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A B S T R A C T

A finite-strain identification framework based on the Virtual Fields Method (VFM) is proposed for the characteri­

zation of hyperelastic polymer materials subjected to heterogeneous deformation. The approach exploits full-field 

displacement measurements obtained by digital image correlation during physical experiments and formulates 

the inverse problem through the principle of virtual work. To enhance parameter sensitivity and identifiabil­

ity, a T-shaped specimen together with a dedicated experimental setup was specifically designed to generate 

pronounced nonuniform strain fields from the onset of loading. The constitutive response is described within a 

finite deformation setting using hyperelastic strain-energy density functions, and the unknown material param­

eters are determined by direct inversion of the weak form of the equilibrium equations. A dedicated integration 

strategy based on Voronoi tessellation of the measurement points is developed to ensure consistent evaluation 

of the virtual work integrals. The proposed framework is assessed using both experimental data and synthetic 

data generated by nonlinear finite element simulations. The results demonstrate accurate and robust recovery of 

hyperelastic parameters, highlighting the effectiveness of the combined experimental–numerical approach and 

specimen design with an enhanced VFM formulation for reliable material characterization at finite strains. 

1 . Introduction

The reliable identification of material properties is essential for the 

design and analysis of engineering structures. Accurate knowledge of 

constitutive behavior allows for better prediction of performance and 

ensures safety across a wide range of applications. Conventional iden­

tification methods based on recorded force-displacement dependencies 

often face challenges when dealing with complex loading conditions or 

advanced materials. Consequently, the search for improved strategies to 

characterize materials has become a central topic in experimental me­

chanics. One of the effective approaches for material identification is the 

Virtual Fields Method (VFM) [1], which utilizes the principle of virtual 

work. By applying VFM, the material parameters can be obtained di­

rectly from experimental data, even under complex loading conditions. 

This method is particularly advantageous for polymers, the mechani­

cal properties of which often exhibit nonlinearity and time-dependency. 

Through VFM, it is possible to obtain accurate and reliable constitutive 

parameters [2], which are essential in various engineering and industrial 

domains. The VFM has emerged as a powerful tool in this context, 

enabling the determination of material constants by the use of full-field 

strain and displacement data. These data are often obtained through 

techniques like Digital Image Correlation (DIC) [3], which provide de­

tailed deformation fields during mechanical testing. VFM’s utility lies in 

its ability to integrate full-field measurement techniques with innova­

tive testing setups. It is particularly effective in analyzing hyperelastic 

models, such as the Mooney and Ogden models ([4,5]) which describe 

the nonlinear stress-strain behavior characteristic.

In addition to the static characterization of the materials, VFM has 

proven essential in assessing the dynamic and relaxation behaviors of 

hyperelastic materials [2,6]. By utilizing strain-rate dependent and dy­

namic loading data, the method has been used to analyze viscoelastic 

and time-dependent properties. Advanced approaches, including the in­

tegration of Magnetic Resonance Imaging (MRI) for 3D displacement 

fields, further expand VFM’s capabilities, allowing for the characteriza­

tion of opaque materials and complex geometries [7]. In [8] the authors 

propose a novel method for characterizing elastomeric materials using a 
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single heterogeneous mechanical test, where displacement and strain 

fields are measured with Digital Image Correlation and analyzed via 

the Virtual Fields Method. A custom-designed apparatus, adaptable to 

a standard tensile machine, enables simultaneous uniaxial tension, pure 

shear, and equibiaxial tension states within a single sample. While VFM 

is a well known method, other approaches such as the Finite Element 

Model Updating (FEMU) method can also be successfully applied for 

identifying material parameters [9]. There are also several approaches 

such as the Equilibrium Gap Method [10] and Subglobal Equilibrium 

Method [11] which are based on the fundamental concept of the balance 

between internal and external forces in a continuum. While signifi­

cant progress has been made in the VFM, there is a growing interest 

in data-driven approaches that complement traditional techniques. One 

promising direction is the integration of machine learning with VFM, 

offering greater flexibility and adaptability in material model identifi­

cation. In [12] the authors developed a method that integrates VFM 

with a machine learning framework (NN-EUCLID) to identify constitu­

tive models of biological tissues from 3D full-field displacement data. By 

formulating loss functions through the VFM rather than the local equilib­

rium gap, it effectively handles difficulties—such as unknown boundary 

conditions—and enables accurate identification of both isotropic and 

anisotropic hyperelastic models.

Despite significant advancements in the application of the Virtual 

Fields Method (VFM) for material characterization, several challenges 

remain. The selection of appropriate virtual fields is still an open issue, 

affecting the accuracy and reliability of the method. One of the proposed 

solutions to overcome these difficulties is the methodology proposed in 

[13]. The proposed method enhances the VFM by introducing a grading 

procedure that selects virtual fields with minimal sensitivity to ran­

dom noise in full-field experimental data. By analytically deriving the 

uncertainty in identified material parameters, it ensures more robust 

identification of anisotropic elastic constants, as demonstrated through 

numerical and experimental validation. In addition to the appropriate 

definition of virtual fields, the formulation of equations for new material 

models requires further refinement to better capture complex mechani­

cal behaviors. The computational aspects related to the integration of 

VFM can be improved to enhance efficiency and robustness. Recent 

works have addressed some of these limitations through regularization 

strategies [14] and by integrating data-driven constitutive modelling 

frameworks, such as neural networks trained indirectly via the VFM 

[15]. These developments highlight both the versatility of the VFM and 

the need for continued research to fully realize its potential in advanced 

material characterization.

In this work, the Virtual Fields Method is applied to the identification 

of hyperelastic material constants for polymers in their as-received state, 

namely unaffected by any prior deformation. This means that the in­

vestigated elastic parameters of the examined polyurethane correspond 

with the primary mechanical characteristics of the material, not altered 

according to the Mullins effect, which is typical for highly deformable 

polymers.

