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Abstract: The hydrostatic bearing is the core component of ultra-precision computer numerical
control (CNC) machine tools. Because the temperature rise in the oil film of hydrostatic bearings
seriously affects the working accuracy of the bearings, it is important to study the flow and heat
transfer characteristics of the oil film. Based on the physical model of an incompressible viscous
fluid flowing in a flat microfluidic boundary layer, velocity, temperature and heat flux distribution
equations of oil film are constructed by theories of heat transfer and hydrodynamics. Then, the effects
of several parameters on velocity distribution, temperature distribution and heat flux distribution are
analyzed, such as the upper plate velocity, the channel length, and so on. The results show that the
dimensionless velocity of the oil film decreases with the increase in the upper plate velocity and the
channel length. The oil film temperature distribution can be divided into three zones: the increasing
zone, stabilizing zone and decreasing zone. The heat flux decreases linearly with the increase in the
plate thickness, and increases linearly with the increase in the temperature difference.

Keywords: microfluidic boundary layer; hydrostatic oil film; velocity; temperature; heat flux

1. Introduction

Hydrostatic bearings, with the characteristics of high load-carrying properties, steady
operation and low friction resistance, are widely used in heavy-duty high-precision equip-
ment, and have become the core component of ultra-precision computer numerical control
(CNC) machine tools [1–4]. The hydrostatic bearing in a hydrostatic turntable is shown in
Figure 1. The hydrostatic bearing sends the hydraulic oil with a certain pressure to the oil
chamber of the bearing to form a pressure oil film by using an oil supply device. Then, the
pressure difference between the oil chambers forms the bearing capacity for floating the
main shaft and supporting the external load, as shown in Figure 1b [3]. However, during
the operation of the hydrostatic turntable, the velocity difference between the moving
upper guide rail and the stationary axial bearing (or the moving lower guide rail and the
stationary radial bearing) will be transmitted to the oil film. The viscous shear force, due
to the existence of the velocity difference, converts mechanical energy into heat energy
through frictional power consumption. On the one hand, the temperature of the hydraulic
oil is increased, and the viscosity is correspondingly reduced, which leads to the change in
the flow field state and the decline of the bearing performance [5]. On the other hand, the
thermal deformation of the parts is forced to occur, in which the shape and gap of the oil
film are forced to change [6]. These two aspects can affect the working accuracy of bearings.
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Figure 1. Hydrostatic bearing in hydrostatic turntable. 1. upper guide rail, 2. axial bearing, 3. lower
guide rail, 4. radial bearing. (a) Internal oil circuit of hydrostatic turntable. (b) Schematic diagram of
oil film.

