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Abstract The effect of spatial distribution of randomly-placed particles in a representative composite volume
on the thermoelastic effective properties and local stress and strain distribution is analyzed. Quantitative
assessment is performed using both the full-field finite element analyses and the mean-field interaction model,
known also as a “cluster” model. The latter model is developed in the multi-family setting enabling one to
study the mean stress and strain separately for each inclusion in the representative unit cell. The particles
are assumed to be spherical and of equal size, while considered examples differ by the volume fraction of
inclusions and the particle spatial layout, and in particular the mean nearest-neighbour distances.

Keywords Composite materials · Thermoelasticity · Micro-mechanics · Packing and spatial distribution
effects

1 Introduction

Nowadays, novel advanced materials are created not only by modification of material composition, e.g. by
new alloying additions in metal alloys, but also by tailoring the material microstructure or nanostructure by
optimized processing routes [1]. Micromechanics provides a powerful tool for the effective design of such
processes as it enables one to estimate the macroscopic effective properties of heterogeneous materials knowing
the local constitutive laws for the phases at the micro-level and morphological features of components within
the representative volume. The key role in the micromechanical modelling is played by a micro-macro transition
scheme (averaging rule) that makes it possible to estimate the sensitivity of the overall response to the changes
in microstructure and local properties [2].

With respect to their microstructure, heterogeneous materials can be subdivided into those with periodic
substructure and those with random but statistically homogeneous one. In the first case, a unit cell for the
microstructure can be defined which by its replication in three directions fills the material volume. Materials
with this type of microstructure are mainly synthetic ones like e.g. meta-materials produced by additive
manufacturing. In the second case, the substructure can be characterized by a set of statistical distribution
functions of some microstructrural parameters, e.g. size and shape distributions or various n-point correlation
functions [3] such as the mean minimum distance between the particles. Development and validation of a
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mean-field model of particulate composites with random particle distribution will be the subject of the present
paper.

While the use of numerical homogenization, in which the actual microstructure of a material can be directly
subjected to mechanical analysis [4–6], seems to be the obvious choice to study the impact of microstructural
features on the overall composite response, such an approach is still relatively time-consuming. The use of
analytical models allows testing many scenarios and better understanding of the microstructure-property rela-
tionship. The majority of existing analytical mean-field models are based on the Eshelby solution. The solution
applies to a single ellipsoidal inclusion in an infinite linearly elastic medium, subjected to a homogeneous
external load at infinity. The Mori-Tanaka method based on this solution is the most widely used for composite
materials. The model assumes that a single inclusion, being the representative of all the inhomogeneities in the
representative volume, interacts only with the surrounding matrix while direct interactions between inclusions
are neglected, which limits the applicability of the model to relatively small volume fractions. The other possi-
bilities are the self-consistent and generalized self-consistent models, or differential and incremental schemes,
which improve the predictions for higher volume contents or increased contrast between the phase properties,
mainly by modifying the infinite matrix properties when applying the Eshelby result, cf. [2,7].

Unfortunately, the above-mentioned classical models fail to describe properly the effects of spatial distri-
bution of inhomogeneities within the sample, which may be an important source of a material’s anisotropy,
even if it is composed of isotropic phases, as well as they neglect the variability of mean strains and stresses
within the individual inclusions. The issue of microstructure-induced anisotropy was studied in more detail in
the previous paper by the authors [8]. Let us only mention that [9] distinguished two classes of approaches to
dealing with the anisotropic effect of regular particle distribution: i. homogenization models based on the one-
particle approximation, e.g.: [10–13]; and ii. analytical or semi-analytical solutions for periodic arrangements
of inhomogeneities, e.g.: [14–16]. We note that in [14] the method was developed for spheroidal inhomo-
geneities which were arbitrarily placed in the unit cell. The packing effect (but not the spatial distribution
effect) can also be accounted for by the so-called morphologically representative pattern (MRP) approach
developed in [17,18] and verified through comparison with numerical homogenization in [19] and [20] for
elastic and elastic-plastic composites, respectively. An extensive review of the mentioned approaches can be
found in [8,21] or [9].

In [8], when considering elastic-plastic composites with regular particle distribution, we selected and
developed a different approach, originally proposed in [22] – the cluster interaction model, which includes the
effect of morphological and spatial distribution of particles through the approximate solution of the Lippman-
Schwinger-Dyson equation and the analytical result for two interacting ellipsoidal inclusions in the infinite
medium by [23]. The model was later extended to coated inclusions [24] and thermoelasticity [25]. The
approach was also adopted to derive the thermal conductivity of a composite with coated inclusions in [26].
Recently, an extension of the approach to viscoplastic and elastic-viscoplastic composites was formulated by
combining the scheme with the tangent additive law [21]. An attempt at experimental validation of the effect
was presented in [27] where samples with regular pores were produced using a 3D printing technique and
tested in the regime of small strain to assess the anisotropy of elastic stiffness. In all contributions above, the
validation and computational examples concern the single family variant of the method.

Following the problem review above, the goal of this research is two-fold: (i) development of efficient
computational procedures for the multi-family variant of the cluster model and its broad verification, and (ii)
analysis of the effect of spatial packing on the overall thermoelastic properties and local response of par-
ticulate composites. To our best knowledge, a mean-field model for thermoelastic metal matrix composites
with comparable predictive capabilities, as concerns the response of individual inclusions in the representative
volume, is not available in the existing literature. The proposed approach is foreseen to facilitate the study of
damage development in composite materials, enabling assessment of different thresholds of damage initiation
depending on the spatial distribution of particles and in particular the level of particle clustering [28,29]. Such
variation was observed employing numerical homogenization techniques [5,30,31]. These studies demon-
strated that while clustering has minimal influence on the overall elastic properties, it leads to the increased
spread of mean fields between particles. Furthermore, they showed that the damage growth rate of a composite
with a higher degree of clustering is significantly faster than for composites with a lower degree of clustering.
Similarly, in [32] the outcomes of numerical simulations combining multipole expansion of local fields with
the multi-particle unit cell method demonstrated that statistics of the peak stresses in a porous material with
a random arrangement of pores is directly related to the statistics of nearest neighbours. The study compared
random microstructures containing pore clusters of circular and elliptic shape with the ones containing uni-
formly distributed pores. It is noted that [33] also incorporated direct interactions between inclusions exploiting
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the solution of [23] in the study of elastic-plastic composites, however, without introducing the concept of
the cluster. The authors considered a random inclusion arrangement in the representative volume without its
periodic extension to fill the whole space. In the same manner, a finite set of arbitrarily arranged elastically
interacting spherical particles with the Gurtin–Murdoch type interfaces was studied in [34]. For that purpose
the authors exploited the analytical solution in terms of a series expansion for a single-inhomogeneity under
arbitrary far-field loading and the superposition principle.

The paper consists of five sections. After the present introductory part, the formulation of the cluster
interaction scheme in the context of the thermoelastic constitutive law is provided in Section 2. The attention
is focused on the multi-family variant of the method relevant for random particulate composites. Section 3
discusses details of the numerical finite element calculations performed to validate the approach. In Section 4,
the variability of effective thermoelastic properties induced by specific arrangements of particles and the validity
of results obtained by the analytical model are analyzed. In particular, the effect of the mean nearest-neighbour
distance, as one of the parameters commonly used to describe the particle packing [35], is quantified. Two
aluminum-alloy composite materials developed in [36], as well as a porous material and a material with very
hard inclusions, are studied. Moreover, the variability of local mechanical fields in the particles is analyzed. The
paper closes with conclusions. Additionally, two appendices provide the details of the calculation algorithm
for the multi-family variant of the cluster model and discuss the necessary cluster size to achieve convergent
results.