The study is carried out under large-deformation conditions and 

employs a newly designed T-shaped specimen, which generates nonuni­

form strain fields from the very beginning of loading. To address the 

challenges associated with such conditions, two modifications are pro­

posed. The first involves an integration scheme for the virtual field 

equations based on Voronoi-cell discretization, while the second con­

cerns the modification of the VFM through the random generation of 

virtual fields in accordance with kinematically admissible requirements. 

The developed implementation is verified through finite element simu­

lations and subsequently applied to determine material parameters for 

a tested material.

2 . Virtual fields method for large deformations

The core element of the Virtual Fields Method is to use the weak 

formulation of the problem of elasticity provided by the Principle of 

Virtual Work–stress tensor components involved in the mathematical 

formulation of this principle are meant to be expressed in terms of 1) 

chosen measures of deformation (strain, elongation etc. obtained from 

the full-field DIC measurement) and 2) constant parameters determin­

ing the mechanical properties of the considered material via constitutive 

relations, which should be assumed in advance. The resultant equation 

depends on measured displacements and unknown parameters as well as 

on the chosen virtual field. The equality of virtual work of external forces 

and virtual work of internal forces may be written down multiple times, 

each time using a different virtual displacement field. If these fields are 

chosen in an appropriate way, the obtained equations are linearly inde­

pendent. If, additionally, the number of such virtual fields is the same 

as the number of unknown elastic constants, a system of independent 

algebraic equations may be created and values of these unknown mate­

rial parameters may be found as a solution of this system. In the case 

when the constitutive relations (even those for non-linear elasticity) de­

pend linearly on material parameters, the obtained system of equations 

is also linear–otherwise a system of non-linear algebraic equations must 

be considered.

The Principle of Virtual Work (PVW) can be extended to account 

for large deformations, facilitating the identification of parameters that 

govern constitutive equations for hyperelastic materials. The derivation 

of the PVW in the case of finite strains differs from its geometrically 

linear counterpart in two aspects. First, it is necessary to distinguish be­

tween the reference and current configurations of the body, as well as 

between the material and spatial descriptions using Lagrange and Euler 

coordinates, respectively. Second, a more general nonlinear measure of 

deformation must be introduced instead of the Cauchy small strain ten­

sor (a symmetric part of the displacement gradient) in order to account 

for large deformations. As a result more general tensorial measures of 

stress, which are appropriate for the finite strain theory, are employed 

in the PVW formulation.

Let us consider a hyperelastic body (see Fig. 1) occupying a region 

𝑉  in the reference configuration that is bounded by a closed surface 

𝑆 = 𝑆𝑢 ∪𝑆𝑞 , where 𝑆𝑞  is the loaded part of the boundary on which static 

boundary conditions are prescribed, while 𝑆𝑢 is the supported part of the 

boundary on which kinematic boundary conditions are prescribed.

According to the PVW, homogeneous equilibrium equations and 

static boundary conditions are satisfied if and only if the virtual work 

of internal forces is equal to the virtual work of external forces for any 

virtual displacement field 𝐔∗. This statement may be expressed analyt­

ically in a number of ways, depending on the choice of the description 

used (Lagrangian or Eulerian) as well as on the choice of the tensorial 

measure of stress. Let us consider the Lagrangian description with the 

reference configuration being the domain for the functions describing 

the state of the body. After employing the general procedure outlined 

in [1], the final form of the PVW in the reference configuration may 

be written down using the 1st Piola–Kirchhoff stress tensor 𝚷 in the 

following way:

∫𝑉
Π𝑖𝑗𝑈

∗
𝑖,𝑗𝑑𝑉 = ∫𝑆

Π𝑖𝑗𝑁𝑗𝑈
∗
𝑖 𝑑𝑆 ∀𝑈∗

𝑖 (1)

where 𝐍 is the outward unit normal vector of the boundary 𝑆. The above 

statement of the PVW accounts for the geometrical nonlinearity. If, in 

addition, the virtual displacement field is assumed to be kinematically 

admissible, namely, that it satisfies the homogeneous kinematic bound­

ary conditions prescribed over 𝑆𝑢, then the integration of the surface 

integral in Eq. (1) should be carried out only over the boundary 𝑆𝑞 .

Virtual Fields Method utilizes the PVW in its two-dimensional vari­

ant, due to the nature of DIC measurements on which it is based. In such 

a case, the general Eq. (1) takes the following form:

∫𝑆0

Π𝑖𝑗𝑈
∗
𝑖,𝑗𝑑𝑆 = ∫𝜕𝑆0

Π𝑖𝑗𝑁𝑗𝑈
∗
𝑖 𝑑𝐿 ∀𝑈∗

𝑖 (2)

As regards the physical non-linearity of a general finite strain theory 

of elasticity, we shall focus on isotropic hyperelastic materials for which 
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Fig. 1. Reference configuration.

an elastic potential exists in the form of the elastic strain energy density 

function 𝑊 , such that

𝜎𝑖𝑗 =
2
𝐽
𝐵𝑖𝑘

𝜕𝑊 (𝐁)
𝜕𝐵𝑘𝑗

= 2
𝐽

{[(

𝜕𝑊
𝜕𝐼1

+ 𝐼1
𝜕𝑊
𝜕𝐼2

)

𝐁 − 𝜕𝑊
𝜕𝐼2

𝐁2
]

+ 𝐽 2 𝜕𝑊
𝜕𝐼3

𝟏
}

(3)

where 𝝈 stands for the Cauchy true stress tensor, 𝐁 is the left Cauchy – 

Green deformation tensor, 𝐽 = det(𝐅) is the determinant of the material 

deformation gradient, a measure of volumetric deformation, and 𝐼1, 𝐼2
and 𝐼3 are the invariants of 𝐁:

𝐼1 = 𝜆21 + 𝜆22 + 𝜆23
𝐼2 = 𝜆22𝜆

2
3 + 𝜆23𝜆

2
1 + 𝜆21𝜆

2
2

𝐼3 = 𝐽 2 = 𝜆21𝜆
2
2𝜆

2
3

(4)

