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Abstract

Purpose – To present a numerical model of squeeze casting process.

Design/methodology/approach – The modelling consists of two parts, namely, the mould filling
and the subsequent thermal stress analysis during and after solidification. Mould filling is described
by the Navier-Stokes equations discretized using the Galerkin finite element method. The free surface
is followed using a front tracking procedure. A thermal stress analysis is carried out, assuming that a
coupling exists between the thermal problem and the mechanical one. The mechanical problem is
described as an elasto-visco-plastic formulation in an updated Lagrangian frame. A microstructural
solidification model is also incorporated for the mould filling and thermal stress analysis. The thermal
problem is solved using enthalpy method.

Findings – During the mould-filling process a quasi-static arbitrary Lagrangian-Eulerian (ALE)
approach and a microstructural solidification model were found to be applicable. For the case of the
thermal stress analysis the influence of gap closure, effect of initial stresses (geometric nonlinearity),
large voids and good performance of a microstructural model have been demonstrated.

Research limitations/implications – The model can also be applied to the simulation of indirect
castings. The final goal of the model is the ability to simulate the forming of the material after mould
filling and during the solidification of the material. This is possible to achieve by applying arbitrary
contact surfaces due to the sliding movement of the cast versus the punch and die.

Practical implications – The presented model can be used in engineering practice, as it
incorporates selected second-order effects which may influence the performance of the cast.

Originality/value – During the mould-filling procedure a quasi-static ALE approach has been applied
to SQC processes and found to be generally applicable. A microstructural solidification model was applied
which has been used for the thermal stress analysis only. During the thermal stress analysis the influence
of gap closure and initial stresses (geometric nonlinearity) has been demonstrated.

Keywords Couplers, Thermo-mechanical separation, Fluid dynamics, Solidification, Modelling,
Finite element analysis

Paper type Research paper

1. Introduction
The paper deals with the presentation of a squeeze casting model which is currently
being developed. The problem consists of two parts, namely, a mould filling simulation
and a thermal stress analysis. Common problems between the two stages involve the
thermal problem and solidification. The Navier-Stokes equations are used to
describe the flow problem and are solved by using the Galerkin finite element method.
The free surface tracking problem has been solved using a pseudo-concentration
function method. The advection equation is discretized using the Taylor-Galerkin
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method. During the solution of the thermal problem the enthalpy method was applied.
The thermomechanical problem has been treated as coupled and solved using a
staggered approach. Finally, some applications of a microstructural solidification
model have been presented. The microstructural model was used during the mould
filling and thermal stress analysis stages. The application of microstructural
solidification models allow us to better predict the material properties and in effect the
residual stress distribution. Some other aspects of concern, e.g. the influence of second
order effects such as initial stresses, voids, etc. have also been investigated. A
comprehensive overview of the squeeze casting process has been presented by
Ghomashchi and Vikhrov (2000). A description of thermomechanical problems has
also been given by Sluzalec (1992), Vaz and Owen (1996) and Kleiber (1993). The
Galerkin and Taylor-Galerkin methods have been described in detail by Taylor and
Hughes (1981), Zienkiewicz and Taylor (2000) and Donea and Huerta (2003). Methods
of solving such thermal problems, including phase transformation, are described by
Lewis et al. (1996) and Celentano (1994).

2. Thermal problem
2.1 Problem formulation
Let us consider the heat transfer equation of the form:

7ðk7TÞ þ q ¼ rcp
›T

›t
on V ð1Þ

where k is the thermal conductivity, 7T is the temperature gradient, q is the heat
source, r is the mass density and cp is the heat capacity. The equation is determined
over the body V and fulfils the following Dirichlet and Neumann boundary conditions,
respectively:

S1ðTÞ ¼ T 2 Tw ¼ 0 on ›V1 S2ðTÞ ¼ k
›T

›n

� �
þ hðT 2 TwÞ on ›V2 ð2Þ

where Tw is the temperature of the wall and ›T=›n is the heat flux normal to the
boundary ›V2. On applying the weighted residual method to equations (1) and (2) in
the form:

V

Z
wF dV ¼ 0 ð3Þ

we obtain:

V

Z
w 7ðk7TÞ þ q2 rcp

›T

›t

� �
dV ¼ 0;

V

Z
w 7ðk7TÞ þ q2 rcp

›T

›t

� �
dV ¼ 0; ð4Þ

and eventually we arrive at:

V

Z
w 7ðk7TÞ þ q2 rcp

›T

›t

� �
dVþ

X2

i¼1
›Vi

Z
wiSidð›ViÞ ¼ 0 ð5Þ

Integrating equation (5) and making use of Green’s theorem we obtain:
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V

Z
7wðk7TÞdV2

V

Z
wq dV2

V

Z
wrcp

›T

›t
dV2

›V1

Z
w1k

›T

›n
dð›VÞ

2

›V2

Z
w2 k

›T

›n
þ hðT 2 TwÞ

� �
dð›VÞ ¼ 0

ð6Þ

Since, the weighting functions, wi, are arbitrary we may choose a set of the
functions such that w2 ¼ w1 ¼ 2w which yields the following “weak” form of the
problem, i.e.