The following notation is used for vector and tensor operations: the full contraction of the second-order
tensor a with the fourth-order tensorA, resulting in another second-order tensor b, is denoted by the ’ · ’ symbol:
b = A · a or b = a · A meaning bi j = Ai jklakl or bi j = akl Akli j in the components of the quantities in any
orthonormal basis; the partial contraction of two fourth-order tensors A and B resulting in another fourth-order
tensor C is denoted as: C = AB meaning Ci jkl = Ai jmn Bmnkl . Summation convention over repeated indices
is used when not stated otherwise.

2 Mean-field interaction model for thermoelastic composites

In the interaction model, proposed originally by [22] for elastic composites, the composite microstructure is
represented by an elementary cubic volume (a representative unit cell RUC) containing a finite number N of
particles. When periodically reproduced, the RUC is filling the whole space. In this paper we assume a random
spatial layout of spherical particles of equal sizes in the elementary volume, which is periodic at its boundaries
(strictly speaking, a quasi-random arrangement of particles is considered). To each inclusion of the RUC we
assign a set of inclusions which are its periodic images in the filled space. All inclusions in the set are supposed
to be subjected to the same thermomechanical fields. This set of geometrically equivalent particles is called a
family. Contrary to regular arrangements studied in [8], the inclusions within the RUC are not symmetrically
equivalent and may exhibit different mean strains and stresses, so the number of families in this case is equal
to the number N of inclusions in the RUC. As a consequence, a multi-family variant of the cluster model is
required in the present study. We concentrate our attention on the effect of particle clustering on the effective
properties as well as stress and strain heterogeneity among different particles within the cell stemming from
their location with respect to the neighboring particles.

The mean-field interaction model (also known as a cluster model) was extended to the thermoelastic
composite materials in [25]. The core idea of the model is to account for interactions between each pair of
inclusions within the analyzed space, in addition to interactions between the inclusions and the matrix, by using
the fundamental solution by Green’s function technique (see [23]). Since, according to this solution, mutual
interactions experienced by the selected inclusion in the RUC decay when the distance to the other inclusion
increases, the analysis is restricted only to those inclusions which are contained in some material sub-volume of
spherical shape. This spherical sub-domain, denoted in [22] as a ‘cluster’, is centered in the selected inclusion
for which the influence of such interactions is assessed. The radius of the interaction sub-domain is established
by some preliminary studies. In the considered examples, the radius 10 times larger than the RUC size was
found to be sufficient (see Appendix B). The notion of a ‘cluster’ used here should not be confused with a
group of clustered particles forming the densely-packed subregion of a RUC considered in [5] or [32] - the
interaction cluster model accounts for any spatial distribution of particles.

The basic relations of the model developed in [25] are now recalled. The proposed efficient computational
procedure is provided in the Appendix A. The local constitutive relation between the stress σ and strain ε in
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Fig. 1 (a) 2D cluster composed of the inclusions (in blue) whose centers are on or inside the circle of radius Rc.(b) 3D cluster.

each phase r is formulated as follows

σ = Cr · ε − βrθ , (1)

where Cr is the fourth-order stiffness tensor for phase r , and βrθ is the thermal stress at temperature change
θ uniform in the composite (βr = Cr · αr , and αr is the linear thermal expansion tensor). A two-phase
composite is considered, so all inclusions in the RUC have the same material properties uniform per phase:
Ci, β i. The respective matrix properties are denoted by Cm and βm. Similar relations are also valid for the
respective mean values σ I = 〈σ 〉I and ε I = 〈ε〉I over volume VI occupied by family I (I = 1, . . . , N ).
< . >I= 1/VI

∫
VI

(.) dV denotes the operation of volume averaging over the inclusions belonging to the
family I , as well as for the matrix, namely:

σ I = Ci · ε I − β iθ , σm = Cm · εm − βmθ . (2)

As in any mean-field model, the effective stiffness tensor C̄ and effective thermal stress β̄θ can be found
for the composite representative volume V , such that

σ̄ =
N∑

I=1

f Iσ I + (1 − fi)σm = C̄ · ε̄ − β̄θ , ε̄ =
N∑

I=1

f Iε I + (1 − fi)εm , (3)

where fi is the volume fraction of all inclusions in the RUC and
∑

I f I = fi. As the local constitutive law is
affine with Cr and βr uniform per phase, the effective properties are specified using the relevant mechanical
strain localization tensors AI and Am of the fourth order:

C̄ = Ci

(
N∑

I=1

f IAI

)

+ (1 − fi)CmAm , (4)

β̄ = β i ·
(

N∑

I=1

f IAI

)

+ (1 − fi)βm · Am . (5)

Based on (4) and (5), the mechanical strain localization tensor for the whole inclusion phase can be specified
as:

Ai = 1

fi

N∑

I=1

f IAI . (6)
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The mean strain in each inclusion in the RUC, as a mean strain for the given family, and the mean-strain in the
matrix phase can be specified separately by the strain localization relations of a standard form

ε I = AI · ε̄ + eI θ (I = 1, . . . , N ) , εm = Am · ε̄ + emθ . (7)

When the mechanical strain localization tensors AI , Am and the thermal strain localization tensors of the
second order: eI , em are known, the set of relations (1–7) enables one to find the mean stresses and strains per
each family and the matrix, as well as macroscopic stress or strain, depending on which of these two quantities
is prescribed by the boundary conditions.

Following [25], and notation introduced in [8], it can be demonstrated that for the multi-family variant of
the interaction model, the mechanical strain localization tensors for the families and the matrix are found from
the following set of fourth-order equations:

N∑

K=1

M
I K

AK = I, I = 1, 2, . . . , N (8)

and

Am = 1

1 − fi
(I − fiAi) , (9)

where Ai is specified by (6). The fourth-order tensors MI K are specified as

M
I K =

⎧
⎨

⎩

I +
(
(1 − fK )P0 − �̄

I K
)

(Ci − Cm) for K = I

−
(
�̄
I K + fKP0

)
(Ci − Cm) for K �= I.

(10)

The tensor P0 is the so-called polarisation tensor for a spherical inclusion immersed in the matrix material (see

Eq. (15)). The tensors �̄
I K

convey averaged mutual interaction between inclusions belonging to two families
I and K . They are obtained by summing the interactions between each inclusion pair I and j such that I
denotes the reference inclusion of the family I in the elementary cube (i.e. RUC), while inclusion j belongs to
the family K and is one of NK inclusions which are obtained by periodic expansion of the elementary cube,
namely:

�̄
I K =

{∑NK
j=2 � I j for K = I

∑NK
j=1 � I j for K �= I.

(11)

For isotropic properties of the matrix and the spherical shape of inclusions, tensors � I j are specified in the
Appendix A of [8] (see also [22]). Note that for the multi-family case, a and b in these formulas are now the
radii of inclusions belonging to the family I and K , respectively (a = b in the present analysis of inclusions
of equal sizes) and R is a distance between the reference inclusion of the family I in the elementary cube (i.e.
RUC) and the inclusion j of family K in the cluster.