In the above relations 𝜆𝑖 (𝑖 = 1, 2, 3) are the principal stretches, the eigen­

values of 𝐁. If an assumption on incompressibility of the material is made 

– which is a common approach in modeling of polymers – the volumetric 

deformation is zero and 𝐽 = 1. Then the general form of the constitutive 

relations (3) may be rewritten as follows:

𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 2𝐵𝑖𝑘
𝜕𝑊 (𝐁)
𝜕𝐵𝑘𝑗

(5)

where 𝑝 is an undetermined hydrostatic pressure (locally any value of 𝑝
may be superimposed as it results in no additional deformation and 𝑝). 
The above expression, together with Eq. (4) enable finding the formulas 

for the eigenvalues of the true stress tensor 𝝈:

𝜎𝑖 = −𝑝 + 𝜆𝑖
𝜕𝑊
𝜕𝜆𝑖

𝑖 = 1, 2, 3 (no summation over 𝑖!) (6)

Our research is focused on the Mooney – Rivlin hyperelastic solid, as it 

is one of the simplest hyperelastic models and one of the most com­

monly used constitutive model in practical computation. This choice 

is motivated by the need to ensure a robust and well-posed inverse 

identification problem while retaining sufficient nonlinear elastic be­

haviour within the considered deformation range. This material model 

is characterized by the following strain energy density function:

𝑊 =
𝑁
∑

𝑝=0

𝑁
∑

𝑞=0
𝐶𝑝𝑞(𝐼1 − 3)𝑝(𝐼2 − 3)𝑞 +

𝑄
∑

𝑚=1

1
𝐷𝑚

(𝐽 − 1)2𝑚 (7)

in which 𝑁,𝑀,𝐶𝑝𝑞 , 𝐷𝑚 (𝑚, 𝑛 = 0, 1, 2,… 𝑁,𝑚 = 1,… ,𝑀) are material 

parameters, 𝐶00 = 0 and modified invariants of deformation tensors are 

defined as 𝐼1 = 𝐽−2∕3𝐼1, 𝐼2 = 𝐽−4∕3𝐼2.
Furthermore, we narrow our considerations to the most commonly 

used variant of the above proposition, namely a two-parameter incom­

pressible Mooney-Rivlin material which is obtained after taking 𝑁 = 1
𝐶11 = 0 and disregarding the volumetric deformation terms:

𝑊 = 𝐶1(𝐼1 − 3) + 𝐶2(𝐼2 − 3) (8)

For notational simplicity, the parameters 𝐶10 and 𝐶01 are hereafter 

denoted as 𝐶1 and 𝐶2, respectively. For incompressible materials there 

is no volumetric deformation, so 𝐽 = 𝑑𝑉 ∕𝑑𝑉0 = 1. As a result isochoric 

invariants of deformation tensors are equal to the regular invariants, 

namely 𝐼1 = 𝐼1 and 𝐼2 = 𝐼2. Making use of these relations, we may 

notice that for incompressible materials 𝐼2 = 𝐼2 =
∑3

𝑖=1 𝜆
−2
𝑖  and the 

Eq. (6) for the above form of the strain density function 𝑊  takes the 

following form:

𝜎𝑖 = −𝑝 + 2

(

𝐶1𝜆
2
𝑖 − 𝐶2

1
𝜆2𝑖

)

𝑖 = 1, 2, 3 (9)

Assumption of the plane stress state gives us a condition 𝜎3 = 0 which 

enables to determine the unknown hydrostatic pressure:

𝑝 = 2

(

𝐶1𝜆
2
3 − 𝐶2

1
𝜆23

)

(10)

Then we may finally write:

𝜎𝑖 = 2

[

𝐶1
(

𝜆2𝑖 − 𝜆23
)

− 𝐶2

(

1
𝜆2𝑖

− 1
𝜆23

)]

𝑖 = 1, 2 (11)

The components of the Cauchy stress tensor in the original coordinate 

system may be found with the use of the tensorial transformation law, 

which takes the following form for the 2nd rank tensors:

𝜎𝑖𝑗 = 𝐴𝑖𝑘𝐴𝑗𝑙𝜎
′
𝑘𝑙 (12)

where 𝜎′11 = 𝜎1, 𝜎′22 = 𝜎2, 𝜎′33 = 𝜎3 = 0, 𝜎′𝑖𝑗 = 0 for 𝑖 ≠ 𝑗 and 𝐴𝑖𝑗  are the 

components of the transformation matrix from the system of principal 

axes of the Cauchy stress tensor to the original coordinate system.

𝐴𝑖𝑗 = 𝐞𝑖 ⋅ 𝐛𝑗 (13)

where

• 𝐞𝑖 – 𝑖-th basis vector of the original coordinate system: 𝐞𝑗 =
[𝛿1𝑗 ; 𝛿2𝑗 ; 𝛿3𝑗 ]

• 𝐛𝑗  – 𝑗-th eigenvector of the Cauchy stress tensor

It is now possible to express the components of the PK1 stress tensor Π
in terms of principal elongations using the following relation:

Π𝑖𝑗 = 𝐽𝜎𝑖𝑘𝐹
−1
𝑗𝑘 (14)

Finally, we get

Π𝑖𝑗 = 𝐶1Θ𝑖𝑗 + 𝐶2Λ𝑖𝑗 (15)

where

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Θ11 =
2
𝐷

[

(𝜆21 − 𝜆23)(𝐴
2
11𝐹22 − 𝐴11𝐴21𝐹12) + (𝜆22 − 𝜆23)(𝐴

2
12𝐹22 − 𝐴12𝐴22𝐹12)

]

Θ12 =
2
𝐷

[

(𝜆21 − 𝜆23)(−𝐴
2
11𝐹21 + 𝐴11𝐴21𝐹11) + (𝜆22 − 𝜆23)(−𝐴

2
12𝐹21 + 𝐴12𝐴22𝐹11)

]

