on mutual information estimators. We
decided to use the histogram-based estimator (Cellucci et al., 2005; Darbellay & Vajda, 1999) with a fixed
number of 10 bins per dimension and the popular KSG estimator (Kraskov et al., 2004) with k = 10 neighbors.
Canonical correlation analysis (Kay, 1992; Brillinger, 2004) does not have any hyperparameters. Finally,
we variational estimators with the neural critic being a ReLU network of variant M (with 16 and 8 hidden
neurons), as it obtained competitive performance in the benchmark of Czyż et al. (2023, Appendix E.4). As
a preprocessing strategy, we followed Czyż et al. (2023, Appendix E.3) and transformed all samples to have
zero empirical mean and unit variance along each dimension. Our code is based on the MIT-licensed code
associated with the Czyż et al. (2023) publication.

C.4 Variational estimators of mutual information

In Sec. 3.3 we study the loss of Belghazi et al. (2018) as well as two other loss functions. This section provides
a more detailed overview of these approaches. At the same time, our review is not exhaustive: many more
variational lower bounds exist and have been described in the literature. For a detailed overview we refer to
the articles by Poole et al. (2019) and Song & Ermon (2020), as well as to Chapters 4 and 7 of the textbook
by Polyanskiy & Wu (2022).

Belghazi et al. (2018) use the Donsker–Varadhan loss,

IDV(f) = EPXY
[f ]− logEPX ⊗PY

[exp f ] ,

which is a lower bound on I(X; Y ) for any bounded function f . Hence, they decide to use a neural critic, i.e.,
a neural network f : X × Y → R maximizing the functional form to obtain an (approximate) lower bound on
mutual information.

As Poole et al. (2019) describe, this bound becomes tight if c is any real number and f = PMIXY + c, i.e.,
IDV(f) = I(X; Y ), so one can approach MI estimation to optimisation IDV over a flexible family of functions f
parameterized by neural networks. However, we note that as only a finite sample is available, the expectation
value cannot be calculated exactly, so that any provided estimate does not need to be a lower bound on
MI. Moreover, if no split into training and test set is used, then f may overfit and provide biased estimates
(McAllester & Stratos, 2020).

Another lower bound, introduced in Nguyen et al. (2007),

INWJ(f) = EPXY
[f ]− EPX ⊗PY

[exp (f − 1)] ,

becomes tight for f = PMIXY + 1.
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Oord et al. (2018) propose a variational approximation loss which uses a batch of (xi, yi)i=1,...,n samples from
PXY to estimate

INCE(f) = E

[
1
n

n∑

i=1
log exp f(xi, yi)

1
n

∑n
j=1 exp f(xi, yj)

]

Here, if f(x, y) = PMIXY (x, y) + c(x), where c is any function, then INCE(f)→ I(X; Y ) as n→∞.

C.5 Bayesian estimation of Gaussian mixture models

In this section we provide additional details on using BMMs to estimate mutual information and the pointwise
mutual information profile.

C.5.1 Model description

Recall from Sec. 3.4 that Bayesian estimation of mutual information consists of the following steps:

1. Propose a parametric generative model of the data, Pθ := P (X, Y | θ), and assume a prior P (θ) on
the parameter space.

2. Use a Markov chain Monte Carlo method to obtain a sample θ(1), . . . , θ(m) from the posterior
P (θ | X1, Y1, . . . , XN , YN ).

3. Estimate mutual information (and the PMI profile) for each θ(m) using the Monte Carlo method
described in Sec. 2.

4. Validate the findings using e.g., posterior predictive checks and cross-validation.

We consider the following sparse Gaussian mixture model with K = 10 components:

π ∼ Dirichlet(K; 1/K, 1/K, . . . , 1/K),
Zn | π ∼ Categorical(π), n = 1, . . . , N,

µk ∼ N
(
0, 32ID

)
, k = 1, . . . , K,

Σk ∼ ScaledLKJ(1, 1), k = 1, . . . , K,

(Xn, Yn) | Zn, {µk, Σk} ∼ N (µZn , ΣZn), n = 1, . . . , N.

Sampling a single covariance matrix Σ from ScaledLKJ(σ, η) distribution corresponds to sampling the
correlation matrix R from the Lewandowski-Kurowicka-Joe (LKJ) distribution (Lewandowski et al., 2009):

p(R) ∝ (det R)η−1,

sampling the scale parameters

λ1, λ2, . . . , λD ∼ HalfCauchy(scale=σ),

and then constructing the covariance matrix as Σij = Rijλiλj .

The sparse Dirichlet prior is a finite-dimensional alternative to the Dirichlet process, which truncates the
number of occupied clusters depending on the data (Frühwirth-Schnatter & Malsiner-Walli, 2019). In
particular, the a priori expected number of clusters depends on the number of data points to be observed.
We generally use NumPyro (Phan et al., 2019) with local latent variables Zn marginalized out, what allowed
us to run Markov chain Monte Carlo inference using the NUTS sampler (Hoffman & Gelman, 2014).

The mth sample is therefore given by

θ(m) =
(

π(m),
(

µ
(m)
k , Σ(m)

k

)
k=1,...,K

)

which is then used to parametrize a Gaussian mixture distribution Pθ(m) . Finally, using the Monte Carlo
method described in Sec. 2, we then estimated mutual information I(Pθ(m)) and the PMI profile.
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Table 2: BMM-provided estimates for selected low-dimensional problems. Each run corresponds to estimation
on a different sample and reports the mean together with a credibility interval obtained from the 10th and
90th percentile. Bold font represents problems solved by BMMs.