In recent years, the oil film of bearings has been studied by many scholars from
many aspects, such as thickness, bearing capacity and pressure distribution. The effects of
working load, rotational speed, restrictor design parameters, lubricating oil viscosity and
cutting force on oil film thickness have all been studied [7–10]. The results showed that
the oil film thickness decreased with the increase in the working load, rotational speed or
viscosity. The correct selection of the restrictor design parameters was essential to maintain
oil film thickness. The effects of the oil supply pressure and oil film clearance on the
dynamic characteristics and radial runout of the spindle were studied [11]. The research
results suggested that the oil film clearance had a greater influence on the spindle runout.
The minimum oil film of hydrostatic thrust bearings was determined by numerical methods
and were approximately equal to the surface roughness [12]. In order to measure the oil
film thickness, a promising non-invasive method and a practical schedule for the on-line
reconstruction of the incident signal were proposed [13,14]. The effects of the wall slip,
width-to-diameter ratio, eccentricity and other parameters on the bearing capacity of oil
film were analyzed [15–17]. The research results indicated that wall slip, width-to-diameter
ratio, eccentricity and oil inlet position angle can have a greater influence on the bearing
capacity of oil film, while the oil inlet pressure was negligible. The effects of different oil
cavity structures of four kinds of hydrodynamic-hydrostatic bearings with orifice throttling
on oil film characteristics were analyzed [18]. The results showed that the reasonable
oil cavity shape and restrictor design parameters can improve the bearing capacity. The
bearing capacity of the oil film was improved by optimizing the oil film characteristic
parameters of the hydrodynamic-hydrostatic bearings with capillary throttle [19]. When
the hydrostatic guide model was established, the static bearing effect, extrusion effect,
compression effect and inertia effect of the oil film were considered [20]. It was found
that the best way to study the dynamic performance of the hydrostatic support was to
simplify the spring damping system with mass. The effects of the rotational speed and
lubricating oil viscosity on oil film pressure were studied [21,22]. The results showed
that the viscosity had a great influence on the oil film pressure distribution of the heavy
hydrostatic bearings, especially at high velocity, and the velocity of 8 rpm was key in the
effect of rotational speed on oil film pressure. The effect of the inlet flow on the temperature
field of the heavy hydrostatic bearings was studied [23]. The effects of the radial load
on oil film pressure and temperature were studied [24]. The results reflected that the oil
film pressure and temperature increased with the increase in the radial load at a constant
velocity. The pressure field and velocity field of the oil film were studied and the behavior
of the lubricating oil inside the oil film was qualitatively analyzed [25]. In order to obtain
the oil film transient flow field, new dynamic mesh algorithms were proposed and can
obtain the optimal mesh quality at any time step [26,27]. The fluid flow states in hydrostatic
bearing at different fluid flows were studied [28]. The results showed that the transition
in critical inlet fluid flow from laminar to turbulent was 22 L/min when the rotational
speed of the table was 6 rpm. Heavy load characteristics of the oil film of hydrostatic thrust
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bearings with a double rectangular cavity were studied [29]. It was found that the oil was
extruded and seriously heated, and the viscosity dropped sharply under a heavy load.

In the theoretical works cited above, extensive research on oil film thickness and
oil film bearing capacity was carried from multiple angles, but studies of the flow and
heat transfer characteristics of oil film are less numerous. However, the flow and heat
transfer characteristics of oil film affect the working accuracy of the hydrostatic bearing.
Therefore, it is necessary to systematically study the flow and heat transfer characteristics
of hydrostatic oil film. In this article, the hydrostatic oil film formed at the contact surface
of the upper guide rail and the axial bearing (or the lower guide rail and the radial bearing)
is considered. Then, the flow and heat transfer theories on the hydrostatic oil film are
derived. Finally, the effects of some parameters on the velocity distribution, temperature
distribution and heat flux distribution are investigated, such as the upper plate velocity,
the channel length.

2. Physical Model

The length of the hydrostatic oil film formed between the upper guide rail and the
axial bearing is 3–4 mm, and the thickness is 20 µm. VG10 hydraulic oil moves between the
upper plate and the lower plate with a distance of 20 µm, enters from the left side of the
plate and exits from the right side as shown in Figure 2. There is a pressure difference along
the x-axis, with the pressure on the left and right being p1 and p2, respectively (p1 > p2).
There is also a velocity difference along the y-axis, and the velocity of the upper plate
and the lower plate are U and 0, respectively, as shown in Figure 3a. The temperatures of
hydraulic oil and air (environment) are different, so there is heat transfer between hydraulic
oil and air through the lower plate, as shown in Figure 3b. The upper plate is the same as
the lower plate, as shown in Figure 3c. Parameter values of hydrostatic bearing are shown
in Table 1.

Table 1. Parameter values in the hydrostatic bearing.

Design Parameters Values

The lower plate
(stationary)

Thickness δ1 0.3–0.5 m
Inside temperature TW1 19–21 ◦C

The upper plate
(motion)

Thickness δ2 0.1–0.2 m
Inside temperature TW2 TW1 = TW2

Velocity U 0–5 m/min

The channel between the
upper and lower plates

Thickness δ 0.02 mm
Length l 3–4 mm

Pressure on the left p1 2 MPa
Pressure on the right p2 0

VG10 hydraulic oil Dynamic viscosity µ 0.0258 Pa·s
Heat transfer coefficient k 0.13 W/(m·k)

Plate
Material QT500

Thermal conductivity λ 42.44 W/(m·k)
Heat transfer coefficient with air h 5 W/(m2·k)

Air (ambient) temperature Tf 18–20 ◦C
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Figure 2. The three-dimensional model of oil film.