V

Z
7wk7T dV2

V

Z
wq dV2

V

Z
wrcp

›T

›t
dVþ

›V2

Z
whðT 2 TwÞdð›VÞ

2

›V1

Z
wk

›T

›n
dð›VÞ ¼ 0

ð7Þ

Assuming the approximation of the temperature field to be of the form T ¼ NTN;
where N is the shape function matrix and TN is the vector of nodal temperatures and
setting wi ¼ Ni (i.e. using the Galerkin method) we obtain the discretized form of
equation (7), i.e.

KTN þ C _TN ¼ _F ð8Þ

where K and C are the conductivity and heat capacity matrices, respectively, and F is
the thermal loading vector, i.e.

Kij ¼

V

Z
7Nik7NjdVþ

›V3

Z
NihNjdð›VÞ2

›V1

Z
Nik

›Nj

›n
dð›VÞ

Cij ¼

V

Z
NicprNj dV; Fi ¼

V

Z
Niq dVþ

›V3

Z
NihTwdð›VÞ

ð9Þ

Equation (9) can be solved using either implicit or explicit time marching schemes.
In the case of the mould filling analysis an explicit scheme was chosen while during
the thermal stress analysis an implicit integration rule was utilised, namely the
Crank-Nicholson scheme.

2.2 Enthalpy method
For the case of phase transformation, due to the existence of a strong discontinuity in
the dependence of heat capacity with respect to time, Figure 1(a), the enthalpy method
has been applied, as shown by Lewis et al. (1978, 1996). The essence of the enthalpy
method is the involvement of a new variable (enthalpy). This allows us to regularize
the sharp change in heat capacity, due to latent heat release, during the phase
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transformation and leads to a faster convergence. The enthalpy curves used in the
numerical examples are shown in Figure 1(b).

Introducing the new variable H, such that, dH=dT ¼ rcp and employing the finite
element approximation then equation (9) may be transformed into the following form:

KTN þ
dH

dT
_TN ¼ F ð10Þ

The definitions of the enthalpy variable for pure metals and alloys are given by
equation (11) as follows:

Figure 1.
Illustration of the enthalpy
method (a), enthalpy
curves used in the
examples (b)
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H ¼

R
cdT; T # TmR
cdT þ ð1 2 f sÞDhf ; T ¼ TmR
cdT þ Dhf ; T . Tm

8>><
>>:

H ¼

R
cdT; T # TsolR
cdT þ ð1 2 f sÞDhf ; Tsol # T # T liqR
cdT þ Dhf ; T . T liq

8>><
>>:

ð11Þ

The following averaging formula (Lewis et al., 1978) was used for the estimation of the
enthalpy variable, i.e.

ðrcpÞ ø
›H
›x

� �2
þ ›H

›y

� �2

þ ›H
›z

� �2

›T
›x

� �2
þ ›T

›y

� �2

þ ›T
›z

� �2

0
B@

1
CA

1=2

ð12Þ

The averaging scheme is valid for both mould filling and thermal stress analyses.

3. Mould filling
The metal displacement during the die closure process in squeeze casting is an
important process because many defects, such as air entrapment, slag inclusion, cold
shuts and cold laps may arise during this process. Modelling the metal displacement
requires an efficient approach in order to optimise an existent process or modify a new
design. The finite element method has been used successfully in modelling the mould
filling process of conventional castings (Usmani et al., 1992, 1993; Lewis et al., 1995,
1997). However, little work has been done on modelling the metal displacement in the
squeeze casting process except for the early work by Gethin et al. (1992), in which an
approximate method was employed to incorporate the effect of the metal displacement
in the solidification simulation for squeeze casting processes.

Free surface flow, in a continuously varying die cavity, results from the downward
punch movement which is a main feature of the squeeze casting die filling process. The
volume of fluid method and its variants are commonly used for the analysis of such free
surface problems (Hirt and Nichols, 1981). A scalar function, known as a
“pseudo-concentration” function, has been employed for locating the front on a fixed
mesh (Usmani et al., 1992, 1993; Lewis et al., 1995; Ravindran and Lewis, 1998). The flow
in the entire computational domain can be treated as a single-phase flow with time/space
dependent properties, and there is no need to prescribe any boundary condition on the
free surface. This fixed mesh approach is known as an Eulerian method. An alternative
for dealing with free surface problems is the Lagrangian approach, in which the mesh
moves with the fluid (Hirt and Cook, 1970). The Lagrangian method is particularly
suited to problems where the mesh does not experience significant distortion, but for
most flow problems, the motion of the mesh may lead to unacceptable element
entanglement and numerical instability. Hence, the mesh has to be regenerated
frequently (Malcevic and Ghattas, 2002). The arbitrary Lagrangian-Eulerian approach,
which allows the mesh to move arbitrarily, is a better approach for overcoming
excessive mesh distortion (Braess and Wriggers, 2000; Souli and Zolesio, 2001).
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In this paper, a quasi-static Eulerian finite element method is presented for
modelling the metal displacement in the squeeze casting process. The dynamic metal
displacement process is divided into a series of static processes, called subcycles, in
each of which the dieset configuration is considered as being in a static state, thus the
metal displacement is modelled by solving the Navier-Stokes equation on a fixed mesh.
For each subcycle, an individual mesh is created to accommodate the changed dieset
configuration due to the motion of the punch. Mesh-to-mesh data mapping is carried
out regularly between two adjacent subcycles. The metal front is tracked with the
pseudo-concentration method where a first order pure convection equation is solved by
using the Taylor-Galerkin method. An aluminium alloy casting was simulated and the
numerical results are discussed to assess the effectiveness of the numerical approach.

