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Towards temperature-induced topological phase transition in SnTe: A first-principles study
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The temperature renormalization of the bulk band structure of a topological crystalline insulator, SnTe,
is calculated using first-principles methods. We explicitly include the effect of thermal-expansion-induced
modification of electronic states and their band inversion on electron-phonon interaction. We show that the direct
gap decreases with temperature, as both thermal expansion and electron-phonon interaction drive SnTe towards
the phase transition to a topologically trivial phase as temperature increases. The band gap renormalization due to
electron-phonon interaction exhibits a nonlinear dependence on temperature as the material approaches the phase
transition, while the lifetimes of the conduction band states near the band edge show a nonmonotonic behavior
with temperature. These effects should have important implications on bulk electronic and thermoelectric
transport in SnTe and other topological insulators.
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I. INTRODUCTION

SnTe [1] and its substitutional alloys (Pb1−xSnxTe [2] and
Pb1−xSnxSe [3]) belong to a particular class of topological
materials known as topological crystalline insulators (TCI)
[4]. Unlike the related trivial semiconductors PbTe and GeTe,
SnTe has inverted valence and conduction bands at four
equivalent L points in the first Brillouin zone. This leads to an
even number of Dirac-like conducting states on (001), (110),
or (111) surfaces that are protected by mirror symmetry [4].
In contrast, Z2 topological insulators have an odd number
of Dirac surface states protected by time-reversal symmetry
[5–7]. SnTe-based alloys can undergo a phase transition be-
tween the TCI and normal insulator (NI) phases by varying
pressure [8,9], temperature [3,10,11], or alloy composition
[2,11–13]. The topological phase transition occurs when the
band gap closes and the band inversion between valence
and conduction bands disappears. The gap vanishes only
at the transition temperature and the material is semicon-
ducting on either side of the transition. Temperature-driven
topological phase transitions may be especially important for
devices based on these materials. Recent angle-resolved pho-
toemission spectroscopy and magneto-optical Landau level
spectroscopy measurements have shown that such a transi-
tion between TCI and NI phases can indeed be realized in
Pb1−xSnxSe [3,10,11].

A potential thermally induced topological phase transition
in SnTe [14] may significantly affect its thermoelectric trans-
port properties. SnTe is an emerging thermoelectric material
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that reaches a maximal thermoelectric figure of merit between
0.6 and 1.4 at intermediate temperatures (600–1000 K) at
relatively high intrinsic hole concentrations (∼1020 cm−3)
[15–22]. The values of the band gap and effective masses
and the strength of electron-phonon coupling could change
considerably near the topological phase transition, thus mod-
ifying the transport properties, as demonstrated recently for
PbSe under external pressure [23]. A recent first-principles
study of thermoelectric transport in p-type SnTe argued that
its almost linear bulk band dispersion could lead to a large
enhancement of the Seebeck coefficient in nanostructures
via energy filtering [24]. However, the temperature-induced
changes of the electronic states in SnTe and their effect on the
electronic lifetimes and transport have not been investigated,
even though they could be more dramatic than in related NIs
PbTe [25] and SnSe [26].

Temperature-induced topological phase transitions in other
material systems have been predicted from first principles
[27–30] and model Hamiltonians [31,32]. First-principles ap-
proaches commonly use the standard Allen-Heine-Cardona
(AHC) formalism [33–35], in which the lattice thermal ex-
pansion and electron-phonon contributions to the band renor-
malization are treated independently. The AHC approach
describes correctly the band gap changes with temperature in
many materials with trivial topology [36–39]. However, this
theory does not capture the influence of variations of elec-
tronic states with temperature on electron-phonon interaction,
which may be important in materials with band inversion.
Indeed, it has been shown recently that the renormalized elec-
tron energies computed using the AHC method in topological
materials exhibit unphysical features, e.g., the valence and
conduction bands remain parabolic even when the gap closes
[30]. Taking into account the thermal changes of electronic
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states is therefore necessary for an accurate description of
electron-phonon interaction and the resulting band renormal-
ization in topological insulators.