The second-order thermal strain localization tensors eI (I = 1, 2, . . . , N ) for the thermoelastic problem
are found from the related set of N second-order tensor equations

N∑

I=1

M
I K · eK = w̄I , K = 1, 2, . . . , N (12)

and

em = − 1

1 − fi

N∑

I=1

f I eI . (13)

The fourth-order tensors MI K are specified above, while the second-order tensors w̄I are specified as:

w̄I =
N∑

L=1

wI L where wI L =
⎧
⎨

⎩

(
(1 − fL)P0 − �̄

I L
)

· (β i − βm) for L = I

−
(
�̄
I L + fLP0

)
· (β i − βm) for L �= I

(14)
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with �̄
I L

and P0 specified before.
Let us observe that the solution of the set of tensorial equations (8) and (12) requires an extension of the

classical procedures used to solve linear equations. The extended Gauss elimination procedure is provided in
the Appendix A.

3 Numerical full-field model

Mean-field estimates obtained by the cluster model are compared below with the results of numerical homoge-
nization performed using the Finite Element Method (FEM), for random microstructures with non-overlaping
spherical particles of equal radius. The FE analyses were performed in the AceFEM environment [37], with
the structural FE meshes for the RUCs generated using NetGen [38]. Thirty RUCs with 50 randomly-placed
inclusions were generated and analyzed for each of the volume fractions of inclusions fi equal to 0.1, 0.2, 0.3,
0.4 and 0.5. RUCs within each group differed in their normalized mean nearest-neighbour distances λ̄/(2a),
ranging from around 0.035 to 0.815 for fi = 0.1, from 0.008 to 0.454 for fi = 0.2, from 0.004 to 0.280
for fi = 0.3, from 0.003 to 0.162 for fi = 0.4 and from 0.001 to 0.079 for fi = 0.5. Selected RUCs for
fi = 0.2—one with the second lowest and one with the highest λ̄/(2a)—are shown in Fig. 2(a,b), and anal-
ogous ones for fi = 0.4 in Fig. 2(c,d). In the present paper, the mean nearest-neighbour distance λ̄ has been
calculated by finding a mean of the distances λI between the outer surface of particle I and the surface of its
nearest neighbour. Such a distance is computed first as a minimum of distances lI J between the centre points
of inclusion I and any other inclusion J in the RUC (taking into account periodicity of the microstructure)
and subtracting 2a, where a is the particle radius, the same for all particles. Consequently, if particle I is in
contact with its nearest neighbour then λI = 0.

All RUCs were generated in a 1×1×1 cube. The cube was assumed to be a periodic cell, with the inclusions
crossing the boundary copied periodically to the opposite sides of the cube. The random placement of inclusions
was performed using Yade [39], a Discrete Element Method (DEM) system. The adopted approach followed
the one used in [40] and exploited the dynamics of spherical elastic particles. To have greater control over
the mean nearest-neighbour distance of the generated microstructures—in particular to facilitate obtaining
values of λ̄/(2a) near the lowest and highest ends of the spectrum—some adaptations were introduced. They
were described in detail in [19]. In summary, the particles were first placed in an enlarged periodic cell of
size 2 × 2 × 2 using Yade’s built-in Random Sequential Addition algorithm and assigned random velocities.
This step presents no problems even when generating dense final packings, since the target volume fraction of
particles in the unit (1×1×1) cell dilutes to one-eight of its value in the enlarged cell. Next, the cell gradually
contracted to unit size with simultaneous gas-like dynamic mixing of the particles, after which the system
was left to stabilize in the presence of numerical damping. Finally, a snapshot of the system was taken, with
the centers of particles assumed to be the centers of inclusions of the composite. To enforce an upper limit
on the resulting mean nearest-neighbour distance, two-particle “molecules” were inserted into the enlarged
cell and simulated instead of single particles. They underwent similar mixing during compression of the cell,
resembling dynamics of gas molecules, with the distance between the two particles of each molecule preserved
during the movement. In this way, if the particles in each pair were a distance d apart, then λ̄ � d in the final
configuration. To enforce a lower limit on the mean nearest-neighbour distance, the particles’ diameters were
initially increased by d . This ensured that in the final configuration λ̄ � d . Adjustments were also made in each
case to accommodate the minute overlaps of the elastic particles which might remain in the final configuration.

We remark that the particle packing (or clustering) can be described by different parameters or distribution
functions, see for example [3,35,41]. The choice of mean nearest-neighbour distance λ̄ as a primary variable
in the presented analyses is dictated by two facts. Firstly, contrary to radial distribution or exclusion prob-
ability functions, which could be alternatively used, it is a scalar parameter. This parameter can be directly
controlled, at least to some degree, by the RUC generation procedures and is easily accessible for the generated
microstructures. Another scalar parameter which could be used is the relative volume fraction of clustered
particles, used for example by [5], however, such a parameter is rather dedicated to the ‘globular’ clusters, and
would be difficult to assess for any microstructure. Secondly, the existing literature widely uses λ̄ in the particle
packing description indicating it as a parameter which controls stress and strain distribution in the individual
particles (e.g. [32]). This parameter was also used in the formulations of some of the advanced mean field
models like the MRP approach mentioned in the introduction. Thus, by using this parameter, the presented
results are placed in a broader literature context. Nonetheless, we would like to emphasize that the mean
nearest-neighbour distance is in fact used only to collectively present results for the considered set of RUCs
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Fig. 2 Periodic RUCs with 50 randomly-placed inclusions with the FE mesh shown only for the inclusions:(a) fi = 0.2,
λ̄/(2a) = 0.018, (b) fi = 0.2, λ̄/(2a) = 0.454, (c) fi = 0.4, λ̄/(2a) = 0.005, and (d) fi = 0.4, λ̄/(2a) = 0.162

and meaningfully differentiate between them. As such it has not been used in the cluster model formulation,
which takes into account all the information about the spatial distribution of inclusions in the RUC, so the
spatial distribution of particles is exactly the same in the numerical and analytical models. The geometrical
data for all considered microstructures are openly available in the data set linked at the end of the article.

For the purpose of performing FEM analyses, the generated RUCs were meshed using tetrahedral, 10 node,
second-order finite elements. The final mesh contained between 20 and 50 thousand elements, depending on
the volume fraction of inclusions and the particular random geometry. The adopted mesh density guaranteed
sufficient accuracy of results at a moderate computational cost, compared with more time-consuming com-
putations based on finer meshes. Each of the geometrically-periodic samples was subjected to micro-periodic
displacement boundary conditions to assure periodicity of deformation.

4 Results

Three types of FEM simulations were performed to validate the predictions of the cluster model. The first one
aimed at determining effective elastic parameters of the composites. Six independent deformation tests were
performed for each microstructure, with the global deformation tensor ε̄ of the RUC having just one nonzero
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Table 1 The material parameters of AlSi12, Al2O3 and SiC [36] used in simulations: the Young’s modulus E , the Poisson’s ratio
ν and the thermal expansion coefficient α

Material E[GPa] ν α[10−6/◦C]
AlSi12 70 0.35 23.7
Al2O3 380 0.22 6.5
SiC 410 0.15 4.0

component in each test, namely ε̄11 = δ or ε̄22 = δ or ε̄33 = δ or 2ε̄12 = δ or 2ε̄13 = δ or 2ε̄23 = δ, with
δ = 10−4 in all tests. From the average stresses in the RUC obtained in the six tests, the full effective stiffness
tensor C̄ of the composite was determined in each case. This allowed further calculation of the values of the
effective bulk and shear moduli of the composite, K̄ and Ḡ, respectively, computed for an isotropic material
whose stiffness tensor was the closest to C̄ in terms of Euclidean distance. The second type of tests were
thermal expansion simulations, aimed at determining the average thermal expansion coefficient ᾱ for each
composite. They consisted in assigning a static, uniform temperature increase �T = 10◦C to the entire RUC
and allowing its unconstrained expansion. The value of ᾱ was determined from the overall volumetric strain
ε̄kk of the RUC. The third type of tests were uniaxial stress simulations, performed by assigning ε̄33 = δ as
the global deformation of a given RUC in the direction x3, and allowing free deformation of the RUC in the
remaining directions. In all tests, average strains and stresses in all inclusions and in the matrix were recorded.