3.1 Fluid flow and free surface tracking
The flow of liquid metal may be assumed to be Newtonian and incompressible. The
governing Navier-Stokes equations, which represent the conservation of mass and
momentum, are given below in terms of the primitive flow variables, i.e. the velocity
vector u and pressure p:

7 ·u ¼ 0 ð13Þ

r
›u

›t
þ ðu ·7Þu

� �
¼ 7 ·m½7uþ ð7uÞT�2 7pþ rg ð14Þ

where r is the density, p is the pressure, m is the dynamic viscosity and g is the
gravitational acceleration vector. The free surface movement is governed by the
following first order pure advection equation:

›F

›t
þ ðu ·7ÞF ¼ 0 ð15Þ

where F is the pseudo-concentration function, which is defined as a continuous
function varying between 21 and 1 across the element lying on the free surface.

Equations (13) and (14) are discretized in space by the conventional Galerkin finite
element method. A “mixed” or “integrated” solution approach is adopted, in which the
velocity and pressure are computed simultaneously during each iteration. Six-node
triangular elements are used with velocity values assigned to all the six nodes, and
pressure unknowns considered only for the corner nodes. Equation (15) is discretized by
using the Taylor-Galerkin scheme to avoid oscillations which occur when a conventional
Galerkin finite element method is adopted. The pseudo-concentration function is
approximated by linear shape functions using three-node triangular elements. For this
purpose each of the six-node triangular elements used in the flow computation are divided
into four three-node sub-elements. An implicit-explicit coupling approach was employed
to model the metal flow and free surface evolution. The fluid flow is computed by a fully
implicit scheme with a larger time step (Dt). The metal front is tracked by an iterative
explicit scheme with a smaller time step (Dtexp) so that the front does not “jump” more than
one cell within any time step. Details of the finite element formulation and numerical
algorithm can be found in Ravindran and Lewis (1998) and Lewis and Ravindran (2000).

3.2 Modelling of metal displacement
The metal displacement in the die closure process of squeeze casting is a dynamic process
where the liquid metal is driven to flow by the continuously downward punch movement.
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As a result of the fluid flow, the metal front moves upward in the die cavity and in some
cases, where the die has secondary cavities, overspill may also take place. During the
process the whole die cavity, including filled and unfilled regions, becomes progressively
smaller as the molten metal is forced to frequently relocate in the varying die cavity until
the process is finished. Obviously, the metal displacement in the squeeze casting process is
very different from the mould filling of conventional casting processes.

As mentioned earlier, an Eulerian type approach has been employed in the present
study, which implies that the fluid flow and free surface are computed on a fixed finite
element mesh that is placed over the entire domain of the filled and unfilled regions.
In order to accommodate the variation of the die cavity, more than one mesh, generally
a set of meshes corresponding to different punch positions have to be generated to
cover the whole process of the die closure.

Accordingly, the dynamic process of metal displacement is divided into a series of static
processes, in each of which a fixed dieset configuration and its corresponding finite element
mesh are employed to model the fluid flow and free surface movement. The combination of
all the static processes is used to approximately represent the dynamic process. This is the
reason why the present method is termed a “quasi-static” approach. Here, each of the static
processes is referred to as a “subcycle” and any two adjacent subcycles are linked by
appropriate interpolation for velocity, pressure, and the pseudo-concentration function
from a previous mesh to subsequent meshes. This procedure is referred to as data mapping
in this paper. In addition, it is ensured that the total volume of the molten metal is conserved
providing that any volume change caused by cooling and solidification, is negligible.
Therefore, a global volume, or mass conservation, must be ensured during the simulation.