True MI Run 1 Run 2 Run 3

Additive 0.33 0.31 (0.29–0.34) 0.29 (0.26–0.31) 0.31 (0.29–0.34)
X 0.41 0.42 (0.38–0.45) 0.41 (0.38–0.45) 0.41 (0.38–0.44)
AI 0.78 0.78 (0.74–0.82) 0.76 (0.73–0.80) 0.78 (0.75–0.82)
Galaxy 0.49 0.27 (0.24–0.29) 0.29 (0.26–0.31) 0.30 (0.27–0.32)
Concentric (3-dim, 5) 0.46 0.46 (0.43–0.48) 0.46 (0.43–0.49) 0.45 (0.42–0.48)
Concentric (5-dim, 5) 0.63 0.64 (0.61–0.68) 0.63 (0.60–0.66) 0.63 (0.60–0.66)
Concentric (3-dim, 10) 0.56 0.56 (0.53–0.59) 0.57 (0.53–0.60) 0.46 (0.43–0.49)
Concentric (5-dim, 10) 0.75 0.63 (0.60–0.66) 0.62 (0.58–0.65) 0.56 (0.53–0.59)
Inliers (5-dim, 0.2) 0.63 0.69 (0.63–0.74) 0.66 (0.61–0.71) 0.64 (0.59–0.69)
Inliers (5-dim, 0.5) 0.27 0.18 (0.15–0.21) 0.29 (0.26–0.33) 0.19 (0.16–0.21)
Normal (5-dim, dense) 0.59 0.58 (0.54–0.62) 0.61 (0.57–0.65) 0.59 (0.56–0.63)
Normal (5-dim, sparse) 1.02 1.02 (0.97–1.07) 1.04 (0.99–1.09) 1.03 (0.98–1.08)
Student (1-dim) 0.22 0.24 (0.21–0.27) 0.23 (0.20–0.26) 0.22 (0.19–0.25)
Student (2-dim) 0.43 0.43 (0.39–0.47) 0.41 (0.37–0.44) 0.40 (0.37–0.44)
Student (3-dim) 0.29 0.19 (0.16–0.22) 0.20 (0.17–0.23) 0.22 (0.19–0.25)
Student (5-dim) 0.45 0.26 (0.22–0.31) 0.22 (0.19–0.25) 0.26 (0.22–0.30)

C.5.2 BMMs performance on the proposed benchmark

We evaluated the performance of the BMM described above on a subset of distributions proposed in
Appendix C.2. We excluded the high-dimensional distributions due to the high computational cost of fitting
Markov chains: in our preliminary experiments used to select sampling hyperparameters, the chains often
failed to sample properly the posterior distribution. For lower-dimensional problems we did not notice
convergence problems in our preliminary runs (apart from the label-switching issues, which do not affect
the predictive distribution). To reduce the computational cost, we decided to use three (rather than ten)
samples from each distribution. Then, for each sample we ran a single Markov chain with 1,000 warm-up
steps and 1,000 collected samples. As we ran a single chain and the model is not identifiable due to the label
switching of Zn variables, we could not employ metrics diagonosing convergence failures, such as R̂ (Vehtari
et al., 2021). We then used 1,000 Monte Carlo samples to estimate the MI in each distribution.

In Table 2 we report the MI estimates across three runs. Each estimate is a summary of the posterior
distribution, specifying the mean and the 10th and 90th percentile of the distribution.

Overall, we see that BMMs offer good performance and appropriate uncertainty quantification in low-
dimensional problems, such as X, AI, normal and low-dimensional concentric distributions. Interestingly,
even when the model is slightly misspecified (additive and low-dimensional Student distributions with
tail-shortening transformation applied), we obtain good performance.

It is however important to note that the proposed approach is not universal: for a 5-dimensional concentric
distribution and 10 components and 5-dimensional problem with 50% of inliers, the model, even though it is
well-specified, does not always estimate the mutual information appropriately, underestimating the mutual
information. We suppose that posterior predictive checking and sensitivity analysis can be used to diagnose
problems with this model. We investigate this issue in more detail in Appendix C.5.3.

C.5.3 Posterior predictive checking and estimation of pointwise mutual information profiles

As discussed in Section 3.4, BMMs allow one to do model-based estimation of both MI and the PMI profile.
At the same time, they require domain expertise to propose a generative model as well as careful model
criticism. In this section we further investigate these aspects, by applying the model to the X, AI, Waves and
Galaxy distributions, changing the number of data points N ∈ {125, 250, 500, 1000}.
For each distribution we sampled N data points once, ran a single Markov chain with 2000 warm-up steps
and collected 800 samples. Then, for each sample we estimated MI and the profile via the Monte Carlo
approximation using 100,000 samples. We visualise the observed sample, a single posterior predictive sample
and posterior on mutual information and the PMI profile in Fig. 10, Fig. 11, Fig. 12 and Fig. 13.

Although the model performance is good for the X and AI distributions, which additionally suports the
results obtained in Appendix C.5.3, we see that model misspecification results in unreliable estimates for the
Waves and Galaxy distributions.
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Figure 10: Gaussian mixture model fitted to the X distribution with 125, 250, 500 and 1000 samples.
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Figure 11: Gaussian mixture model fitted to the AI distribution with 125, 250, 500 and 1000 samples.
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Figure 12: Gaussian mixture model fitted to the Waves distribution with 125, 250, 500 and 1000 samples.
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Figure 13: Gaussian mixture model fitted to the Galaxy distribution with 125, 250, 500 and 1000 samples.
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