Four types of composites were numerically investigated. The first one was made of AlSi12 matrix reinforced
with Al2O3 inclusions, the second of AlSi12 matrix with SiC inclusions, the third one was AlSi12 matrix with
voids, and the fourth one—AlSi12 matrix with very hard inclusions. The values of the elastic thermomechanical
parameters of the real constituent materials are presented in Table 1. The voids were simulated as weakened
matrix material, having 10−4 the stiffness of AlSi12, instead of being modeled as actual empty space. This was
to facilitate the gathering of results, particularly of void deformations, which could be gleaned in the present
scheme from the deformation of the FE mesh filling the voids. The hard inclusions, in turn, were assumed to
have 104 the stiffness of AlSi12 (with the same Poisson’s ratio), and 10−4 the thermal expansion coefficient of
AlSi12.

A number of representative results of the performed calculations are presented in Figs. 3–10, as well as in
Tables 2–11. In the most disadvantageous cases among all conducted tests, the discrepancy between the cluster
model and FEM results for the effective bulk modulus, K̄ , and shear modulus, Ḡ, was up to around 2% and 8%,
respectively, for the composites with Al2O3 and SiC inclusions, and up to around 9% and 12%, respectively,
for the AlSi12 matrix with voids. A similar discrepancy for the effective thermal expansion coefficient, ᾱ, was
below 2%. In the extreme case of hard inclusions at fi = 50% and very low λ̄/(2a), the mismatch reached 22%
for K̄ and as much as 50% for Ḡ. Overall, the mismatch between the cluster model and FEM was observed to
significantly increase with increasing fi for all of the above-mentioned quantities, especially at fi � 30%, with
decreasing λ̄/(2a) and increasing contrast between phases. Therefore, the agreement between the methods for
“regular” composites with moderate volume fractions of inclusions was significantly better than indicated by
the percentages above.

Example results for fi = 20% and 40%, and all 30 random RUCs with different values of the packing
parameter λ̄/(2a), are shown in Figs. 3–6. Overall, as mentioned earlier, the discrepancy between the cluster
model and FEM results is clearly greater for fi = 40% (c,d) than for fi = 20% (a,b) in all figures. Fig. 3
shows the values of K̄ (a,c) and Ḡ (b,d) for the AlSi12-Al2O3 composite. It can be seen that the predicted
values of both quantities decrease with increasing λ̄/(2a), as is the difference between the cluster model and
FEM results. Generally, the FEM results decrease with increasing λ̄/(2a) faster than the cluster model results,
displaying greater sensitivity to particle packing. It should be remarked that the AlSi12-SiC composite, results
for which are not shown in the figures, behaves analogously to the AlSi12-Al2O3 one. Similar results for
AlSi12 with voids are shown in Fig. 4. Here, the values of K̄ and Ḡ increase with increasing λ̄/(2a), with the
cluster model results being again less dependent on the packing parameter. The results for hard inclusions in
the AlSi12 matrix are presented in Fig. 5. The character of the plots is similar to the ones for the composites
with Al2O3 (and SiC) inclusions, but here the extreme contrast between the phase properties makes the cluster
model and FEM results deviate from each other much further. Finally, in Fig. 6, one can see the estimates of
ᾱ for the AlSi12-Al2O3 (a,c) and AlSi12-SiC (b,d) composites over the same packing-parameter range. The
FEM results display yet again greater dependence on the packing parameter.
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Table 2 Cluster model / FEM estimates of the effective bulk modulus, K̄C / K̄F, shear modulus, ḠC / ḠF, and thermal expansion
coefficient, ᾱC / ᾱF, for microstructures with the second lowest and highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. As a
reference, the estimates by the Mori-Tanaka (MT) model are provided. Composite: AlSi12 matrix with Al2O3 inclusions

fi[%] λ̄/(2a) K̄C [GPa] K̄F[GPa] ḠC [GPa] ḠF[GPa] ᾱC [10−6/◦C] ᾱF[10−6/◦C]
10 0.041 84.60 84.68 30.22 30.45 21.59 21.56

0.815 84.56 84.58 30.15 30.28 21.60 21.59
MT 84.56 30.14 21.60

20 0.018 92.31 92.57 35.23 35.89 19.57 19.51
0.454 92.21 92.26 35.11 35.47 19.60 19.59
MT 92.21 35.04 19.60

30 0.009 101.05 101.54 41.07 42.45 17.66 17.57
0.280 100.92 101.04 40.86 41.81 17.69 17.66
MT 100.91 40.80 17.69

40 0.005 111.09 112.12 48.10 50.61 15.84 15.68
0.162 110.94 111.19 47.77 49.57 15.86 15.82
MT 110.89 47.68 15.87

50 0.005 122.73 124.49 56.52 61.17 14.10 13.88
0.079 122.57 123.29 56.25 59.47 14.12 14.02
MT 122.47 56.04 14.13

Table 3 Cluster model / FEM estimates of the effective bulk modulus, K̄C / K̄F, shear modulus, ḠC / ḠF, and thermal expansion
coefficient, ᾱC / ᾱF, for microstructures with the second lowest and highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. As a
reference, the estimates by the Mori-Tanaka (MT) model are provided. Composite: AlSi12 matrix with SiC inclusions

fi[%] λ̄/(2a) K̄C [GPa] K̄F[GPa] ḠC [GPa] ḠF[GPa] ᾱC [10−6/◦C] ᾱF[10−6/◦C]
10 0.041 83.86 83.93 30.44 30.70 21.32 21.30

0.815 83.83 83.85 30.36 30.5 21.34 21.33
MT 83.83 30.35 21.34

20 0.018 90.65 90.87 35.76 36.52 19.05 18.98
0.454 90.57 90.61 35.62 36.03 19.07 19.06
MT 90.57 35.54 19.06

30 0.009 98.24 98.64 42.00 43.63 16.88 16.78
0.28 98.13 98.23 41.76 42.86 16.91 16.88
MT 98.12 41.69 16.91

40 0.005 106.80 107.63 49.62 52.61 14.80 14.63
0.162 106.68 106.88 49.23 51.36 14.83 14.78
MT 106.65 49.12 14.81

50 0.005 116.55 117.85 58.84 63.88 12.81 12.57
0.079 116.43 116.99 58.52 62.41 12.83 12.72
MT 116.35 58.26 12.85

The results obtained for fi = 10, 30, 50%, which are not presented in figures, behave analogously to those
in Figs. 3–6 for fi = 20, 40%. One can observe that, in general, the estimates of Ḡ obtained by both methods
are more scattered than those for K̄ and ᾱ. This demonstrates a greater dependence of Ḡ and lesser dependence
of K̄ on other spatial characteristics of composite microstructures besides the packing parameter. The nature
of the dependence seems to be captured by the cluster model, in the sense that whenever there is an uptick or
downtick in the FEM-computed value of Ḡ about its local mean, the cluster model estimate usually follows in
the same direction.