3.3 Punch movement simulation
The downward punch movement has two direct consequences. One of them is to change
the shape and size of the whole die cavity which can be accommodated by generating a
series of finite element meshes as mentioned earlier. The other is to force the molten metal
to flow into the die cavity. In the present work, a velocity boundary condition is imposed at
the interface between the punch and the liquid metal in order to simulate the effect of the
punch action, as shown in Figure 2. This is effectively the prescription of an inlet velocity
boundary condition in conventional mould filling simulations. However, this boundary
condition is different in respect of the “inlet”. In a conventional mould filling process, the
position and size of the inlet do not change at all. In contrast, in the squeeze casting process

Figure 2.
Schematic illustration of

modelling the metal flow
in squeeze casting process
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the punch/metal interface may vary with the movement of the metal front. This implies
that the punch/metal interface, where the velocity boundary condition needs to be
prescribed, depends upon the profile of the metal front, which is itself an unknown.
Therefore, an iterative solution procedure is employed, in which the status of each node on
the punch/metal boundaries is switched “on” or “off” dynamically by referring to its
pseudo-concentration function value. Whether the boundary velocity is prescribed
depends on the transient status of the nodes.

In practical squeeze casting processes, the punch may be designed to have an
arbitrary and generally irregular contour for producing castings, thus satisfying any
particular engineering requirements. Consequently, although the punch is actuated to
move, in most cases only in the vertical direction and normally with a constant speed,
the local impact of the punch on the liquid metal may vary along the contact interfaces.
Therefore, the particular direction of the boundary segments must be taken into
account in the prescription of the velocity boundary conditions.

3.4 Mesh to mesh data mapping
The mesh-to-mesh data mapping from a previous subcycle to the following one is
implemented based on three-noded triangular elements which are generated by
sub-dividing six-noded flow elements. As mentioned earlier, the values of velocity and
the pseudo-concentration function are assigned to all of the nodes, but the values of
pressure are solved only for the corner nodes of the six-node triangular elements. To
enable the three-node elements to be used for the data mapping, the pressure values for
the mid-side nodes of the flow element are calculated by using a linear interpolation. In
the data mapping process, a node-locating procedure, in which all of the new-mesh
nodes are located in the old mesh, is followed by a simple linear interpolation based on
three-node triangular elements.

3.5 Global mass conservation
The global mass conservation for the molten metal must be guaranteed in the
modelling. Based on the above description, the metal mass in the die cavity after the
data mapping is less than that at the initial moment. The initial metal mass can be used
as a criterion to judge whether it is appropriate to complete an ongoing subcycle and
commence a new subcycle. Initially, the total mass of the metal at the onset of the
process is calculated and is denoted by M0. In the computation for each subcycle, the
metal mass in the die cavity is monitored after each iterative loop. Once the correct
value of M0 has been attained, the ongoing subcycle is immediately ended and a new
subcycle commences.

3.6 Numerical simulation and results
A numerical simulation has been carried out for an aluminum alloy casting. The
computer code employed in the simulation is developed based on the mould filling part
of the integrated finite element package, MERLIN (Lewis, 1996), which has been tested
with benchmark problems for fluid flow (Lewis and Ravindran, 2000).

The initial and final dieset configurations for the casting are shown in Figure 3. As the
casting has an axisymmetric geometry, only half of the vertical section of the casting and
dieset configuration was considered in the numerical simulation. The outer diameter of
the casting is 620 mm, the height 155 mm, and the wall thickness 15-18 mm. The total
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displacement of the punch, from its immediate contact on the metal surface to the end of
the die closure process, is 58 mm which was divided into thirteen 4 mm displacement
increments and two final increments of 3 mm during the simulation. The moving speed
of the punch is 10 mm/s and the whole metal displacement process lasts 5.8 s. Some
typical meshes of the die cavity for different punch positions are shown in Figure 4.

Figure 5 shows the evolution of the metal profile in the die cavity. The numerical
results clearly simulate the process where the liquid metal is displaced in the
continuously changing die cavity as a result of the punch action. Figure 6 shows some
typical velocity distributions during the die filling process. It is shown that the metal
overspill into a secondary cavity can be depicted by the proposed numerical approach. In
addition, it can also be seen that, as the process continues, the velocity of the metal flow
increases significantly due to the fact that the die cavity space is reduced continuously
while the punch keeps on moving at a constant pace. Therefore, optimisation of the
punch speed could be an effective approach in improving the flow pattern.

A quasi-static Eulerian finite element method has been presented for modelling the
metal displacement in the squeeze casting process. An aluminum alloy casting was
modelled and the evolution of the metal profile in the die cavity, as well as the velocity
distribution within the melt, are revealed. The numerical approach adopted in this
paper has proved to be effective in modelling the squeeze casting process.

4. Mechanical problem
4.1 Equation of equilibrium
The mechanical model is treated as an elasto-viscoplastic system with the
assumption of large displacements (Owen and Hinton, 1980; Bathe, 1996).

Figure 3.
The initial (a) and final (b)

dieset configurations for
the casting
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The influence of initial stresses is enhanced by incorporating a geometrical
stiffness matrix.