Figure 3. Schematic diagram of two-dimensional physical model. (a) The two-dimensional model of
oil film. (b) Lower plate. (c) Upper plate.

3. Mathematical Model
3.1. Velocity Distribution Model

Because the hydrostatic oil film thickness is 20 µm, which is much smaller than
the boundary layer thickness, the hydraulic oil flows in the boundary layer and its vis-
cosity must be considered. The hydraulic oil is an incompressible fluid, which means
that ρ = const. The continuity equation and momentum equation of hydraulic oil are
shown below:

∂u
∂x

+
∂v
∂y

= 0 (1)

∂u
∂t

+ u
∂u
∂x

+ v
∂v
∂y

= fx −
1
ρ

∂p
∂x

+ ν

(
∂2u
∂x2 +

∂2u
∂y2

)
(2)

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

= fy −
1
ρ

∂p
∂y

+ ν

(
∂2v
∂x2 +

∂2v
∂y2

)
(3)

where u is the velocity along the x-axis direction and v is the velocity along the y-axis
direction. fx is the force along the x-axis, and fy is the force along the y-axis. ν is the
kinematic viscosity of hydraulic oil. ∂p/∂x is the pressure gradient along the x-axis, and
∂p/∂y is the pressure gradient along the y-axis.

Because the velocity of the hydraulic oil is small, it is generally considered that the
flow of hydraulic oil between the upper and lower plates is laminar flow [3], which means
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that the velocity v along the y-axis can be ignored. Meanwhile, the hydraulic oil is a steady
flow, and Equations (1)–(3) can be written as:

fx −
1
ρ

∂p
∂x

+ ν
∂2u
∂y2 = 0 (4)

fy −
1
ρ

∂p
∂y

= 0 (5)

The gravity of the hydraulic oil is considered, which means that fx = 0 and fy = −g,
then Equations (4) and (5) can be written as:

∂2u
∂y2 =

1
µ

∂p
∂x

(6)

p = −ρgy + f (x) (7)

The oil film pressure gradient can be written as:

∂p
∂x
≈ ∆p

∆x
=

p2 − p1

l
(8)

The boundary conditions of velocity are:

y = 0, u = 0, y = δ, u = U (9)

Substituting Equations (8) and (9) into Equation (6), it can be obtained as:

u =
U
δ

y +
1

2µ

p2 − p1

l

(
y2 − δy

)
(10)

Equation (10) is dimensionless and can be written as:

u
U

=
y
δ
+ P

y
δ

(
1− y

δ

)
(11)

where P = − δ2

2µU
p2−p1

l is the dimensionless pressure.
Substituting the parameter values in Table 1 into Equation (11), the oil film velocity

distribution equation can be obtained:

u
U

=
y
δ
+

1.55× 10−2

Ul
y
δ

(
1− y

δ

)
(12)

3.2. Temperature Distribution Model

The continuity equation, momentum equation and energy equation of VG10 hydraulic
oil flowing in the plate microflow boundary layer are obtained:

∂u
∂x

+
∂v
∂y

= 0 (13)

∂u
∂t

+ u
∂u
∂x

+ v
∂v
∂y

= fx −
1
ρ

∂p
∂x

+ ν

(
∂2u
∂x2 +

∂2u
∂y2

)
(14)

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

= fy −
1
ρ

∂p
∂y

+ ν

(
∂2v
∂x2 +

∂2v
∂y2

)
(15)

ρ
De
Dt

= div(k∇T) + P×∇u (16)
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where e is the internal energy per unit volume, De
Dt =

∂e
∂t + u ∂e

∂x + v ∂e
∂y , k is the heat transfer

coefficient, stress component P =

[
σxx τxy
τyx σyy

]
, velocity u = (u, v).