Numerical values of the effective parameters K̄ , Ḡ and ᾱ computed using the cluster model and FEM
for two RUCs with extreme values of λ̄/(2a) for each fi = 10, 20, 30, 40, 50% are collected in Table 2
(for the AlSi12-Al2O3 composite), Table 3 (for the AlSi12-SiC composite), Table 4 (for AlSi12 with voids),
and Table 5 (for the AlSi12-hard-inclusions composite). In the tables, the Mori-Tanaka (MT) estimates are
additionally provided for comparison. It can be seen that the MT values closely match the cluster model
predictions obtained for the RUCs with the highest values of the packing parameter λ̄/(2a)—namely those in
which inclusions/voids are more “evenly” distributed in the matrix. In other words, the cluster model results
converge towards the MT estimates as λ̄/(2a) increases.

Tables 6–11 and Figs. 7–10 present selected results regarding stresses/strains obtained by the cluster model
and FEM in 50 individual inclusions/voids and in the matrix of two RUCs with extreme values of λ̄/(2a)
for fi = 10, 20, 30, 40, 50%. Table 6 contains the results for the σ33 stresses in the AlSi12-Al2O3 composite
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Table 4 Cluster model / FEM estimates of the effective bulk modulus, K̄C / K̄F, and shear modulus, ḠC / ḠF, for microstructures
with the second lowest and highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. As a reference, the estimates by the Mori-Tanaka
(MT) model are provided. Composite: AlSi12 matrix with voids

fi[%] λ̄/(2a) K̄C [GPa] K̄F[GPa] ḠC [GPa] ḠF[GPa]
10 0.041 56.8 56.73 21.43 21.44

0.815 57.14 57.39 21.49 21.60
MT 57.15 21.49

20 0.018 42.36 41.90 17.56 17.42
0.454 42.89 43.18 17.72 17.82
MT 42.92 17.71

30 0.009 31.98 31.3 14.23 13.92
0.28 32.47 32.76 14.39 14.38
MT 32.51 14.44

40 0.005 24.06 22.90 11.35 10.74
0.162 24.47 24.45 11.49 11.17
MT 24.57 11.59

50 0.005 17.87 16.55 8.87 7.99
0.079 18.13 17.65 8.97 8.28
MT 18.31 9.08

Table 5 Cluster model / FEM estimates of the effective bulk modulus, K̄C / K̄F, shear modulus, ḠC / ḠF, and thermal expansion
coefficient, ᾱC / ᾱF, for microstructures with the second lowest and highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. As a
reference, the estimates by the Mori-Tanaka (MT) model are provided. Composite: AlSi12 matrix with hard inclusions

fi[%] λ̄/(2a) K̄C [GPa] K̄F[GPa] ḠC [GPa] ḠF[GPa] ᾱC [10−6/◦C] ᾱF[10−6/◦C]
10 0.041 90.48 91.12 32.41 33.33 20.37 20.23

0.815 90.26 90.35 32.19 32.5 20.42 20.4
MT 90.26 32.17 20.42

20 0.018 106.43 109.2 40.65 44.08 17.32 16.89
0.454 105.89 106.11 40.17 41.22 17.41 17.37
MT 105.9 39.97 17.41

30 0.009 126.86 132.97 51.09 59.49 14.53 13.87
0.28 126.00 126.73 50.24 53.64 14.63 14.55
MT 125.9 49.99 14.64

40 0.005 154.27 171.18 65.42 82.76 11.96 10.91
0.162 153.01 155.23 63.85 72.33 12.05 11.88
MT 152.7 63.36 12.08

50 0.005 192.96 236.02 84.91 133.70 9.55 7.85
0.079 191.17 200.76 83.36 105.54 9.64 9.18
MT 190.1 82.07 9.70

under uniaxial stress in the x3 direction at the global strain ε̄33 = 10−4. It can be seen that while average
stresses in the matrix predicted by both methods agree quite well, even for higher fi, the average values over
all inclusions differ by up to around 10%, with FEM predicting higher stresses. The added estimates by the
Mori-Tanaka method agree quite well with the cluster model predictions. It can also be noticed that, firstly,
the standard deviations of mean values of σ33 in all 50 inclusions, following from both the cluster model
and FEM results, are higher for the microstructures with lower λ̄/(2a) than for those with higher ones. This
indicates, as can be expected, that the less evenly the inclusions are distributed in a composite, the greater is
the variation of stresses among the inclusions. Secondly, the standard deviations computed by both methods
generally increase with increasing fi. This also simultaneously shows that the cluster model is able to capture
those effects. The computed mean values of σ33 in all inclusions for fi = 20% and 40% are presented in
Fig. 7, where the difference in the stress variation between inclusions for RUCs with a small (a,c) and large
(b,d) values of λ̄/(2a) is clearly seen.

Table 7 provides analogous results, under uniaxial stress conditions, for stresses σ33 in the AlSi12-SiC
composite, which exhibit similar trends to the ones for AlSi12-Al2O3 described above. Table 8, in turn,
summarizes the results for the case of AlSi12 with voids. Here, the ε33 strains are presented instead of stresses
which vanish in the voids. A good agreement between the cluster model and FEM results for the matrix is
observed when fi � 30%, after which the predictions begin to diverge more significantly. For the voids,
the relative difference in the mean values of ε33 obtained by the cluster model and FEM tends to be smaller
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Fig. 3 Cluster model and FEM estimations of (a,c) the effective bulk modulus K̄ and (b,d) the shear modulus Ḡ of the AlSi12
matrix reinforced with Al2O3 particles (Tab.1) vs. the packing parameter λ̄/(2a). The RUC contains 50 inclusions occupying a
volume fraction fi = 20% (a,b) and fi = 40% (c,d)

than that for σ33 in the composites with Al2O3 or SiC inclusions, reaching about 4.5%. As previously, the
Mori-Tanaka estimates match closely the results for the RUCs with high values of the packing parameter. The
dispersion of the mean values of ε33 among the voids, as measured by the standard deviation, is much greater
for the RUCs with lower values of λ̄/(2a). This is also demonstrated more comprehensively in Fig. 8 for the
case of fi = 20% and 40%.

The results provided in Table 9 showcase the performance of the cluster model versus FEM regarding the
extreme phase-contrast case of AlSi12 matrix with hard inclusions under the same uniaxial stress conditions as
above. It can be seen that while the average stresses σ33 in the matrix predicted by the cluster model and FEM
match relatively well up to fi = 40%, the predicted mean values in inclusions diverge rapidly with increasing
fi, reaching around 77% relative error for fi = 50% and low λ̄/(2a). The increasing dispersion of results
between individual inclusions with increasing fi and decreasing λ̄/(2a), predicted by both the cluster model
and FEM, is also clearly visible both in Table 9 and in Fig. 9. While the FEM results may carry numerical
errors of their own, this extreme case highlights the limitations of the predictive capabilities of the cluster
model when dealing with large phase contrasts.

The final two Tables 10 and 11 list results obtained for the AlSi12-Al2O3 and AlSi12-SiC composites,
respectively, in the unconstrained thermal expansion tests under a uniform temperature increase �T = 10◦C.
Since the tests themselves have an isotropic character, hydrostatic stresses σkk/3 in the matrix and inclusions
were analysed. The data obtained for both composites have similar features. There is a noticeable discrepancy
between the cluster model and FEM results both for the inclusions and for the matrix, up to around 25%
in the case of fi = 50%. Generally, as already noted before, the mismatch between the methods increases
with increasing fi and decreasing λ̄/(2a), meaning that denser and more closely-packed composites are more
difficult to accurately model using the cluster scheme. The cluster model can be also observed to consistently
underestimate the hydrostatic stresses, in terms of their absolute values, with respect to the FEM results. The
greater dispersion of mean values in individual inclusions for the RUCs with lower values of λ̄/(2a) is yet
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Fig. 4 Cluster model and FEM estimations of (a,c) the effective bulk modulus K̄ and (b,d)the shear modulus Ḡ of the AlSi12
matrix with voids (Tab.1) vs. the packing parameter λ̄/(2a). The RUC contains 50 voids occupying a volume fraction fi = 20%
(a,b)and fi = 40% (c,d)

again apparent in Tables 10–11 and in Fig. 10 for the case of SiC inclusions at the fi = 20% (a,b) and 40%
(c,d) volume fraction.