In this paper, we explicitly account for changes of the
electronic states due to thermal expansion in calculating the
temperature dependence of the band structure and electron-
phonon interaction in SnTe. We show that temperature
drives SnTe towards the phase transition from the TCI to
NI phase, due to both thermal expansion and electron-
phonon interaction. However, the topological phase transi-
tion does not occur before the melting temperature of SnTe
(∼1000 K [1]) is reached. We find that the band gap satu-
rates with temperature, which cannot be captured using the
AHC formalism. Moreover, we predict a remarkable non-
monotonic temperature dependence of the lifetimes of the
conduction states near the band edge as the gap decreases.
Our findings open new avenues for accurate predictions
and manipulation of bulk transport properties of topological
materials.

II. METHODOLOGY

We compute the ground-state bulk electronic band struc-
ture of SnTe using density functional theory (DFT) [40],
and then calculate the quasiparticle band structure renor-
malized by electron-electron and electron-phonon interac-
tion, henceforth EEI and EPI, respectively. We consider the
high-temperature rocksalt structure of SnTe, which gives
rise to the topological crystalline phase [4]. We note that
SnTe can undergo a ferroelectric structural phase transi-
tion below 100 K, depending on the doping concentra-
tion [41–45]. Spin-orbit interaction is included in all our
calculations.

A. Ground state and GW electronic bands

DFT ground-state simulations are carried out with the
QUANTUM ESPRESSO suite [46,47], using the Perdew-Burke-
Ernzerhof (PBE) parametrization of the generalized gradient
approximation (GGA) [48] for the exchange and correlation
functional. We use fully relativistic and fully nonlocal two-
projector norm-conserving pseudopotentials from the PSEU-
DODOJO data base [49], generated with the Optimized Norm-
Conserving Vanderbilt Pseudopotential (ONCVPSP) code [50].
All pseudopotentials include a full semicore shell. Wave func-
tions are expanded in a basis of plane waves with a cutoff en-
ergy of 100 Ry. Brillouin zone sampling is carried out using a
Monkhorst-Pack mesh [51] of 12 × 12 × 12 reciprocal space
k points.

Electron-electron renormalization of the bulk band struc-
ture of SnTe is calculated using the G0W0 approximation [52].
The G0W0 corrections are computed using the YAMBO code
[53], on a 16 × 16 × 16 k-point grid in the Brillouin zone. A
cutoff energy of 30 Ry for the reciprocal lattice G vectors is
used for the calculation of the exchange self-energy. The cor-
relation part of the self-energy is obtained summing over 100
bands (out of which 46 bands are occupied), and screening is
calculated within the plasmon-pole approximation using 120
bands.

B. Temperature renormalization of electronic states

To compute the effect of thermal expansion on the elec-
tronic structure of SnTe, we perform DFT electronic band
calculations for the lattice parameters at different temper-
atures. We obtain the linear thermal expansion coefficient
of SnTe by calculating its bulk modulus, the heat capacity
and Grüneisen parameters for the phonon modes in the en-
tire Brillouin zone [39,54,55]. Our computed thermal expan-
sion coefficient agrees very well with the reported measure-
ments between 0 and 300 K [56] (see Supplemental Mate-
rial [57]). Using the experimental lattice constant at 300 K
(6.327 Å [56,58]) and the calculated thermal expansion coef-
ficient, we can obtain the lattice constant at any temperature
[39,54] (see Supplemental Material [57]), as well as the
corresponding electronic band structure.

We obtain the electronic band shifts due to electron-phonon
interaction at a certain temperature using the DFT band struc-
ture that corresponds to the thermally expanded lattice at that
temperature. As a result, the influence of thermal-expansion-
induced band structure changes on electron-phonon interac-
tion is included in our approach. We calculate the Fan-Migdal
electron-phonon self-energy given as [59–61]

�FM
nk (εnk, T ) =

∑
n′qλ

∣∣gqλ

nn′k

∣∣2

Nq
×

[
nqλ(T ) + 1 − fn′k+q(T )

εnk − εn′k+q − ωqλ + iδ

+ nqλ(T ) + fn′k+q(T )