In Equation (16):

P×∇u =
∂
(
uσxx + vτxy

)
∂x

+
∂
(
uτyx + vσyy

)
∂y

(17)

div(k∇T) = k
(

∂2T
∂x2 +

∂2T
∂y2

)
(18)

According to Newton’s law of internal friction, Equation (17) and internal energy can
be written as:

P×∇u =
∂(−pu)

∂x
+ µ

∂
(

2u ∂u
∂x

)
∂x

+ µ
∂
(

u ∂u
∂y

)
∂y

(19)

De
Dt

=
∂e
∂t

+ u
∂e
∂x

(20)

∂u
∂x = ∂2u

∂x2 = 0 can be known from Equation (12), Equation (19) can be obtained as:

P×∇u = −u
∂p
∂x

+ µ

[
u

∂2u
∂y2 +

(
∂u
∂y

)2
]

(21)

Substituting Equations (18), (20) and (21) into Equation (16), the energy equation can
be written as:

ρ

(
∂e
∂t

+ u
∂e
∂x

)
= k

(
∂2T
∂x2 +

∂2T
∂y2

)
− u

∂p
∂x

+ µ

[
u

∂2u
∂y2 +

(
∂u
∂y

)2
]

(22)

The oil film flow is steady and fully developed, then:

∂e
∂t

= 0,
∂e
∂x

= 0,
∂2T
∂x2 = 0 (23)

Equation (22) can be written as:

0 = k
∂2T
∂y2 − u

∂p
∂x

+ µ

[
u

∂2u
∂y2 +

(
∂u
∂y

)2
]

(24)

After calculating the first and second derivatives of velocity from Equation (12),
Equation (24) can be obtained as:

T = − µ3

12k

(
∂x
∂p

)2[ 1
µ

∂x
∂p

y−
(

1
2µ

∂x
∂p

δ− U
δ

)]4
+ C1y + C2 (25)

The boundary conditions of temperature are:

y = 0, T = Tw1, y = δ, T = Tw2 = Tw1 (26)

C1 and C2 can be solved as:

C1 =
U
δ

µ2

3k

(
∂x
∂p

)
×
[(

1
2µ

∂x
∂p

δ

)2
+

(
U
δ

)2
]

(27)

C2 = Tw1 +
µ3

12k

(
∂x
∂p

)2( 1
2µ

∂x
∂p

δ− U
δ

)4
(28)
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By substituting the parameter values in Table 1 into Equations (25), (27) and (28), the
temperature distribution equation is obtained as follows:

T = −2.75× 10−18l2
(
−7.75× 107

l
y +

776
l
+5× 104U

)4

+ C1y + C2 (29)

where

C1 = −4.27× 10−5Ul ×
[
(776/l)2 +

(
5× 104U

)2
]

(30)

C2 = Tw1 + 2.75× 10−18l2 ×
(

776/l + 5× 104U
)4

(31)

3.3. Heat Flux Distribution Model

The heat transfer process between hydraulic oil and surrounding air through the plate
can be divided into three links connected in series. The first link is the heat conduction
process between hydraulic oil and the inside of the plate, and is not considered. The second
link is the heat conduction process of the inside and outside of the plate. The third link is
the heat convection process between the outside of the plate and the surrounding air.

The heat flux of the heat conduction process and the heat convection process of the
lower plate can be written as:

q1 = λ
Tw1 − Tw3

δ1
, q1 = h

(
Tw3 − Tf

)
(32)

Because the above two processes are steady-state processes with the same heat flux,
the heat flux distribution equation of the lower plate can be obtained as follows:

q1 =
Tw1 − Tf
δ1

42.22 + 0.2
(33)

The derivation process of the heat flux distribution equation of the upper plate is the
same as that of the lower plate. Therefore, the heat flux distribution equation of the upper
plate can be directly written as:

q2 =
Tw2 − Tf
δ2

42.22 + 0.2
(34)

According to Equations (33) and (34), there are two parameters affecting the heat flux
of the plate, which are the plate thickness (δ1, δ2) and the temperature difference between
the inside temperature of the plate and the environment temperature (∆T1 = TW1 − Tf ,
∆T2 = TW2 − Tf ).