The last remark about the results for individual inclusions is that the distributions of mean stresses or
strains in all inclusions/voids obtained by the cluster model and FEM have similar shapes, as can be seen in
Figs. 7–10. In other words, in some respects similarly to the case of effective values of Ḡ discussed earlier, if
the mean stress or strain in one inclusion is greater than in another one according to FEM, then it is usually
also greater according to the cluster model. This shows that the cluster model tends to correctly reflect the
variability of the mean stresses or strains in individual inclusions/voids.

5 Conclusion

In the paper, efficient computational procedures for the multi-family variant of the cluster model were proposed.
A broad verification of the method for three composites and a porous matrix with random inhomogeneity
distribution has been performed by comparing the results of the analytical model with outcomes of numerical
homogenization. To our best knowledge, a cluster model has not been yet applied and verified in the present
context.

Analysis of the effect of packing on the overall thermoelastic properties and local response of particulate
composites has been performed. In agreement with previous experimental and numerical studies we observed
that while clustering has minimal influence on the overall elastic properties, it leads to a greater dispersion of
mean fields between particles. The overall elastic stiffness increased only slightly with decreasing mean nearest-
neighbour distance between inclusions, while at the same time such a change in the microstructure substantially
affected the standard deviation of mean stresses for individual inclusions in the representative unit cells. Very
good agreement between the mean-field model predictions and FEM results, both concerning the overall
properties and estimates of local mean strains and stresses for individual inclusions, has been demonstrated up
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Table 6 Cluster model / FEM estimates of the σ33 stress: mean in all inclusions, σ iC
33 / σ iF

33, standard deviation of means in
individual inclusions: σ̂ iC

33 / σ̂ iF
33, and mean in the matrix: σmC

33 / σmF
33 , for microstructures with the second lowest and highest values

of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with Al2O3 inclusions. Uniaxial stress along x3 at global strain
ε̄33 = 10−4.

fi[%] λ̄/(2a) σ iC
33 [MPa] σ̂ iC

33 [MPa] σ iF
33[MPa] σ̂ iF

33[MPa] σmC
33 [MPa] σmF

33 [MPa]
10 0.041 12.42 1.06 12.95 1.30 7.61 7.62

0.815 12.39 0.16 12.69 0.17 7.61 7.61
MT 12.33 7.61

20 0.018 13.73 1.18 14.57 1.54 8.30 8.29
0.454 13.50 0.29 13.93 0.33 8.31 8.31
MT 13.41 8.31

30 0.009 14.86 1.18 16.04 1.59 9.11 9.08
0.280 14.76 0.45 15.52 0.55 9.12 9.12
MT 14.67 9.24

40 0.005 16.12 1.07 17.60 1.38 10.14 10.08
0.162 16.32 0.51 17.45 0.68 10.06 10.03
MT 16.16 10.08

50 0.005 18.22 1.44 20.47 2.11 11.20 10.98
0.079 18.02 0.80 19.59 1.10 11.22 11.10
MT 17.95 11.23
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Fig. 6 Cluster model and FEM estimations of the effective thermal expansion coefficient ᾱ of the AlSi12 matrix reinforced with
(a,c) Al2O3 and (b,d)SiC particles (Tab.1) vs. the packing parameter λ̄/(2a). The RUC contains 50 inclusions occupying a volume
fraction fi = 20% (a,b) and fi = 40% (c,d)

Table 7 Cluster model / FEM estimates of the σ33 stress: mean in all inclusions, σ iC
33 / σ iF

33, standard deviation of means in
individual inclusions: σ̂ iC

33 / σ̂ iF
33, and mean in the matrix: σmC

33 / σmF
33 , for microstructures with the second lowest and highest values

of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with SiC inclusions. Uniaxial stress along x3 at global strain
ε̄33 = 10−4

fi[%] λ̄/(2a) σ iC
33 [MPa] σ̂ iC

33 [MPa] σ iF
33[MPa] σ̂ iF

33[MPa] σmC
33 [MPa] σmF

33 [MPa]
10 0.041 12.60 1.11 13.17 1.38 7.64 7.65

0.815 12.55 0.17 12.88 0.18 7.64 7.64
MT 12.50 7.63

20 0.018 13.98 1.25 14.91 1.65 8.36 8.36
0.454 13.73 0.30 14.20 0.35 8.38 8.38
MT 13.64 8.38

30 0.009 15.18 1.25 16.51 1.71 9.23 9.20
0.280 15.06 0.48 15.91 0.59 9.24 9.24
MT 14.97 9.24

40 0.005 16.53 1.13 18.2 1.49 10.32 10.28
0.162 16.72 0.54 18.00 0.73 10.24 10.22
MT 16.56 10.25

50 0.005 18.78 1.53 21.19 2.20 11.47 11.31
0.079 18.56 0.85 20.35 1.20 11.47 11.38
MT 18.47 11.48
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Table 8 Cluster model / FEM estimates of the ε33 strain: mean in all inclusions, εiC
33 / εiF

33, standard deviation of means in individual
inclusions: ε̂iC

33 / ε̂iF
33, and mean in the matrix: εmC

33 / εmF
33 , for microstructures with the second lowest and highest values of λ̄/(2a)

for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with voids. Uniaxial stress along x3 at global strain ε̄33 = 10−4

fi[%] λ̄/(2a) εiC
33[10−4] ε̂iC

33[10−4] εiF
33[10−4] ε̂iF

33[10−4] εmC
33 [10−4] εmF

33 [10−4]
10 0.041 1.857 0.177 1.852 0.168 0.905 0.905

0.815 1.810 0.032 1.773 0.030 0.910 0.914
MT 1.815 0.909

20 0.018 1.687 0.159 1.714 0.154 0.828 0.822
0.454 1.662 0.046 1.645 0.042 0.835 0.839
MT 1.665 0.834

30 0.009 1.565 0.163 1.609 0.170 0.758 0.740
0.280 1.540 0.060 1.540 0.055 0.768 0.769
MT 1.537 0.770

40 0.005 1.467 0.142 1.527 0.152 0.689 0.649
0.162 1.428 0.061 1.457 0.064 0.715 0.696
MT 1.427 0.715

50 0.005 1.348 0.127 1.413 0.145 0.652 0.588
0.079 1.343 0.086 1.389 0.096 0.657 0.612
MT 1.332 0.668

Table 9 Cluster model / FEM estimates of the σ33 stress: mean in all inclusions, σ iC
33 / σ iF