εnk − εn′k+q + ωqλ + iδ

]
, (1)

where εnk denotes the energy of the electronic state with the
band index n and crystal momentum k, and ωqλ stands for the
phonon frequency with the branch index λ and wave vector q.
fn′k+q(T ) and nqλ(T ) are the Fermi-Dirac and Bose-Einstein
distribution functions at temperature T , respectively. Nq is the
total number of q vectors used for the integration, and δ is a
broadening parameter. gqλ

nn′k is the first-order electron-phonon
matrix element quantifying the probability amplitude for an
electron in an initial state nk to be scattered to a final state
nk + q by emitting or absorbing a phonon qλ [59,61]:

gqλ

nn′k = 〈
un′k+q

∣∣∂vKS
qλ

∣∣unk
〉
uc. (2)

|unk〉 denotes the lattice-periodic part of the wave function for
the state |nk〉, and the integral above is evaluated over the unit
cell. ∂vKS

qλ represents the variation of the Kohn-Sham potential
due to the atomic displacements corresponding to the phonon
mode qλ [61]:

∂vKS
qλ =

√
h̄

2ωqλ

∑
κα

√
1

Mκ

eλ
κα (q)∂κα,qv

KS, (3)

where h̄ is the reduced Planck constant, and eλ
κα is the αth

Cartesian component of the phonon eigenvector for an atom
κ with mass Mκ . ∂κα,qv

KS is the lattice-periodic part of the
perturbed Kohn-Sham potential expanded to first order in the
atomic displacement [61].

The electron-phonon matrix elements gqλ

nn′k are calculated
using density functional perturbation theory (DFPT) as imple-
mented in QUANTUM ESPRESSO [46,47], using the GGA-PBE
functional, 8 × 8 × 8 k and q grids, and a cutoff energy of
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100 Ry. We then use the real-space Wannier functions ap-
proach [61,62] and the EPW code [63] to interpolate these
matrix elements on finer 100 × 100 × 100 q grids for the
electronic states along the W-L-
 path, employing 18 Wannier
orbitals for interpolation. The electron-phonon self-energy in
Eq. (1) is calculated non-self-consistently. Gaussian broad-
ening is used to compute the imaginary part of electron-
phonon self-energy (linewidth). The broadening parameter
δ of 25 meV gives converged values of real and imaginary
parts of self-energy, and is used in all our calculations. To
approximately account for the Debye-Waller shift of the real
part of self-energy, the EPW code enforces a sum rule to
conserve the number of electrons: �′

nk(ω, T ) = �nk(ω, T ) −
Re�nk(ω = εF , T ). Re�nk(ω, T ) is the real part of the Fan-
Migdal self-energy and εF is the Fermi level. The sum rule
thus requires that the total real part of the self-energy vanishes
at the Fermi level, here taken to be in the middle of the gap.

We note that our computed transverse optical (TO) phonon
frequencies decrease with increasing lattice volume due to
thermal expansion, and become imaginary for the lattice
constants above 550 K. Other phonon modes are not very
sensitive to volume. Soft TO phonons are indicative of the
ferroelectric phase transition in SnTe, and a similar volume
dependence of its TO frequencies to that reported here has
already been obtained in DFT calculations [64]. However, it
has been experimentally observed that the TO mode frequency
increases with temperature in the high-temperature phase
[41,45], due to strong anharmonicity that is not taken into
account in our calculations [64]. To partially overcome this
issue, we use the phonon energies and eigenvectors calculated
for the experimental volume at 300 K to obtain the electron-
phonon self-energy at all temperatures above 300 K. Such
phonon dispersion is in very good agreement with inelastic
neutron scattering [41,65] and inelastic x-ray scattering ex-
periments [45] between 100 and 300 K (see Supplemental
Material [57]).

III. RESULTS

A. Ground state and G0W0 electronic band structure

We first evaluate whether our DFT calculations give a
reasonably accurate representation of the electronic band
structure of SnTe. Figure 1 shows the comparison between
the band structure obtained with DFT and the G0W0 ap-
proximation using the computed lattice constant at 0 K
(6.295 Å). The overall agreement between the DFT and
G0W0 band structures is good. Most importantly, the band
ordering at L does not change when EEI is taken into account.
The inclusion of electron-electron interaction in the G0W0

approximation leads to an increase of the fundamental gap
from 0.20 to 0.216 eV, while the direct gap at L varies from
0.275 to 0.353 eV. These results show that EEI favors the
TCI phase. EEI does not change the band curvature much
near the valence band maximum at L and the conduction
band minimum near L. Both DFT and G0W0 calculations
give band gaps and effective masses in reasonable agreement
with experiments (see Supplemental Material [57]). Since the
important features of the electronic band structure of SnTe
are well captured using DFT, we will use it to calculate the
temperature renormalization of the electronic band structure.