Θ21 =
2
𝐷

[

(𝜆21 − 𝜆23)(−𝐴
2
21𝐹12 + 𝐴11𝐴21𝐹22) + (𝜆22 − 𝜆23)(−𝐴

2
22𝐹12 + 𝐴12𝐴22𝐹22)

]

Θ22 =
2
𝐷

[

(𝜆21 − 𝜆23)(𝐴
2
21𝐹11 − 𝐴11𝐴21𝐹21) + (𝜆22 − 𝜆23)(𝐴

2
22𝐹11 − 𝐴12𝐴22𝐹21)

]

(16)
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⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Λ11 = − 2
𝐷

[(

1
𝜆21

− 1
𝜆23

)

(𝐴2
11𝐹22 − 𝐴11𝐴21𝐹12)

+
(

1
𝜆22

− 1
𝜆23

)

(𝐴2
12𝐹22 − 𝐴12𝐴22𝐹12)

]

Λ12 = − 2
𝐷

[(

1
𝜆21

− 1
𝜆23

)

(−𝐴2
11𝐹21 + 𝐴11𝐴21𝐹11)

+
(

1
𝜆22

− 1
𝜆23

)

(−𝐴2
12𝐹21 + 𝐴12𝐴22𝐹11)

]

Λ21 = − 2
𝐷

[(

1
𝜆21

− 1
𝜆23

)

(−𝐴2
21𝐹12 + 𝐴11𝐴21𝐹22)

+
(

1
𝜆22

− 1
𝜆23

)

(−𝐴2
22𝐹12 + 𝐴12𝐴22𝐹22)

]

Λ22 = − 2
𝐷

[(

1
𝜆21

− 1
𝜆23

)

(𝐴2
21𝐹11 − 𝐴11𝐴21𝐹21)

+
(

1
𝜆22

− 1
𝜆23

)

(𝐴2
22𝐹11 − 𝐴12𝐴22𝐹21)

]

(17)

where 𝐷 = 𝐹11𝐹22 − 𝐹12𝐹21
or in a more compact form (summation over 𝑘, 𝑚, 𝑛 = 1, 2):

Θ𝑖𝑗 = 2𝐽𝐴𝑖𝑚𝐴𝑘𝑛𝐹
−1
𝑗𝑘

[ 2
∑

𝑙=1

(

𝜆2𝑙 − 𝜆23
)

𝛿𝑚𝑙𝛿𝑛𝑙

]

𝑖, 𝑗 = 1, 2 (18)

Λ𝑖𝑗 = 2𝐽𝐴𝑖𝑚𝐴𝑘𝑛𝐹
−1
𝑗𝑘

[ 2
∑

𝑙=1

(

1
𝜆2𝑙

− 1
𝜆23

)

𝛿𝑚𝑙𝛿𝑛𝑙

]

𝑖, 𝑗 = 1, 2 (19)

This result has already been reported in [1,8]. Only a slight correc­

tion should be made in these previously presented solutions, namely 

that the squared component of the transformation matrix in the second 

round bracket in expressions for Θ22 and Λ22 should be 𝐴21 instead of 

𝐴12. Fortunately, this small error (surely a typo) has no impact on cal­

culations, since in two-dimensional problems we have 𝐴12 = −𝐴21 and 

so 𝐴2
12 = 𝐴2

21.

Finally, using the PVW Eqs. (2), a system of two linear equations 

for the unknown material parameters 𝐶1 and 𝐶2 may be written in the 

Fig. 2. Poured polymer sheets and PS adhesive components prepared for mixing.

Fig. 3. The T-shaped sample (a) and its dimensions in milimiters (b) cut out 

from the rectangular sheets of 2.3 mm thickness.

following form, according to the VFM: 

⎧

⎪

⎨

⎪

⎩

𝐶1 ∫𝑆 𝚯 ⋅
𝜕𝐔∗

1
𝜕𝐗 𝑑𝑆 + 𝐶2 ∫𝑆 𝚲 ⋅

𝜕𝐔∗
1

𝜕𝐗 𝑑𝑆 = ∫𝜕𝑆 𝐪 ⋅ 𝐔∗
1𝑑𝐿

𝐶1 ∫𝑆 𝚯 ⋅
𝜕𝐔∗

2
𝜕𝐗 𝑑𝑆 + 𝐶2 ∫𝑆 𝚲 ⋅

𝜕𝐔∗
2

𝜕𝐗 𝑑𝑆 = ∫𝜕𝑆 𝐪 ⋅ 𝐔∗
2𝑑𝐿

(20)

where 𝐔∗
1 and 𝐔∗

2 are two chosen virtual displacement fields.

3 . Materials and methods

This section presents the materials, numerical procedures, and ex­

perimental methods employed in this study. First, the properties of the 

investigated polyurethane material are described. Subsequently, the cal­

ibration and verification of the Virtual Fields Method algorithm are 

detailed, including the numerical implementation and selection of vir­

tual fields. Finally, the experimental setup and testing procedures used 

to validate the proposed framework are introduced.

3.1 . Material

The material studied in this paper is the elastic polyurethane PS 

which exhibits hyperelastic characteristics [16,17]. The material was 

provided by FlexAndRobust Systems sp. z o. o., Poland. It was found to 

be an effective medium in the strengthening and repair of masonry, [18] 

reinforced concrete [19,20] and timber-concrete composite structures 

[21,22].

The material used to prepare the sample was delivered in the form 

of flat rectangular sheets, of approximately A4 size (210 × 297 mm) 

and 2.3 mm thickness. The PS is a solvent-free, elastic, two-component, 

polyurethane-based adhesive able to provide a more uniform stress 

distribution compared to conventional rigid connectors. In order to in­

vestigate its mechanical performance in a controlled manner, the raw 

material was processed and prepared into test specimens as described 

below. The adhesive components were mixed according to the manu­

facturer’s technical data sheet, following a prescribed weight ratio of 

component A to B equal to 100:11. The mixing process involved the ini­

tial combination of both components in a plastic container (see Fig. 2), 

after which the mixture was transferred to a second container and fur­

ther mixed for 10 s prior to application into the mould. This procedure 

was employed to ensure a homogeneous blend, which is critical for 

achieving consistent material properties such as mechanical strength. 