33, standard deviation of means in
individual inclusions: σ̂ iC

33 / σ̂ iF
33, and mean in the matrix: σmC

33 / σmF
33 , for microstructures with the second lowest and highest values

of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with hard inclusions. Uniaxial stress along x3 at global strain
ε̄33 = 10−4

fi[%] λ̄/(2a) σ iC
33 [MPa] σ̂ iC

33 [MPa] σ iF
33[MPa] σ̂ iF

33[MPa] σmC
33 [MPa] σmF

33 [MPa]
10 0.041 15.45 2.01 17.24 3.33 7.92 7.96

0.815 15.24 0.29 15.85 0.31 7.91 7.92
MT 15.13 7.90

20 0.018 18.11 2.50 22.03 5.18 9.03 9.13
0.454 17.39 0.56 18.45 0.70 9.03 9.08
MT 17.18 9.02

30 0.009 20.50 2.55 26.58 5.75 10.45 10.69
0.280 20.05 0.95 22.36 1.34 10.46 10.62
MT 0.770 10.44

40 0.005 23.54 2.48 32.82 7.41 12.46 12.50
0.162 23.76 1.19 28.33 2.07 12.33 12.70
MT 23.27 12.32

50 0.005 29.55 4.02 52.62 14.71 15.03 16.16
0.079 28.60 2.08 37.79 4.51 14.96 15.72
MT 28.11 14.93

to 30-40% of particle volume fraction of not-too-rigid inclusions. The validity regime is somewhat extended
for the case of soft or void-like inclusions, however, the quality of estimates strongly deteriorates for increased
volume fractions, approaching impenetrability limit for a given microstructure, especially in the case of hard or
rigid inclusions. This validity range is consistent with the previous findings related to the particulate composites
with a regular particle arrangement [8]. These limitations arise from an increasing violation of the cluster model
assumption of uniform stress and strain fields within the inclusions. As far as we are aware, a mean-field model
for thermoelastic metal matrix composites with comparable computational efficiency and predictive capabilities
regarding the response of individual inclusions, depending on their location in the representative volume is not
available in the existing literature.

The proposed approach is planned to be used in studying damage development in composite materials
as it enables assessment of different thresholds of damage initiation depending on the spatial distribution of
randomly-placed particles in a representative composite volume. In the present research, the particles were
assumed to be spherical and of equal size, while the considered examples differed in the volume fraction of
inclusions and their mean nearest-neighbour distances. In the future, microstructures with different inhomo-
geneity sizes or ellipsoidal particle shapes are intended to be studied.
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Table 10 Cluster model / FEM estimates of the hydrostatic stress σh = σkk/3: mean in all inclusions, σ iC
h / σ iF

h , standard deviation
of means in individual inclusions: σ̂ iC

h / σ̂ iF
h , and mean in the matrix: σmC

h / σmF
h , for microstructures with the second lowest and

highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with Al2O3 inclusions. Unconstrained thermal
expansion under a uniform temperature increase �T = 10◦C.

fi[%] λ̄/(2a) σ iC
h [MPa] σ̂ iC

h [MPa] σ iF
h [MPa] σ̂ iF

h [MPa] σmC
h [MPa] σmF

h [MPa]
10 0.041 13.99 0.19 14.91 0.31 -1.55 -1.65

0.815 13.59 0.02 13.88 0.06 -1.51 -1.54
MT 13.58 -1.51

20 0.018 12.19 0.32 13.37 0.58 -3.05 -3.34
0.454 11.80 0.07 12.08 0.09 -2.95 -3.01
MT 11.78 -2.94

30 0.009 10.39 0.39 11.61 0.79 -4.45 -4.96
0.280 10.10 0.11 10.46 0.12 -4.33 -4.47
MT 10.07 -4.31

40 0.005 8.70 0.51 10.24 1.02 -5.80 -6.80
0.162 8.49 0.22 8.95 0.28 -5.66 -5.95
MT 8.43 -5.62

50 0.005 7.12 0.59 8.74 1.09 -7.12 -8.64
0.079 6.97 0.35 7.74 0.53 -6.97 -7.71
MT 6.87 -6.87

Table 11 Cluster model / FEM estimates of the hydrostatic stress σh = σkk/3: mean in all inclusions, σ iC
h / σ iF

h , standard deviation
of means in individual inclusions: σ̂ iC

h / σ̂ iF
h , and mean in the matrix: σmC

h / σmF
h , for microstructures with the second lowest and

highest values of λ̄/(2a) for fi = 10, 20, 30, 40, 50%. Composite: AlSi12 matrix with SiC inclusions. Unconstrained thermal
expansion under a uniform temperature increase �T = 10◦C

fi[%] λ̄/(2a) σ iC
h [MPa] σ̂ iC

h [MPa] σ iF
h [MPa] σ̂ iF

h [MPa] σmC
h [MPa] σmF

h [MPa]
10 0.041 15.75 0.22 16.82 0.38 -1.75 -1.87

0.815 15.28 0.02 15.61 0.07 -1.70 -1.73
MT 15.27 -1.70

20 0.018 13.76 0.37 15.16 0.69 -3.44 -3.78
0.454 13.31 0.08 13.62 0.11 -3.33 -3.40
MT 13.28 -3.32

30 0.009 11.75 0.46 13.20 0.95 -5.04 -5.64
0.280 11.41 0.13 11.83 0.14 -4.89 -5.06
MT 11.37 -4.87

40 0.005 9.87 0.60 11.68 1.23 -6.58 -7.76
0.162 9.62 0.26 10.15 0.34 -6.41 -6.75
MT 9.55 -6.36

50 0.005 8.09 0.69 10.00 1.31 -8.09 -9.98
0.079 7.91 0.41 8.83 0.63 -7.91 -8.80
MT 7.79 -7.79
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Fig. 7 Mean stress σ33 in all 50 Al2O3 inclusions, in the AlSi12 matrix and in the entire RUC, obtained by the cluster model and
FEM for the microstructures in Fig. 2(a–d), respectively, under uniaxial stress of the RUC along x3 at global strain ε̄33 = 10−4
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Fig. 9 Mean stress σ33 in all 50 hard inclusions, in the AlSi12 matrix and in the entire RUC, obtained by the cluster model and
FEM for the microstructures in Fig. 2(a–d), respectively, under uniaxial stress of the RUC along x3 at global strain ε̄33 = 10−4.
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Fig. 10 Mean hydrostatic stress σkk/3 in all 50 SiC inclusions and in the AlSi12 matrix, obtained by the cluster model and FEM
for the microstructures in Fig. 2(a–d), respectively, for unconstrained thermal expansion of the RUC under uniform temperature
increase �T = 10◦C

A Computational algorithm for the multi-family variant of the cluster model

In order to find the effective properties (4) and (5) of the composite with the use of the cluster interaction
model, the averaged interaction tensors (11) need to be calculated for each pair I and K of families. These
tensors are required to specify the localization tensors AK .
The computational algorithm, which is followed to compute effective thermoelastic properties and localization
tensors for the interaction cluster model in the case of a particulate two-phase composite with spherical
inclusions, is composed of the following steps (isotropic properties of the matrix phase are assumed):
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Step 1: Input data are read, including

– local properties of the two phases: Cr , βr (r = m, i),
– the set of locations (xI , yI , zI ) and radii rI of particles (I = 1, . . . , N ) in the elementary cubic volume

1 × 1 × 1 of the composite,
– the cluster size Rc.

Step 2: The averaged interaction tensors (11) are calculated for each pair (I, K ) of inclusion families. Details

of the algorithm for finding the tensor �̄
I K

for a given pair of families are discussed below. The
polarisation tensor P0 is calculated for the isotropic matrix material by the formula

P0 = 1 − 2νm

6μm(1 − νm)
IP + 2(4 − 5νm)

15μm
ID , (15)

where μm and νm are the shear modulus and Poisson’s ratio of the isotropic matrix material, and IP
and ID are orthogonal projectors to the subspaces of hydrostatic and deviatoric second-order tensors,
respectively.

Step 3: The fourth-order tensors M
I K and the second-order tensors wK (I, K = 1, . . . , N ) are calculated

using the formulas (10) and (14).
Step 4: The sets of fourth-order tensorial equations (8) and second-order tensorial equations (12) are solved

using the extended Gauss elimination procedure discussed below. By solving these sets of equations,
the fourth-order localization tensors AI and the second-order tensors eI are found. Next, Am and em
are found using (9) and (13).