FIG. 1. Electronic band structure of SnTe obtained using density
functional theory (DFT) within the generalized gradient approxi-
mation (solid black lines) and the many-body G0W0 approximation
(dash-dotted red lines) for the lattice constant at 0 K (6.295 Å). The
energy of the valence band maximum at L is set to 0 eV.

To confirm that the electronic band structure of SnTe
indeed exhibits band inversion, we show the projections of the
DFT band states for the 0-K lattice constant onto the Sn and
Te p-orbitals in Figs. 2(a) and 2(b), respectively. Far enough
from the L points, the conduction band states mostly have the
character of the Sn p-orbitals, while their character changes to
that of the Te p-orbitals near L. The valence band states show
the opposite trend. As a result, the conduction band states
close to L and the valence band states away from L have the
character of the Te p-orbitals, while the valence band states
near L and the conduction band states away from L have the
character of the Sn p-orbitals. Consequently, the ordering of
the conduction and valence band states in the vicinity of the
four L points is inverted, which is characteristic of the TCI
phase. In SnTe, the states near L with the dominant character
of the Te p-orbitals are strongly repelled upward by the low-
lying states with the character of the Sn-s orbitals [66]. This
effect pushes the Te-p states above the Sn-p states near L and
causes the band inversion [9]. At the L points, the valence and
conduction band states correspond to the representations L6−
and L6+, respectively [67].

B. Effect of thermal expansion on the electronic band structure

The temperature dependence of the electronic states in
SnTe arising from thermal expansion alone, without electron-
phonon contributions, is illustrated in Fig. 3. We show the
DFT electronic band structure computed for the lattice con-
stants at 0, 300, and 900 K. Thermal expansion decreases the
direct gap in SnTe, and makes the valence band dispersion
more linear and Dirac-like with increasing temperature. The
conduction band dispersion is very nonparabolic at 0 K,
with three extrema around L and the minimum located away
from L (“Mexican-hat”-like). With thermal expansion, the
conduction band dispersion becomes more parabolic, i.e., it
evolves towards the dispersion with a single minimum at L.
Eventually, the conduction band becomes more linear for the
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FIG. 2. Electronic band structure of SnTe calculated using density functional theory. The energies in (a) and (b) are for the lattice constant
at T = 0 K and those in (c) and (d) are for T = 900 K. The color scale in (a) and (c) represents the projection onto the Sn p-orbitals and in
(b) and (d) the projection onto the Te p-orbitals. The fractions of the L-W and L-
 lines shown are 1/4 and 1/4, respectively. The energy of
the valence band maximum at L is set to 0 eV.

lattice constants corresponding to temperatures larger than
900 K. These band structure features suggest that thermal
expansion in SnTe tends to promote the normal insulating
phase, without band inversion. This behavior is consistent
with our previous results for the temperature dependence of
the direct gap in PbTe [39]. PbTe does not have band inversion
and thermal expansion increases its direct band gap at L. Since
the order of the valence and conduction bands in SnTe is
inverted with respect to PbTe, the band gap of SnTe decreases
with increasing thermal expansion.
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FIG. 3. Electronic band structure of SnTe calculated using den-
sity functional theory for the lattice constants at 0, 300, and 900 K.
The energy of the valence band maximum at L is fixed at 0 eV.

Next we analyze in more detail how the band inversion
near the L points of SnTe is affected by thermal expansion.
Figure 2 shows the projections of the DFT band states onto
the Sn and Te p-orbitals for the lattice constants at 0 K (top
panels) and 900 K (bottom panels). All the plots are given in
the same scales. The size of the region in k space in which
the band inversion occurs decreases with thermal expansion.
The reduction of the band inversion region is more prominent
for the lattice constants above 900 K. These results confirm
that thermal expansion drives SnTe closer to the topological
phase transition. This effect is the consequence of the weaker
repulsion between the Te-p and Sn-s states near L with the in-
creasing bond length due to thermal expansion [66], resulting
in smaller direct band gaps close to L and larger direct band
gaps away from L.