The total potential energy of the system is of the form:

P ¼

Vo

Z
1

2
tþDt

o S · tþDt
oE dVo 2

Vo

Z tþDt

ftþDtu dVo 2

›Vt
s

Z tþDt

ttþDtu d ›Vt
s

� �
ð16Þ

where S and E are the II Piola-Kirchhof stress tensor and Green Lagrange strains,
respectively, f, t and u ¼ {u; v;w} are body forces, boundary tractions and
displacements. All the quantities are determined at time t þ Dt in the initial
configuration (o). Taking the variation of equation (16) we obtain the virtual work
equation as follows:

dP ¼

Vo

Z
tþDt

o S · dtþDt
o E dVo 2

Vo

Z tþDt

fd tþDtu dVo 2

›Vo
s

Z tþDt

td tþDtu d ›Vo
s

� �
ð17Þ

Exploiting the following relations (Malvern, 1969; Crisfield, 1991):

tþDt
o S ¼

r

ro

tþDt
t S; tþDt

o E ¼
r

ro

tþDt
t E; r dVt ¼ ro dVo ð18Þ

we transform the above virtual work equation, equation (17), to the configuration at
time t (in the spirit of the updated Lagrangian approach). The equation reads:

Figure 4.
The mesh of the die cavity
for different punch
positions: 0 mm (a),
20 mm (b), 40 mm (c)
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Figure 5.
The evolution of the metal

profile in the die cavity

Figure 6.
Typical velocity

distribution during the die
closure process: 20 mm (a),

40 mm (b), 52 mm (c)
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Vt

Z
tþDt

t S · dtþDt
t E dVt ¼

Vt

Z tþDt

td tþDtu dVt þ

›Vt
s

Z tþDt

td tþDtu d ›Vt
s

� �
ð19Þ

Now, the goal becomes one of obtaining the final form of the virtual work equation
before discretization takes place. To achieve this the following incremental
decomposition is employed:

tþDt
t E ¼ t

tEþ DE; tþDt
t S ¼ t

tSþ DS; tþDt u ¼tuþ Du; tþDt f ¼t fþ DS;

tþDtt ¼t tþ Dt

ð20Þ

along with the following relations for stress increments (ttt is the Cauchy stress tensor)
and the strain increment decomposition into its linear and nonlinear parts, i.e.

t
tS¼ t

tt;
tþDt

t S¼ t
ttþDS; DE¼DeþDh; De¼ADu; Dh¼

1

2
��AðDu0ÞDu0 ð21Þ

where Du0 is the vector of the displacement increment derivatives w.r.t. Cartesian
coordinates and ( �A; ��A) are the linear and nonlinear operators as follows:

�A ¼

›
›x

0 0

0 ›
›y

0

0 0 ›
›z

›
›y

›
›x

0

›
›z

0 ›
›x

0 ›
›z

›
›y

2
666666666666664

3
777777777777775

��A ¼

Du0x 0 0 Dv0x 0 0 Dw0x 0 0

0 Du0y 0 0 Dv0y 0 0 Dw0y 0

0 0 Du0z 0 0 Dv0z 0 0 Dw0z

Du0y Du0x 0 Dv0y Dv0x 0 Dw0y Dw0x 0

0 Du0z Du0y 0 Dv0z Dv0y 0 Dw0z Dw0y

Du0z 0 Du0x Dv0z 0 Dv0x Dw0z 0 Dw0x

2
66666666666664

3
77777777777775

ð22Þ

Substituting equations (18), (20), (21) into the virtual work equation, equation (19) we
arrive at:
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Vt

Z
t
tt · dhþ DS · dDe
� �

dVt ¼

Vt

Z tþDt

fd tþDtu dVt þ

›Vt
s

Z tþDt

td tþDtu d ›Vt
s

� �

2

Vt

Z
t
tt · dDe dVt ð23Þ

Equation (23) is solved iteratively, however, for brevity we assume that the equation is
fulfilled precisely at time t and as a result we obtain the following incremental form of
the virtual work equation:

Vt

Z
t
tt · dhþ DS · dDe
� �

dVt ¼

Vt

Z
DfdDu dVt þ

›Vt
s

Z
DtdDu d ›Vt

s

� �
ð24Þ

Employing the finite element approximation:

Du ¼ NDq; Du0 ¼ B0
LDq ð25Þ

where N is the set of shape functions, Dq is the increment of nodal displacements and
considering the following set of equalities, i.e.

t
tt

Tdh¼t
ttd

��A
� �

Du0 ¼ dðDu0ÞTt
t �tDu

0 ¼ dðDqÞTt
t �tB

0
L ð26Þ

where t
t �t is the Cauchy stress matrix:

t
t �t ¼

t
t _t

t
t _t

t
t _t

2
6664

3
7775 t

t _t ¼

t
tsxx

t
ttxy

t
ttxz

t
tsyy tyz

t
tszz

2
664

3
775 ð27Þ

we obtain the following discretized form of the virtual work equation:

Vt

Z
B0T

L
t
t �tB

0
L dVt

0
B@

1
CADqþ

Vt

Z
BT

LDS dVt ¼

Vt

Z
NTDf dVt þ

›Vt
s

Z
NTDt d ›Vt

s

� �
ð28Þ

Now, we will deal with the constitutive model and employ the linearized constitutive
equation of the form:

DS ¼ DðD12 D1 vp 2 D1TÞ ð29Þ

The viscoplastic strain increment (Perzyna, 1971), starting from the viscoplastic strain
rate evaluation, is calculated as follows:

1 vp ¼ g , wðFÞ .
›Q

›S
; wðFÞh i ¼

0 F # 0

wðFÞ F . 0

(
ð30Þ
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where F and Q are the yield and plastic potential functions, g is the fluidity parameter
and w is a function defined in the McAuley brackets. When F ¼ Q the plasticity model
becomes associative which is the form assumed here. Taking into account a
generalized trapezoidal integration rule over time we obtain:

D1vp ¼ Dtbð1 2 uÞ _1vp;n þ u _1vp;nþ1c ð31Þ

On applying a Taylor series expansion to calculate the viscoplastic strain rate at time
n þ 1, we obtain:

_1vp;nþ1 ¼ _1vp;n þ
› _1vp

›S

� �n

DSn ð32Þ

Stepping further, the viscoplastic strain increment takes the form:

D1vp ¼ _1vp;nDt þ CnDSn; Cn ¼ uDt
› _1vp

›S

� �n

ð33Þ

on employing the finite element discretization to the strain increment, such that
D1 ¼ BLDq and substituting equation (33) into equation (29), we arrive at:

DS ¼ �DðBLDq2 _1vpDt 2 aDTÞ ð34Þ

where Ď is the the matrix of the form: �D ¼ ðIþDCÞ21D, a is the vector of thermal
expansion coefficients and DT is the increment of temperature.

Substituting the constitutive equation into the discretized virtual work equation we
obtain:

Vt

Z
B0

L
t
t �tB

0
L dVt

0
B@

1
CADqþ

V

Z
BT

L
�DB dV

0
B@

1
CADq ¼ Dfþ Dtþ

V

Z
B �D _1vpDt dV

þ

V

Z
�DaDT dV

ð35Þ

Equation (35) is finally solved using the Newton Raphson method.

4.2 Interfacial heat transfer coefficient
In our case the interfacial heat transfer coefficient is used for establishing the
interface thermal properties of the layer between the mould and the casting. The inclusion
of this effect is critical in solidification processes because of the pressure and airgap effects.

The interfacial heat transfer coefficient depends on the air conductivity (kair), thermal
properties of the interfacing materials and the magnitude of the gap (g). The formula
given by Lewis and Ransing (1998, 2000) is adopted: h ¼ kair=ðg þ kair=hoÞ:

The value of ho, an initial heat transfer coefficient, should be obtained from
experiment and reflects the influence of the type of interface materials where coatings
may be applied. Additionally, from a numerical point of view, this allows us to
regularize the dependence of the resulting interfacial heat transfer coefficient on the
gap magnitude. This dependence is also a source of coupling between the thermal and
mechanical equations.
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4.3 Contact between casting and mould
The basic assumption is that the whole casting is in perfect contact with the mould at the
beginning of the thermal stress analysis. The assumption is justified by the fact that
the thermal stress analysis starts after the commencement of solidification. Because of
the assumption of small deformations theory we may consider that “node to node”
contact occurs. The penalty formulation is used which is briefly described as follows.

Considering the potential energy of an augmented mechanical system where, except
for the standard stiffness matrix (linear or nonlinear) K and forces F, there exists a
system of constraints represented by the stiffness l. The constraints act between the
contacting bodies.

Calculating the potential energy of the system and then minimizing the energy we
arrive at an augmented system of equations by taking into account contact
interactions, i.e.

P ¼
1

2
qTKq2 qTFþ

1

2
gTlg K0q ¼ F0 ð36Þ

The term g is a vector representing the penetration of contacting nodes into the contact
surface, K0 and F0 are the augmented stiffness matrix and equivalent force vector,
respectively. In the case of non-existence of any contact the distance between the nodes
is calculated and in consequence the value is transferred to the thermal module where
the interfacial heat transfer coefficient is then calculated.

The penalty number is an input data. In our implementation the possibility of keeping
an assumed stiffness is maintained even in the absence of contact between the nodes
under consideration. This is due to the fact that for the case of a relatively sudden
extensive gap formation some convergence problems may arise and the additional
stiffness may accelerate the solution without any significant lost of precision.

4.4 Coupling strategy
A staggered scheme was adopted for the two field problems (thermal and mechanical),
as presented by Felippa and Park (1980) and Vaz and Owen (1996). The general scheme
for this type of problem is shown in Figure 7. The solution is obtained by sequential
execution of two modules (thermal and mechanical).

In the examples analysed, the temperature field is passed to the mechanical module
thus affecting the loading, constitutive parameters and the contact conditions. The
air-gap, based on the calculated displacement field and actual contact conditions, is
transferred from the mechanical to the thermal module.