4. Results and Discussion
4.1. Effects of the Upper Plate Velocity and the Channel Length on Oil Film Velocity

When the channel length l = 3 mm, based on Equation (12), the effects of the upper
plate velocity on oil film velocity are analyzed, as shown in Figure 4. According to Figure 4,
the oil film velocity is a parabola along the channel thickness direction. With the increase
in the velocity of the upper plate, the dimensionless velocity distribution curve gradually
moves downward, and the peak of the oil film dimensionless velocity gradually decreases.
The reason is that the effect of the upper plate velocity on the oil film velocity is larger than
that of the pressure due to the increase in the upper plate velocity, so the oil film velocity is
more likely to be close to the upper plate velocity.
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Figure 4. Effects of upper plate velocity on oil film velocity.

When the upper plate velocity U = 1m/min, based on Equation (12), the effects of
the channel length on oil film velocity are analyzed, as shown in Figure 5. According to
Figure 5, with the increase in channel length, the dimensionless velocity distribution curve
gradually moves downward, and the peak of oil film dimensionless velocity gradually
decreases. According to Equation (11), with the increase in the channel length, the pressure
gradient gradually decreases, which leads to the effect of pressure on the oil film velocity
being less than that of the upper plate velocity, so the oil film velocity is more likely to be
close to the upper plate velocity. According to Figures 4 and 5, the dimensionless velocity
increases at first, and then decreases with the increase in oil film thickness.

Figure 5. Effects of channel length on oil film velocity.

4.2. Effects of Inside Temperature on Oil Film Temperature

When the upper plate velocity U = 1 m/min and the inside temperature of the lower
plate TW1 = 20 ◦C, based on Equations (29)–(31), the effects of the channel length on oil
film temperature are analyzed, as shown in Figure 6. The oil film temperature distribution
can be divided into three sections: increasing zone (the temperature increases with the
increase in the channel thickness y = 0–6 µm), stabilizing zone (the temperature remains
unchanged with the increase in the channel thickness y = 6–14 µm), and decreasing zone
(the temperature decreases with the increase in the channel thickness y = 14–20 µm). The
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reasons are as follows: In the increasing zone, the temperature increases with the increase in
the channel thickness due to the heat generated by friction. Then, the temperature reaches
the maximum value when the channel thickness is about 6µm and enters the stabilizing
zone. The heat generated by friction increases the oil film temperature, but the inside
temperature of the plate decreases the oil film temperature. The two aspects are balanced in
the stabilizing zone, so the oil film temperature remains stable. In the decreasing zone, the
oil film temperature decreases with the increase in the channel thickness due to the effect
of the lower temperature of the upper plate. The temperature distribution curve moves
downward with the increase in channel length, which means that the oil film temperature
decreases. The reason is that with the increase in the channel length, the contact surface
between the hydraulic oil in the channel and the inside of the plate gradually increases,
leading to the oil film temperature more likely to approach the inside temperature of
the plate.

Figure 6. Effects of channel length on oil film temperature.

When the channel length l = 3 mm and the inside temperature of the lower plate
TW1 = 20 °C, based on Equations (29)–(31), the effects of the upper plate velocity on oil film
temperature are analyzed, as shown in Figure 7. When the channel thickness is less than
10 µm, the temperature distribution curve moves upward with the increase in the upper
plate velocity, which means that the oil film temperature increases with it. When the channel
thickness is greater than 10 µm, the temperature distribution curve moves downward with
the increase in the upper plate velocity, which means that the oil film temperature decreases
with it. When the channel thickness is equal to 10 µm, the oil film temperature is equal to
293.26 K. When the channel thickness is less than 10 µm, the velocity gradient increases
with the increase in the upper plate velocity, so the heat generated by friction increases,
then the oil film temperature is increased. When the channel thickness is greater than
10 µm, the velocity gradient is negative, so the heat generated by friction decreases with
the increase in the velocity gradient, then the oil film temperature is decreased.

When the upper plate velocity U = 1 m/min and the channel length l = 3 mm, based
on Equations (29)–(31), the effects of the inside temperature of the lower plate on oil film
temperature are analyzed, as shown in Figure 8. According to Figure 8, with the increase in
the inside temperature of the lower plate, the oil film temperature increases gradually. The
reason is that the heat of the lower plate is transferred to the oil film. The higher the inside
temperature of the lower plate is, the more heat is transferred to the oil film, and the oil
film temperature is increased. When the inside temperature of the lower plate is constant,
the oil film temperature changes little, and its fluctuation value is 0.11 K.
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Figure 7. Effects of upper plate velocity on oil film temperature.