The adhesive was mixed for approximately 120 s until a uniform consis­

tency was obtained, taking care not to introduce air into the mixture. The 

mechanical mixing speed was 600−−800 rpm. All specimens were cured 
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Fig. 4. FE model of T-shape sample under tension created in Abaqus/CAE.

for 21 days in a room with a stable temperature of 20◦C and relative 

humidity of 65% ± 5%.

Polyurethane F&R®PS was initially prefabricated in the form of 

strips 210 mm wide and 950 mm long in the special rubber forms with a 

2 mm high frame. They were then cut into smaller rectangular sheets of 

a size approximately equivalent to A4 paper. Due to the relatively large 

dimensions of the mould used for the production of the adhesive strips, 

differences in thickness along the length of the samples were observed–

this created the need for levelling the surface using a steel spatula. After 

curing, the T-shaped samples presented in Fig. 3 were cut out from the 

A4 sheets of the polymer.

The final shape of the presented sample was inspired by the T-shaped 

specimen proposed in the theoretical work by Guélon et al. [8] and was 

determined through a systematic optimization procedure aimed at im­

proving the accuracy of VFM for material parameter identification. Four 

key geometric parameters of the T-shaped specimen were analyzed, with 

particular focus on the radii of the rounded corners. A series of possi­

ble values for these radii were tested to evaluate their influence on the 

resulting strain fields and the overall error in VFM calculations. Each 

combination of the geometric parameters was considered, resulting in a 

total of 72 analyzed cases. The optimal shape was selected based on the 

configuration that minimized the discrepancy between the assumed and 

predicted material constants used in a Finite Element benchmark model, 

which was utilized in order to numerically mimic a DIC measurement–a 

more detailed description of this approach may be found in the following 

section.

3.2 . Calibration of the VFM algorithm

A verification process based on finite element analysis (FEA) was con­

ducted to ensure the accurate implementation of the VFM algorithm and 

to evaluate the error associated with the results derived from the VFM 

method. Simulated experimental data were generated using FEM anal­

ysis of a hyperelastic material with predefined constitutive parameters, 

which mimic the results of the DIC method. To achieve this, DIC data 

points were represented by the nodal displacements from the FE model. 

The developed algorithm was then applied to extract material constants 

and assess the method’s accuracy by comparing the computed values to 

the known hyperelastic constants used in the benchmark FEM model. 

While any deformation process could theoretically serve as validation, 

the T-shaped specimen was selected for consistency. The hyperelastic 

material parameters used in the simulation for the Mooney–Rivlin model 

were assumed to be 𝐶1 = 10 MPa and 𝐶2 = 20 MPa. The FEM model was 

created using the Abaqus/CAE software. The adopted geometry and dis­

cretization, along with the applied boundary conditions, are presented 

in Fig. 4. The boundary conditions correspond to those used in the ex­

periment. The bottom and left edges of the sample were fixed and the 

prescribed displacement (20 mm) was applied to the top edge of the 

sample. In the simulation, CPS4R finite elements, i.e., bilinear plane-

stress quadrilateral elements with reduced integration, were employed, 

and the sample thickness was set to 2.3 mm. The influence of mesh den­

sity was assessed using two different mesh configurations (coarse and 

fine). No significant effect of mesh refinement on the obtained results 

was observed, indicating that the numerical solution is mesh-insensitive 

within the considered discretization range.

A numerical simulation of a quasi-static tensile test was performed to 

generate the displacement field. The calculated benchmark fields using 

Fig. 5. Displacement fields obtained for the assumed hyperelastic material mode using finite element simulation.
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Fig. 6. Displacement gradient obtained for the assumed hyperelastic material model in FEM simulation.

Abaqus software are shown in Fig. 5. The figure presents all of the in-

plane displacement components at the selected time instances of the 

deformation process.

It is important to note that only the displacement vector field 𝒖 was 

extracted from the simulation results. The displacement gradient 𝑯 =
𝒖 ⊗ ∇ was calculated in Thermocorr DIC software using a polynomial 

approximation of the local neighbourhood of material points [23]. The 

results of the displacement gradient calculations are presented in Fig. 6. 

As expected, the distribution of the displacement gradient components 

is non-uniform, and a change of sign is observed. This indicates that the 

material undergoes local compression and extension.

From the result file of the numerical simulation, the history of the 

macroscopic force was also extracted. The value was calculated as 

the sum of the nodal reaction forces on the top edge of the sample. 

Fig. 7 presents the horizontal and vertical components of the macro­

scopic force vector. A slightly nonlinear response is observed due to 
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Fig. 7. External reaction force calculated from the results of the numerical 

simulation.

the nonlinear constitutive model. The extracted force history, along 

with the displacement field and its gradient, serves as input for the 

verification of the virtual fields method. Since the loading was pre­

scribed under quasi-static conditions with a constant displacement rate, 

the imposed displacement evolves linearly in time. Therefore, the time 

axis used in Fig. 7 is strictly equivalent to the imposed displacement, 

and both representations lead to identical physical interpretation of the 

force–displacement response.

3.2.1 . Numerical integration of the virtual work principle equation

The solution of the VFM equations presented in Section 2 requires an 

integration step. As the fields are available only at discrete points within 

the domain, the integration is carried out numerically by summing over 

the corresponding data points. The basic approach, in which the con­

tribution of each point is assumed to be uniform-calculated as the total 

area of the region of interest (ROI) divided by the number of points-has 

certain limitations. On one hand, the areas corresponding to boundary 

points are always overestimated. On the other hand, the areas associated 

with interior points cannot be accurately determined when the mea­

surement points are nonuniformly distributed. This issue becomes even 

more pronounced in the deformed configuration, where the distances 

between neighboring points change during deformation, further affect­

ing the accuracy of the area estimation. To address these limitations, an 

enhanced approach based on a Voronoi tessellation is proposed, which 

remains applicable under large deformation kinematics. Fig. 8 shows 

the analyzed T-shaped specimen together with its initial and deformed 

configurations. In both cases, the discretization is defined by the set of 

DIC measurement points, which serve as the basis for the construction 

of the Voronoi diagram. Each discrete point is assigned a field value cor­

responding to the measured kinematic quantities. These points originate 

from the spatial discretization used in the DIC procedure and are consis­

tent with the nodal representation adopted in the finite element model 

shown in Fig. 4.