Figure 7.
Coupling strategy
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4.5 Cylinder
In order to demonstrate the influence of the applied pressure on the solidification
process a cylindrical sample was investigated. The diameter of the mould is 0.084 m,
the diameter of the casting is 0.034 m, the height of the casting is 0.075 m and the height
of the mould is 0.095 m, respectively.

The sample was discretized with 9,140 isoparametric linear bricks and 10,024 nodes.
The finite element mesh for half the cylinder (even though the whole cylinder was
analysed) is shown in Figure 8(a). The following thermal boundary and initial
conditions were assumed: a constant temperature of 208C on the outer surface of the

Figure 8.
Discretized mould and
cast (a), temperature
variation close to the
bottom of the cast;
squeezed and
free casting (b)
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mould, 2008C on the top of the casting, 7008C being the initial temperature of the
casting and 2008C the initial temperature of the mould, respectively. The mould is fixed
rigidly to the foundation. The die is made of steel H13 with the properties: Young
modulus 0:25 £ 1012 N=m2; Poisson’s ratio 0.3, density 7,721 kg/m3, yield stress 0:55 £
1010 N=m2; thermal exp. coeff. 0:12 £ 1025 and the material properties of the casting
(aluminium alloy, LM25): Young modulus 0:71 £ 1011 N=m2; Poisson’s ratio 0.3,
density 2,520 kg/m3, yield stress 0:15 £ 109 N=m2; fluidity parameter 0:1 £ 1022;
thermal exp. coeff. 0:21 £ 1024; contraction 0:3 £ 10212; T liq ¼ 612 C; Tsol ¼ 532 C:

The effect of pressure when applied to the top of the casting is shown in Figure 8(b)
and 9. It may be seen that the temperature close to the bottom is lower for the squeezed
part than for the casting without external pressure (Figure 8(b)). This is due to the gap
closure and subsequent higher interfacial heat transfer coefficient. When comparing
the displacement patterns for both cases it is seen that the displacements for the
squeezed workpiece are the smallest at the bottom where the gap has closed (Figure 9(c)
and (d)). This result implies a higher cooling rate and in consequence faster
solidification, the solidified region being larger for the squeezed part (Figure 9(a)) than
for the free one (Figure 9(b)).

4.6 Aluminium part – influence of large displacements and initial stresses
An aluminium component was also analysed having overall dimensions of 0:47 £
0:175 £ 0:11 m: The component was discretized with 2,520 linear bricks and 3,132
nodes. The thermal boundary and initial conditions were assumed to be the same as for
the previous case. The mould is fixed rigidly to the foundation and the pressure is
applied to the top of the casting. The material data set is identical to the previously
analysed example.

The process is simulated over the first 30 s of the cooling cycle. Results concerning
three different cases are shown in Figures 10(a)-(b) and 11. We focus our attention on
the solidification patterns. If we assume small displacements it is observed that the
effect of pressure is significant, namely, the solidification is much more advanced when
applying pressure than for the case of a free casting (Figure 10(a) and (b)). If the
influence of nonlinear geometry is included (Figure 11), then the solidification appears
to be less advanced than for the case where this effect is ignored (Figure 10(a)).
However, the solidification is still more advanced for the case of squeeze forming than
for the same component without the influence of an applied external pressure.

4.7 Effect of void
The next example concerns the effect of a void which could appear in a cylindrical
casting part. This void could have been created during the mould filling stage. The
mould and casting are discretized using 24,072 nodes and 21,232 elements and only a
half of the mould is shown in Figure 12.

Two cases are considered, namely, the case of an ideal casting and an imperfect
one (with the void). The solidification pattern for the casting with the void at a time
110 s is shown in Figure 12(b), where the void is located in the lower right corner of the
casting. The solidification pattern may be seen to be unsymmetric. The solidification
pattern for the ideal case is not presented since the casting has already solidified. The
Mises stress patterns in the casting and the die are shown in Figures 13 and 14,
respectively.
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Figure 9.
Solidification (a, b) and
displacement (c, d) patterns
(squeeze casting – (a, c), no
external pressure – (b, d)
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Figure 9.
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Figure 10.
No external pressure (a),
squeeze casting, small
displacements (b)
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On comparing the ideal and imperfect system it can be seen that the Mises stress
patterns are unsymmetric for the imperfect system and also stress concentrations
appear in the bottom of the die.