Step 5: The effective elastic stiffness tensor C̄ and thermal stress tensor β̄ are calculated using relations (4)
and (5).

It should be noted that despite the assumed random distribution of particles the effective properties are not
perfectly isotropic due to the finite number of particles in the representative unit cell.

The computationally efficient procedure for finding the �̄
I K

tensor for a given pair (I, K ) of families in
step 2 of the algorithm above proceeds as follows:

Step 2.1: Input data are read, including

– elastic constants of the isotropic matrix: μm, νm,
– locations (xI , yI , zI ) and (xK , yK , zK ) as well as radii rI and rK of two particles in the elementary unit

volume 1 × 1 × 1 of the composite,
– the cluster size Rc .

Step 2.2: If I = K , by translating the inclusion I to the frame origin and repeating it periodically in each of the
three directions, the regular cubic (RC) arrangement of particles is obtained. Using this observation,

the closed form relations derived in [8] are used to compute the �̄
I I

tensor.
Step 2.3: If I < K ,

– the pair of inclusions is translated in space so that inclusion I is placed at the frame origin: (x∗
I , y

∗
I , z

∗
I ) =

(0, 0, 0), while inclusion K is moved to the position (x∗
K , y∗

K , z∗K ) = (xK − xI , yK − yI , zK − zI ),
– inclusion K is periodically repeated in space in three directions to form an infinite set of inclusions

(x∗(K )
j , y∗(K )

j , z∗(K )
j ) ( j = 1, . . . ,∞) belonging to the family K ,

– to form a cluster, inclusions j = 1, . . . , Nc of the family K which satisfy the condition (x∗(K )
j )2 +

(y∗(K )
j )2 + (z∗(K )

j )2 ≤ R2
c are selected,

– the tensor �̄
I K

is calculated by summing the tensors � I j . The latter are calculated using the relations (B.1-
B.6) in [8] in which R is the distance between inclusion I and j-th inclusion of the family K , so that R =√

(x∗( j)
K )2 + (y∗( j)

K )2 + (z∗( j)
K )2, components of the unit vector n are nk = (x∗( j)

K /R, y∗( j)
K /R, z∗( j)

K /R),
while a and b are radii rI and rK , respectively.

Step 2.4: If I > K , the symmetry property of the tensor �̄
I K

is used [23], namely (no summation over I and
K )

r3
I �̄

I K = r3
K �̄

K I
.
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The extended Gauss elimination procedure solves the set of the tensorial equations of the form [M].[X] =
[b], where [M] is a known N ×N matrix of second-order tensors MI K (I, K = 1, . . . , N ) in Ek ⊗Ek tensorial
space, [X] and [b] are column vectors of N unknown and known tensors XK and bI , respectively, in Ek ⊗ El

tensorial space. When applied to equation set (8), k = l = 6, as the fourth-order tensors MI K , AK and I are
written as second-order tensors in six-dimensional space (see [42]). When applied to (12), k = 6 while l = 1,
as the second-order tensors eK and wI are written as vectors in six-dimensional space. The first stage of the
algorithm is aimed to transform the original set of equations into [M∗].[X] = [b∗], in which in the matrix [M∗]
the diagonal tensorial components are identity tensors: MI I∗ = I, while components MI K∗ for which I > K
are equal to 0. Next, the solution for [X] is found by substitution, starting from the element XN = bN∗ . The
detailed algorithm proceeds as follows:

1. The sought variables [M∗] and [b∗] are preset to [0], while iterative variables [Mtrial] and [btrial] are preset
to [M] and [b].

2. For I = 1, . . . , N − 1 we perform the steps:
• calculate (no summation over I )

bI∗ = (MI I
trial)

−1bI
trial

• for K = I, . . . , N calculate
MI K∗ = (MI I

trial)
−1(MI K

trial)

• replace MI K
trial and bI

trial with MI∗ and bI∗, respectively .
• For K = I + 1, . . . , N calculate

– for L = I + 1, . . . , N calculate

MK L∗ = MK L
trial − MK I

trialM
I L
trial

and replace MK L
trial = MK L∗ ,

– calculate
bK∗ = bK

trial − MK I
trialb

I
trial

and replace bK
trial = bK∗ .

3. Calculate bN∗ = (MNN
trial )

−1bN
trial.

4. Preset [X] = [0]
5. Set XN = bN∗
6. For I = 1, . . . , N − 1 calculate

XN−I = bN−I∗ +
N∑

K=N−I+1

MN−I,K∗ XK

Having found the effective thermoelastic properties, assuming some macroscopic stress tensor σ̄ or strain
tensor ε̄ and temperature increase θ , the respective local quantities can be found. For example, mean strains
and stresses in all particles in the representative unit cell for the uniaxial tension process in direction 1 up to
tensile strain ε11 = 0.01, with no temperature change (θ = 0), can be found assuming:

σ̄ ∼
⎡

⎣

 0 0
0 0 0
0 0 0

⎤

⎦ ε̄ ∼
⎡

⎣
0.01 E12 E13
E12 E22 E23
E13 E23 E33

⎤

⎦

Next, using the overall relation (3) in the reduced form σ̄ = C̄ · ε̄, we find the six unknowns:

, E22, E33, E12, E13, E23. After finding the overall strain ε̄, mean strains and stresses for each inclusion
in the RUC are found by the localization relation and local constitutive law: ε I = AI · ε̄, σ I = Ci · ε I . If one
considers a cooling or heating process with a temperature change θ under zero external stress, thermal strains
and stresses in each inclusion and the matrix can be found assuming σ̄ = 0 and solving first the overall relation
C̄ · ε̄ − β̄θ = 0 for ε̄. Next, applying the localization relations (7) and the constitutive laws (1), one finds mean
strains and stresses for each inclusion in the RUC and the matrix. Alternatively, in both cases, mean stresses
in inclusions can be found by using stress localization tensors BI and sI ,

BI = CIAI C̄
−1 ⇒ σ I = BI · σ̄ + sI θ .
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Fig. 11 Relative errors (16) for all the components of all �̄
K L

, (K , L = 1, . . . , 50) for two selected microstructure realizations
with (a) high (λ̄/(2Ri) = 0.28) and (b) low (λ̄/(2Ri) = 0.0043) mean minimum distance between the inclusions with a total
volume fraction of 30%

B Convergence of the cluster model

As discussed above, the interaction cluster scheme requires one to define a cluster size Rc – a size of the domain
for which direct interactions between a given pair of inclusions are accounted for (see Fig. 1). To establish
a value which is large enough to obtain reliable results, we have calculated the averaged interaction tensors

�̄
I K

for selected microstructure realizations increasing the cluster size from Rc = 1 to Rc = 20, assuming
the representative unit volume to be a 1 × 1 × 1 cube, and we have analyzed how the components �K L

i jkl of
these tensors change with an increasing cluster size. The relative error for a given component is defined as the
following quantity

εrel = |�K L
i jkl(Rc = 20) − �K L

i jkl(Rc)|
�K L
i jkl(Rc = 20)

× 100%. (16)

The results of the study for two microstructure realizations with a low and high mean minimum distance and
the inclusion volume fraction of 30% are demonstrated in Fig. 11. It is seen that for the cluster size Rc = 3 the
relative error drops below 5%, while for Rc = 8 it drops below 1%. Based on this outcome, in the calculations
reported in this paper the cluster size Rc = 10 was assumed.
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