We also compute the renormalization of the direct gap at
L due to electron-electron interaction, while accounting for
thermal expansion. We focus on the high temperature range
(300–900 K) where SnTe is a TCI. The calculated DFT and
G0W0 direct gap values for the lattice constants at different
temperatures are given by open circles and squares, respec-
tively, in Fig. 4. Both DFT and G0W0 predict the band gap
reduction with increasing lattice expansion (or temperature).
The G0W0 quasiparticle gap roughly corresponds to a rigid
shift of the DFT gap by ∼0.1 eV for any lattice constant value,
thus increasing the size of the gap and preserving the TCI
phase compared to DFT.

C. Variation of the electronic band structure with temperature

Now we investigate how electron-phonon interaction
renormalizes the direct band gap. Electron-phonon
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FIG. 4. The direct band gap of SnTe at L as a function of
temperature. Black and blue circles correspond to density func-
tional theory (DFT) and G0W0 values, respectively. Open circles
(squares) illustrate DFT (G0W0) results including thermal expansion
(TE) only, while full circles (squares) represent DFT (G0W0) band
gaps renormalized by both thermal expansion and electron-phonon
interaction (EPI). The error bars are determined by the sum of the
linewidths of the conduction and valence band states at L due to
electron-phonon interaction.

self-energy is calculated using the DFT band structure
accounting for thermal expansion. Full circles and squares
in Fig. 4 show how the DFT and G0W0 band gaps vary
with temperature due to both thermal expansion and
electron-phonon interaction. The error bars in Fig. 4 represent
the uncertainty in the band gap values caused by EPI (which
we will refer to as broadening), calculated as the sum of the
linewidths (i.e., the imaginary parts of the electron-phonon
self-energy) of the conduction and valence band states at
L at each temperature. We can see that electron-phonon
interaction reduces the band gap and brings SnTe closer to the
phase transition to a NI phase with increasing temperature.
This trend is opposite in topologically trivial PbTe, where
electron-phonon interaction increases the gap as temperature
rises [39].

The decrease of the direct band gap at L with temperature
due to electron-phonon interaction is a direct consequence
of the band inversion in SnTe. An electronic state is shifted
downward (upward) due to coupling with another state of
higher (lower) energy via phonons; see Eq. (1). Since the band
gap of SnTe is located near the four L points, the electron-
phonon interaction is determined by the phonons whose wave
vectors are close to the 
 and X points. Due to the inversion
center symmetry in SnTe, these phonons possess odd sym-
metry and couple electronic states with different parity [68].
Away from the L points, the conduction and valence band
states mostly have the character of the Sn and Te p-orbitals, re-
spectively, while their character is inverted near L. Therefore,
the conduction band states near L are repelled downward due
to the coupling with the conduction band states away from L,
and upward due to the coupling with the valence band states
close to L. The former effect is stronger as a result of the
larger density of states and the smaller energy difference in

the denominator of Eq. (1), leading to a downward repulsion
of the conduction band states near L. Similarly, the valence
band states close to L are repelled upward, thus decreasing the
direct band gap values near L with temperature due to EPI.

Our results show that both thermal expansion and electron-
phonon interaction favor the temperature driven phase transi-
tion from the TCI to NI phase, in contrast to electron-electron
interaction. All three effects give comparable contributions to
the direct gap renormalization (see Fig. 4), which result in
the negative temperature coefficient of the direct gap in SnTe.
However, we predict that the band gap does not close up to
900 K. Since the melting temperature of SnTe is ∼1063 K
[1], our calculations indicate that SnTe does not undergo the
topological phase transition below the melting temperature.

To understand better the contribution of electron-phonon
interaction to the direct gap changes with temperature, we
plot the temperature dependence of the lineshifts (the real
part of electron-phonon self-energy) and linewidths of the
valence and conduction band states at L (VBL and CBL,
respectively); see Fig. 5. Figure 5(c) shows the direct gap
variation and broadening as a function of temperature. The
temperature dependence of the CBL and VBL lineshifts and
the band gap renormalization departs from linear, with the gap
saturation at high temperatures. The variations of the CBL
linewidth are more remarkable, increasing at low temperatures
and decreasing at higher temperatures. The VBL linewidth
rises at low temperatures and saturates at higher temperatures.
The linewidth of VBL is much smaller than that of CBL
due to the much smaller density of the valence states near L
compared to the conduction states. This results in the similar
trends and values for the gap broadening as those for the CBL
linewidth. All these nonlinear temperature trends predicted
for the TCI phase of SnTe are not very typical for normal
insulators without any changes in band topology [36–39].