Figure 8. Effects of inside temperature of lower plate on oil film temperature.

4.3. Effects of Plate Thickness and Temperature Difference on Plate Heat Flux

When the temperature difference ∆T = 1K, based on Equations (33) and (34), the
effects of the plate thickness (δ1 and δ2) on plate heat flux are analyzed, as shown in
Figure 9. According to Figure 9, the heat flux decreases gradually with the increase in the
plate thickness, and the relationship between the plate thickness and heat flux is linear. This
phenomenon can be explained by the theory of thermal resistance. When the temperature
difference is constant, the thermal resistance in the heat transfer process gradually increases
with the increase in the plate thickness, so the heat flux gradually decreases. When the
thickness of the upper plate increases from 0.1 m to 0.2 m, the heat flux in the upper
plate decreases from 4.941 W/m to 4.884 W/m; when the thickness of the lower plate
increases from 0.3 m to 0.5 m, the heat flux of the lower plate decreases from 4.828 W/m to
4.720 W/m.

When the lower plate thickness δ1 = 0.3 m and the upper plate thickness δ2 = 0.1 m,
based on Equations (33) and (34), the effects of the temperature difference on plate heat
flux are analyzed, as shown Figure 10. The heat flux increases linearly with the increase
in the temperature difference. The plate heat flux is less than zero when the temperature
difference is less than zero. When the plate thickness is constant, which means that the
thermal resistance is constant, the temperature difference gradually increases, then the
heat transfer force gradually increases, so the plate heat flux gradually increases. Negative
temperature difference means that the air temperature is greater than the inside temperature
of the lower plate, then the air heat is transferred to the plate, so the plate heat flux is less
than 0. When the temperature difference increases from −1 K to 3 K, the heat flux of the
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upper plate increases from −4.94 W/m to 14.82 W/m, and the heat flux of the lower plate
increases from −4.83 W/m to 14.49 W/m.

Figure 9. Effects of plate thickness on plate heat flux.

Figure 10. Effects of temperature difference on plate heat flux.

5. Conclusions

In this article, three equations of hydrostatic oil film flowing in a flat microflow
boundary layer are constructed by the theories of heat transfer and hydrodynamics, which
are the velocity distribution equation, the temperature distribution equation, and the heat
flux distribution equation between hydraulic oil and the surrounding air. The effects of
several parameters on the velocity distribution, temperature distribution and heat flux
distribution are studied, such as the upper plate velocity and the channel length. The
following conclusions can be drawn:

1. The oil film velocity is a quadratic function of y and is a parabola along the channel
thickness direction. The dimensionless velocity increases at first and then decreases
with the increase in oil film thickness. The dimensionless velocity of the oil film
decreases with the increase in the upper plate velocity and the channel length.

2. The oil film temperature is a quartic function of y. The oil film temperature distribu-
tion can be divided into three sections: the increasing zone (the channel thickness
y = 0–6 µm), the stabilizing zone (y = 6–14 µm) and the decreasing zone (y = 14–20 µm).
There are three influencing factors, which are the channel length, the upper plate veloc-
ity and the inside temperature of the lower plate. The oil film temperature decreases
with the increase in channel length. The oil film temperature increases gradually with
the increase in the inside temperature of the lower plate. When δ < 10 µm, the oil film
temperature increases with the increase in the upper plate velocity. When δ = 10 µm,
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the oil film temperature is equal to 293.26 K. When δ > 10 µm, the oil film temperature
decreases with the increase in the upper plate velocity.

3. The heat flux distribution is affected by the plate thickness and the temperature
difference between the inside temperature of the plate and the environment temper-
ature. The heat flux decreases linearly with the increase in the plate thickness, and
increases linearly with the increase in the temperature difference. When the tempera-
ture difference increases from −1 K to 3 K, the heat flux of the upper plate increases
from −4.94 W/m to 14.82 W/m, and the heat flux of the lower plate increases from
−4.83 W/m to 14.49 W/m.
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