In this approach, the ROI boundary is first determined as an ordered 

array of boundary points (concave hull). This is achieved using Delaunay 

triangulation with a maximum length constraint, which is linked to the 

distance between neighboring points in the reference state. The bound­

ary points define the vertices of the boundary polygon. Next, based on 

the set of the ROI points, a Voronoi diagram is generated and then 

clipped by the boundary polygon. This results in a bounded Voronoi di­

agram, where each point in the Virtual Fields Method (VFM) domain 

is assigned a corresponding Voronoi region. It should be noted that 

the integration domain is constructed from discrete DIC measurement 

points, where the spatial resolution and experimental processing inher­

ently limit the accuracy of the reconstructed fields. In particular, each 

Fig. 8. T-shaped sample and its Voronoi tessellation computed on a) the initial 

configuration, b) the deformed configuration.

DIC point represents a spatially averaged quantity over a finite correla­

tion subset, meaning that the measured fields are already smoothed at 

the scale of the measurement resolution.

Consequently, in the numerical integration of the virtual work prin­

ciple equation, the contribution of each point is weighted according to 

the area of its corresponding Voronoi region. The surface integral was 

replaced by the following sum:

∫𝑆𝑜

(⋅)𝑑𝑆0 ≈
𝑚
∑

𝑖=1
(⋅)𝑖𝐴𝑖 (21)

where 𝐴𝑖 is the area of the Voronoi region which corresponds to i-th 

node of the finite element mesh (in real experiments DIC point) and 𝑚
is the total number of discrete points.

3.2.2 . Virtual fields

The selection of virtual fields is a critical step in the VFM. For cases 

involving small deformations and elasticity, this is typically done using 

established numerical tools [4]. However, in the present context of large 

deformations and hyperelasticity, the authors propose a slight modifi­

cation to this approach. Specifically, a heuristic method is employed, 

where a large number of randomly generated virtual fields are created. 

The process of generating virtual fields consists of the following steps. 

First, the positions of control points are generated based on a rectangular 

grid. Next, randomly generated displacement vector values are assigned 

to these control points, introducing variation into the field (Fig. 9).

The final step involves interpolation to determine the values between 

the control points. For this purpose, interpolation functions using third-

degree polynomials from the NumPy library are utilized. This approach 

ensures smooth transitions and a continuous representation of the field 

across the entire grid. By using polynomial interpolation, the generated 
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Fig. 9. Regular grid points with a randomly generated displacement vector as­

signed to each point. The blue lines correspond to the boundary points where the 

displacement vectors are enforced to be consistent with the boundary conditions, 

ensuring a kinematically admissible displacement field.

virtual field and its gradient maintain continuous variations. Examples 

of the generated fields are shown in Fig. 10. Although the process is 

displacement-controlled in the experiment and the kinematic boundary 

conditions on the upper edge are known, the corresponding horizontal 

reaction forces are not measured. In the present approach, it is therefore 

assumed that the resultant reaction force in this direction on the upper 

edge is negligibly small. Under this assumption, the contribution of this 

boundary to the external virtual work vanishes, which allows the virtual 

displacement field to be chosen arbitrarily. Each of the generated fields 

satisfies the principle of virtual work. Each field provides one equation 

of the system of Eqs. (20). Using all the fields leads to an overdetermined 

system. Therefore, in this work, all the fields are used, and the final result 

is computed using the least-squares method.

3.2.3 . Results of Algorithm Calibration

The extracted data from Abaqus simulation presented in Section 3.2 

were used to mimic the experimental data. The results of the verification 

process for all postulated virtual fields described in Section 3.2.2 lead to 

the result presented in Table 1.

Fig. 10. Example of randomly generated virtual fields for a T-shaped sample. The colors correspond to the magnitude of the displacement vector.

Table 1 

Assumed and identified material pa­

rameters of hyperelastic material 

model based on FE resutls.

Assumed Identified

𝐶1 [MPa] 10 9.63

𝐶2 [MPa] 20 19.37

Table 2 

Relative error of the identified material param­

eter for isotropic material model.

Voronoi-based int. Std approach

𝐸 [GPa] 0.7% 1.1%

𝜈 [-] 1.2% 2.7%

The comparison between the assumed and identified material pa­

rameters demonstrates very good agreement. The relative errors are 

approximately 3.7% for 𝐶1 and 3.15% for 𝐶2, confirming the correct­

ness of the implemented VFM algorithm. In addition to validating the 

overall implementation of the method, the influence of the numerical 

integration scheme was also examined. The Voronoi-based integration 

was compared with the standard approach, in which an equal area is 

assigned to each DIC point. The calculations were performed for an 

isotropic elastic material with two material constants: Young’s modu­

lus 𝐸 and Poisson’s ratio 𝜈. The use of a linear isotropic elastic model 

in this comparison is intentional, as it allows the influence of the nu­

merical integration scheme to be assessed independently of nonlinear 

material effects. In this case, the construction of admissible virtual 

fields is straightforward and does not introduce additional complexities 

associated with finite-strain formulations. 

The results presented in Table 2 confirm that the use of Voronoi-

based integration reduces the errors.

3.3 . Experimental setup

The experimental analysis of the deformation of T-shaped sample 

was performed in a testing machine equipped with specially designed 

grips.
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Fig. 11. a) the experimental setup for DIC analysis and b) the specially designed 

grips for the testing machine.

Table 3 

Parameters of the pco.edge 5.5 visible 

range camera used in DIC measurements.