To elucidate the origin of the nonlinear variations of the
linewidths and lineshifts with temperature, we compute the
electron-phonon self-energy along the W-L-
 path. The ef-
fect of thermal lattice expansion on the self-energy for the
conduction and valence band states in SnTe at 900 K is
illustrated in Figs. 6 and 7, respectively. In both figures, we
show the linewidths and lineshifts calculated for the lattice
constants at 0 and 900 K, while the temperature of phonon
and electronic populations is set to 900 K for both lattice
constant values. This is done to separate the band structure
effects on the electron-phonon self-energy from the effect of
phonon occupation changes with temperature [the effect of
electron occupations is relatively small compared to that of
phonons; see Eq. (1)]. The linewidths of the inverted states
are decreased when thermal expansion is included in the
self-energy calculation (see solid black lines in top panels of
Figs. 6 and 7). This reduction is much more pronounced for
the conduction band states.

Our analysis reveals that the electron-phonon linewidth
decrease with thermal expansion shown in Figs. 6 and 7 stems
from the reduced density of states near L and thus the reduced
phase space for electron-phonon scattering. With thermal
expansion, the valence band states become more linear and
the effective masses defined in the energy range near the band
edge at L decrease (see Supplemental Material [57]). The
conduction band states near L become less “Mexican-hat”-
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FIG. 5. Lineshift (black circles) and linewidth (red squares) due to electron-phonon interaction of (a) the conduction band and (b) the
valence band states at L in SnTe as a function of temperature. (c) Temperature variation (black circles) and broadening (red squares) of the
direct gap at L. In all panels, black circles and red squares correspond to the vertical axis on the left and right, respectively.
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band states compared to the valence band states. In contrast,
the electron-phonon matrix elements of the conduction and
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FIG. 7. Effect of thermal expansion on the electron-phonon self-
energy of the valence band states in SnTe at 900 K. All details are
the same as in Fig. 6.
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valence states near L change very little with thermal expansion
up to 900 K.

On the other hand, the linewidths of the conduction and
valence band states change linearly with temperature if ther-
mal expansion effects on electron-phonon interaction are
neglected in our calculations. This is a consequence of the
linear dependence of phonon occupations on temperature
above the Debye temperature (∼200 K for SnTe). As a result,
the competition between the phonon populations and the
thermal expansion effects on the electronic states determines
the temperature dependence of the linewidths and lineshifts
illustrated in Fig. 5. At sufficiently high temperatures, the
effect of the decrease in the density of states caused by thermal
expansion on the self-energy of the conduction states near
L becomes stronger than the effect of phonon occupations,
leading to the nonmonotonic temperature dependence of the
linewidths and lineshifts [Fig. 5(a)]. The influence of the less
dramatic thermal-expansion-induced reductions in the density
of the valence states close to L on their self-energy becomes
only comparable to the phonon population effects at certain
temperatures, resulting in the nonlinear variations of the self-
energy with temperature [Fig. 5(b)].

The lineshifts of the conduction and valence bands (bottom
panels in Figs. 6 and 7) show two regions with different
temperature behavior. The conduction band states have a
negative lineshift in the vicinity of the L points where the
band inversion occurs, while the lineshift becomes positive
away from L. The opposite effect is found for the valence
band states. Such momentum dependence of the lineshifts
means that the direct gap values near L decrease, while
further away from L the direct band increases. The latter
effect occurs because the conduction band states away from
L are repelled upward due to the coupling with the conduc-
tion band states near L and the valence band states away
from L. Similarly, the valence band states away from L are
repelled downward, resulting in the increase of the direct band
gap away from L with temperature due to electron-phonon
interaction. The change of the lineshift sign in the vicinity
of L shows that electron-phonon interaction also makes the
electronic bands more linear at higher temperatures (in ad-
dition to thermal expansion shown in Fig. 3). The absolute
lineshift values close to L are decreased if the effect of thermal
expansion on the electronic states is included in the calcu-
lation, similarly to the linewidths. However, the linewidth
reductions are more striking due to the energy conservation
condition.