5. Microstructural solidification model
During the entire process of forming a casting component solidification gradually
occurs. A microstructure based solidification model has been employed which results
in a better understanding of the process. The model stems from the assumptions given
by Thevoz et al. (1989) and Celentano (2002). The basic assumptions are as follows: the
sum of the solid and liquid fractions is equal to one and the solid fraction consists of
both dendritic and eutectic fractions, i.e.

f l þ f s ¼ 1; f s ¼ f d þ f e ð37Þ

Further assumptions are utilised because of the existence of interdendritic
and intergranular eutectic fractions. The indices (d, e) denote the dendritic and
eutectic fractions. The internal fraction consists of both the dendritic and eutectic
portions, i.e.

f s ¼ f dgf i þ f eg; f i ¼ f di þ f ei ð38Þ

The last assumptions lead to the final formulae for the dendritic and eutectic fractions
(a spherical growth is assumed):

f d ¼ f dgf
d
i ; f e ¼ f dgf

e
i þ f eg; f eg ¼

4

3
PNdR

3
d; f ei ¼

4

3
PNeR

3
e ð39Þ

where Nd, Ne are the grain densities and Rd, Re are the grain radii. The grain densities
and grains sizes are governed by nucleation and growth evolution laws. The rate of
growth of the dendritic and eutectic nuclei is given below. This depends on the
undercooling DTN ðd;eÞ and a Gaussian distribution DTsðd;eÞ of the nuclei is assumed.

Figure 11.
Squeeze casting (large

displacements)
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Figure 12.
Mould (a) and
solidification pattern (b),
110 s
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Figure 13.
Mises stress distribution

in the cast: imperfect
system (a), ideal (b)
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Figure 14.
Mises stress distribution
in the mould: imperfect
system (a), ideal (b)
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_Nðd;eÞ ¼ Nmaxðd;eÞ
1

2P
exp 2

DT 2 DTN ðd;eÞ

2DTsðd;eÞ

� �
2 _T
� �

; DT ðd;eÞ ¼ Tðd;eÞ 2 T ð40Þ

The McAuley brackets indicate the irreversibility of the process. Nmaxðd;eÞ are the grain
densities under complete saturation condition.

The rates of the dendritic and eutectic grain radii is established based on
experimental dependence. Finally, the internal dendritic fraction depends on the
melting temperature and k0 is the partition coefficient.

_Rðd;eÞ ¼ f Rðd;eÞ; f di ¼ 1 2
Tm 2 T

Tm 2 Tl

� � 1
k021

ð41Þ

Two numerical examples concerning mould filling and thermal stress analysis are
provided.

5.1 Mould filling (microstructural solidification)
A simulation was carried out of the mould filling of an aluminium part (valve),
employing the above solidification model. The material of the mould is steel H13 and
the casting is aluminium LM25. The initial temperature of the casting is 6508C and the
die 2008C. The heat capacity and conductivity values are functions of temperature and
the radii rates (eutectic and dendritic) are functions of undercooling and are shown in
Figure 15.

The casting and mould are modelled using 4,917 ten-node elements and 10,422
nodes. The meshes of the mould and casting are shown in Figure 16. The process of

Figure 15.
Material properties

(a, b, d, c): heat capacity
and conductivity vs

temperature, eutectic and
dendritic radius rates vs

undercooling
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Figure 16.
Finite element mesh of the
die (a) and the cast (b)
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mould filling is followed until the cavity is almost filled (95 s) and is shown in Figure 17
(distribution of the pseudo-concentration function). The left, lower branch of the mould
is still unfilled at this time. The temperature distribution and velocity field are shown
in Figure 18.

The distribution of the main microstructural variables, namely, distributions of the
liquidus, dendritic and eutectic fractions are shown in Figure 19. It may be seen that the
dendritic fraction is concentrated in the thinner part of the section (inlet and lower part
of the valve) while the eutectic fraction is concentrated in the main body of the
component.

5.2 Thermal stress (microstructural solidification)
An example of the solidification and thermal stress analysis of a wheel is presented.
The die and cast are discretized with 25,108 isoparametric bricks and 22,909 nodes.
The discretization scheme is shown in Figure 20. The material of the casting is
aluminium LM25 and the material of the mould is steel H13.

The temperature distribution is shown in Figure 21. The distribution of the main
microstructural solidification model internal variables (i.e. liquidus, dendritic fraction,
eutectic fraction) is shown in Figure 22(a)-(c). The distribution of the eutectic and
dendritic fractions is similar and almost uniform. The Mises stress distribution is
shown in Figure 22(d).

The application of the microstructural model should allow a better prediction of the
thermal stress distribution. The solidification already takes place in the filling phase of
the process. However, this problem is highlighted in the paper and will be a topic for
future research.

Figure 17.
Pseudo-concentration

function distribution, 95 s
of the process
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Figure 18.
Temperature distribution
(a), velocity field (b), 95 s
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Figure 19.
Liquidus distribution (a),

dendritic fraction
distribution (b), eutectic

fraction (c)
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6. Closure
A mathematical model of the squeeze casting process has been presented. The
effectiveness of the developed FE programs has been demonstrated by means of
various numerical examples. It may be seen that the model is capable of analysing the
complex phenomena of filling, solidification and stress development during the
squeeze forming process.

Figure 20.
Wheel, finite element mesh
of die (a) and cast (b)

Figure 21.
Temperature distribution
in the cast at time 26 s
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Figure 22.
Distribution of liquidus

(a), dendritic fraction (b),
eutectic fraction (c) and

Mises stresses at time 26 s
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Figure 22.
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