Parameters Value

Resolution [px] 1810 × 2560

Recording frequency [Hz] 10

Exposure time [ms] 1.5

Pixel size [µm] 21

These grips allows to apply controlled loads and boundary conditions 

allowing to observe complex strain distribution that are not uniform 

across material. This setup is particularly useful for investigating how 

different regions of the sample respond to loading, providing valuable 

data for VFM. The grips and the experimental setup are presented in 

Fig. 11.

In this setup, the bottom grip is fixed while the upper grip is mobile. 

The applied displacement rate corresponds to a quasi-static deformation 

process. The MTS 858 testing machine was used in displacement-

controlled uniaxial tension test with a displacement rate of 0.015 mm/s. 

Due to inhomogeneous deformation of the sample the value of the strain 

rate was calculated as the average value of strain rate field obtained 

using DIC method. The calculated values for all studied cases were ap­

proximately equal to 1 × 10−4 1∕𝑠. During the tests, the deformation of 

the sample surface was observed using a pco.edge 5.5 visible-range cam­

era, and a series of grayscale images were captured. The camera settings 

are specified in Table 3. To create an appropriate speckle pattern for 

DIC analysis, the small white paint dots were applied to the specimen’s 

surface.

4 . Identification of material parameters

This section presents the identification of material parameters based 

on full-field displacement data obtained from Digital Image Correlation 

(DIC) measurements. The Virtual Fields Method (VFM) is applied to 

a T-shaped polyurethane specimen, which generates a heterogeneous 

deformation field suitable for inverse identification under large strain 

conditions. The obtained results are subsequently analyzed and com­

pared with independent uniaxial tension tests to assess the consistency 

of the identified constitutive parameters.

4.1 . Application of the VFM to the DIC measurement of t-shape sample 

deformation

The virtual field method was used to identify material constants 

for the material described in Section 3.1. The structural characteris­

tics of the material suggest that it can be modelled in the elastic range 

using a hyperelastic material model–a two-parameter incompressible 

Mooney–Rivlin material model was assumed. Following the steps of the 

VFM method, the displacement field obtained using the DIC method as 

well as the macroscopic response of the studied material are shown in 

Figs. 12 and 13.

Using the same gradient evaluation method as described in 

Section 3.2, the computed results for the measured displacement field 

are presented in Fig. 14. The highest strain concentrations occur near 

the grips, where the specimen transitions into the clamping section. All 

components of the displacement gradient field exhibit non-uniformity. 

The results of the calculations yielded the following values for the two 

material constants: 𝐶1 = −5.023 MPa and 𝐶2 = 9.103 MPa.

The obtained result requires a comment. Not all numerical values 

of elastic parameters are admissible either from a purely theoretical or 

practical (computational) point of view. In particular, local existence, 

local uniqueness and regularity of the solution of the boundary value 

problem may be guaranteed–under appropriate assumptions–by satisfy­

ing the strong ellipticity condition. Loss of ellipticity may also result in 

a lack of convergence of Finite Element Method simulations as well as 

severe mesh dependency of the obtained solutions. The strong elliptic­

ity condition requires that the acoustic tensor should be positive definite 

for any wave propagation direction and any wave polarization vector, 

resulting in real and positive wave propagation velocities. A detailed 

discussion on the strong ellipticity conditions may be found in [24]. In 

the case of isotropic hyperelastic materials it may be shown that the 

consequence of strong ellipticity is that the following Baker–Ericksen 

inequalities must hold true:

(𝜎𝑖 − 𝜎𝑗 )(𝜆𝑖 − 𝜆𝑗 ) > 0 , 𝑖, 𝑗 = 1, 2, 3 , (𝑖 ≠ 𝑗) (22)

It is important to note that while the above inequalities are neces­

sary conditions derived from strong ellipticity, they are not sufficient 

conditions, namely they do not imply strong ellipticity.

In the case of the considered two-parameter incompressible Mooney-

Rivlin hyperelastic material, according to Eq. (9), the above inequalities 

can be expressed in the following form:

⎧

⎪

⎨

⎪

⎩

𝐶1 + 𝜆21𝐶2 > 0
𝐶1 + 𝜆22𝐶2 > 0
𝐶1 + 𝜆23𝐶2 > 0

(23)

This condition is satisfied for all possible magnitudes of principal 

stretches (𝜆𝑖 > 0) if and only if both 𝐶1 > 0 and 𝐶2 > 0. Within the 

range of small strains (𝜆𝑖 ≈ 1), the above inequalities simplify to

𝐺0
2

= 𝐶1 + 𝐶2 ≥ 0 (24)

which is a restriction imposed on the initial tangent shear modulus 

𝐺0. In the case of finite strains 𝐶1 < 0 or 𝐶2 < 0 necessarily makes 

the Baker-Ericksen inequality fail under certain deformation conditions, 

what implies the loss of strong ellipticity. For 𝐶2 < 0 the strong ellip­

ticity condition may still be satisfied if the material does not undergo 

severe deformation, namely, if the principal stretches do not take ex­

treme values such as 𝜆𝑖 → 0 or 𝜆𝑗 → ∞. On the other hand, if 𝐶1 < 0, 

the strong ellipticity condition will always eventually fail for sufficiently 

large deformation.

For 𝐶1 = −5.023 MPa and 𝐶2 = 9.103 MPa, in the case of simple 

tension of an incompressible solid, for which

(

𝜆2 = 𝜆3 =
1

√

𝜆1

)

The Baker–Ericksen inequality fails for a relative elongation 𝜀 =
𝜆 − 1 ≈ 81.23%. In fact, the mechanical characteristics of such a ma­

terial lose their physical significance for 𝜀 ≈ 35.83% beyond which the 

material softens, which is not observed in reality. While the limited 

range of allowable strain, for which the strong ellipticity condition is 
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Fig. 12. Results of DIC analysis (the components of the displacement vector 𝑢𝑥, 𝑢𝑦 and 𝑢𝑚 - magnitude of the displacement vector) for given time instances.