We also show the contributions to the conduction and
valence band linewidths resolved by phonon modes in top
panels in Figs. 6 and 7, respectively. The relative contri-
bution of different modes to the valence band linewidth is
almost unaffected by thermal expansion. However, this is
not the case for the conduction band, whose total linewidth
also changes dramatically with thermal expansion. When the
effect of thermal expansion on electron-phonon interaction
is accounted for, longitudinal optical (LO) phonon scattering
is the strongest scattering mechanism for both valence and
conduction band states near L. This result is similar to our
previous findings in n-type PbTe [25,68], where LO phonon
scattering dominates electronic transport even at high doping
concentrations and temperatures.
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FIG. 8. Effect of thermal expansion on the single particle spec-
tral function A(k, ω) of SnTe at 900 K. The calculation without
thermal expansion (i.e., using the lattice constant at 0 K) is given
in the top panel, while the calculation with thermal expansion
(i.e., using the lattice constant at 900 K) is shown in the bottom
panel.

D. Spectral function

To get a complete picture of the electronic spectrum
changes due thermal expansion and electron-phonon cou-
pling, we also compute the single-particle spectral function
A(k, ω) as

Ank(ω, T ) = 1

π

|Im�nk(ω, T )|
|ω − εnk − Re�nk(ω, T )|2 + |Im�nk(ω, T )|2 ,

(4)

where h̄ω is the binding energy, and Im�nk(ω, T ) is the
imaginary part of the electron-phonon self-energy. The real
and imaginary parts of the self-energy used to calculate the
spectral function are obtained using Eq. (1) with the broaden-
ing parameter δ of 25 meV.

Figure 8 shows the spectral function calculated with the lat-
tice constants at 0 and 900 K, and the temperature of phonon
populations of 900 K for both lattice constants. As already
seen in Fig. 3, the band dispersion evolves towards more
linear dispersion with thermal expansion. Electron-phonon
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interaction further contributes to this trend (see bottom panels
in Figs. 6 and 7). Moreover, thermal expansion reduces the
linewidth of the conduction and valence band states around
the L points, as observed in top panels in Figs. 6 and 7. All
these features are reflected in the spectral functions given in
Fig. 8 and should lead to unusual temperature dependence of
the electronic and thermoelectric transport properties of SnTe
and other TCIs.

IV. DISCUSSION

Throughout this paper, we emphasize that it is essen-
tial to take into account the influence of thermal expan-
sion on electronic states to obtain a more realistic predic-
tion of the temperature behavior of electronic lineshifts and
linewidths in topological materials. However, we neglect
the effect of electron-electron-induced band renormalization
when calculating electron-phonon self-energy. We also ig-
nore the fact that the electron-electron and electron-phonon
self-energy should ideally be computed self-consistently. The
self-consistent calculation of electron-electron effects would
have been important if the mixing of the valence and con-
duction band states near the gap was substantially different
in the G0W0 and DFT simulations, which is not the case
here [69]. Furthermore, the effect of electron-electron band
renormalization on electron-phonon self-energy should be
mostly canceled by the self-consistent procedure to calcu-
late electron-phonon self-energy, because EEI and EPI in-
duced shifts of the band gap are of the opposite sign and
roughly cancel each other (see Fig. 4). Nevertheless, it would
be interesting to evaluate these effects in future work. In
any case, our results indicate the importance of account-
ing for the temperature dependence of electronic structure
when calculating electron-phonon self-energy in topological
insulators.

V. SUMMARY AND CONCLUSIONS

The temperature renormalization of the bulk electronic
structure of SnTe in the topological crystalline phase has been
investigated from first principles, including the effect of ther-
mal expansion on the electron-phonon self-energy. Thermal
expansion and electron-phonon interaction tend to decrease
the band gap and bring SnTe closer to the phase transition to a
normal insulating phase, in contrast to electron-electron inter-
action. The band gap shows a marked nonlinear dependence
on temperature as SnTe approaches the topological phase
transition, which is accompanied by nonmonotonic variations
with temperature of the linewidths of the conduction band
states near the band edge. These effects should have inter-
esting consequences on the transport properties of SnTe. Our
results show that electron-phonon interaction in topological
materials is substantially affected by the thermal changes of
their bulk electronic states. Our predictions could be tested us-
ing angle-resolved photoemission spectroscopy experiments
in SnTe samples with small Sn vacancy concentrations [1] and
other topological insulators.
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