Fig. 13. The force-displacement curve measured using a testing machine for the 

T-shaped sample.

satisfied, may be considered unacceptable from the theoretical point of 

view, one should notice that an average strain at break recorded for 

the PS polyurethane for the strain rate 𝜀̇ = 10−11∕min is ca. 28.02%. 

However, for higher strain rates a relative elongation at break is even 

more than 60%. In such cases the proposed constitutive model should be 

disregarded.

In the case of a simple shear state

𝜆1∕2 =
√

1 +
𝛾
2

(

𝛾 ±
√

𝛾2 + 4
)

, 𝜆3 = 1

where 𝛾 = 𝑢∕𝑡, 𝑢 stands for shear displacement and 𝑡 is the thickness 

of the sheared adhesive layer, the Baker-Ericksen inequality fails for 

𝛾 ≈ 60, 34%. This is against experimental evidence–independent research 

(to be published) involving strength tests on sheared single lap joints in­

dicates that the PS polyurethane may undergo severe distortional strain 

up to 𝛾 ≈ 150%.

The limited applicability of the obtained result may perhaps be 

explained with an over-simplified character of the two-parameter incom­

pressible Mooney–Rivlin hyperelastic material model. Future research 

should focus on the use of more sophisticated constitutive models.

4.2 . Uniaxial tension test on dumb-bell specimens

To compare the identification results from the Virtual Fields Method, 

uniaxial tension tests were conducted using a Zwick/Roell 1455 

Universal Testing Machine. The experimental results provide stress-

strain curves obtained by measuring the force using the testing machine 

and the axial displacement. The geometry of the specimen is shown in 

Fig. 15. The specimen corresponds to a standard Type 1A geometry in 

accordance with ISO 527. This standardized geometry ensures uniform 

stress distribution and enables reliable comparison of uniaxial tensile 

test results. The obtained stress-strain curves are shown in Fig. 16. It 

can be observed that the stress–strain responses corresponding to all 

three strain rates are nearly identical. The curves show no significant 

differences in stiffness or overall mechanical behavior. Therefore, it can 

be concluded that the material does not exhibit noticeable strain-rate 

sensitivity within the investigated range of strain rates.

4.3 . Comparison of obtained results

The material parameters identified using the proposed T-shaped 

VFM approach were validated through comparison with the experimen­

tal stress–strain curves presented in the previous section. To this end, 

the identified parameters were used to predict the theoretical uniax­

ial response of the material. For the assumed hyperelastic model, the 

constitutive relation under uniaxial tension reduces to the following 
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Fig. 14. Results of DIC analysis (the components of the displacement gradient tensor 𝐻𝑥𝑥, 𝐻𝑥𝑦, 𝐻𝑦𝑥 and 𝐻𝑦𝑦) for given time instances.

Fig. 15. Geometry of the specimen for uniaxial tensile testing. All dimensions 

are in mm.

one-dimensional form:

𝜎(𝜀) = 2𝐶1

(

(𝜀 + 1)2 − 1
(𝜀 + 1)

)

+ 2𝐶2

(

(𝜀 + 1) − 1
(𝜀 + 1)2

)

(25)

where 𝜎 denotes the Cauchy (true) stress and 𝜀 represents the engi­

neering strain. Eq. (25) was used to assess how accurately the assumed 

material model, together with the identified parameters, predicts the 

tensile response. Fig. 17 presents the experimental uniaxial tension 

data as a shaded gray region, along with the curve computed using 

Eq. (25). The predicted response obtained using the proposed T-shaped 

VFM approach lies well within the experimental range. It should be 

noted that the accuracy of the identified response may depend on the 

quality of the input experimental data, including possible measurement 

noise, and a more detailed uncertainty analysis would be required for 

a rigorous assessment of the robustness of the proposed identification

procedure.

5 . Summary and conclusions

Presented research was focused on the practical application of the 

Virtual Fields Method in the identification of material parameters of a 

highly deformable two-component polyurethane adhesive. Among the 

most notable issues discussed in this article one should mention the 

following:

• A new experimental setup was developed to analyze materials 

under nonhomogeneous deformation conditions.

• A specially designed T-shaped specimen was created to generate 

the desired strain distribution. Appropriate machine grips were 

also designed and manufactured in order to ensure kinematic 

boundary conditions for the T-shaped specimens.

• An algorithm based on the Virtual Fields Method (VFM) was de­

veloped for the analysis of hyperelasticity. Instead of solving a 
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Fig. 16. Stress-strain curves for uniaxial tension obtained for different strain rates a) 𝜀̇ = 10−1 1∕min, b) 𝜀̇ = 100 1∕min and c) 𝜀̇ = 101 1∕min.

Fig. 17. Response of the Mooney-Rivlin material model with identified parame­

ters under uniaxial loading and comparison with experimental results in uniaxial 

tension.

determined system of equations for unknown material parameters, 

a large overdetermined system of equations was derived from a 

large number of randomly generated kinematically admissible vir­

tual displacement fields in order to reduce the influence of the 

choice of particular virtual fields on the outcome of the algorithm.

• A novel integration algorithm based on Voronoi tessellation was 

developed and implemented in order to properly deal with large 

deformations caused by the high compliance of the investigated 

material.

According to the obtained results one may conclude that:

• The use of the proposed VFM algorithm and developed experi­

mental setup enables obtaining with just one sample results that 

are similar to those obtained as an average material response 

determined with a larger number of specimens.

• Observed discrepancies may be due to the use of a relatively sim­

ple hyperelastic material model. Alternative hyperelastic models 

such as those by Yeoh, Arruda–Boyce or Ogden might provide more 

accurate predictions.

Further research will be focused on implementing alternative hyper­

elastic models in the presented algorithm and validating them with the 

experimental results. While there is an increasing number of studies on 

the application and characteristics of flexible polyurethane adhesives, 

the identification of their material parameters in nonlinear constitutive 

laws is still not well investigated with just a few articles on this topic, 

e.g., [25,26]. The methods proposed in this article may emerge as a 

suitable tool for the description of such materials.
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